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GEOMETRY OF UNITARY ORBITS

E. ANDRUCHOW and D. STOJANOFF

INTRODUCTION

Let A be a complex C*-algebra with unit and let U be its unitary group. In this
paper we study the geometry of the unitary orbit U(b) = {ubu* : u € U} of a fixed
element b € A. First we prove that if ¥ € A is such that the C*-subalgebra C*(b) is
finite dimensional, then U(b) is a C*°-submanifold of A, and that the map

mp : U — U(d), mp(u) = ubu*
defines a C™ principal bundle.

This map was studied in (2] and (6], for the case when A = L(H) the set of all
bounded linear operators acting on a complex separable Hilbert space. For example,
it is known that in this case, the condition that C*(b) is finite dimensional, is also
necesary for U(b) to be a submanifold of L(H).

In {4] Corach, Porta and Recht introduced a connection in the manifold of sys-
tems of projectors of a Banach algebra—roughly speaking, similarity orbits of normal
operators with finite spectrum when the algebra is L(H)—and were able to compute
certain invariants of the' connection, such as the parallel transport, curvature and
torsion tensors, geodesics and exponential mapping.

Our aim-in this paper is to follow these lines in the study of unitary orbits. We
introduce a connection in the principal bundle =, (for suitable elements b € A) and
compute the invariants.

1. PRELIMINARY AND NOTATIONS

Let A be a C*-algebra with unit and U its unitary group. By A, we denote the
(real) Banach space of skewsymmetric elements of A, i.e.

Aav ={a€A:a" = ~a}.
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For ¢ € A, let §, be the inner derivation, §.(z) = zc — cz, which, unless otherwise
stated, will be considered with domain in A,,. Analogously, L,n(H) denotes the set
of skewsymmetric operators. We denote Uy = {u € U : ub = bu} the holonomy group
of b€ A.

We recall a result concerning the geometric structure of unitary orbits in Hilbert

spaces, which can be found in [2] and [6].
THEOREM 1.1. Let b € L(H). The following are equivalent:
1) U(b) is a C*-submanifold of L(H).
2) my : U(H) — U(d) defines a C*™-homogeneous space.
3) wy : J(H) — U(b) has continuous local cross sections.

4) b Is unitarily equivalent to an operator of the form
a®(c®ecd..)=a® ™

where a € L(C"), c€ L(C™), n,m e N.

5) The C*-algebra C*(b) generated by b and I is finite dimensional.

6) U(b) is norm closed in L(H).

(3) through 6) was proved by Deckard and Fialkow in [6], the equivalence with
1) and 2) was shown in [2]).

Let us come back to the case of a general C*-algebra .A.
REMARK 1.2. Let b € A such that the C*-algebra C*(b) generated by b has finite
dimension, then there exist positive integers n;,"..,n, and a *-isomorphism

7:C*(b) = My, (C) & ...® M, (C).

(See [12] Chapter. 1, Section 1.1, pg. 1-14).

THFROREM 1.3. If b € A is such that C*(b) has a finite dimension, then the map
Ty defines a (C°°-homogeneous space. In particular, U(b) is a C*®-submanifold of A,
with tangent space at ¢ € U(b):

TU(b). : {zc—cz :z € Aan} = Rb., c € U(}).

Proof. We will construct a C® map § : W — U from a neighborhood of & in
A into U such that -()-IWnu(b) is a cross section for 7. This will suffice to prove our
statement (sce [2], Proposition 2.1).
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P
Let n = Z ni (ni,...,n, asin 1.2). Consider the set of systems of projections
i=1

n
Po={(pr,.-,Pn) EA" :p} = p} = pi, pipj =0if i # jand Y _p;i =1}

i=1

Let e; x € Mq (C) be the elementary matrix with the scalar 1 in the (j, k)-entry and
zero elsewhere. Imbed canonically My,(C) into M,,(C) & ...® M, (C). Then there
exists a polynomial p},(X,Y) in two non commuting variables X and Y such that
ey = pip(7(b), 7(8*)). Consider Ej; € A, Ej; = r71(e},). Then E}; = p},(b,b*).
Let us define the maps: '

