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STABILITY OF THE INDEX
OF A FREDHOLM SYMMETRICAL PAIR

C.-Gs AMBROZIE

1. INTRODUCTION

The aim of this work is to prove the stability under small perturbations of the
index of a Fredholm symmetrical pair(see Definition 2.1), which is an object of the

following form:
S:D(S)CX/Xo—-Y/Yy, T:D(T)CY/Yo— X/Xo
are closed linear operators such that
R(S) CN(T), R(T)CN(S).

dimN(T)/R(S) < 00, dimN(S)/R(T) < oo.

The index of the pair (S,T) is defined by the equality
(1.1) ind(S, T) := dim N(S)/R(T) — dimN(T)/R(S)

where R(S), N(S) mean the range and the null-space of S, respectively.

We consider Xo,X,Y5,Y to be closed linear subspaces of a fixed Banach space.
Both spaces and operators may be perturbed, with respect to the gap topology [4].

The main result of the present paper (see Theorem 3.1 below) asserts that the
index of such a pair is locally constant (i.e. stable under small perturbations).

In this way, it is possible to give an affirmative answer to a problem raised by
E. Albrecht and F.-H. Vasilescu in [1]. It was already known (see [2], Proposition
2.10) that the functions (S, T) — dimN(S)/R(T), (S, T) — dim N(T'}/R(S) (defined
on the set of all pairs (S,T) with ST =0, T'S = 0) are upper semicontinuous; so, the’
set of Fredholm symmetrical pairs is open (with respect to the gap topology) in that
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of symmetrical pairs (see Section 2 for precise definitions). Now we can also state the
stability of the index.

The property proved here for pairs generalizes the theorem concerning the sta-
bility of the index of a complex of Banach spaces (see [1], [2], [5]), as we shall see in
Section 4. We obtain some simplifications in the study of semi-Fredholm complexes
(the proof of the present results is quite elementary).

With some exceptions, we follow the notation and the terminology from [2] and
[4]. ' .

The author wishes to thank F.-H. Vasilescu for suggesting this problem, for read-
ing a preliminary version of this paper and for many helpful remarks concerning the
elaboration and writing of the present work.

2. NOTATIONS AND DEFINITIONS

We denote by A the field of scalars (A = R or C).

Unlike in [2] or [4], the direct sum of two Banach Qpacgs X and Y, which is
denoted by X x Y, will be endowed with the norm ||(z, y)|| = ||z|| +||y|| for all z € X
andy€eY. ‘ .

The family of all closed linear subspaces of a Banach space X will be denoted by
G(X).

If Z € G(X) and z € X, then the symbol d(z, Z) stands for the distance from'z
to Z.

If Y,Z € G(X), then

8(Y,Z) :=sup{d(v, 2); y€Y, llvll <1},

8(Y, Z) := max{4(Y, 2),6(2,Y)}.

The mapping 5, which is equivalent to the Pompeiu-Hausdorff metric on the set
of all unit balls of the spaces from G(X), defines the gap.topology of G(X) [4].

If Y, Z are Banach spaces, then we shall denote by C(Y, Z) the set of all closed
linear operators S defined on linear subspaces of Y, with values in Z. The domain of
definition, of such an S will be designated by D(S).

Consider the Banach spaces X’ and Y and let Xo, X € G(X) and Y,,Y € G(Y)
be such that Xo C X and Yy C Y. For every S € C(X/Xo,Y/Ys), we define:

v(S) := the reduced minimum modulus of S {4];

No(S) :={z € X; =+ Xo € N(5)};
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Ro(S) :={yeY,; y+ Yo €R(9};
Go(S) :={(z,y) € X x Y ; z+ Xo € D(S), S(z + Xo) =y +Yo};
Do(S) = {z € X; z+ Xo € D(5)}.

If Xo0,X € G(X), Xo c X and Y5,Y € G(), Yo C Y then, for any § €
€ C(X/Xo,Y /o), we define

80(S, ) := 6(Go(S), Go(S)),
50(57 S’) = max{ﬁo(s» 5)’60(575)} ([1]’[2])

2.1. DEFINITION. Let X and Y be fixed Banach spaces and let Xp, X €
€EGX), Yo,Y €G(Y), XoC X, YoCY, SEC(X/Xo,Y/Yo), TE C(Y/Yo, X/ Xo),
R(S) C N(T), R(T) C N(S).

