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THE SOFT TORUS III: THE FLIP

GEORGE A. ELLIOTT, RUY EXEL and TERRY A. LORING

1. INTRODUCTION

As a loose definition of what is a softening of a compact Hausdorff space X, we
mean a non-commutative C*-algebra A such that the abelianization of A is isomorphic
to C(X). In case of the torus T2, the second author defined, for each ¢ in [0, 2], a
soft-torus A.. This was universally generated by two unitaries u and v subject to the
relation

lluv - vufl <

In this paper, we examine the prospect of softening the sphere S°.
The soft-tori were tractable because they were generated by unitaries. As C(8%)
is not, in any natural way, generated by unitaries, the direct approach has not been

1

successful. We proceed indirectly via the flip ¢ : u > u~1, v+ v~! on the soft torus.

The connection with the sphere is that Ay = C(T?),
C(T?)’ = (S

and
C(T?) x 2/2 C C(S%, My)

See [1,2,3,6] for details.

Accepting C(T?) x, Z/2 as a resonable replacement for C(S§?), we set about sof-
tening it. Using generators and relations, we have a more general notion of softening.
Giving a C*-algebra A generated by elements, z1,..., z,, universal for some relations
pij(1,...,2n) = 0, we replace some or all of these relations by ||pj(xi1,...,zn)|| <e.
See (7] for a general discussion of such softenings. ‘
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We consider two softenings of C(T?) x, Z/2. The first is just A, %, Z/2. The
second is obtained by replacing the flip by a “soft-flip”. That is, rather than adjoining

to A, an order-two unitary w such that

1 1

wuw® =u~" and wvw' =v7,

we require only that
lwuw* —ut|<e and [Jwvw® — vl <e.

Soft crossed products are defined in a more general setting, but we concentrate on
actions of Z and the group
1x2/2=2/2x1)2.

For 001, let AP denote the associated rotation algebra [9]. These are not
softenings of C(Tz) as their abelianizations are zero, except when & = 0. Rather,
these are quantizations (in the sense of [10]) of C(T?). Notice that these are natural
surjections A — AS* when 6 ~ 0. The non-commutative spheres A x Z/2
studied in [1], [2] are seen as quantized spheres, not softened spheres. The remarkable
discovery in (3] that A" x Z/2 is AF, for ¢ irrational, does not seem to have any
counterpart regarding A, x, Z/2.

We czlculate the K-theory of A; %, Z/2 and of the soft crossed product. In each
case, the map onto C(T?) x Z/2 induces an isomorphism on K-theory. We also show
that the regular and soft crossed products form continuous fields of C*-algebras. Our
approach to these problems is to realize a soft crossed product of A by G as a regular
crossed product B x G, where B contains many copies of A. Exact sequences in
K-theory reduce the problem to finding special retractions of B onto A.

These softenings are not, we hope, the end of the story. A truly soft torus would
be a unital C*-algebra A, generated by two elements subject to the relations:

llab — bal| <€

lla*a - 1] <e,  [laa® - 1|| e,
[6*d —1}|<e and ||bb* —1|j<e.

An open question is whether the natural surjection A, — C(T?) is an isomorphism
on K-theory.

Much of this research was done at the 1990 Canadian Operator Theory Sympo-
siumn in Halifax. The authors are indebted to Heydar Radjavi, for organizing such a
fine conference, and NSERC, for supporting it.
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2. THE FLIP ON THE SOFT TORUS

We begin by recalling the definition of the soft torus from [4].
DEFINITION 2.1. For every € in the interval [0, 2] we let A, be the universal
unital C*-algebra generated by unitary elements u, and v, subject to the relation
[|ueve — veue|| <e.
By the flip on A, we mean the automorphism ¢ defined by o(u,) = u;! and o(v,) =
=] 1. We shall also denote by ¢ the obvious action of Z; on A..

Proposition 2.3 in [4] states that for all € in [0, 2] A, is isomorphic to the crossed
product
A, 2B, %, Z,

where B, is the universal unital C*-algebra generated by a sequence {u, : n € Z} of
unitary elements subject to the relations
fHunt1 = unll<e, nel,
and 7 is the automorphism of B, specified by
T(Up) = tp41, nel

We shall be interested also in the automorphisms o and a; of B, defined by

ao(u,.) = ":3” nel,

and

ai(us) =uit,, nel

Clearly, both a¢ and a; are involutions so together they define an action of the

free product Z5 * Z; on B,, which we shall denote by a * a.

