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COMPACT COMPOSITION OPERATORS
NOT IN THE SCHATTEN CLASSES

7TOM CARROLL and CARL C. COWEN

If ¢ is an analytic function mapping the unit disk D into itself and H is a Hilbert
space of analytic functions on D, the composition operator C, on H is defined by
(Cof)(2) = f(p(z)). In 1988, Donald Sarason [7] asked

Is there a compact composition operator on H? that is not in any Schatten class?

Shapiro [16] has shown that C,, is compact on H? if and only if

. N, (w)
himsup —2~—~— = 0.
(a1~ log(1/Tw])

Here, N, is the Nevanlinna counting function: for ¢ defined on the disk and w a

Ny(w) = Ytog ()

where the z, are the solutions of ¢(z) = w. Using related techniques, Zhu [19] has
proved that if p > 2 then C, is in the Schatten p-class if and only if

w /2 w
D/ (metn) o <=

Contrasting this with Shapiro’s condition for compactness strongly sugests an affir-

complex number,

mative answer to Sarason’s question. We will show that this is indeed the case, not
only in H? but also in some weighted Dirichlet spaces with similar evaluation kernels,
(c.f. Theorem 5).
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For @ >» -1, we let D, denote the weighted Dirichlet space of analytic functions

in the unit disk for which

1A, = |FO)F + / IF(2)2(1 - 2P)*dA(z) < oo,
0]

This is a Hilbert space of analytic functions with the obvious inner product. For
f(z) = Zaﬂz", the series Z(n +1)!~*|a,|? gives a coefficient norm equivalent to
the above integral norm on D,. The classical Dirichlet space is Dy, the Hardy space
H?is D;, and the Bergman space is Dj.

If ¢ is an analytic function mapping the unit disk to itself, we say that ¢ has
a finite angular derivative at ¢ on the unit circle, which we will denote by ¢’(s), if

there is w on the unit circle (!) such that the difference quotient

p(z) —w
zZ—¢
has a finite limit as z tends to ¢ non-tangentially. Work of Julia and Carathéodory

I3, pages 23-34] shows that this limit exists if and only if the non-tangential limit

.1 —|e(z
M L= fim —15(%
is finite, in which case |o'(¢)| = L. MacCluer and Shapiro [13, Theorem 5.3] have
shown that, for o > 0, if ¢ is univalent and maps the unit disk into itself, then C, is
compact on [), if and only if ¢ has no finite angular derivatives. We will construct
a univalent map ¢ that is continuous on the closed disk such that the image of the
unit circle touches the unit circle only at the fixed points #1. Since we ensure that

lim -}—_—M =00

r—l- -7
% has no finite angular derivatives and we conclude that C, is compact on D, for
a > 0.

A Hilbert space operator A is said to be in the Schatten p-class for 0 < p < co if
it is compact and the sum of the cigenvalues of (A*A)?/? is finite [14). The Schatten
p-classes are (non-closed) ideals in the space of bounded operators on the Hilbert
space and each Schatten class is dense in the compact operators. The prootf that C,
is not in any Schatten p-class is more delicate and depends on calculations involving
the evaluation kernels. For w in the unit disk, we let K, denote the function in D,

for which

(f, Ku) = f(w)
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for all functions f in D,. Routine calculations give the explicit expression

i
w n

Kw(z) = 1+nz—:l :IITB—(;Z_,_CY—-F_I)Z .
Here B(p, q) is the Beta function

I'(p)I'(q)

1
B(PuQ)Z/IP_l(l—l')q_lda:z TGt
0

where I' is the Gamma function, and it follows that

1 I'(n+a+1)

n2B(n,a+1) ~ n2lr(n)l(a+1)

_n+a I'(n+a) _(l l) I'(n+a)
T no I'(n+DI'(@) \n o) I'(n+1)I(a)

It is not always convenient to work with the evaluation kernels K, so we will use

kernels k,, that grow at the same rate. The kernels k,, are evaluation kernels for an
equivalent norm on D,. For a > 0,

[oe]

_ 1 - F(n+a) —n_n
kw(Z) = (1 —wz)® “r; F(”+1)F(a)w 2",

Comparing the series representations for Ky, and k,,, we see that for u and v in the
disk with v >0

) 0 < 2hu() < Kulv) < (1 + é) bu(v).

This estimate will be helpful because K,{v) = (K, K,}.

In the construction of the example, we need an interpolation result for weighted
Dirichlet spaces which is closely related to the work of Shapiro and Shields [15] (see
also [5, section 3]). We first state the result in the form that we will use it and then

derive the interpolation version as a corollary.

