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PARTIAL O°-ALGEBRAS GENERATED BY
TWO CLOSED SYMMETRIC OPERATORS
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1. INTRODUCTION

In this paper we shall study the structure, the standardness and the standard
extensions of the partial O*-algebra 9M(A, B) generated by weakly commuting, sym-
metric operators A ans B defined a comon dense domain in a Hilbert space.

Let D be a dense subspace in a Hilbert space . We denote by £1(D,H) the set of
all linear maps X from D into H such that D(X*) D D, and equip £'(D,H) with the
usual sum X; + X3, the scalar multiplication AX, the involution X —s Xt = X*|D
and the weak partial multiplication X;0X; = X f X, defined whenever X is a weak
left multiplier of X5 (X; € L¥(X2) or X2 € R¥(X})), that is, iff XoD C D(X]*) and
XI’D C D(X3). Then L1(D,H) is a partial »-algebra, that is, it is a vector space with
the involution X — Xt (i.e., (X + AY)f = Xt 4 AY?, Xt = X) such that

(i) X e LY(Y)iff YT € L¥(X1);

(ii) whenever X € L¥(Y) and X € LY¥(Z), X € L¥(XY + yZ) for each A\,p € C
and X o(AY 4+ pZ) = M(X oY)+ pu(X o0 2),

(iii) whenever X € L¥(Y), (X oY) =Yt a X1,

A partial O*-algebra M on D is a *-subalgebra of L1(D,H); that is, M is a
subspace of L1(D,H) such that X! € M for each X € M, and X;0X; € M whenever
X1,X2 € M and X; € L¥(X2). In [2,3] the commutativity of a partial O*-algebra M
on D is defined as follows: M is said to be commutative if for X, Y € M, X € L¥(Y)
if Y € L¥(X), and then X 0Y =Y 0 X. We now define a new commutativity of
M as follows: M is said to be weakly commutative if (X¢|]Yn) = (Y1¢[X1n) for
each XY € M and &,n € D. It is easily shown that if M is weakly commutative,
then it is commutative, and the notion of weakly commutativity is better than that
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of commutativity as shown in this paper. If X* = X7 for each X € M, then M is
saild to be standard. When M is an O*-algebra, that is, XD C D for each X € M,
M is standard iff A* = A for cach A = A € M [11], but we remark that the two
notions need not be equivalent for partial O*-algebras. M is said to be self-adjoint
if D*(M) = ) D(X*) = D, and essentially self-adjoint if D*(M) = D(M) =
= N DX )X I'e‘:)‘: further details about partial O*-algebras, refer to {1-5,9].

XeM
Let S and T be closed symmetric operators in H and D C D(S)ND(T) be a core

for S and /" satisfing S|D and T'|D are weakly commuting. We denote by M(S{D, T'|D)
the minimal partial O*-algebra on D containing S|D and TfD. When SD C D
and TD C D, M(S|D, T|D) equals the polynomial algebra P(S|D, T|D) of S|P and
T|D, and in this case the self-adjointness and the standardness of P(S|D, T'|D) were
investigated in [7,8,11]. But, when TD ¢ D, even the partial O*-algebra M(7'|D)
generated by T|D the structure is tricky as we saw in [3,5]. In this paper we shall
study the partial O*-algebra M(S|D, T|D) which is more tricky than M(T|D).

In Section 2 we shall show that the regular part {the polynomial part) R(S|D,
T'|D) and the singular part S(S\D, T|D) of M(S|D, T|D) are defined and

M(S|D, T|D) == R(S|D, T|D) + &(S|D, T|D).

In Section 3 we shall study the standardness of M(S|D,T|D). We define the
strong commutant of S and T by

{S,T} = {C € B(H);CS C SC and CT C TC}.
When S and T are self-adjoint,
{S, T} = {Es(A), Er(1); —o0 < A, pt < o0}/,

where {EFg(A); —00 < A < oo} and { Ep(u); —0o < p < oo} are the spectral resolutions
of S and T, respectively. We say that the self-adjoint operators S and T are strongly
commuting if Eg(A)Er() = Er(p)Es()) for each A, 4 € R; equivalently, {S,7'}" is
commutative. We shall show that 9(S|D, T'|D) is standard iff S and T are strongly
commuting self-adjoint operators and {S, T} D(M(S|D,T|D)) C D(M(S|D, T|D)),
and in this case, M(S|D,T|D) is weakly commutative, and it is isomorphic to a
commutative partial *-algebra of polynomials with two variables.

