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ON THE INDEX OF THE INFINITESIMAL GENERATOR
OF A FLOW

MATTHIAS LESCH
Dedicated to my teacher Manfred Breuer in honour of his sixtieth birthday

1. INTRODUCTION

Toeplitz C*-algebras occur in various contexts. Let us recall first the construction
of the classical Toeplitz C*-algebra on the unit disc. Denote by P the orthogonal Szego
projection onto the Hardy space H2(S'). Then for f € C(S'), the Toeplitz operator
associated to f is defined by Ty := PM; P, where M, is the operator of multiplication
by f. The Toeplitz C*-algebra 7(S!), generated by all Toeplitz operators T, fits into
an exact sequence

0 - KL(H¥(SY) - T(SH) S Cc(s)—0

and the classical Gohberg-Krein index theorem states that Ty is Fredholm if and only
if f is invertible and ind(7%) is the negative of the winding number of f around zero.

We can look at this theorem from different points of view. First, the Hardy space
H?2($1) comes out of function theory. The Toeplitz construction is possible on every
strongly pseudoconvex or bounded symmetric domain and there are several papers
on this ([2], [11]).

On the other hand, P is the spectral projection onto the positive spectral subspace
of the elliptic differential operator 1% (¢ the angular function on §'). Therefore
the Gohberg-Krein index theorem is a special case of the so called odd index theorem
(1].

But ™ is also a vector field and generates a flow on S$!. This is the point of

view of this note. To a flow a on a C*-algebra A we construct a Toeplitz extension

(%) 0-C—-»T—A-0.
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If there is an a-invariant trace on 4, above this would be the surface measure on $!,
we can prove an index theorem analogous to the Gohberg-Krein index theorem. In
general, our index is real-valued and so we make use of the Fredholm theory of Breuer
{3l

The sequence (%) contains as special cases the classical Toeplitz extension, the
almost periodic Toeplitz extensions [12], especially Toeplitz extensions on the n-
-torus (8], the Toeplitz extensions for flows on compact spaces [4], but also “non-
-commutative” analogues, for example flows on non-commutative tori.

Even in the commutative case we are slightly more general than [4], because we
do not need any minimality assumptions. .

In [5] a pseudo-differential calculus for flows is developed and an index theorem is
stated. QOur index theorem can be viewed as the odd analogue to this. As a corollary,
we get another proof of a theorem of Connes ([6], Theorem III.3) on the behaviour of

dual traces under the Thom isomorphism.

2. TOEPLITZ C*-ALGEBRAS

We consider a C*-dynamical system (A,R,a) and a covariant representation
(w,A), i.e. = is a representation on the Hilbert space H and X is a one parameter
group of unitaries on H such that for# € Rand a € A

(2.1) Aem(a)As = w(eu(a)).

For f,g € L}(R,.A) one defines

frgls):= / F(t)en(g(s — £))at
(22) R

£1(s) - = ay(f(=5)").

With this product and involution L!(R,.A) is a *-algebra, the twisted convolution
algebra of the C*-dynamical system (A, R, @). The universal enveloping C'-algebra,
of L1(R, A) is the covariance algebra or crossed product A x, R

(m, A) gives rise to a representation = x A of L(R, A) and hence of A x, R on
H. For f € L(R, A) one has

(2.3) (m x \)(f) = / T(F()hedt.

An important special covariant representation is the following one. Let w be a
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representation of A on the Hilbert space H. For £ € L?(R,H) one defines
7: A — L(LER,H))
(2.4) (#(@))(t) = m(a-i(a))(€(?))
m€ = E(-—1).

Since R is abelian, thus amenable, the corresponding representation # x p of A x4 R
is known to be faithful if « is faithful.
We turn back to an arbitrary covariant representantion (7, 1) on M. By Stone’s

theorem, there is a unique (unbounded) self-adjoint operator D on H, such that

(2.5) Ay = 2D,
D can be defined by
1 d
Dh = '2—7';;&?/\311 'm0

for h in a suitable dense subspace of H.