THEOREM 1. Suppose that « is positive and that {r,} is an increasing sequence
in (0,1). Suppose further that

—2/a
1 - T'n+1 (Cl + 1)2a+l 2
= T 14— .
p Sl,l,p(l—rn)<(+ v
Let W denote the closed subspace of Dy spanned by fn = K, [||K,.|| forn>1. If
{zn} € €2 then Z znfa converges and, in fact, the operator J : £2 — W defined by

[o0]

J({za}) = Z Znfa

n=1
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is bounded and invertible. Moreover,
o]

= {Za:nfn i {zn} 652} .
n=1

Proof. The conclusion is equivalent to showing that the matrix A whose entries
are a;; = (fi, f;) is bounded and invertible (see [15, page 524}).
We sce from inequality (2) that

K, K, (s o (1
0 < au — ( ri J> — I< l(,]) <(a+1) L -(TJ)

- ”Kf.'””Krj” - K (ri) Kr; (7 h \Y kr;("ijkfj(rjs'

Welet s, =1 —r,, so that for i < j,

hetr) . (a0 s,~>2))°‘"’ )
Frilradbe; 0 O==s){T =)

(255 - s2)(2s; — %) /2
B ( (si + 55 — si5;5)? ) =
it af? 2)(2) al2
<(I%) (25)" <

< (p“/z)j_i il

QX
L1

Denoting the strictly upper (lower ) triangular portion of A by Ay(AL), that
is, Ay is the matrix whose entries are ¢;; for ¢ < j and 0 for i 2> j, we have A =
= Ay + 14+ Ar. We will use the Schur test [2, page 126) to show that ||Ay + A|| <
< 1 and conclude that A is bounded and invertible. The version of the Schur test we

need is : il < il

for each j, then ||B||< M
For Ay the row sums are

(K, Kr.) k. (r]
E AT T <la+1 E
ACTES (et 1) Ve, (r2)kr; (1)

i>i
( +1)2° a2} _ (a+1)2% pof?
< e Z (P ) - e 1- pa/Z )
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The same bound is obtained for the column sums by an analogous calculation. Finally,

the hypothesized inequality for p guarantees that this bound is smaller than 1/2.
Since Ay = Ay, it follows that ||Az|| < 1/2 also and that A is bounded and

invertible. |

As in [15], this can be interpreted as an interpolation result.

COROLLARY 2. Let a be positive and {r,} be a sequence as in Theorem 1. If {w,}
Is a sequence of complex numbers such that

~ EA e

then there is a function f in Dy such that f(r,) = w, for all n.

Proof. Since J~1: W — £2 is a bounded operator, its adjoint (J~1)* : (2 —
— W C D, is a bounded operator. Now for any £ = (z1,Zs,...) in £2 (whose

standard orthonormal basis is denoted {e,}), we have

zn = (2, 60) = (2, /7 (fa)) = (7)) (&), fu).

In particular, if we let z, = w, /|| K, || and f = (J71)*(z) in Dy, the above equation
says that

1y (g _ f(ra)
”I( ” ((J ) ( ) fn) (f:.fn) - ”I{r,.”.

Thus, f(rn) = w, as required. [ |

We are now ready to begin the construction of compact composition operators
that are not in any Schatten p-class. The following theorem sets the stage by de-
scribing what we will construct. An analytic function A on D is a multiplier of D,
if the operator M), defined by Mp(f)(z) = h(z)f(z) is bounded. Although general

conditions characterizing multipliers are delicate, all polynomials are multipliers.

THEOREM 3. Let « be positive and suppose that {r,} is a sequence as in Theorem
1. Let h(z) = z — ry and let ¢ be an analytic function for which C, is bounded
on D,. If @(}ﬂ+1) = rq for n2> 1, then W is an invariant subspace for C, M} and,
moreover, J TIC;,M »J is a backward weighted shift on £2 with weight sequence (rp41—

~rO)N K /1B nyall-

Proof. Routine calculations show that M (Ky) = h(w)Ky and that C3(Ky) =
= Ky(w). It follows for n> 1 that

CoMi(Kr,,,) = (rny1 — 1)K, and CyM;(K,,)=0.
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But Wis spanned by the vectors Iy, so W is invariant for CZ M. Now for n> 1

K
1(“ [ﬂp J\' "’L(‘“Mh ( \Tn+3ﬁ> o

T
EU}\T:ﬁ-i»l

LA

M]Y;Tnuf-l

B’t)

TRt ]

il

and J7TCEMET(er) = 0 as we were to prove, [

If €, is in the Schatton p-class, which is a sclf adjeint ideal, then so is J“l(i;ll!,ff J.

A weighted shift 17 on 47 defined by 1V (eps:) = w, e, is in the Schatten p-class if

and ouly if > jwn!? < oo, We will construct a univalent mapping ¢ that mape the
disk into itsolf and o sequence v, sotisfying the hypotheses of Theoran 3 so that €

compact, but the weighted shift obtained in Theorem 3, and henee G, is not in

Sehatter p-class.