A pair of operators (S,T) as before will be called a symmetrical pair. Let
0s(X,Y) denote the family of all symmetrical pairs.

The mapping bo defines the gap topology on the set

{5 € C(X/Xo,Y/Yo); Xo,X €G(X), Yo,Y € G(Y), Xo CX, Yo CYY.

Indeed, for such an S, Go(S) € G(X xY) C G(X x Y). For another one, say
S, Go(S) € G(X x ¥) and 4y(S, 5) is computed in X x Y. Therefore; 6¢ defines a
topology on ds(X,Y).

We say that (5,T) € 8s(X,Y) is Fredholm if dimN(S)/R(T); dimN{T)/R(S)
are finite. In this case we define the index of (S,T) by (1.1). ’

3. A STABILITY RESULT

3.1. THEOREM. Let X, Y be Banach spaces and let (S,T) € 3s(X,Y) be a
Fredholm pair. Then there exists an ¢/ > 0 such that if (5,T) € ds(X,Y). and
50»(5, S’), 50(T, T) < g, then:

(a) (§,T) is Fredholm;

b) [ dimN(S)/R(T) < dimN(S)/R(T),

i dim N(7)/R(5) < dimN(T)/R(S);
(c) ind(S, T) = ind(S, T).

Proof. Only for the purpose of the proof, we use the following terminology: if m, n
are integers, m,n > 0, (S,T) € ds(X,Y) and dim N(S)/R(T) = m, dimN(T)/R(S) = -
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= n, then we call (S, T) an (m, n)-pair on (X, ). We have to prove the next assertion,
depending on m,n > 0:

( Let m, n 2> 0 be integers. Then for every pair of Banach spaces £, F and
for each (m, n)-pair (A4, B) on (£, ) there exists an £ > 0 such that for all
(A, B) € 3s(€, F) with 8o(A, A), 8o(B, B) < &, we have:

(Amn)$  (a) (4, B) is Fredholm;

| o { dim N()/R(B) < dimN(4)/R(B),

dimN(B)/R(A) < dimN(B)/R(A);
{  (c) ind(4, B) = ind(A4, B).

In order to prove (Am ), we shall see that

(Am,n) = (Amnt1)-

Thanks to the symmetry, we shall also have
(Amn) = (Amsin).

The previous implications epables as to reduce the problem of proving (Amn)
for arbitrafy m,n to the case m = 0, n = 0. Let us note that (Aq,) is true as a
consequence of Corollary 2.12 from 2] (see also Remark 3.2). Thus, the theorem will
be proved, once we have (Am,n) = (Amnt1). It remains to show this implication.

Let m,n > 0 be integers and suppose that (Am ) is true. -

Let X,Y be Banach spaces and let (S,T) be an (m,n + 1)-pair on (x,)),
S € C(X/Xo0,Y/Yy), T € C(Y/Yo, X/ Xo)-

Let N be a subspace of Y/Y; such that:

N(T) =R(S)+ N, dimN =n+1, R(S)NN = {0}.
We can choose vectors ng € N and y; € Y such that:
no=y1+Yo, lInol[=1, |Jmll <2

Set: '
Yl = Ayl, E=X XYl, f::y.

We shall define (4,B) € 0s(£,F) an (m,n)-pair (therefore ind(A,B) =
= ind(S,T) + 1), as follows:

D(A) := (Do(S) x ¥1)/(Xo x {0}) C (X x ¥1)/(Xo x {0}),

A:D(4) — Y/Y,,
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A(z + Xo,My1) := S(z + Xo) + Ano, - z € Do(S), A € A;
D(B) := D(T) C Y/Ys,
B :D(B) — (X x Y1)/(Xo x {0}),
B(y+Yo) := (T(y +Y0),0), ye€ Do(T).

It is easy. to verify that (A,B) € 0s(£,F) and dimN(A)/R(B) =
dimN(B)/R(A) = n. ‘
We assumed (Am,q) to be true. Consequentely, there exists an €9 > 0 such that:

3.1) For every pair.(4, B) € ds(€, F) with bo(A, A), 60(B B) < ¢,
) we have (a), (b) and (c) fulfilled.