p:U(b) = Pn,

So(c) = (pil(ca C*)’péz(c’ C*)) .- ‘1p}1,,m(c) c*),. .. ’pll’l(c’ c"'), o ,pf,mn'(C, c‘));

o :V — U, where V is a neighborhood of ¢(b) in P,,
o(g) = Y pi(B)all — (wi(b) - ¢:)*]7/2,
i=1

and finally
&7 p(b) = U,
given by
p n;
k(c) = Z Zp;l(c, c*)Ey;-
i=1j=1

In [1], it was shown that the map

8(c) = o(p(c))" k(o (p(c))ea(p(c))")

defines a local cross section for # in a neighborhood of b for the case when the
algebra is L(H). The proof that this also holds for a general C*-algebra is completely
analogous.

. 'We will show that this map ¢ defined on a neighborhood of b in U(b) can be
extended to a map @ on a neighborhood of b in A, and this will complete the proof.
Observe that.tp and & can be extended to 3 : A — A" and ¥ : A — A naturally. Put
v:V-U,

a(q) = 2 @i(0)a:[1 — (p(b) — a:)(i(b) — g )IM/?,

where V is a neighborhood of ¢(b) in A™, such that the element 1—(y;(b) —¢:)(:i(b)—
—q;) have strictly positive spectrum.
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Finally, take

§:W = U, 8(a) = p(E(%(e))" K(o(7(2))aT(P(a))")),

where p is the unitary part of the polar decomposition p(w) = u, for w = ul, u unitary
and A positive, which is a C° map defined on the open set of invertible elements of
A. |

REMARK 1.4. i) note that if C*(b) is finite dimensional, then ker §, and R, are
complemented in Aqp and A respectively (see [2], §4).

it) An analogous argument shows that if C*(b) is finite dimensional, then the
map
Tope 1 A7 S(,6%) = {(gbg™", gb"g ™) € A® 1 g € A7H},
To50(9) = (gbg™ ', gb*g™"), g € A7
defines an analitic homogeneous space. In particular the joint similarity orbit S(b,6*)
is an analytic submanifold of A2, which is locally C*-diffeomorphic to U(b) x U(b)
(see (1]).

2. A CONNECTION IN THE PRINCIPAL BUNDLE

Let b € A, and E]':,,,, 1<i<p, 1<j, k<n;, as in 1.3. The principal bundle
mp : U —» U(b) has structure group Uy = {v € U : vb = bv}.
Using the system of projectors ¢(b), U, consists of matrices of the form

("x 0 |
0 v
’ .w, v, 0
e 0 val

with v; “unitary” in E%, AE%,.

Givenw € U and X € TU,, = wAgah, we say that X is vertical at w if and only
if d()w(X) = 0. And we denote by V,, the set of all vertical tangent vectors to U
at w,

Vo = {X € TU, : d(m)w(X) = 0} = ker d(m)u.
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Observe that
Vo =wV) = w{a € Aap : ab = ba},

because d(my)w = bupwe © Tye.
Also, we can describe V) in terms of the elements E; B

Vi ={X € Aan : Ej;XE;;, =0if i# £or j#kand E};XE}, = E}, XEj,
1€q, ZSP, 1<y, kSn:}
Then
Vi = {2 € wAan : pjj(wbw*,wb*w*)XEf, = 0if i # L or j # k and

pi;(whw*, wb*w*) X E}; = pl) (wbw*,wb*w) X E};, 1<, £<p, 1<, k< ny)

We define now the orizontal spaces. Let
Hy={X €A :EXE =0, 1<i<p)}
and in general, forw € U
My = wHy = {X € wAan : phy(whe, wb*w*) X EL; =0, 1<i<p}

Then, it is obvious that H, ® V,, = wAsx = TU,. A tangent vector X lies in H; if
its matrix relative to the system of projectors ¢(b) is of the form

(0

~ ‘o
\ *)

ProPosITION 2.1. The distribution u — M, (u € U) given above defines a
connection in the principal bundle my : U — U(b).

Proof. First observe that the distribution is equivariant relative to the action of

the structure group U, that is:

Hy -v=Hyy, ifveUs.
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I'o prove this it suffices to see that #; = vH v*, v € U,. This is clear, because if v
commutes with b, it also commutes with b* and with the algebra C*(b). In particular
commutes with Ef,, 1<i<p.