We iet if), —o0 <1 < oo, be the curve

B N ¢
Lot (2 e~ )i, if i ge®
{

n - :1\‘ «.
Jozlog log it i, 2

end 2 be the domain
0= Lo y(Bew) < Imw < o(Rew)].

Note that §2 is symetrie about both the real and imaginery axes. A calenlotion shows

thist (7)) s Hositive bub non nercasing on 0, 00}, and so Q is star-shaped about the

erigin.
Tet ns denote by @(2) the unlere Riemann mapping from the unit disk D onto £2
for which &{€) =5 0 ard ¢'(0) > €. ‘Then ¢ is an increasing map of the interval (—1. U
onte the real axis in £2.
For cach positive integer 3 we denote by 1y, the point of {0, 1) for which {i,) =

3

o2 ¢, Clearly. vy = 1 as n -= oo, The critical calculation concerns the rate at which

the convergence oceurs.

Leaama 4. We have

7 AN

{4) ¢
whereas, for cach ¢ > O,

(p) = oC.
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This lemma contains the estimates essential to the proof of the main theorem.

We will state and prove the main theorem and postpone the proof of the lemma.

THEOREM 5. Let ¢ be the univalent map of the unit disk into itself given by
¢(2) = 07 1(e"to(2)). For o > 0, the composition operator C,, is compact on Dy but
is not contained in any Schatten p-class.

Proof. Since the domain 2 is star-shaped about the origin, for each z in the unit
disk, e~1o(2) is in 2 and ¢ is well defined. It is easily seen that ¢ is continuous on
the closed disk and, since the finite boundaries of £2 and e~12 do not intersect, that
¢(0D) U OD consists of the two points +1 and —1, which are fixed points of .

Using the univalence of ¢, the change of variables formula for multiple integrals

shows that C, is bounded on Dy the unweighted Dirichlet space:

ICAI? = £ O)P + [ 1 0 9) (I4AG) =
D

= 1FO)1 + / 1F(9(2)) Pl () PdA(z) =
D

=FOF+ [ 1F@Faa) <
»(D)

Since C,, is bounded on Dg, MacCluer and Shapiro’s Theorem 5.3(b)[13, page
893] says that C,, is compact on D, for o > 0 if and only if ¢ has no finite angular
derivatives. Because finite angular derivatives can occur only at points whose image
is on the circle, we must check +1, and by symmetry, only the point 1.

Note that by construction, the sequence {r,} is a backward iteration sequence
for ¢:

P(rap1) = 07 e to(rng1)) = o e e ) = o7 H(e?) = 1y,

By equation (4),
— 1-—
TR UR VG TR k. S
n—oo — 1'n+1 n—00 1 -_ T'n+1

and so, by (1), ¢ does not have a finite angular derivative at 1 which in turn proves
that C, is compact on Dg for o > 0.

If C, were in a Schatten p-class then, as the remarks following Theorem 3 show,
the weighted shift JCj, M;;J~! would also be in such a class. (Actually, the hypotheses
of Theorem 3 and Theorem 1 might not be literally satisfied since the supremum of

(1 = r441)/(1 — 7)) may be too large. However, because of (4), we could renumber
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the sequence so that the hypotheses are satisfied. We will not burden the reader or
ourselves by doing so.) To see that the weighted shift is not in the Schatten p-class,

we use equetion {2) and q = pe/2 in equation (5) and calculate:

0 [\r ! P
{(rn41 11) ol ) >
b3 ( TR T
R k ( )/w )p/2
2 (ra —7)” T\ >
( ) %; <(1 + l/oz)kra“(ymﬂ)
P pef2
Py =T 1- Tn+1
> e EmITLTD >
/<x/1+oz) n);l( 1_7~ ) z

— 1= paf2
> [t (_,__ii) - oo,
\/_3(1 *_ 03 l—-r,
Thus, €, is compact on D, for cach o > 0 but it is not in any Schatten p-class. W

We will base the calculation implicit in Lemma 4 on the hyperbolic metric and
a length-ares incquality. If i is a simply connected domain and u(z) is a conformal
mapping of ¢ onto the unit disk D then the hyperbolic metric on U is the metric
whose infinitesimal element of length is

which independent of the cheice of w. If z; and 23 are in U, we write d(zy, za;U) for
the hyperbolic distance between them with respect to U.
The hyperbolic metric is conformally invariant in that if 7 is a conformal map of

U onto another simply connected dermain V, and if 2; and z, lie in U, then
d(r(z1), 7(22); V) = d(21, 22, U)

In the unit disk, we have

0 D) = Leg 2L
d(0, &; DYy = .Zlg’].—l T
Thus, if 2; and za are inf and u is the conformel map of i onto D for which u(z;) = 0

and u(zs} is positive then, by conformal invariance,
1 1 + u(~g)
d{z 23 =
( 132291’() ].“’U,(pz)
. ¢ 1
We let § denote the strip $ == {w : {Imw| < #/2}. Note that s(z) = §log(l +
42)/(1 = z) conformally maps 2 onto & with s{J) = 0 and §’{0) > 0. Thus, if r is a
conformnal mav of U onte S so that 7(z:) and 7(2y) are real, then

d(z1, 20 M) = y7(z1) — 7(22)]
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A useful reference to these matters is [1].