In Section 4 we shall study self-adjoint extensions and standard extensions of
M(S|D, T|D). We shall define the notions of an extension, a multiplicative-extension
and a quasi-extension of M(S|D,T|D), and show that if S and T have self-adjoint
extensions with a domain condition, then 9(S|D,T|D) has a self-adjoint quasi-
extension; and M(S|D, T|D) has a standard quasi-extension if and only if § and
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T have strongly commuting self-adjoint extensions; and 9(S|D, T|P) has a standard
multiplicative-extension if and only if S and T have strongly commuting self-adjoint

extensions A and B, respectively and {A, B}’ is contained in the quasi-weak commu-
tant M(S|D, T|D)y,, of M(S|D,T|D).

2. THE STRUCTURE OF IM(S|D, T|D)

Let S and T be closed symmetric operators in a Hilbert space H and D a
dense subspace in H contained in D(S) N D(T). Suppose D is a core for $ and
T, and S|D and T|D are weakly commuting; that is, (S¢|Tn) = (T€|Sn) for each
§,m € D. Let mg (resp. ng) be the largest number in £ € N U {oo} satisfying
D C D(S¥) (resp. D C D(TF)), and let m; (resp. mg,...,mn,) be the largest
number in k& € N U {0} U {oo} satisfying D C D(S*T) N D(TS*) (resp. D C
C D(S*T?) N D(T2S*),...,D C D(S*T"°) N D(T™ S*)). Clearly we have

(2.1) Mo 2my2 - 2 M,
Furthermore, if D C D(ST) N D(TS), then
(ST¢In) = (T€|Sn) = (S€|Tn) = (T'SEln)
for all £,n € D, and so ST¢ = TS¢ for each € € D. H D C D(S2T) N D(T'S?), then
(S*T€|n) = (STE|Sn) = (TSE|IS) =
= (SE|T'Sn) = (S€|STn) = (TS*¢|n)
for all £, 7 € D, and so S?T¢ = T'S%¢ for each £ € D. Repeating this, we can show
(2.2) if D C D(S*T')ND(T'S*), then S*T'¢ = T'S*¢ for each £ € D.

We define the strong power length of S|D and T'|D and the strongly regular part of
M(S|D, T|D) by

‘es(sv Ta D) = [mO)n01ml: my,.. .,m,,o],

R:(S|D,T|D) =

mo m; ﬂ‘l,.0
= {E k0S¥ ID+ D anS*TID+ -+ Y 0kno S*T™|D; anr € _c} ,

k=0 k=0 k=0
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respectively. We next define the weak power length of S|D and T|D. Let m(0)
(resp. n(0)) be the largest number in k € N U {oo} satisfying D C D(S*¥) (resp.
D ¢ D(T*")), and let m(1) (resp. m(2),...m(n(0))) be the largest number in k €
€ N U {0} U {00} satisfying D C D(S**T*) N D(T*S**) (resp. P C D(S**T*?) N
AD(T*28**), ..., D C D(S*T* )N D(T*"(9S**)). Then we have

mO > ml) > - > mo) > - > m(n(0)
(2.3) v/ v/ VI
me 2 my 2= - 2 Mg,

Furthermore, we can show in similar to (2.2) the following
(2.4) if D CDES*TYND(T*'S**), then S*T*¢ = T*'S**¢  for each £ € D.
Hence, we can define the weak power length of S|D and T'|D by

£u(S, T, D) = [m(0), n(0), m(1),...., m(n(O))}

We now put
Py(S,T,D) =

, m{0) m.(ql‘) m(n(0))
= pO0, p) = Z arof + L e -+ Z akn(o)z\k#"(o);au e€eCy,
k=0 k=0 k=0

R(S|D, T|D) =

m(0) m(1)
= {p‘°>(s, T) = E oSt |D + Z ST D+ - -

k=0 k=0

R m%)))akn(o)s*kr"(")m; o € c} ,
k=0
9,(S|P, T|D) = linear span of
(a8, T) = 280(5,7) 0 oS, T); 50, 5 € Po(S, T, D)
and p{7(S,T) € L*({"(S, T))},
_ 22(S|D, T|D) = linear span of
{a$(5,7) 0 6V(S, 7); 45, T), 6§(5, T) € (S|P, TID)

and ¢{"(S,T) € L¥(¢§(S, 7))},



PARTIAL O"-ALGEBRAS 97

Then we have

(2.5) “R,(SID, TID) € R(SID, TID) C (S|P, TID) C -+ - .