Now compute the projections h, and v, onto H, and V, respectively:

fiw,vy € L(TUy,), Rhy = My, Rvy =Vy and hy, + vy = Id7y,.

Then
p nl . 3
v (X)=u) Y Eju'XEj;, and hy(X)=X - vy(X), X € TU..
i=1 5=1
Clearly, the maps © — h, and v — v, are C*. o [ ]

Let v : [, B] — U(b) be a curve of class C'. We study now the horizontal liftings
of 4. That is, for each fixed u, in the fiber of y(a), the unique curve I' : [o, ] — U
of class C!, such that
i) PO = 2(0),
i) F(1) € Hry, telo,f) (P = 4T0),
iil) I'(a) = q.
DErINITION 2.2. Denote by S : 8,(Aqr) — Aqn the horizontal relative inverse of

6y, that is, the unique operator S satisfying:
S56,S =S, 8,56, = 6, and R(S) = H;.

In other words, S = (83|2,)”" (notice that #; is a suplement for ker 8, in Agp). Let
S be the linear extension of S to A, with S|M = 0, for a fixed suplement M of Ré,
in A.

This cperator S allows us to lift vector fields horizontally.
Let X be a C-vector field defined on a neighborhood W of y(a) in U(d). Con-
sider the ("-vector field X defined on 75 L{(W) by

X = uS(u* Xypyott), UuE ”JI(W)'

It is clear that:
i) X is mp-related to X, that is

d(ﬂ'b)u(xu) = X?rb(u)) u€ ﬂ.b-l(W)’

i) Xy € My, v €, Y(W).
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These two conditions characterize the vector field X, which is called the horizontal
lifting of X. With this idea we can introduce the differential equations satisfied by
the horizontal liftings of the curve v, y(a) = uqbul,.

If y is C*°, then ¥(t) defines a C*®-vector field along y. Suppose that X is a C™-
vector field that extends ¥ to a neighborhood of y in U(b), Xy(r) = ¥(2), t € [a,5].
Let X be the horizontal lifting of X. It is well known that if I' is an integral curve of
X such that I'(a) = ug, that is

{ Pty = Xry = T@S(I* ) Xrworaye T®), t € [o, 8]
I'(a) = ua,.

Then, I' is the horizontal lifting of 4 through u, (see [7] Chapter 4, Section 1 and
[10] Chapter 2, Section 2).

Observe that since I' lifts 4, the above equation can be simplified to

(2.3) { ;’“Et); rOS(I@FOI W), t € (of]

THEOREM 2.4. Let v : [a, 8] — U(b) be a curve of class C!, y(a) = uqabul.
Then, the horizontal lifting I' of v with I'(a) = uq is the unique solution of (2.3).

Proof. We know that I'(t)bI'(t)* = 4(t), I'(t) € Mrq)y, t € [@, 8], I'(a) = ua.
Then b = I'*(t)y(t)I'(t), t € [, B], so that

0= [Ty Q) = "Wy ®) + T*@F @I (E) + T ()

then
IO () = =[I* @0 @) + I @Ov F(0)-
Observe that I'*(¢)I'(t) = 1 implies I'*()I'(¢) = —I'*(t)I'(t). Then

L @3 () = — I (T (R)b - bI* () [(¢) = &(I* () F(1))

so that
S(F'(t)‘r(f)l’(t)) =S6(I*(t)I'(t)) = " () ().

This is because I'*(t)I'(t) € Hi, and 56, is a prq]ectnon onto K. The last equallty
is equivalent to (2.3).

It remains to prove that (2.3) has unique solution. To do so we will use a theorem
of existence and uniqueness of solutions of non-linear differentiable equations (see for
instance [5], Theorem 1.1, Chapter 7, p. 277). It suffices to prove that (t,u) —
+ uS(u*y(t)u) satisfies Lipschitz conditions on neighborhoods of all pairs (s, I'(s)) €
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€ [o, ] x A. Fix s € [0, ) and take W, = [a,f] x {u € A : |[u— I'(s)|| < 1}. Let
(t,u) and (¢,v) in W,. Then

luS(u g (t)u) = vS (" F@)o) < S 3@ u)ll ffu—vll+loll [S(u"7(E)u) - S (" 4()l <

ISP @I Ml = ol + ol ISl 3w = w*(e)oll + [[u* 7w — v* ()]}
Since j|u — I'(s)]| < 1, it follows that ||u]| <1+ ||I'(s)||. The same happens with v, so
that we finally arrive at

[luS(u* #(t)u) = vS (0" 1(t)o) <

<3SN + T (s ,max [[7(rll - flu = ofi

DEFINITION 2.5. For ¢ € U(b), let

1) H¢ = uH u*, where u € U is chosen so that my(u) = c.