The heart of the calculation is in the following lemma.

LeEMMaA 5. There is a positive integer ng so that if n > ng then

(6) éloglog n < d(e",e"*1; 2) < 4loglog n.

Because of the conformal invariance of hyperbolic distance, (6) is equivalent to
1
(™) : 1 loglog 7 < d(rn, Tn41; D) < 4loglog n.

Proof of Lemma 5. The bounds in (6) are applications of a lemma due to Hayman
[10, page 170].
Suppose that I is a simply connected domain containing the rectangle

R={z:a1—b<Rez<az+b|Imz| <b}
where a; < a; and b > 0. Hayman proves that
7 '
(8) d(al,az;U)SE(az—al)+5.

On the other hand, Hayman shows that if R C & but the line segments {z :
ta1 —b<Rez<az+b, [Imz| = b} are not in U, then

(9) . d(al,ag;U)zi%(ag—al)-—g.

We consider n > n; = ¢ and let b, = e"~!/loglog(n — 1). Now e” — b, > e"~! s0

equation (3) gives
PY(e™ —bn) > yY(e* 1) = e" " !/loglog(n — 1) = by,.

Thus, the rectangle R, = {z : e® — b, < Rez < e"t! 4 b, and |Imz| < b,} is
contained in £2. Applying Hayman’s inequality (8) gives that

n+l n
n _n+l. < W(e —€ )
d(e”, e D)< 4e"-1/loglog(n — 1)

+ Z=
5=
= ;;(e2 —e)loglog(n—1) + gg
<4loglog n

if n 2 ny > ny for an appropiate nj.
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We now establish the left-hand inequality in (6). Choose ¢, so that Y(e"*!+-c,) =
= ¢n (which exist because ¥’ < 1 — § for some positive ). Since e™t! 4 b4 <
< e"*? and ¢(e"+?) = b4 and ¥ is an increasing function, it follows that ¢, < by42.

Welet Rl = {z 1" — ¢, < Rez <"t 4 ¢, and {Imz| < ¢,} and U, = RUR/, so

that Hayman’s inequality (9) gives
7 T
d 'Eﬂ,en+l:u > e n+1__en -
(@) 3 (e =) -

S m(e®*! ~en)
Z 4en+1/loglog(n + 1)

w

>llo log n

Since 2 C U,, which implies that
|

for n exceeding an appropriate nz > ny.
d{e™, et U, ) < d(e, et ), we obtain (6).

We are now ready to prove Lemma 4.

Proof of Lemma 4. To begin, we note that
1 1—-r, 1+7’n+1) ( 1—-r, )
10 = , - < -] <
( ) 2 (167’,34.1) ( 14+ r, I'V—T,L.H\
( L=rn ) (1 +7'n+1)
<\~ .
1= a4 147,
The first incouality in (10) gives that

1 1—vr, 1 14 7rpygr 1 (1+r,,> 1
Slog [ 2ZIm ) s Zog [0 -1 — Zlog2=
3 °5(1—rn+1)>21°"(1»rn+1 sloe\ 1, ) ~ 3l

= d(0,741;D) ~ d(0,72;B) ~ Slog 2 =

1
= d(?’n, Tr+1; D) — § log’ 2.

Inequality (7) implies d(rp, rn41; ) — 00 as n — oo so (4) holds.
Let ¢ > ( be given. From the second inequality in (10) we see that

Liog <~3-Z-;’l'f~) < d(Fn, Pas1; D).

Thercfore, we obtain from (7) that for n > ng

1-
() > exp(=2d(m, rori D) >

-,



COMPACT COMFOSITION OPERATORS NOT IN THE SCHATTEN CLASSES 119

8
2 exp(—8loglog n) = (10; n) .

There is an integer N > ng large enough that 1/log n > n=1/(9) for n > N and

for this N,
[>] q co 8¢ (o]
Z (Lﬂ) > Z <___1._) > Z-l—zoo
n=N 1=7n n=N log n n=N n
as we were to show. u
Second author supported in part by
National Science Foundation Grant DMS 8910140.
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