Let € > 0 be such that
(3.2) 85+7s% <o, 3 +et <1

For any (5,T) € ds(X,Y) with 60(5 5), 60(T T) < ¢, we shall find (4,B) €
€ 0s(€,F) such that:

(3.3) 30(A,.i),3o(B,B).< €9,

dimN($)/R(T) < dimN(A)/R(B),

(3.4) NS N
dimN(T)/R(S) < dimN(B)/R(A) + 1,

(3.5) ind(4, B) = ind($,T) + 1.

From (3.1) and (3.3), we deduce that (4, B) is Fredholm and ind(4,B) =
= ind(4, B); by (3.4), (S, T‘) is also Fredholm. We also know that ind(4, B) =
= ind(S,T) + 1. This will imply (together with (3.5)) that ind(3,T) = ind(S,T).
Therefore, (Am,n) will follow.

It remains to construct a pair (A, B) depending on (5,T) and satisfying (3.3),
(3.4) and (3.5). So let (5,T) € 0s(X,Y) be with the property

(3.6) b0(S, 5), bo(T, T) <e.

There are two posibilities:
(A) d(y1, NO(TZ')) < §0(T, -'I:‘)%;
(B) d(y1, No(T)) > éo(T, ).

For each of these cases, we shall give a construction for (4, B).
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Case (A): d(y;, No(T)) < 50(7', 3.
There arc 3, € /\’()(.'i‘) and 0 € 1\'(’[’) such that

(3.7) lr = inll € 260(T.T)F - 7 = § + Yo.

Let us define (4, B) as follows:

D(A) := (Do($) x ¥1)/(Xo x {0}) C (X x ¥1)/(Nq x {0}).

A D(A) — Y/ V.

A+ No Ay) = S(E+ Xo) + Ab, &€ Dy(S), AeE A
D(3) := D(T) C ¥ /¥,
B:D(B)— (XN x ¥)/(Ng x {0}).
B+ Yo) := (T(ii+ Y0).0),  § € Dy(7).

T is casy to verify that (A, B) € d¢(E.F). Let us check that (3.3). (3.4). (3.5)
are true for (A, B) defined above.

bo( B3, I}) < ep: Let (y.(x,0)) € Go(B) be such that |[y]| +||¢]| < 1. Then y €
€ Do(T) and T(y+Yy) = 1‘+,\'0, and thus (y, x) € Go(1'). There exists (§.7) € Go(T)
such that |ly — || + ||« — #] < € < €0, by (3.2). Then (§,(£0)) € Go(3) and the
assertion follows.

60(/}, B) < eo: The estimate follows as above.

60(A, A) < eo: Let ((z, A1), y) € Go(A) be such that || + Ayl + ol € 1
In particular, [A| < |JAn]] € 1. We have r € Do(S) and S(e + XNg) = y + ¥y — dng.
Therefore (x,y — Ay) € Go(S) and J[(x.y = Ay} < L. There exists (£.3) € Gol(S)
such that [l = Z|| + |Jly = Ay = 2|} <& Then ((&. Ay ) T4 A € Go(A) and

le =@+ ly =2 = Anll < lle = Fl + [ly = 2 = A || + IA!II'n =l <
<e+428(T,T)F|A| S e+ 2e7 < 2,

- by (3.7). (3.6) and (3.2). -

8o(A, A) < e Let ((£,Ay1), ) € Go(A) be sueh that [|Z]] + [IAm ]l + 3]l < 1
particular, |M < [Al{|m]] < 1. Note that T € Dy(S) and S(i + Ng) = §+ Yo — Af.
Hence (£, — Ay)) € (,0(§) and

ll(f-', g = Agu|l < el + ol + Myl + I = ] €

T, T)% < 14N -2e% <1 42e% <2




STABILITY OF THE INDEX OF A FREDHOLM SYMMETRICAL PAIR - 67

There exists (z,y) € Go(S) such that ||z — z|| + ||§ — A§1 — 2|| < 2¢. Then
((z,291), 2 + Ay1) € Go(A) and

12 — 2l + 1§ = Avs = 2ll <IZ = 2l +15 = Mgy — 2l + P flon = ]l <

< 2 + 28(T, T)3 < 26+ 265 < €0,

by (3.7), (3.6) and (3.2).
So we have checked (3.3). Now, we prove (3.4) and (3.5). A brief discussion
shows us that : _ ‘
1 = dim R(4)/R(8) + dimN(4)/(N(5) x {0})

(we can also apply a general result, namely Lemma 2.7 from (5], concerning the finite
dimensional extensions).