2) S, : RS, — Agh, Sc = i0[bc|nc]™?, where i is the inclusion map of H® into
Aah. ’

Observe that H¢ is well defined, for it does not depend on the particular choice
of u € m;!(c). This follows from the fact that #, is invariant under conjugation by
elements of Uy.

S. 1s also well defined, since it is easy to see that H® is a suplement for ker é.. The
operator S, provides a relative inverse for . with the range H¢, so that 6.S. = Idgs,

and S 6. is a projection onto H®. Also, it is clear that S = S and
S. = ad(u) o Soad(u®), forue m;(c)
Where ad : A — A, ad(u)(X) = uXu*, X € A.

LEMMA 2.6. Ify : [, B] — U(b) is of class C*, 1< k € oo, then S, () : [o, f] — A
is of class C¥-1.

Proof. Observe that Sy(7) is well defined, since for each t € (o, 8], (t) €
€ TU(b)y(s) = Rby(ty. Let u: [e, f] — U be a lifting of v, of class Cy (it is a general
fact that it can be found in a principal bundle). Fix a supplement M for Ré,(q) in
A. Then u(t)Mu(t)* is a supplement for u(t)Ré,(o)u(t)* = Réy(), t € [, B].

For t € [e, B, we define S; : A — Agp, as follows:

St|Rby(y = Sy(ry and Si|u(t)Mu(t)* = 0.

Clearly, S; = ad(u(t)) o S4 0 ad(u(t)*). Then S is of class C* in the parameter t. So
that Syy(¥(t)) = S(3(2)) is of class C*¥-1. |
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We introduce now the linear equations of the horizontal liftings.

THEOREM 2.7. Let v : [a, §] — U(b) be a C¥ curve with y(a) = ugbul,. With
the above notations, the equation

(2.8) { I{EQ; iy(:)(‘i'(t))l‘(t), te o, f]

has unique solution the horizontal lifting (of class C*) of 4 with initial point u,.

Proof. 1t is clear that (2.8) has unique solution (see [5] and [11]). Let I' be the

solution. We will verify that:
)y Iri)eU,tela,p.

i) I lifts «.

iii) I is horizontal.

First, consider the linear equations

2 { A=-850) ) { 6 = 5,(7)0 - 8S,(%)
Aa) = ul, O(a) = uq

It is clear that I'* is the solution for a), so that d(I'*(¢t)I'(¢))/dt = 0 and therefore
r*@)r)=1,te€lea,p]. Also, I'' and 1 are both solutions of b), then re)rt) =
=1, t€[o,pf]

Secondly, let us compute

[L*@rOT@)] = IOy T @) + TOFOT(E) + IOy () =
= =TS, (YOOI @) + I ()7 I (E)+
+I7 Oy (O Sy (Y I() =
= "= Sy (O @) + 1) + 1O S, (FENIT (1) =

= IO - by (Sao(HONIL@).

Since 7(t) € Rby(1) and 6y(1)Sy1y = Idrs,,,, it follows that the expression above
equals 0. Because I'*(a)y(a)l'(a) = b, we obtain that I'*(t)y(t)I'(t) = b, t € [«, A].
Finally, let us show that I' is horizontal: ‘

F(t) = Syy(YO)T(2) € (RSy)I'(t) = KM - I'(t) = T (tYHy,
for we have already proved that I' lifts 5. ' [

REMARK 2.9. If v : [o, 8] — U(b) is a C* curve, the horizontal lifting of ¥ which
starts at a given v € m; }(y(a)) coincides with v - I';, where Iy is the horizontal lifting
of v*yv, with Io(a) = 1.
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We will give now another characterization of the horizontal lifting. Before we do
0, let us recall some facts and refer the reader to the results obtained by Corach,
Porta and Recht in [4], concerning the geometry of the set P, of systems of projectors.
For a fixed p = (p1, . .., pn) the following bundle is considered

Tp U — Py, mp(u) = (upru®, ..., upau®).