D is related to the infinitesimal generator of the flow . Let A be the subalgebra
consisting of those elements a € A, for which ¢ — ay(a) is C*°. A* is a dense local
C*-algebra. Define

(2.6)

.1
a— ll_l"l'(l] ;(a,(a) - a).
6 is a *-derivation of A®. Now, for a € A® and h in the domain of D we have

t=0

d
w(6(a))h = d—t-r(a,(a))h

—_ —(—l—ezﬂ'itDﬂ'(a)e

—21rich
dt

t=0

= 2mi[D, n(a)}h.

D plays the role of the elliptic differential operator l(?i in the introduction. As a
i

self-adjoint operator, I admits a Bore! functional calculus. Let
(2.7) P = 1p,00)(D)

be the spectral projection onto the positive spectral subspace of D. For a € A we
define the Toeplitz operator T, by

(2.8) T, := Pu(a)P.
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DerinrrioN 2.1, The Toeplits (*-algebra T(w, A) is the C*-algebra generated
by the operators 7, @ € A. By C(%, X) we denote the closed *-ideal generated by
1.7 — ﬂjb, a, be A.

As in [8], it is convenient to consider a sort of “smoothed” version of T(m, A).
One reason is the following: If D has discrete spectrum (e g. D= —i—ai) 1{o,00) (D)

can be realized by a smooth function. In general, this is not possible and we get

another Teeplitz algebra by considering a smooth function

0, t<tp
(29) h:R—-R, t— {1 124 ,  to <t
increasing, fo<?t<t;

f! is €O°° with compact support.

Durinriion 2.2. 7p(w, A) is the C*-algebra generated by (m x A)(A %, R) and

the operators h{(D)x(a)h(D), a ¢ A.
Lot F 1 LA(R) — 1L3(R), fv» [e 2™ f(z)dz be the Fourier transform, where

&

the integral converges in the L?-sense. By F we also denote the Fourier transform

on L*(R) or, more generally, on tempered distributions.

Lemma 2.3. 1. Forg ¢ LY(R) we have

(FayD) = / g(t)A.dt.

2. For h as in (2.9) and ¢ € A® we have
[(D), 7(a)] = 5 / (FY) B (i’i(f;)-—-) Aedt,

in particular, [h(D), m(a)l € (7 x X)(Ax4R).
3. ForT € (w x M)(A %4 R) or T'€ C(m,)) we have

Jdim Tlin,eo)(D) = 0.

Proof. 1. Let (es)sem be the spectral measure of D. Then

(Fo)(D) = / (Fo)(s)de, =
®

= j/ /eg”i"‘g(t)dtdeg =
R R
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= /g(t)/ez"i”de,dt =
R

=/g(t)e21ritht=

- / g(t) .

2. Suppose first that h lies in the Schwartz space S(R). With the identity
2mit(Fh)(t) = (F(M))(?)
we get
(BD), 7)) = [(FW@) b (@i =
R

= / (FR)(t)m(ee(a) — a)hedt =

1 , ai(a) —a
S / (FR) @) (T) Adt.
]
Now, let h be as in (2.9) and Ay be a C*®-function with compact support and

h(z), z<N
hy(z) = 0 2> N+ l , |hn(z)Ig L
) bl N

hn{D) converges to h(D) strongly, hence
[&(D), m(a)] = lim [hn(D),n(a)], strongly
- 00

TS | . ai(a)—a
= A}grgozr—l /(f(leN))(t)w (——t—) A:dt, strongly
R

= 5% / (F(R)()r (ﬂ’t);") Aedt.
[

3. Let T € (m x A)(A x4 R). It suffices to check the assertion for T in a dense
subspace of (m x A)(A x4 R), i.e. for

T= / (&) hedt
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with ¢ € C¢(R,4) = {f : R — A|f continuous with compact support}. Since
Cc(R) ® A is dense in C¢(R, A) (in the L!-norm), it suffices to consider ¢ = ¥ ® a,
¥ € Cc(R), @ € A. Then

@10) [ #(%® ) dtlen)(D) = 1@ FDD)lgw, (D)
R

and as N tends to infinity, (-fvj))l[Nloo) tends to zero uniformly, hence
Jim (Fy)(D)1y,00)(D) = 0.
o

Though onc should expect, that the proof for T € C(w, A) is as straightforward as for
T € (7 x A)(AxqR), we only could find a proof which is not difficult but lengthy.
Thercfore, we postpone it to the appendix. a

3. EXACT SEQUENCES

ProrosiTioN 3.1. Let (7, A) be a covariant representation of (A, R, &) such that
o is faithful for A and & x X is faithful for A x, R.
1. Ty(wr, A) is independent of h and (w, ). Therefore, we refer to it as Tym (Sm

for smooth). There is an exact sequence

(3.1) 0 > AxaR = Tn ZB A — 0.