PROPOSITION 2.2. For all € in [0, 2] there is an isomorphism

A, ¥, 25 = B, Mygmay (Zz * Zz)

Proof. 1t is easy to check, using the universal property of crossed product alge-
bras, that A, %, Z, can be characterized as being the universal unital C*-algebra
generated by a set G = {u,v,y} of unitary elements such that

(i) luv - vull <e

(i) yuy? = u-l
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(iii) yoy~t = v

(iv) ¥ = 1.

On the other hand, B, Xgqea, (Z2 * Z2) is the universal unital C*-algebra gene-
rated by a set

H={up:n€Z}U{z,z}

of unitary elements under the relations

(i) llunsr —uall<e

(i) zpupzy? =ull
(iii) z2unzy ! = uil,
(iv) s2=22=1.

Consider the functions
¢ : G — B, XMagua, (L2 *12)

and
Y H— A, %5 L2

where ¢ is defined by ¢(u) = up, p(v) = 2122 and p(y) = z1 while ¢ is given by
PY(ua) = v™"uv", P(21) = y and 4(22) = yo.

The reader may easily verify that both ¢ and % extend to *-homomorphisms and
that they are each other’s inverse. ]

DEFINITION 2.3. We shall say that two C*-dynamical systems (A,a, ') and
(A', o', I'"} are homotopically equivalent if there are homomorphisms ¢ : A — A’
and ¢ : A’ —> A such that po1) and 1oy are both homotopic to the respective identity
maps in such a way that the homotopies involved commute with the corresponding

group actions.

Clearly, homotopically equivalent dynamical systems give rise to homotopically
equivalent crossed product algebras.

Let us now consider the following C*-dyramical systems:

(a) (C(S), @, Z2) |

(b) (Bc, ao,Z2)

(¢) (B:,a1,Zz)
where the action a of Z3 on C(S') given by a(z) = z~! (by z we mean the standard
generator of C(8%)).

Considor the map 8 : B, —s C(8') given by B(un) = z for all n. It is clear that
A is an equ’variant map regardless of which of the above two actions we choose for
B,.
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PROPOSITION 2.4. If ¢ < 2 then 8 is a homotopy equivalence from (B, i, Z2)
to (C(8'),a,Z;) fori =0, 1.

Proof. The proof for i = 0 is essentially contained in [4]. In fact, one just needs
to observe that the homotopy given in Theorem 2.2 of {4] is equivariant.

Let us now consider the case i = 1. Put m = (up + 11)/2. Since € < 2 one can
easily check that m is an invertible element of B,. Let therefore ¢ : C(S') — B, be
given by ¢(z) = i where 7 stands for the unitary part of the polar decomposition
of m, ie,,

i = m|m|~! = m(m*m)~1/2,

We have that a3(m) = m*, and so
Cu(SD(Z)) = al(m(m"‘m)-lﬂ) - mt(mm#)—1/2 =

= (m*m)™m* = ()" = p(a(2)),

from which it follows that ¢ is equivariant.

Clearly, 8o ¢ is the identity on C($') and so the proof will be complete once we
check that po g is equivariantly homotopic to the identity map on B, . As a first step
we claim that ¢ o 3 is equivariantly homotopic to the map

Y :B, — B,
given by
e )={uo fng0
" w ifn>1"

Let, for all ¢ € [0, 1],
a; = (1 = t)uo + tuy

and put v; = a;. Define ¢; : B, — B, for allt € [O, %], by

Ve 1fn<0
vy ifn>1"

Ye(un) = {

In order to verify that ¢; is a well-defined endomorphism of B, for each t one
needs to check that ||:(un+1) — ¥:(un)|| <€ for all n. This follows from inequality

llve —vs]| <€, t,5 €0, 1],
which we prove next. We have

lloe = vall = llaelaed ™" — aglas| 7| = llugaelugad ™ — ugas|ugas| ||
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If we now let b, = uja; = 1 — t + tugu; then
lfve — vs|| = [|be — bs]|.

The relevant fact to observe here is that b; is in the commutative algebra A

generated by uguy. Therefore,
lib: — b, ]| = suplx(b:) — x(b5)|

where the supremum is taken over all complex homomorphisms x of A. Now obseve
that for all such x the path x(b,) is just the segment joining

x(bo) =1
and
x(b1) = x(ugus)

which arc points in the unit circle within ¢ of each other. Now, x(b:) is the radial
projection of x(b;) onto the umit circle and hence it lies in the arc from x(bo) to x(b1).
One now needs to verify the elementary fact that any two points in the arc are within
¢ of each other. This shows ¢ to be well defined for all ¢.