In this bundle they defined a connection, where the horizontal space at u € U is given
by
{X € Aei : psv" Xpi =0, 1€i<n},

and the horizontal lifting of a curve w : [, ] — P, with w(ea) = p is a solution of

o .

(2.10) { 2() = i wi()wi (1)2(t), 1 € [o, B]
9(01) =1

With the maps defined in 1.3, we have the following

Tupenem 2.11. Let v : {a, ] — U(b) be a C¥-curve y(a) = b. Let P = ¢(b) and
w : [e, Bl — U(p) given by w(t) = o(y(t)). If 2 : [, B} — U is the solution of {2.10)
for this w, then the horizontal lifting I' of v with I'(a) = 1 is given by

I(t) = 2@)e(2°()r()2(2)-

Proof. Clearly I'(a) = 1. Also, by construction it is straightfoerward to verify
that I'(t) is unitary and lifts y. It remains to see that I' is horizontal. It is enough
to prove that

(@, v L)L =0, t€la,f].
Since I" lifts v, we have
5 (v(0),7" (1) = L) E}; 2° (1),
because {2 lifts w. Let us compute
L(t) = Q(W)s(2" ()7()20)) + 2) (2" E)1()2())] -
Observe that since £2 is horizontal (in the sense of the connection defined in [4]), then
Pii (), 7 (LME; =0 te(a,fl, 1<i<p, 1<i<m.

On the other hand, looking at the definition of &, it is easy to see that &(£2*(t)v(2)
2(t))E3, = Ef, and

[(2* Oy B}, =0, te[w,fl, 1<i<p.
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With these two identities, it follows that

a) Pi1(7(), Y1) ) 2(OR(2* (1)1(1) () B3y = wia () 2()ELy =0,
te(a,f], 1<igp.

b) PL(v(0), 7" () () [k(2* ()7 () 2())) iy = 0,

t € [e, 0], 1 <i<p, so that the proof is concluded. a

We will end this paragraph with the computation of the 1-form and curvature
form of the connection.
The 1-form 6 valued in the Lie algebra v, is given by

p n;
0(X)u =D wX,E}j,
i=1j=1
for X a vector fieldon U andu € U.
And the curvature form A

A(X,Y)s = %d()([hx,hY])u,

where X and Y are vector fields'on U and (hX)y, = hy(Xy), u € U. So we have

1 es .
AX,Y)u=—3 SN ELut{Xuw'Y - Yeu' Xy - XuBju'Yet

i=1j=1

+Y, B} u* X} ES ;.

3. LINEAR CONNECTION IN U(B)

The connection defined in the principal bundle 75 : U — U(b) determines a
linear connection in the tangent bundle TU (b) of U(b). In this section we study this
connection and calculate its curvature and torsion.

Recall the definitions of the spaces H¢, Ré. and ker é. and of the linear operators
S : Ré. — Aqn, ¢ € U(b), given in the preceding paragraphs.

Observe that, repeating the proof of 2.9, it can be shown that for a given C-curve
v : [e, B] — U(b), the solution of

{ F(t) = Syy(3(w)T'(2)

3D I'e)=1
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lifts v in the following sense:
ry(a@)l'(t)" =(t), tela,fl.

(3.1) is the transport equation of the curve y. When y(e) = b, its solution
coincides with the horizontal lifting. But in general it is not an horizontal curve,
although it is related to certain horizontal curves. If y(a) = ubu®, let F(t) = u*y(t)u.
If T is the horizontal lifting of 7 with T'(a) = 1, it is clear that uT'u* is the solution
of (3.1).

DrrFiN:TION 3.2. Let v : [a, 8] — U(b) be a C'-curve. We define the linear map
T(Ma : TU(B)ya) = TU ()

T(‘Y)fx = F(t)x'i“(t)s X e TU(b)'y(oz)» t E [aaﬂla

where I' is the solution of the transport equation of 4. This map is the parallel

transport along ¥.