For any h as in (2.9), s : @ v» h(D)x(a)h(D) is a completely positive cross-section of
Tom-

2. There is an exact sequence
(3.2) 0 = C(mA) = T(m,AN)2A - 0

with completly positive cross-section a +— Tj.

RiMark 3.2. 1. In [4], sequence (3.2) is derived for 4 = C(X), X compact,
and o mini:nal. We do not need the assumption that a is minimal. But the price we

pay is that the proof is rather long.

2. One should expect that T(w, A) is independent of (7, X), too. But the author
could not find a proof in this generality. For minimal, uniquely ergodic flows on
commutative C*-algebras the independence of (w,A) is a consequence of the much

stronger result [9], Theorem 1.
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Proof. 1. (7 x A)(A x4 R) is a *-ideal in Tp(m, A). To show this, let ¢ =

=y ®a, ¥ € S(R), ac Aand be A Then
(7 x \(@(D)rB)K(D) = n(a)(F)(DIKD)r(Bh(Dy=  cf.(2.10)
= 7(a)(F)h)(D)[n(b), h(D)] + (a)((F$)h*)(D)n(b).

(Fy)h € S(R), so m(a)((F)h)(D) € (7 x A)(A x4 R) and by Lemma 2.3 the first
summand lies in (7 x A)(A x4, R). Since the elements of A are multipliers of Ax 4R,
the second summand lies in (7 x A)(Ax4R), too. Since finite sums of elements of the
form 1 ® a are dense in (7 x A)(A x4 R), it is a right ideal. Since it is a C*-algebra,
it is a *-ideal.

For hy, hy as in (2.9), hy — hy is C* with compact support and hence we have
hi(D) — ha(D) € (7 x A)(A x4 R), which implies 7y, (7, A) = Th, (7, A).

By Lemma 2.3, s induces a *-homomorphism

s A — Tp(m,2)/(m x A)(A xq R),

which is obviously surjective.

Now consider a € Ker(s'). This is equivalent to h(D)r(a)h(D) € (7 x A)-
(A x4 R).

h(D)x(a)h(D) = [h(D), n(a)]h(D) + 7(a)(h(D)? — h(D)) + n(a)h(D),

thus by Lemma 2.3 we have 7(a)h(D) € (7 x A)(A x4 R) and

(3.3) lim m(a)ln,e0)(D) = 0.
N—oo
Now we consider smooth functions
1, Ngtg I\{ + 2k
. 1
EN——=, t> —
0, tSN -5 12N +2%k+ <

fN’k‘:R_’R’tH increasing, N——]%-stsN
decreasing, N +2k<t< N +2k+ %

The norm of m(a)fn (D) can be estimated by considering the representation # x g
(cf. (2.4)) of A x4 Ron L%(R,H). For h € H we get

(% ) (x x )7 (@) f e (D)) (Fliwvaae)h)(s) =

= (fr(a) / (ffN,k(t)ﬂ:dt)((fI[N,N+zk1)h)) () =
R

= / (F F ) O (F i, wa27)(s — t)dtn(ay(@))h =
R

= ((Ffwp) * (Flin ne2r))(s)m(a-s(a))h =
= (F1iv,N+28))(8)m(@—s(a))h,
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since faklpv, Na2k) = IV, N428)-
Choose h € M, ||h]| = 1, such that ||x(a)h|| > (1 - €)a|| and choose k, such that

fr(e(@)h ~w(@hll <clall for < gr.