If dimR(A)/R(S) = 1 and N(A) = N(5) x {0}, then & ¢ R(S) (because R(A) #
# R(S)). Note that

dim N(5)/R(T) = dimN(A)/R(B) < dimN(A)/R(B) = dimN(S)/R(T) -

and
dim N(T)/R(S) = dimN(T)/(R(S) + Ad) + 1 =
= dimN(T)/R(A) + 1 = dimN(B)/R(4) + 1
< dimN(B)/R(4) + 1 = dim N(T)/R(S).
Moreover

ind(4, B) = dimN(A)/(R(T) x {0}) — dim N(T)/R(A) =
= dimN(S)/R(T) — dimN(T)/R(A) =
= dimN(3)/R(F) — dimN(F)/(R(S) + 45) =
=ind(5,T) + 1.

If R(A) = R(S) and dimN(A)/(N(5) x {0}) = 1, then # € R(S). We also have

dimN(S)/R(T) < dimN(A)/R(B) <
< dimN(A)/R(B) = dimN(S)/R(T),

dimN(T)/R(8) = dimN(B)/R(4) €
< dimN(B)/R(A) € dim N(T)/R(S)
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and B
ind(4, B) = dimN(A)/(R(T) x {0}) - dimN(T)/R(S) =
= dim N(A)/(N(5) x {0}) + dim N(§)/R(T) -
~ dimN(T)/R(S) = 14 ind(5, 7).
The discussion concerning the Case (A) is finished.

Case (B): d(y;, No(T)) > éo(T, T)3.
There are ¢ € (Y/Y5)* and §; € Do(T) with:

YINT) =0, ¥(G+Y0) =1, I¥ll <dG, No(T)™,

(3.8) _ R . R ~
d(gg, No(T)) > 60(T, T)T’ Hyl - 372“ < 360(T, T)

Let us prove (38) First of all, note that éo(T",T) # 0 (otherwise, we should have
y1 € No(T) = No(T)). Since (y1,0) € Go(T) and ||ly1]| < 2, there exists (§2,Z2) €
€ Go(T") with

(39) llos = gell + 1zl < 360(T, ).
Let § € No(T) be arbitrary. Then
g2 — 9t > llvs — 9l = |52 — »all >
> |lv1 — §l| — 38o(T, T) > d(w1, No(T)) - 360(T, T) >
> bo(T, T)% — 360(T, T) > bo(T, T)*

(the last inequality is true because 3¢ + €% < £3, by condition (3.2); see also (3.6)).
Therefore, d(ij2, No(T)) > 6o(T, T)%.

Let ¢ € ¥* be such that $(§2) = 1,¢|N0(T) = 0 and [|@]] = d(ga2, No(T))~".
Since Yy C N(#), we can take t/;(ﬂ + f/o) =¢y, §EY.

Let (A, B) be as follows:

D(A) := (Do(S) x Y1)/(Xo x {0}) C (X x Y1)/(Xo x {0}),
A :D(A) - Y /Yy,
A@E + Xo, Ayr) := 8@z + Xo) + Ao + Yo ;
D(B):= D(T) € ¥/,
B :D(B) — (X x Y1)/(Xo x {0}),
B(j + Yo) := (T(§ + Yo) - ¥(§ + Yo)T(#2 + V), 0).
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It is easy to verify that (4, B) € 85(&, F). We have also to check that (3.3),
(3.4) and (3.5) hold for (A, B) defined as above (i.e. in Case (B)).