The proof that i, is equivariant is a straightforward consequence of the fact that
@1(a;) = a]_,. Our assertion is thus proved since ¢ = ¢ and ¥/, = po g.

A similar argument to the one used in [4] shows ¥ to be equivariantly homotopic
to the identity. This completes the proof. [ ]

THEOREM 2.5. If ¢ < 2 then the natural homomorphism
ﬂ:Ae Ng 22—-—>A0 Hg Zz

induces isomorphisms at the level of K-theory groups. Thus A, %, Z2 has 28 as its
Ky group, and trivial Ky group.

Proof. Using the isomorphisms of Proposition 1.2 it is enough to prove the

corresponding result for the natural map
© : Be Maguay (E2 % 22) — By Nagea,; (L2 *xZ3).
Recall that by [8] there is a cyclic exact sequence
Ko(Be) — (Be Moo L2) ® Ko(Be Xa, Z2) — Ko(Be Nagea, (Z2 *Z32))

T !
Kl(.Bg Xageay (Zg * Zz)) — Kl(Be Xag Zz) & Kl(Be Xa, Zz) - Kl(Be).
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If we also write down the corresponding sequence for £ = 0 as well as the natural
maps between the two sequences we see that the result follows from Proposition 2.4
and the five lemma. See [2,6] for the K-groups. n

LEMMA 2.6. Let I' be a discrete amenable group and let, for each ¢ in [0, 2], c,
be an action of I on B, such that the canonical map ¢, : B — B, is I'-equivariant.
Then there exists a continuous field of C*-algebra over the interval [0, 2] such that
B x4, I is the fiber over € and such that for every a € By M4, I' the map

€€ 0,2 @.(a) € Be xq, T

is a continuous section, where ¢, : By ¥4, I' — B, %4, I' is the natural extension

of pe..

Proof. Let L, be the kernel of ¢,. We claim that

L. = U L., fore€l0,2)
e'>e
and that
L= ()L foree(o,2]
e'<e
The first assertion can be proved based on the universal properties of B, and of full
crossed products as it was done in [5], Proposition 1.2.

As for our second claim, we first recall that, if B, is the kernel of ., then we
know from [5] that for ¢ € (0, 2),

m K. = K,.

e'<e

The same fact also holds for ¢ = 2 since, with the notations of [5), we have
K, = J. N By and hence

() Ker € () Jer = (0) = Ko.

e'<2 €/<2

We next need to check that Lemma 2.5 of [5] extends to crosed products by
discrete amenable groups. They key point for this is the fact that an element z in
B, x4, I is zero if and only if E(z6,~1) = 0 for all t € I, which is a consequence of
the fact that I' is amenable.

Now the proof of [4], Theorem 2.6 extends to our case and our assertion follows.

To conclude our proof we may proceed as in Theorem 3.4 of [4]. |
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THEOREM 2.7. There exists a continuous field of C*-algebras over the interval
[0, 2] such that A, x, Zy is the fiber over ¢ and such that for all a € A x4, Z2 the
function
£ €0, 2] pe{e) € A %5 23

is a continuous section, wherc @, : As x Lo — A; % I3 is the natural map.

Proof. This follows from the previous lemma on noting that A, %, Z is isomor-

phic to I3 Magea, (Z2 #Z3) and that Zy * Z5 is amenable. [ ]

3. SOFT CROSSED PRODUCTS

The object of study in [4], namely, the soft torus, is the result of a construction
which we shall call a “soft crossed product”.

In order to precisely define this concept let (A4, a, I') be a C*-dynamical system
where I' is a discrete group and A is unital.

Assume that A is generated as a C*-algebra by a set {a;}ier and that I' is
generated as a group by a set {g;};¢s.

DEFINITION 3.1. For every ¢ > 0 the soft crossed product C*-algebra associated
to the C*-dynamical system (A, ¢, I} and the generating sets {a;}ier and {g;j};jes is
the universal unital C*-algebra generated by a copy of A and one unitary element u,
for each g in I' subject to the relations:

(i) ”ugjaiu;jl - agj(ai)” <¢, i€ljel,

(ii) woun = ugn, g,hel.

'The resulting algebra is denoted A x% I'.