An easy calciilation shows that

~2nis(N+k) SI(27sk)
s

(}-l[N,N+2k])(5) = e

N |
and for |s € — we have

8k
sin(w/4) 8k
F1 O IE | e LAy
(F v, ne2r))(5) - o
Now, || F1lin, n426l13 = 11y, ~+2k1l13 = 2k and hence

2

(5 x ) x et (D) (g Flimavsanh) |

lm(a) vk (D)||? >

1
= o1 [ 1@ @HIE 17T vsa) s >
R

1/8k

1 32k2
>op [ -2 >
—-1/8k
1/8k
. 16k 2
> ey | ||7(a-s(@))h — w(a)hl|ls — ||7(a)h)j |* ds >
-1/8k

16k gzl
2 5 (1=26)al|" 77 =

4
= 50— 26l
thus (3.3) can be fulfilled only if @ = 0.
The independence of Ty (7, A) from (w, A) is clear: let (my, Ay) be the universal

representation of A x, R. Then, since (, ) is contained in (7, A,), we have the

commutative diagram

0 - Axa R = Tm(mu,A) = A = 0
lid 1 lid
0 = AxaR - Tin(mA) - A =0

and the assertion follows from the five-lemma.
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2. As in 1. we have a surjective *-homomorphism
s A= T(m,N)/C(m, A).

Consider a € Ker(s'), i.e. 1[0,00)(D)7(a)lo,c0)(D) € C(m, A) and consider k as in
(2.9) with A(t) = 0 for t < 0. Then by Lemma 2.3 we have

A}iinoo l[o.oo)(D)W(a)l[N’w)(D) =0

and thus
1{fimo h(D)7(a)1{n,00)(D) = 0.

Now, the same computation as in 1. shows that (3.3) is satisfied for a, which is only

possible for a = 0. ]

4. A REAL VALUED INDEX THEOREM

From now on, we assume that A4 is unital and admits a faithful finite a-invariant
trace T, which we normalize by 7(14) = 1. 4 admits a Hilbert algebra structure with

scalar product
(4.1) (a | b) := r(a*b).

We denote the Hilbert space completion of A with respect to this scalar product by
L%(A, 7). The left regular representation of A on L2(A, ) is faithful since 7 is faithful.

According to (2.4) this representation induces a covariant representation (m, \)
on the Hilbert space L?(R, L%(A, 7)) = L%(R) ® L?(A, 1) by

(m(a)§)() : = a—4(a)(t)

4.2
42) ME:=E(-—s), £€LR,A).

The corresponding representation 7 x A of the twisted convolution algebra
L(R, A) can also be interpreted as a left regular representation. First, L'(R,.4) N
L%(R, A) is a Hilbert algebra with scalar product

(4.3) , (£ 19) :=7((f" * 9)(0)).
The completion is, of course, LZ(R) ® L?(A, 7). Now we define for f € L(R,.A)

(44) (V@) := a(£(2))-
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Since 7 is a-invariant, V extends to a unitary operator on L2(R) ® L?(A, 1) and for
p € L}Y(R,A), fe L'(R,A)NL*R,A) and a € A we have

(Vi x D@V = (V(m x N a-() =
=V [ (oDl - )it =
R

= / Pt (f(- = t))dt = p* f,

R
(Va(@V*)(f) = of = Maf,
() 1= (VAV)S) = VAo (f) = Voo sl = 1) = al £(- - 1)

V intertwines 7 x A and the left regular representation of L!(R, A) on the Hilbert
algebra LY(R, A) N L2(R, A). Hence, the left regular representation extends to a
faithful representation of the covariance algebra A4 x, R. From now on, we identify
A x4 R with the image under this representation.

To a Hilbert algebra corresponds in a natural way a von Neumann algebra, the
so called left von Neumann algebra. The left von Neumann algebra of A we denote
by L®(A,r). Of course, the left von Neumann algebra of L!(R, A) N L?(R, A) is the
W*-crossed product L®(A,7) x, R.

By the general theory of Hilbert algebras, these von Neumann algebras admit
natural traces. The trace on L®(A, ) extends 7 and the trace on L®(A4,7) %, R
extends the dual trace 7 on A ¥, R. So we denote these traces by r and 7, too.
Instead of 1.°(A,7) x4 R now we can also write L°(A », R, 7).

For 1 £ p < oo we denote by

kp := kp(L®(A %4 R, 7)) := LP(A 34 R, 7) N LP(A x4 R, #)

the space of i)-summable operators in L®(A4 %, R, 7). k; is the space of trace class
operators. ‘I'’he norm closure
koo := k1 = Ep
is the Breucr ideal of (relatively) compact operators.
With Breuer [3] we call an operator T € L®(A %4 R, #) Fredholm if and only if

it is invertible modulo the ideal koo. If T is Fredholm, the null projections N(T") and
N(T*) are trace class and we define the real-valued index of T

(4.5) ind;(T) := #(N(T)) — #(N(T")).