80(A, A) < eo: Let ((z,Au1),y) € Go(A) be such that llz]| + HAv]] + |yl € 1
Then (z,y — Ay1) € Go(S) and ||(z,y — Ay1)|| < 1. There exists (%, §) € Go(S) with
llz — || + |ly — Ay1 — Z]| < €. Then ((&, Aw1), Mgz + Z) € Go(A) and

llz = 2l + lly — Ag2 — 2l < llz = 2]l + [ly = Ays = 2l + M [la = %l <

<e+ 3|)\|30(T; T)<e+3e < e
by (3.6) and (3.2). |
So(A, 4) < €o: Let ((,231),5) € Go(A) be such that ||7]| + Il + N1l < 1
Then Z € Do(S) and S(Z + Xo) = § — Aj2 + Yo. Since (Z,§ — Aj2) € Go(S) and
(2,5 — Ag)ll < II$|I+||yII+||/\yz|I
< 12+ 17l + llf\yxll + |'\| 172 — wll S
< 1+360(T,T) <143 <2,

there exists (2, z) € Go(S) such that
12 = 2l + 11§ = Agz — =l < 2¢.
Then ((z, Ayl), Ay + z) € Go(A) and
12 = 2ll + 17 = Ays — 2l <N|E = 2|l + 1§ = Mgz — 2l| + [\ ||F2 = wall <

< 2¢ + 3bo(T, f’) < 2 + 3¢ < g,

by (3.9), (3.6) and (3.2).

8o(B, B) < eo: Let (,(z,0)) € Go(B) be such that ||y]| + ||z|| < 1. Then y €
€ Do(T) and (y,z) € Go(T). Hence there exists (§, ) € Go(T) such that lly = g|| ¥
+ ||z — Z|| < €. Then

(5, (& — B(§ + Y0)52,0)) € Go(B)
and o
1§ -yl +lle -+ 95 + ?o)z';zll <

< lly = 3l + llz = 2| + [9(5 + Yo)| |I22]] <
e+ |[WllIT + Yol |22l < € + II@ZII 19l - 36o(T, T') <

<&+ (17 — vl + llyid(Fz, No(T))™ - 360(T, T) <
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e+ (e+ 1)6o(T, T) 3 - 38(T,T) < e +2-36(T, T)* <e+6e% <o

by (3.9), (3.6) and (3.2).
60(B, B) < €o: Let (§,(,0)) € Go(B) be such that ||3}| + ||Z]| < 1. Then § €

€ Do(T) and T(§ + Yo) — ¥(§ + Yo)T'(§2 + Yo) = & + Xo. Since
T(§ - 9§ + Yo)i2 + Yo) = & + Xo,

we must have (§ — ¥(§ + Yo)#z2, £) € Go(T). Note that

(@ — (5 + Yo)da, 2)I| < Nl + NN g1 Ha=ll + N1l <
< Nl + 121 + Nalso(T, T~ 3 (g2 — wall + flwall) <
< 1+ 8o(T, T)~3(380(T, T) +2) <
< 1+ 360(T, T)% + 260(T, T)- % <

4+ 280(T, T)" %,

by (3.8). Then there exists (y,z) € Go(T') such that

|5 = ¥(F + Yo)i2 — vl + ||% — zl} <
< (44 260(T, T)~%) - 260(T, T) <
< 86o(T, T) + 480(T, T)* < 8¢ + 4et,

by (3.6).
Note that
(v + 9(§ + Yo)y1, (2,0)) € Go(B)

and
15—y - 9@+ Toluall + [1E — =l <

< g =y = 9@ + Yo)ioll + 1|E — 2l + 197 + Yo) (@2 — w)ll <
< 8e+4e¥ + |19l 13111192 — wall <
< 8c+ 4k + 5o(T, 1)1 - 360(T, T) <
< 85+4e% +3e':‘ < €g

by (3.8), (3 6) and (3.2).
So, (3.3) is verified in Case (B) too. We have only to prove (3.4) and (3. 5)
Since §» ¢ No(T), we have 72 + Yo ¢ R(S) and so R(A) = R(S) + A(§z + Yo).
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Note also- that N(A) = N(S) x {0} and R(B) = T(N($)) x {0} (now, ¢ :=

= |D(T)).
We have
N(A)/R(B) = N(§)/T(N($)) =
(3.10) = (N(S)/R(T)) x (R(T)/T(N($))) =

= (N(S)/R(D)) x 4

where = stands for isomorphism (because N(T) C N(zZ) and there are algebraic
isomorphisms R(T") = D(T')/N(T) and T(N(¢)) = N(4)/N(T)).