It is clear that R(S|D, T|D) = R(S|D, T|D) if S and T are self-adjoint. We put
&.1(S|D, T|D) = D.4(S|D, T|D) — R(S|D, T|D),

6:(SID, T|D) = 2:(S|D, T|D) — u(SID, T|D),

&(S|D,T|D) = O & (S|D, T|D).

k=1

Then we have the following

THEOREM 2.1. Let § and T be closed symmetric operators in H and D C

C D(S)ND(T) be a core for S and T satisfying S|D and T|D are weakly commuting.
Then '

o0

M(SID, T|D) = | Qu(SIP, TID) =
k=1
= R(S|D, T|D) + &(S|D, T|D).

R(S|D, T|D) is called the regular part of M(S|D, T|D) and &(S|D, T|D) is called the
singular part of M(S|D, T|D).

REMARK 2.2. Even if M(S|D, T'|D) is standard, the singular part of M(S|D, T'|D)
need not be empty unlike M(T|D). Let ky, ko, 11,12 € N such that 0,1, < n(0),
ky <m(ly) and kz < m(lz). When I + 1 > n(0), or l) + I2<n(0) and k; + ky >
> m(ly + 1),

(($ = )*(T - )" [D) = (S — i)**(T —i)"*|D) ¢ M(S|D, T|D),
but (S¥1T"|D) a (S*2T'2|D) is possible to be contained in &,;(S|D, T|P) because
(S — 1)*(T —i)! is closed but S¥T" need not be closed for each k,I € N.
3. STANDARDNESS OF wl(Slby, T|D)

In this section we study the standardness of MM(S|D, T'|D) and show that M(S|D,
T|D) is isomorphic to a partial *-algebra of polynomials with two variables when
M(S|D, T|D) is standard.
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For the standardness of 9(T|D) we have obtained the following result in ({3]
Proposition 4.9):

LevmMa 3.1, Let T be a closed symmetric operator in H and a subspace D in 'H
be a core for T. Let n be the largest number in k € NU {oo} such that D C D(T*).
Then the following statements are equivalent:
(1) MY T|D) is standard.
f n
(2) YTD) = P (T[P) = {}; o THD; op €€, k=1,2,..., n} and it is ess.

k=20
self-adjoint.

(3) 7 is self-adjoint and D(ENTID)) = D(T™) for some m € NU {o0}.
(4) TV, T?|D, ..., T"|D ave css. self-adjoint.

We have the following result for the standardness of 9(S|D, T|D):

Toworsm 3.2, Let § and I° be closed symmetric operators in M and D C D(S)N
DT be « core for § and T satisfying S|D and T\D are weakly commuting. Then
the following statomeonts are equivalent:

(1) MU SID, TD) is standard.

(2) § end T are strongly cominuting self-adjoint operators and {S, T} D(M(S|D,
TID)) C DIM(SID, TID)).

In this case, DYSID, TD) is weakly commutative and M(S|D, T|D),, = {S,T}'.

Proof. (1) =» {2). We put
A= SD+iT|D.

Since S|P, T|D, SID + iTiD and S!D — iT|D belong to the standard partial O*-
algebra MM(SID, TiD), it follows that S and T are self-adjoint operators, and A =
= (S|P ~iTID)* = § 417 For cach £ € D(S +iT) there exists a sequence {,} in D

such that lim &, = & and lim (S +iT)¢, = S +17¢€. Since S|D and T|D are weakly
13-+ 00 =>QC

commuting, we have

(S 4D = (S + 1T ] = ||SEn — Smli® + [ Tén — Tm|*+

‘H(T(ér - £m)ﬂs(€n - fm)) - I(S(gn - €mMT(€n - fm)) =
= MS&A = S‘fm”? + ”ngm - Témmz,
which implics that £ € D{S) N D(T), mhm& S€, = S€ and "lin;o T¢, = TE. Hence,

S +17T" is closed, and so

(3.1) A= (SID = iTID)™ = § +iT.
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Similarly, we have
(3.2) A* = (S|P -iT|D)** = S|D —iT|D = S ~iT.