This real-valued index has the same properties which one knows from ordinary Fred-
holm theory. Especially, the index is locally constant on the space of Fredholm oper-
ators.
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Note that there is a one-one correspondence between the elements of k, and
the bounded elements in the completion L?(R) ® L2(A,7) of the Hilbert algebra
L'(R, A)N L%(R, A). We recall that an f € L2(R)® L?(A, 7) is called bounded, if and
only if there is an operator K; € L*(A x4 R, ) such that for £ € L!(R, A)NL?(R, A)

Ky = f*¢,

where - % £ is the operator of right multiplication by £. f + K gives the above cor-
respondence ([7], Theorem 1.6.1). Thus we have

LEMMA 4.1. An operator K € L*(A %, R,7) lies in ky if and only if there is
an f € L*(R, L%(A, 1)) such that for ¢ € L'(R, A) N L*(R, A)

(KE)() = / f(2)as(E(t - z)dz.
»
For Ky, K4 € ko we have

HESK,) = (F | )L ocan) = / (f(z)" 9(2))dz.
R

Now let D be the self-adjoint operator corresponding to p, i.e. p; = e2™*2 (cf.
2.5).

LEMMA 4.2. For1<p < co and f € L*(R) N L?(R) we have f(D) € kp. In the
case p = 1 we have

o) = | 1
R

Proof. Let p = 2: since p, is diagonalized by V and the Fourier transform, it is
easy to see that for £ € L}(R, A) N L%(R, A)

DR = [(FN@aclet - 2))de,
R

hence f(D) € k2 by the preceding lemma.
For f € L>(R) N LP(R) we have

|f(D)F'? = |fIP/%(D) € k>,

thus f(D) € k,.
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If p = 1 we write f = gh with g,k € L®(R) N L3(R), then

FAD)) = 715, Kpn) =
= [ (TN e =

n
= (fg ﬂ ]’-h)Lz(gg) =

= (g | By =
&

LeMua 4.3, Kot a €A%, [ 2P <1, Pi= ligooy (D), Hp = 2f(D) I, f

o function as in (2.9). Then we have

I, M), [Hy, Ma) € ks

Prool. By Lemimna 2.3 we have

g, M) = 2AHDY, M) =

1of,
cE / (FUNOM s (03 ape -
E.«‘Q

. . 1 Lo .
Sinee a € A%, the function ¢ ¢ » f(f’)z(az(a) --a) lies in L?(R, A) and the assertion
for fi follows from Lemma 4.1. Since

Iy = H = 2(f = Lp,e0))(D)

and f = 1jp,00) € L®(R) N L2(R), we are done by the preceding lemma. [ ]

For ¢,b € A® we define the function

E;(iﬂ%):l{l) _

Cap R--C, ¢ »—»T(
©a,p lies in Co(R).
ProvosiTioN 4.4. Let a,bE A, Then

ToTh - Ty € by (DA %o B, 7)),
jﬁ(‘pa,b) € LI(R)
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and

. 17
T(TaTb - Tab) = %/}-(‘Pa,b)(t)dt'
0

REMARK. This proposition is a generalization of [4], Theorem 22.2 to the non-
-commutative case. It is the key to the proof of the index theorem.
Proof. H,:= PM,(I — P) = P[P, M,} € k2 by Lemma 4.3, thus
ToTy — Tap = ~PMy(I - P)MyP =
= —Hy Hy. € k.

®a,b is a function of the type i{-i- with f € C*(R), f(0) =0, f, f' bounded. Moreover,

1
4
™ L
&b d id
with ¢ € C*°(R), ¢(0) = 0, g bounded. Thus we have a3, ¢, ;, € L*(R) and hence
F(@ap), 1dF(pap) € LE(R). Now for any function ¢ € L%(R) with idy € L?(R) we

obtain by the Cauchy-Schwarz inequality

[wenz= [ B+ [ weles
R

l2I < % lz1> %
1/2 1/2 1/2
<| [ wars| +| [Z] | [ ovore| <o
=l <5 |z1> 4 lz|>

and hence F(pa,5) € L1(R).
Choose f,gn,e € C*(R) with

0, t<0
fe@®) = { increasing, 0<t<e
1, t2e

and
L It <N

increasing, —-N-egt< - N

decreasing, Nt N +e¢

0, [t]| >N +e

As € — 0 f.(D) converges to P in the trace norm. Since F(gn,c) is an approximate
unit in L}(R), we have for T € k;

gN,e =

lim gy (D)T=T
N—oo
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in the tracc norm.
Let hy e := gn,cf2. Then we have
HTT, ~ ) = lim #(£(D)Mal£(D), Mi)S(D)) =