There 1s also an isomorphism
(3.11) L : N(B)/R(A) — N(T)/R(S)
defined as follows: if € € D(B) C ¥ /¥, and B¢ = 0, then

€ — H(€)(F2 + Yo) € N(T).
If ¢ € R(A), we have |
&= V(&) (F2 + Yo) = S+ Az + Yo — 9(Sn+ Az + Yo)(§2 + Yo) = Sn € R(S).
Then we set | .
L + R(A) = & — €)@ + To) + R(3), € + R(A) € N(BY/R(A).
It is easy to verify that L is injective and surjective. The assertions (3.10) and

(3.11) readily imply (3.4) and (3.5). The proof of the theorem is complete.

3.2. REMARK. Let X, ) be Banach spaces, Xo, X € G(X), Yo,Y € G(¥), Xo C
CX,YoCY,S€C(X/Xo,Y/Ys), T € C(Y/Yo, X/ X0),R(S) = N(T), R(T) = N(S).
Then, there is an € > 0 such that if (5,T) € 8s(X,¥) and §(S, S),é0(T, T) < ¢, it
results R(S) = N(T'), R(T) = N(5). To see this, we could invoke Corollary 2.12 from
[2], which refers to a more general problem and whose proof.is essentially based on
a quite laborious aproximation method (see also [1] and [5]). For the convenience of
the reader, we shall give a short proof of the (much simpler) remark stated above.

We therefore consider (5,T) € 8s(X,Y) with § € C(X/X0, YY), T €
€ C(Y /Yo, X/ Xo), where X, Xo € G(X), Y, Yo € G(Y), Xo C X,Yo C Y. Let Sp, 5,
be the injective operators obtained from S, S, factoring through the null-spaces. Then:

So € C(X/No(S), No(T)/ Yo),
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So is injective with closed range, -
5'0 € C(X/No(s'), No(T)/f’o),
Go(So) = Go(S), . Go(So) = Go(5)

and
8(No(S), No(5)) < (1+2AT)™)bo(T, T)

(the last assertion follows from Lemma 3.4 (a) with: No(S) = Ro(T) and m c
C No(S)). By applying Proposition 3.3 below for Sy, Sy, we obtain that R(So) is
closed (if 80(S,S) and §(T,T) are small enough). Therefore, -Ro_(_S'),,is' closed. But
we also have ' » | ’

§(No(T), Ro(S5)) < C(S, TY(60(T, T) + 60(S, 5)),,

where C(S, T) > 0 depends only on § and T Indeed, we can write
8(No(T), Ro(S)) < 8(No(T), No(T)) + 6(No(T), Ro(5)) +
+ 8(No(T), No(T))§(No(T), Ro(5)) <
< (1+2¢(T)™6(T, T) + (1 + 2v(5)71)8(5, ) +
+ (14 2o(T) ™)L +2v(5)1)bo(T, T)bo(S, 5),
by' Lemma 3.4, since No(T) = Ro(S), whete we have used the estimate
§(X,Y)S8(X,2)+8(2,Y)+ 8(X,2)8(2,Y)

valid for any linear closed subspaces X,Y, Z of an arbitrary Banach space..

Because of the inclusion Ro(S) C No(T), a well-known lemma of Riesz shows
us that Ro(S) = No(T) (if 60(S,5), b0(T, T) are small encugh). Consequentely,
"R(S) = N(T). ‘

" "3.3. ProPOSITION. Let A € C(X/X1,Y1/Yo) be injective with closed range and
A € C(X/X, T [Yo) with X, X1, X, %, € G(X), Y,Y,,V, Vi € G(Y). If (4, A);
6(Xi, X,) are sufficiently small, then A is also injectiv.é with closed range (see also 1]

for a version of this result).

Proof. Since A is injective. with closed range, there‘ is a C > 0 such that
(3.12) - Clle+ Xl < [l + X)ll, = € Do(A).