It follows from (3.1) and (3.2) that A is normal. Therefore, S and T are strongly
commuting self-adjoint operators. Since MM(S|D, T|D) is standard, it follows that for
", € Po(S,T,D), ¢(S,T) = (S, T) o p{(S, T) exists iff py (S, T)D C
c D((S,T)) and p0(S, T)D C DGP(S, T)), and then D C D((>Vp)(S, T))
and ¢(1)(8,T) = (p(lo)p(zo))(S, T)|D. Repeating this argument, we can show that every
element X of M(S|D, T'|D) is represented as

X =p(5,T)ID
for some polynomial p(, ) of two variables, which implies
M(S|D, T|D),, = {S, T} = {Es()), Er(u); —00 < A, p < oo}

Therefore, we have

" {8, TYD = m(S|D, TD), D C D,

where D = D(M(S|D, T|D)), by the ess. self-adjointness of M(S|D, T|D).

(2) = (1). Since S and T are strongly commuting self-adjoint operators, it follows
that {S,T}" = {Es()\), Er(s); —c0 < A, p < 00}” is a commutative von Neumann
algebra on H. We put '

M = {X € LY(D,H); X is affiliated with {S,T}"}.

We show that M is a weakly commutative standard partial O*-algebra on D. Since
M., = {S,T,} and M, D C D, it follows that M is a partial O*-algebra on D.
Furthermore, since {S, T}” is commutative, it follows that M is weakly commutative,
and M is standard, that is, X* = X1 for each X € M [10]. Since S|D,T|D € M,
it follows that M(S|D,T|D) C M, so that M(S|D, T|D) is weakly commutative
and standard. Furthermore, it follows that i : X € M(S|D,T|P) — X = X|D €
€ M(S|D, T|D) is a x-isomorphism [2,3], which implies M(S|D, T|D) = M(S|D, T|D).
Therefore, M(S|D, T|D) is weakly commutative and standard. This completes the

proof.

By Theorem 2.1 and Theorem 3.2 we shall decide the structure of 9(S|D, T|D)
when (S|D, T|D) is standard.

We first define a partial *-algebra of polynomials with two variables defined by
(S,T,D). Let (S,T,D) be as in Theorem 2.1 and let £, (S, T, D) = [m(0), n(0), m(1),
..., m(n(0))]. We put

Py(S,T,D) =
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m(0) m(1) m(n(0))
= p(o)(,\,,‘) = Z arorf + 2 a4+ Z alm(O)’\kl‘n(o);akl e€eCy,
k=0 k=0 k=0

Pi(S,T,D) = linear span of

{Pgo)Pgo) ; pﬁo), p§°> € Po(S,T,D) and

2 ¢ (GRS )N 2GS ]
P»(S,T,D) = linear span of
{p(ll)pgl);p(ll) 95 € Po(S, T, D) and

D ¢ D(GDPP)(S,T)) N D(EORD) (S, T))} ,

Then
Py(S,T,D) Cc P (S, T,D)C ---C P(S, T\ D) C --- .

We now put

[>e]
P($,T,D) = | P(S, T, D).
k=0
Then P(S, T, D) is a commutative partial *-algebra with the involution p — p and
the partial multiplication:

the partial multiplication p; e p; exists

iff D C D((p1p=)(5, T)) N D((7172)(S, 7)),

and then p; e pa = p1ps. P(S,T,D) is said to be a partial »-algebra of polynomials
defined by (S, T, D). For partial x-algebras, refer to [1,2,3].

THEOREM 3.3. Let (S,T,D) be as in Theorem 2.1. Suppose M(S|D, T|D) is
standard. Then it is isomorphic to a partial x-algebra P(S,T,D) of polynomials
defined by (S, T, D).