It is well defined, since
TU(Bygey = Rbyey = DRy T ()" = TOTU gy (1)
We introduce now the covariant derivative:
DEFINITIONS 3.3. 1) Let X € TU(b),, Y a C*-vector field on U(b), we define

T Y - Ye
(PxY), = tﬂg]zlo T % =

= S WYao ()

)
t=tg

where v : (fo—¢,to+¢) — U(b) is a C'-curve adapted to X (i.e.: ¥(to) = ¢, ¥(to) = X)
and I' is the solution of the transport equation of v, with I'(tg) = 1.
2) If Z(t) is a C'-vector field along the curve v(Z(t) € TU(b)y(1)), let

DZ
dt

l = D‘y(to)Z
to

REMARK 3.4. If we abbreviate [[z,y] = zy — yz, =,y € A, then if X and Y are
Cl-vector fields

(DxY)e = XY, + [Ye, Se(X)]
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and for Z(t) a C'-vector field along v

DZ‘ _ 42(x(t)

dt dt + [Z(t0)s Sy(20) (F(t0))]-

t=t

This notion of covariant derivative introduces a linear connection in the tangent
bundle of U(b),
TUb) = {(c,X) € A’ :c € U(b), X € R6}.

We can conpute the geodesic curves of this connection.

THEOREM 3.5. Let X € TU(b).. The unique geodesic  : R — U(b) verifying
¥(0) = ¢ and $(0) = X is given by

'f)(t) = e!tSe(X) pe—tSe(X)

In particular, it follows that U(b) is complete.

Proof. First suppose that ¢ : [—€,¢e] — U(b) is a geodesic curve with ¢(0) = ¢
and ¢(0) = X. For each ¢y € [—¢, €], we have that

D,

—((t =0.

Zv0)| =0
That is, if I, is the solution of

{ Liy = Sy (9(2)) - Tio(2), t € [-¢,¢]
Fto(to) = 1

then %{I’,*o(t) -@(t) - Tty (t)} |1o= 0. Note that for each ty € (—¢,¢),

Se(t)(#(t)) = ad(I1o) © Sp(ro) © ad(I5,)(4(2))-

Therefore q
0 = Sp(to) (G {7, (WP 1)} |eo) =

d . s
= S Sutt (T OPOTia(®)) b -
So, we have that
d ' )
0 = —{ad(Ieg 0 Sp(to) (1)} leo=

= I} (£0)Si(te) (9(20)) + So(te)(#(t0)) [t (t0)+

o SO o



38 E. ANDRUCHOW and D. STOJANOFF

Since
I5, Sp(e0)(9(20)) + Se(to)(#(to)) Teo (to) =

= ~Sptta)($(10))” + Sptea) ($(t0))* =0

we obtain that
;%—{Sw(g)@(t))} [to= 0, and this is true for all o € (—e¢,¢).

Therefore S,()(9(t)) = S.(X), t € (—¢,€). Let us compute the solution of the
transport equation of ¢, & : (-¢,&) — U, with &(0) = 1. By the fact proved
above, it verifies that &(t) = S.(X)®(t). So it must be &(t) = e'5<(X). So that
2(t) = B(1)p(0)B(2)* = e!5<(X)ce=t5:(X)  which can be extended to R.

It remains to prove that all the curves of this type are geodesics, each one verifying
that (0) = ¢ and ¢(0) = X. The first fact is obvious. The second:

$(0) = 6,(S.{X)) = X, since X € TU(b)..

Let us show that &(t) = ¢t5<(X) is the solution of the transport eqution of .