Let £ > 6(A, A) + 6(X1,X1). If 6o(A, A) and 6(X,, X,) are sufficiently small, we

may- also assume that

(3.13) 23+ C He<l.
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Let £ € Do(A), 1€ X, 1 € Y, and §, € Y, be such that

12 — &1l < 2liE + X4,
(3.14) A~(£+}~(1).= § + Yo,
- ol < 2+ Tl
Since (% — 1:1 i1 — Jo) € Go(A), there exists (z,y1) € Go(A) with
(315) & - &1 — ol + 13 6o — wall < eCllE - Ell + 13 = o).
A standard calculation gives the estimate
(3.16) d(v, X1) < d(v, X1) + 26(X 1, X))|loll, veX. -

Indeed, for arbitrary v'€ X and a > 0, we can choose vy € Xy with v — vi|| < (1 +
+ a)d(s, X1) and [loll < [los - olf + [oll  (1+ )d(v, X1) + [loll € 2+ o)l|o]. Then
there is v; € X; with |lu; — vafl < (6(X1, X1) + o)|ui]] € (6(X1, X1) + a)(2 + )[v]):
Consequently, we can write

llv = vell < llv = wall + ffor = v2ll S (1 + @)d(v, X1) + (5(X1, X1) + @)(2 + a)|jo]]

d(v, K1) < lv = vall € (14 @), X1) + (6(Xs; K1) + )2+ @)foll.

Letting a — 0, we obtain (3.16). ‘ A .
Let a := €(|| — Z1|| + ||§1 — %o}])- Then, using (3:12), (3.14), (3.15) and (3.16),

we have:

12 + Zall = 118 = 5+ Kall 115 = 51+ Xull + 26 — 5l <

SlIE-#1+ Xl +2e< 2a+ |2 -3 —I+X1”+||-"B+X1“ <

<3a+ C7Ywll € 3a+ C7 My = §1 + Joll + C~H{1F1 — Foll <

<B+C a4+ 207 g + Yoll <
<23+ 07Nz + Xl + i + Yoll)e + 20715 + Yol

In this way we have obtained

12 + Xull(1 — 234+ C1)e) € (2B + C Ve + 267l + Yo,
from which we derive; by (3.13), the existence of a constant ¢’ > 0 such that

. . ! ’

I + Rl < CINAG + Ro)lf:
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Therefore A is injective, with closed range.
3.4, LemMa. Let S € C(X/Xo,Y/Yo), R(S) = R(S), § € C(X/%0,Y[Ys).
Then: _

(a) 8(Ro(S), Ro(3)) < (1+21(S5)~1)bo(S, 5),

(b) 8(No(5), No(S)) < (1 +2¢(S)™")80(5, 9).

Proof. A similar result is stated in [2] (see (2], Lemma 29) Since the proof of
that result is omitted in [2] and our estimates are slightly different (due to the fact
that we use another norm on a Cartesian product of Banach spaces), we give here full
details. .

Let € > 8,(S, S), let y € Ro(S) and let z € Do(T) be such that S(z+X,) = y+Yo.
Then |ly|| = v(S)d(z, No(S)). Let z1 € No(S) with ||z — z,|| < 2||yll¥(S)~!. Since
(z — z1,y) € Go(S), there exists (£, ) € Go(S) such that

llz = 21— 2l + lly — 3l < e(liz — =1li + llwl)-
But § € Ro(5) and
lly — 3l < e(llyll + 2luliv(S)™") = e(1 + 2¢(S)™H)lIll-
Letting € — 8o(S, ), we obtain (a).
Let € > 65(5, S) and let 7 € Do(S) be with 5(2 + Xo) = 0. Since (£,0) € Go(S)
there exists (z,y) € Go(S) such that ||z — z|| + ||y]| < €]|Z]|- Since
ellzll > llvll > lly + Yoll > v(S)d(=z, No(S5))
there exists £, € No(S) such that ||z — z,]| < 2¢}|Z||7(S)~". Then we have

NIE = zall S |8 = zll + Iz = 2all < ell2ll + 2¢li2Nv(S) ™" =

= e(1+21(5) Izl
Letting € — 80(5, S), we obtain (b).