= lim lim #gn,e(D) fo (D) Ma[fo(D), My)) =
= hm hm F(hn,(D)Ma[fe(D), My]) =

c—=0 N

—lim lim -— / (Fhy,)(O)(FF)Q)pap(t)dt =

€—0 N-so00

= lig Jim 5 / (e F)OFpar)Ot,

by Lemma 2.3 and Lemma 4.1. Moreover,
€ 0, t<0
hne* fi(t) = /IzN,e(t —z)fli(z)dz = { 1, 2¢<tgN

0 0, t>N+2e
So, applying Lebesgue’s theorem two times, we obtain the formula. , |

COROLLARY 4.5. ILet a,b € A® be commuting elements. Then
[Ta, Tb] ek
and

H(Tay T) = 5=7(ab(H).

Proof. Denote by id the identify function on R. 7 is a-invariant, hence we have

[ (=) om= [ - (=) -

—— [ 7 (r (®=0Y) gar

— 00

Since a and b commute, by the preceding proposition we get

H(T T = 5 / (Fas)t)dt - / (Fou.)(t)dt =

2*71

/(}-¢a b)(t)dt

21'1 #a(0) =
= %‘r(a&(b)).
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LEMMA 4.6. ForT € A x4 R we have lim || Tl ny1)(D) ||2, = 0.
n—o0

Proof. Tt suffices to check this for T' in a dense subspace of A %, R and hence
it suffices to consider T' = K; with f(t) = ap(t), a € A, ¢ € L}(R)N L?*(R). Then
T = Map(D) and

1 Tl n1(D) 15 = #(1pn sy D)P(D) Mas a(D)) =

= #(1in s 1 DPP(DYMar) =
n+1
= / le|*(t)dtr(a* a).

n

Since ¢ € L%(R), as n tends to infinity this expression tends to zero. |

THEOREM 4.7. T € T (resp.Tyy) is Breuer-Fredholm if and only if (T') (resp.
osm(T)) is invertible in A.

Proof. We have to prove that T Nke = C and Ty, Nk = A %o R. C C ko and
A x4 R C kg follows from Lemma 4.3 and Proposition 4.4. Now we let

T = f(D)Maf(D)+C € Tam Nkoo, C € A x4 R.

Then we have
Je(D)Mofe(D) € keo.

As in the proof of Proposition 3.1 this implies M, f.(D) € kw. As in the proof of

Lemma 4.6 we get

. n4-1 .
IMafe(D)ifnnsn)(D)IIZ,: = / |f*(t)dtr(a”a) = 7(a”a), n3e
Since 7 is faithful, Lemma 4.6 implies @ = 0. 1{9,00)(D) — fe(D) € koo, thus T € koo
implies f.(D)M, fe(D) € ko and the theorem is proved. n

To compute the Breuer index we introduce the {ollowing Lemma, which has been
used by several authors for the computation of Fredholm indices (cf. [9], Theorem
25.2 and [10], p.126).

LEMMA 4.8. Let M be a von Neumann algebra with semifinite normal trace
¢. For a (relative) Fredholm operator T € M with T*T — I € ki(M, ), we have
[T, T*] € k1(M, ¢) and the Breuer index is given by

indy(T) = (T, T"])-
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Proof. Let T = U|T| be the polar decomposition of T. Then the null projections
of T and 7™ are
NT)=I-U'U, N@T*)=1-UU".