This is equivalent to the fact that @(t) = u*(t)u = e'¥ 5«(X)* is horizontal (since
we already <now that it lifts «” ).
(1) BH) = u* D(2)* S.(X)S(t)u. Since S.(X) and &(t) commute, this is equal

to u*S.{X)x, which lies in w*H°u = #;. Therefore, since *(t)Y(1)(t) = X, t € R,

)

it follows that by = 0. ]
dt
JOROLLARY 3.6. The exponcniial mapping of this connection Is given by
exp : TYU(b) - U(b), exp(e, X) = ¢5e(F)ge=5e(X),
|

ReMank 3.7. We can easily compute the torsion and curvature tensors. Pirst,
let X and ¥ be differentiable vector fields on U(b), let ¢ € U(b) and {X,Y] the usual

Lie bracket, then
T(X,Y) = (DxY). - (Dy X). - [X,Y]..
It can be sImo;vxm that
T(X,Y)e = [Ye, Se(Xe)] = [Xe, Se(Ye)]-

To comnpute the curvature R(X,Y)Z on three differentiable vector fields X, Y
and Z on U(b),

{R(X,Y)Z}: = Dx(Dy Z)]c — [Dy(Dx %)) — (Dix,v12)e
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c € U(b), observe that if S(Y)4 = Sa(Ya), d € U(b), then
X.§'(Y)c = [Se(Xe), Se(Ye)] + Se((DxY)e).

So that
" {R(X,Y)Z}e = [, [Se(Xc), Se(Ye)] + Se(T(X,Y).)]-

REMARKS 3.8. 1) The constructions of H, S, and therefore of the transport and
horizontal lifting equations, geodesics, etc., do not depend on the particular shape of
‘H,, but on the invariance under the action of the isotropy group and on the other

natural properties that enable it to define a connection on the principal bundle of ;.

Therefore this machinery can be applied to join similarity and unitary orbits of
n-tuple of elements of A which have differentiable structure (see [1]), whenever such
an invariant subspace H; can be found. All the invariants computed here can be
calculated analogously in all the cases.

However, the existence of such a space is not always guaranteed. It can be
found in the case of the joint similarity orbit of the pair (b, "), when C*(b) is finite
dimensional. Also for joint unitary orbits with differentiable structure. But it is not
the case for similarity orbits of one single element in general, as it can be easily shown
taking the orbit of the 2 x 2 Jordan cell g3 in C2X2, ~

2) This paper is based upon the study of geometry of the sets of idempotents and
systems of projectors of a Banach algebra, developed in [4]. All the ideas contained
here were either taken from there or communicated to us by its authors, to whom
we are deeply grateful. Let us point out that in the case of similarity orbit of one
idempotent ¢ in a Banach algebra B, the linear map S/ coincides with ;.. So that
ifw: [, 8] — 8(¢) = {9g9~! : ¢ € B~!} is a differentiable curve, then the analogous
of the linear equation (2.8)

{ 2t) = Suy(@()2A), t € [, ]
2(a) =1

turns out to be

{ 2(t) = [%(), v )1 2(t)
N(a)=1

which is in [4]. The sames happens with equation (2.3).
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4. APPENDIX

The cross section introduced in 1.3 has in fact a plainer expression, it is straight-

forward to verify that

p_ i
(1.1) 0(c) = 3 " phile,e)Eii[1 = (B — plile, )] 2 B

izl j=1
which makes sense if ¢ is close enough to b. That is, there is a positive number r such
that if [jc ~ 8il < », then 8(c) € U and 6(c)bd(c)* = c.

Now let &,y € U(b) such that ljz — yl| < r. Since z = ubu®, ||u*yu —b|| < r and
we can compute f{u*yu). Let us define so(y) = uf(u*yu)u*. It is easy to see that
this definition dees not depend on the choice of u € 75 ! (z), moreover s,(y) is unitary
and verifies sz (y)es(y)* = .

Also, #-(y) can be explicitely computed, using the expression of § writen above:

P n;

so(y) = 3 35 (0,9 )Pl @)1 - By (2, 2%)-

il j=1
§ -t
&Ml(yyy‘))?'] ”Pu(fx@‘)-

TuroreyM 4.2. The hkorizontal lifting I' of v, with I'(a) = uq is the unique

solution of the following linear differential equation:

o r n' . .

F@) = 303" [ 7160907 020706
i1 §=1

I'(a) == uq

The proof is straightforward, it reduces to verify that the horizontal lifting sat-

isfies the equation. ]

CoROLLARY 4.3. The unique geodesic 3 : R — U(b) with (0) = ¢ € U(b) and
#40) =2 X ¢ R6, is given by

¢ Z: i[dﬁ;l)(c,‘;‘)(X,X')]p:j(c,c')
Y(t) = me | e =i , teR.
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