4. AN APPLICATION .

In this section we shall present a theorem concerning the stability of the index of
a complex of Banach spaces, due to E. Albrecht and F.-H.Vasilescu ([1], [2], [5]), as a
consequence of the result in Section 3 (see Theorem 4.3 below)..- In fact, the concept
of symmetrical pair was introduced by the above mentioned authors in connection

with the study of semi-Fredholm complexes (see [1]).
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4.1. DEFINITION. A complex of Banach spaces is a sequence of the form
cxp 28, xprr ot

where X? is a Banach space and o® € C(X?, XP*+1) such that R(ef) C N{aP*!) (for
alpeZ). '

A natural treatment of the problem studied in {2] is provided by the following
particular definitions. ‘ '

Let X be a fixed Banach space. ~ A family o = (a?)pez, where of €
€ C(XP/Xg,XP+i/Xg+1), X5, XP € G(X), X§ C XP and aP*'a? = 0 will be
called a complex in X. The set of all complexes in X will be denoted by 8(X).

The complex « is said to be semi-Fredholm if at least one of the functions
Z 5 k— dimN(a®*)/R(a?**")

Z5k H.dimN(a?_"+l)/R(a2*)

we define the index of a by t.he equallty

inder := Y _(~1)?dimN(a?)/R(a”"").

p€eZ

If, in adition, ind & is finite, then a will be called Fredholﬁi. '

We say that (S,T) € ds(X,Y) (X,Y Banach spaces) is semi-Fredholm if R(S),
R(T) are closed and at least one of the numbers dim N(S)/R(T), dimN (T)/R(S) is
finite. Then, ' o '

ind(S, T) == dimN(S)/R(T) — dimN(T)/R(S).

The following “reduction” result has been proved in [1] (see Theorem 5.5 from
(1)

4.2. THEOREM. Let us consider a complex o of Banach spaces of the form

Lxp 2D xrel 2 o .

Then there extst two Banach spaces Xo and X), and a symmetrical pair of denser
defined operators (So, S1) € 65(/1’0, X1) with the following properties:

(1) inf{y(a?);p €2} = mln{7(50),7(51)},

(2) The complex a is semi-Fredholm (Fredholm) if and only if (So, S1) is semi-
-Fredholm (Fredholm), and in this case ind a = ind(Sp, S; ).
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Let us outline the proof of Theorem 4.2, since we need some details in the fol-
lowing. . '
With no loss of generality we may assume that D(aP) = X? for all p € Z. Let

Xo:=0 X¥* X =@ X¥*H
kel . kel

where the direct sum is endowed with the £2-norm. One defines the operator

So(® zax) =@ azq
kel kel

on the linear space

D(So):=¢ & za € Ap; E :||0‘2k"32k”2 < oo
kel ez
One can see that Sy € C(Xo, 1).

Similarly, one defines the operator
S @ Tawg1) = ® oXFzyy,
(&, #2:41) =8, +1

.on the linear space

D(S,) := X ; 2k+1 2« .
(S1) {’2132”16 1 l;”a Zor+1]* < 00

and one has S| € C(&, Xp). A
To verify (1) and (2) is then a simple matter.

Let us state now the theorem of stability of the index for Fredholm complexes
(the original proof, which is also valid for semi-Fredholm complexes, can be found in

(2.

4.3. THEOREM. Let a = (aP)pez € O(X) be a Fredholm complex. Then there
exists an € > 0 such that if & = (6%)pez € O(X) and sup{do(a?,a?); p € Z} < ¢,
then & is also Fredholm, dim N(&”)/R(a?~!) < dimN(a?)/R(a?~!) for allp € Z, and

ind@ = ind a.

Proof. From Theorems 4.2 and 3.1 we draw easily the conclusion about the
equality of the indices. For the upper semicontinuity of dimN(a”)/R(a?P~!), we must
apply directly Proposition 2.10 from [2] (strictly speaking, Theorem 3.1 allows only
to state the semicontinuity of some numbers of the form Z dimN(a?)/R(aP~1)). In



STABILITY OF THE INDEX OF A FREDHOLM SYMMETRICAL PAIR 77

order to derive the estimates of Theorem 4.3 from Theorem 3. l we make the remark
that
R(S:) = @ R(a*), R(S)=@a R(a**)
kel kez

(see the outline of proof of Theorem 4.2). Then, R(&?), p € Z are still closed, if
sup{bo(a®,&P); p € Z} is small enough. Now the estimates of Lemma 3.4 allows
us to apply a theorem due to Fainshtein and Shul’man [3] and to obtain also the
inequalities of Theorem 4.3. We omit the details. ,
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