Hence we have [U,U*] € ky(M, ¢) and

indy(T) = ¢(N(T)) — ¢(N(T*)) = ¢([U, U*]).
Furthermore we get

T-U=U(T-=v(T+ ) (T*-1) =

=U(|T|+ D)™ T*T - I) € ka(M, ),
thus [T U/, T* + U*] € k1(M, ») and
e(T-U,T+U'=0.
An easy calculation yieds
T-UT"+U"1=[T,T"]-[U,U"]

and the assertion follows. |

THEOREM 4.9. Let T € T (resp. Tom) with a := o(T) (resp. o5m(T)) € A®
invertible. Then the Breuer index of T is given by

. 1 -1
(4.6) ind:(T) = —ﬁr(a 8(a)).
Proof. The index is a homotopy invariant and the right hand side is a homotopy
invariant, too (cf. [5], p. 601). T — T, € Ker(o) C koo, hence
T := a(a*a)=t/? +(1 —t)(T—Ta), OStSI

is a farnily of Fredholm operators by Theorem 4.7. We have Ty = T and b := o(T}) =
= a(a*a)~*/? is unitary. Since A% is a local C*-algebra, b lies in A%, too. We have
by Proposition 4.4

7Ty — I =T Tp — Thes € k.

Hence Corollary 4.5, Lemma 4.8 and the homotopy invariance of both sides of (4.6)
yield

ind,:(T) = ind.;-(Tl) = f([Tb,Tbo]) =
= 5T (05(67) =

1 -1 —
= —5=r(b716() =
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1 -
= —E;i-r(a 1§(a)).
n

REMARK 4.10. As in [8], §2 one checks that the extension (3.1) defines a Thom
class in KK'(:A, A4 x, R). Therefore the boundary maps in the six term K-theory

exact sequence of (3.2)
8.~ . K,‘(A) - K,'+1(.A Ha R)

are the Thom isomorphisms of Connes [6]. This implies
K. ('Tsm) =0.

Let 7. : Ko(A %o R) — R be the homomorphism induced by the trace # (cf. [6],
Appendix 4). Then for a (relative) Fredholm operator T € Ty one has by naturality

of boundary maps

ind#(T) = #.(91(osm(T))),
hence we have for an invertible a € A% (cf. Proposition 3.1)
1 - . .
—%T(é(a)a 1) = inds(s(a)) = #(81(a))-

Since 8y is the Thom isomorphism, Theorem 4.9 implies [6], Theorem II1.3.

APPENDIX

In this appendix we prove the second part of Lemma 2.3.3 in several steps. For
a Borel subset I C R let

Er:=1/(D) and P;:= Ej o).
If it is converiient, we identify E; with the subspace Ef(H). We define

D:={TeL(H) lthere is a constant £ € R, such that for
any interval I C R, there is an interval J D I with
Vol(J\ I)<k, T(E;) C E; and T*(E;) C E;}

E={TeD|IAteR: PLT=TP, =0}

K :=€ = norm closure of £ in L(H).

LEMMA 1. 1. D is a %-algebra.
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2. £ is a *-Ideal in D.
3. Let T € L(M). T lies in K if and only if T € D and

lim PT = lim TP, = 0.
t—00 t—o00

Proof. 1. is obvious.

2. It is clear, that € is a *-invariant subspace of D. Now let S € £ and T € D.
There is a ¢t € R, such that ;S = P,S* = 0. This implies P,ST = 0 and Im(S*) C
C E(_c,1)- Since T € D there is a v > t, such that T*(E(.co,t)) C E(-co,r), hence
El00)T* 8" = 0 and thus STEj, ) = 0.

3. Consider T € D with 31_132) PT = :l-l.rgo TP, =0. For ¢ > 0 thereisan S €D
such that

IS—Til<e

and there is a 19 € R such that for ¢ > 4
ITAl, [|1PT < e
Now for ¢ 215 we have (I — P;)S(I — P;) € £ and

T ~ (I = P)S(I ~ Rl <
T = S| + | PeSH + 2/IS Pl <
< e+ ||PAS = T)|| +{|P.T|| + 2II(S = T)P:}j + 2T P| < Te.
The convexrse.is trivial. [ |

LemMA 2. For S,T € D we have

PySPyT'Py— PoSTP, € £.

Proof. There is a t > 0, such that T(P;) C P, hence Po.SPyTP; = PySTP;.
Replacing S by T and T by S* the assertion follows. ]

DeFINITION 3. D(A) := {a € A | 7(a) € D}.

ProprosiTioN 4. D(A) is a dense *-subalgebra of A.