Proof. 1t is clear that the map p(®9) € Py(S, T, D) — p(O(S,T)|D = pO(S,T) €
€ R(S|D,7'|D) is a *-invariant linear bijection. We show that for p§°’, p§,°’ € Py(S, T
D), pi"(S,T) @ p"(S,T) exists iff D C_(D(pi"p§"(S, T))) N D((p"p5")(S, T)- In
fact, suppose D C (D(p§°’p§,°))(s, T))m)((p§°)p§°))(s, T)). Since S and T are strongly
commuting self-ajoint operators by Theorem 3.2, we have

@S, T)lpD(S, T)E) =
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= lim s, T)Es((~n, n]) Er([=n, n])nlé) =

= (S, T)nlé) =
= (l"p{7(5, 1)
and .
#87(S, Tynls{(5, 7)) = (B rV)(S, T)e)
for each &, € D, which implies that p(o)(S T)o p(o)(S, T) exists. The converse is
trivial. Hence, the map p") € Py(S,T, D) — p()(S,T)|D € Qi(S|D,T|D) is a *-
-invariant linear bijection. Similarly, the map p*) € P(S,T,D) — P(¥)(S,T,D)|D €
€ Qx(S|D, T|D) 1s a *-invariant linear bijection. By Theorem 21 the map p €
€ P(S5,T,D) = U Py(S,T,D) — P(S,T)|D € M(S|D, T|D) = U Q(S|D, T|D)
is a *-invariant llnear bijection. Furthermore, it follows that for p1, p2 € P(S,T,D),
p1 @ pz exists iff D C D((prp2)(S,T)) N D((p1p2)(S, T)) iff p1(S, T)|D 0 p2(S, T)ID

exists. Therefore, the map p — p(S, T)|D is a *-isomorphism of the partial *-algebra
P(S,T, D) onto the partial O*-algebra M(S|D, T|D). This completes the proof.

COROLLARY 3.4. Let (S, T, D) be as in Theorem 2.1. Suppose
(i) D € D(S?) N D(T?) ND(ST) ND(TS) and S?|D + T2|D is ess. self-adjoint,
Gi) {S, T}, D C D.

Then M(S|D, T|D) is standard.

Proof. Since S and T are weakly commuting and D C P(ST) N D(T'S), we have
ST|D = TS|D. Hence, we can show that the ess. self-adjointness of (S? + T2)|D
implies the normality of m, which futher implies that S and T are strongly
commuting self-adjoint operators. Hence, ({S|D,T|DP}.,) = {Es(A), Er(p); —o0 <
< A\ p < oo} is commutative, and so it is shown in similar to the proof of Theorem
3.2 that M(S|D, T|D) is contained in the standard partial O*-algebra M = {X €
€ LD, H); X is affiliated with ({S|D,T|D},)’}. Therefore, M(S|D, T|D) is stan-
dard.

Suppose that symmetric operators A, B, N in L1(D,H) satlsfy the following
conditions:

(i) N is ess. self-adjoint.

(i) There exists a constant ¥ > 0 such that

AL < AN +1)¢ll and || BE|| < IV + )¢l

for each £ € D.
(ii) AoB=BoA, AcN=NoAand BoN=NoB,
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Then we have the following

CoROLLARY 3.5. (1) Suppose {A, N},,D C D. Then 9M(A, N) is standard.
(2) Suppose {A, B}, D C D. Then M(A, B) is standard.

Proof. By ([14] Lemma 1, Proposition 2), any pairs of A, B and N are strongly
commuting self-adjoint operators, and so it is proved in similar to the proof of Corol-
lary 3.4 that (A, N) and 9MM(A, B) are standard.

We finally investigate the partial O*-algebra 9(S|Dmn, T|Dmn) on the domain
Dpn: ‘

Dpmn = {€ € H;€ € D(S¥*T") N'D(T'S*) and

S¥T'¢ = T'S*¢ for 1 KVk < m and 1< VI n},
m,n € NU {o0}.

These domains D, have been considered by Schmiidgen [13] and Schmiidgen and
Friedrich [15] for the study of a pair of closed symmetric operators.

PROPOSITION 3.6. Let S and T be closed symmetric operators in H. Suppose
Dmn is a core for S and T'. Then the following statements hold.

(1) mmn(SIDmn:Tlen) = {zzaklslelen;akl €C;C
k=0 1=0

C R(S|Dmn, T D) € MM(S| Dn, T| Drn)-
(2) Suppose S and T are self-adjoint. Then M(S|Dmn, T|Dmn) is self-adjoint,
(3) S and T are strongly commuting self-adjoint operators iff M(S|Dmn, T'| Dmn)
is standard.

Proof. (1) This is trivial.
(2) Take an arbitrary £ € D*(9M(S|Dmn, T|Dmn)). Since Dy is a core for the
self-adjoint operators S, we have £ € D(S), and so

(Sn1S€) = (S*nl€) = (9(S?| Dmn)*€)
for each ) € Dimn. Hence, £ € D(S?) and S%¢ = (S?|Dmn)*€. Repeating this, we have
(3.3) £ € D(S™) and S™€ = (S™ | Dynn)*¢.
Similarly, we have
(3.4) ¢ € D(T™) and T"¢ = (T"| Doun)'€.
Let k,1 &€ N with 0< k< m and 0 <l n. Since

(SnIT'€) = (T'Snl€) = (n|(T' S| Dma)*€)
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for each 7 € Dy, it follows that ¢ € D(ST') and ST'¢ = (T'S|Dmn)*€. Repeating
this, we have

(3.5) € € D(S*T') and S*T'¢ = (T'S*|Dpnn)*¢.
Similarly, we have
(3.6) ¢ € D(T'S*) and T'S* ¢ = (S*T'|Dpnn )*€.

By (3.5) and (3.6) we have £ € Dyn. Therefore, MM(S|Dmn, T|Dmn) is self-adjoint.

(8) Suppose S and T are strongly commuting self-adoint operators. Then it is
clear that {S, T} Dmn C Dmn, which implies by Theorem 3.2 that 9%(S|Dmn, T|Dmn)
is standard. The converse follows from Theorem 3.2.

4. SELF-ADJOINT EXTENSIONS AND STANDARD EXTENSIONS OF (S|D, T'|D)

In this section we investigate self-adjoint extensions and standard extensions of
M(S|D, T|D). Let S and T be closed symmetric operators in H and D C D(S)ND(T)
be a core for S and T satisfying S|D and T'|D are weakly commuting.

DEFINITION 4.1. When a triple (A, B, &) satisfies the following conditions:

(i) € is a subspace in H containing D;

(ii) A and B are closed symmetric extensions of S and T', respectively, £ is a core
for A and B and A|£ and B|€ are weakly commuting;

(iii) M(A|E, B|E)|D = M(S|D, T|D),
M(A|E, BIE) is said to be an extension of M(S|D, T|D).

Let M(A|E, B|E) be an extension of M(S|D, T|D). Then, the map ¢ : X —
— X|D is a *-homomorphism of the partial O*-algebra IM(A|€, B|E) onto the partial
O*-algebra M(S|D, T|D) (i.e., ¢ is a t-invariant linear map and if X; 0 X, exists, then
¢(X1) © o(X32) exists and ¢(X; 0 X3) = «(X1) 0¢(X2)) and one-to-one, but ¢~! is
not necessarily a x-homomorphism. Hence, we need the definition of the stronéer

extension:

DEFINITION 4.2. An extension IM(A|€, B|E) of M(S|D, T'|D) is said to be multi-
plicative if the map ¢ : X € M(A|E, B|E) — X[D € M(S|D, T|D) is a *-isomorphism
(i-e., both ¢ and :~! are *-homomorphism).

The closure MM(S|D, T|D) and the full closure M(S|D, T|D) of M(S|D, T|D)
are multiplicative-extensions of M(S|D, T|D) and M**(S|D, T|D) is an extension of
M(S|D,T|D) {1, 2, 3]. We need here to weaken the notation of extension as seen
later.
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DEFINITION 4.3. When (A, B, £) satisfies the conditions (i), (ii) of Definition 4.1
and

(iii)’ R (S|D, T|D) C R(A|E, BIE)|D,
M(AJE, BIE) is said to be a quasi-extension of M(S|D, T|D).