From this proposition we can conclude the lacking part of Lemma 2.3.3.
COROLARY 5. For T € C(m, A) we have tl_l‘r{.lo TP =0.

Proof. Since D{A) is dense in A, C(m, A) is the closed »-ideal in T(7, A), generated

Poﬂ’(a)Po‘:T(b)Po - Poﬂ'(ab)Po, a, be D(A)
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Thus (7, A) C K by Lemma 2 and the assertion follows from Lemma 1.3. [ ]

Proof of Proposition 4. We only have to show that D(A) is dense in A. For a

function ¢ in the Schwartz space S(R) with ¢ >0, /go =1, Fo € D(R),
) ]

<Pz:=%<p(t;), t>0

is an approximate unit for L1(R). Thus the elements of the form

2@ = [ pls)a(@)ds, a€ A, p€SR), FpeDR)
R”

are dense in A. Hence it suffices to show that all the a(p)(a) lie in D(A).
Consider I = [¢,d], c € RU {—o0}, d € RU {oo} and let (e,),ecr be the spectral
measure of D. We have

€5 = l(—00,5)(D) = E(—o0,s}-

Now

m(e{p)(a))Er = / o(s)m(as(a))dsEr =

R
— /(p(s)eZWisDﬂ,(a)e—mristsEI -

/‘p(s)/ 21n-9;4de 7r(a)/ "2’”‘”\de)\dsE1..

///tp(s)e‘z’”"(’\ Mdsde,r(a)derEy =

=//mwu-mawm&»
c R

Hence, if supp(F¢) C [c1, d;], we have

7(a(p)(@)(Er) C Eie-dy,d-c)-

REFERENCES

1. BauMm, P,; DouGLAs, R. G., Toeplitz operators and Poincaré duality, in Proceedings
Toeplitz Memorial Conference, Tel Aviv, 1981, Birkhauser.



92 MATTHIAS LESCH

2. BOUTET DE MONVEL, L., On the index of Toeplitz operators of several complex vari-
ables, Invent. Math., 50(1979), 249-272.
3. BREUER, M., Fredholm theories in von Neumann algebras, I and II, Math. Ann., 178
(1968), 243 - 254 and 180(1969), 313-325.
4. Cur?o, R.; Munry, P.S.; X1, J., Toeplitz operators on flows, J. Funct. Anal,
93(1990), 391-450.
5. CONXES, A., C*-algebres et géometrie différentielle, C. R. Acad. Sci. Paris, Série A,
290(1980), 599-~604.
6. CONNES, A., An analogue of the Thom isomorphism for crossed products of a C*-
-algebra by an action of R, Adv. Math., 39(1981), 31-55.
7. DIXMIER, J., Les algébres d’opérateurs dans ’espace hilbertien, Gauthier-Villars, Paris,
1969.
8. J1, R.; KAMINKER, J., The K-theory of Toeplitz extensions, J. Operator Theory, 19
(1988), 347-354.
9. Muvunty, P. S.; PurnaM, 1. F.; Xia, J., Contributions to the K-theory of C*-
-algebras of Toeplitz and singular integral operators, Bull. Amer. Math.
Soc., 21(1989), 47-49.
10. SCHAEFFER, D., An index theorem for systems of difference operators on a half-space,
IHES, Publ. Math., 42(1973), 121-127.
11. UPMEIER, H., Fredholm indices for Toeplitz operators on bounded symmetric domains,
Amer. J. Math., 110(1988), 811-832.
12. X1, J., The K-theory and mvertlblhty of almost periodic Toeplitz operators Integral
Equations Operator Theory, 11(1988), 267-286.
13. J1, R., On the smoothed Toeplitz extensions and K-theory, Proc. Amer. Math. Soc.,
109(1990), 31-38.

MATTHIAS LESCH
Institut fir Mathematik
Universitat Ausburg
Universitatsstrasse 8
D-8900 Augsburg

Germany

Received November 20, 1989; revised April 20, 1990.

Added in proofs: After this paper had been revised, the paper [13] of Ji appeared,
in which he proves Theorem 3.1 for the special representation (2.4). We emphasize that
our definition of P via Stone’s Theorem and the Borel functional calculus of D works for
arbitrary covariant representations and seems to be more natural and perspicuous. The use
of the Fourier transform in [13] is just a concrete way of realizing D in that special case.
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