Suppose S and T are self-adjoint. For each I = [m,n,m{,...,m/]< (S, T,D)
(simply, lw) = [m(0),n(0),m(1),...,m(n(0))] (if mg<m(0), n<n(0), mi<
<m(l),...,m), < m(n)) we put

Di(S,T) =D(S™) AD(T*) N {D(S™T)ND(TS™)}n...

... {D(S™T") N D(T"S™")},
D(S,T,D) = D, (S,T).

Then we have

(4.1) D ¢ D(S,T,D) C Di(S,T).

THEOREM 4.4. (1) Suppose S and T are self-adjoint. Then M(S|Di(S, T), T| Di(S,
T)) is self-adjoint for each | < 1w(S, T, D), and M(S|D(S, T, D), T|D(S, T, D)) is a self-
-adjoint quasi-extension of M(S|D,T|D) with R(S|D(S,T,D),T|D(S,T,D))|D =
= R(S{D, T D).

(2) Suppose S and T have self-adjoint extensions A and B, respectively, such
that D, (A, B) is a core for A and B, where I, = I,(S,T, D). Then M(S|D,T|D)
has a self-adjoint quasi-extension MM(A|Dy, (A, B), B| Dy, (A, B)) with R(S|D,T|D) C
C R(A|Dy, (A, B), B|Dy, (A, B))|D C R(S|D, T|D).

Proof. {1) Suppose S and T are self-adjoint. Then we can show in similar to
the proof of Proposition 3.6 that M(S}Di(S, T), T|Di(S, T)) is self-adjoint. It follows
from (4.1) that D(S, T, D) is a core for S and T and l,(S, T, D(S, T, D)) = l.(S, T, D),
which implies that R(S|D(S,7,D),T|D(S,T,D))ID = R(S|D,T|D). There-
fore, M(S|D(S, T, D), T|D(S, T, D)) is a self-adjoint quasi-extension of M(S|D, T|D).

(2) Since Dy (A,B) is a core for A and B and I, <lw(4, B, D, (A, B)) <
< (S, T,D); it follows from (1) that OM(A|Dy, (A, B), B|D;,(A, B)) is self-adjoint
and R(S|D, T|D) C R(AIDy, (A, B), B|Di,(A, B)) C R(S|D,T|D). This completes
the proof.

For the study of standard extensions of 9(S|D, T|D) we define the weak com-
mutant and the quasi-weak commutant of M(S|D, T|D) by

M(S|D, T|D)y, = {C € B(H); (CXEln) = (CE|X )
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for all X € M(S|D,T'|D) and &, € D},
M(SID, TID)qw = {C € B(H); (CX]€|X2n) = (CEI(X1 v X2)n)
for all X, X, € M(S|D, T|D) with X, € LV (X:) and &,n € D}.

Clearly, M(S|D, T|D)qw C M(S|D,T|D),, and they are weakly closed #-invariant
subspaces of B(H), but need not be algebras [3].

THEOREM 4.5. (1) Suppose S and T are strongly commuting self-adjoint op-
erators. Then OM(S|Dy(S,T), T|Di(S,T)) is standard for each 1< 1y(S,T,D), and
M(S|D(S, T, D), T|D(S, T, D)) is a standard quasi-extension of M(S|D, T|D) with
R(S|D(S,T, D), T|D(S,T,D))|D = R(S|D, T|D).

(2) S and T have strongly commuting self-adjoint extensions if and only if
M(S|D, T'|D) has a standard quasi-extension.

(3) S and T have strongly commuting self-adjoint extensions A and B, respec-
tively and {A, B} C 9(S|D,T|D)y,, if and only if M(S|D,T|D) has a standard

multiplicative-extension.

Proof. (1) This follows from Theorem 3.2 and Theorem 4.4.

(2) Suppose that S and T have strongly commuting self-adjoint extensions A and
B, respectively. Since {E4(A)Ep(p); —00 < A, pt < co}H is a core for A and B and
it is contained in Dy, (4, B), where l; = I;(S, T, D), it follows that Dy, (A, B) is a core
for A and B. Therefore, it follows from (1) and Theorem 4.4 that 9M(A|D,, (4, B),
B|Dy, (A, B)) is a standard quasi-extension of M(S|D, T|D).

Conversely suppose 9(S|D, T'|D) has a standard quasi-extension M(A|E, B|E).
By Theorem 3.2 A and B are strongly commuting self-adoint extensions of S and T,
respectively. -

(3) Let A and B be strongly commuting self-adjoint extensions of S and T,
respectively and {4, B} C M(S|D, T|D)g.. We put

& = linear span of {4, B}'D,

(X) (Z akaﬁk) = uCiXé
k=1 k=1
for X € M(S|D, T|D) and Y _ axCiéi € £.
k

Then ¢ is a {-invariant linear map of 9M(S|D,T|D) onto the partial O*-algebra
e(M(S|D, T|D)) and e~! is a x-homomorphism. Since &(S|P) = A|€ and ¢(T|D) =
= BIE, we have

(4.2) M(A|E, B|E) C e(IM(S|D, T|D)).
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Take arbitrary X;, X2 € 9M(S|D,T|D) such that X; o X, exists. Since {4, B} C
C M(S|D, T{D)q, we have

(e(X])Cr&1|e(X2)Catz) = (C3C1XTE|1X262) =

= (C3C161|(X1 0 X5)6) =
= (C1&1|Ca(Xy 0 X5)62) =
= (ClgllE(Xl a XZ)C2£2)

and

(e(X2)C1€1e(X1)C261) = (Cré1e((X1 © X2)N)Cato)

for each Cy,Cy € {A, B} and £;,€2 € D. Hence, e(X;)2¢e(X2) exists and e(X;0X2) =
= £(X1)9e(X2). Therefore, ¢ is a *-isomorphism of M(S|D, T,|D) onto e(M(S|D, T'|D)),
which implies that e~ (9R(A|E, B|€)) is a partial O*-algebra on D containing S|D and
T|D. Hence, M(S|D, T|D) C e~ {(M(A|, BIE)). By (4.2) we have

(M(S|D, TID)) = M(AIE, BJE) and

(4.3) e~}(X) = X|D for each X € M(A|E, BIE).

Clearly, £(S[P) = A and ¢(T|D) = B, and further, {A, BYD(MM(A|E, BIE)) C
C D(M(A|E, BIE)) since {A, B}YE C £. 1t hence follows from Theorem 3.2 that
M(A|E, B|E) is standard, which implies by (4.3) that 9M(A|€, B|€) is a standard,
multiplicative-extension of M(S|D, T|D).

Conversely suppose MM(S|D, T'|D) hasastandard multiplicative-extension M(A|E,
BI€). By (2). A and B are strongly commuting self-adjoint extensions of S and T,
respectively. Take arbitrary C € {4, B} and X, X» € M(S|D, T'|D) such that X; o
80X, exists. Let ¢ be the map : X € M(AJE, B|E) — X|D € M(S|D, T|D). Since ¢ is
a #-isomorphism, M(A|E, B|E), = {A, B} and {A, BYD(M(A|E, B|E)) ¢ DM(AIE,
B|&)), we have :

(CX1€)Xam) = (Co~ ' (X])ele™ ! (Xa)m) =

= (1(XD)CE (X)) =
= (CEl:™ (X1 0 X3)n) =
= (C¢l(X1 0 X2)n),
(CX2€|X]n) = (CE|(X1 0 Xa)'n)

for cach £, n € D. Therefore, C € M(S|D, T|D)g,,. This completes the proof.
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REMARK 4.6. If M(S|D,T|D) has a standard extension, then S and T have
strongly commuting self-adjoint extensions A and B, respectively and {4,B} C
C M(S|D, T|D),,. Conversely suppose S and T have strongly commuting self-adjoint
extensions A and B respectively and {4, B} C M(S|D,T|D),,. Let ¢ be the map
as in the proof of Theorem 4.5. Then e(M(S|D,T|D)) is a weakly commutative,
standard partial O*-algebra which is an extension of 9(S|D,T|D) in the sense in
([3] 3.B.); that is , € is a bijection and X C ¢(X) for each X € M(S|D,T|D). But,
M(A|E, B|E) # e(MM(S|D, T|D)) in general, and so M(A|E, B|E) need be an extension
of M(S|D, T|D) in the sense of Definition 4.1.

The author would like to thank H. Kurose for valuable discussions.
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