Note that when € = 0 we recover the “hard”, i.e., the usual, crossed product
algebra A x, I regardless of the choice of generators.

The soft torus clearly fits into this picture with C(Sl) in the role of A, Z in place
of I and the action being the trivial action. Also we should choose z as the generator
of A and 1 as the generator of I'.

On the other hand, the algebra

A %o Ly = (C(SY) % Z) %, Lz

can be considered a “semi-soft” crossed product since the action of Z is “soft” and
the action of Zo is “hard”.

It seems therefore natural to investigate the corresponding “truly soft” crossed
produect. That is, let I' be the scmi-direct product I’ == Z % Z, where the action of
Z5 on 7 is given by the involution n = —n.
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Denote the positive generator of Z by v and the generator of Z; by y so that
{v, y} generates I'. In fact it is well known that I' admits the presentation

IF'=(vy:gy =vly*=1).

Consider the action v of I' on C(S) given by
7(z) =z

T(z) = 271

The “semi-soft crossed product” mentioned above is thus obtained by a “soft”
action of v and a “hard” action of y as is clearly seen by the description of A, %, Z;
given in the proof of Proposition 2.2.

We now propose to compute the K-theory groups of C(Sl) x5, I' for e < 2.
In order to do this we must first choose our generators. It is well-known that I
is isomorphic to the free product group Z; * Z, under the isomorphism taking the
canonical generators of the latter group into y and vy respectively. We shall therefore
choose y and vy as our generators for I'. Also, let us take z to be our choice of
generators for C(S').

ProrosiITION 3.2. With the above choice of generators one has
C(S') %5 I' = B, Mayuay (Z2* 1)

where a3 is the involution of B, defined by as(u,) = uj_,,.

Proof. In order to simplify our notation we shall describe B, as the universal
unital C*-algebra generated by the set

{en:nel}u{b,:nel}

of unitary elements subject to the relations
) |lan = bnll<e, nel
(ii) ||bn — an41]| <€, n € Z.
In other words, we are relabeling the old generating set by a, = us, and b, = u2n41.
The automorphisms oy and ag are then given by
(i) ai(an) =02,
(i) oy(bn) = aZ}
and
(i) as(an) = b2,
(iv) a3(ba) = ai’,.
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We may therefore describe B; Xa,4qs (Z2 *#Z2) as being the universal unital C*-
-algebra generated by the set of unitary elements

{an :n€Z}U{b, : n € Z} U {w;, w3}

subject to the relations
(i) llan - bali<e

(i) ||Bn — antall<e

(iii) wyepwy? = b1

(iv) wibpwi! =aZl

(v) wga,,w_.','1 = bl'_ln

(vi) 'wsb,.wgl = al'_ln
(vil) w? = w} =1.
On the other hand, C(§") x5 I' is, given our choice of generators, the universal
unital C*-algebra on unitaries z, £; and z; with
() llz1z27’ — 27 <e
(i) |lzozzst - 27Y|<e
(iii) 2§ =23 =1.
The maps

[
B Mageas (L2 *22);‘;—) C(Sl) )4;, r

given by
() ©(bn) = (2222)"(122)™"
(1) o(en) = z2(z122) "2 (2122)" 22
(i) (ws) = =2
(iv) p(w) = 22
and
(1) ¥(z1) = ws
(ii) v(z2) = w
(iii) %(2) = bo
show these algebras to be isomorphic. u

THEOREM 3.3. The canonical map
CSY)Y x5 T —C(8Y) xy T

is an isomorphism at the level of K-theory groups as long as € < 2.

Proof. Follows easily by [8] as in the proof of Theorem 2.5. [ |
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THEOREM 3.4. There exists a continuous field of C*-algebras over the interval
[0, 2] such that C(S') %< T is the fiber € and such that for all a € C(S*) %2 I the
function
e €10,2 — pe(a) € C(S") x4 T

is a continuous section.
Proof. The proof is similar to the proof of Theorem 2.7. ]

REMARK 3.5. Our definition of soft crossed product relies heavily on a choice of
generators. A very natural choice of a generating set for I' is clearly the set {v,y}.
We can prove the soft crossed product defined under that choice to be isomorphic
to a hard crossed product of I' by the algebra C, defined to be the universal unital
C*-algebra generated by the set

{tnm:n€T,mel,y}

subject to
(i) lluno—unall<e, ne€Z
(i) |lun,m — tni1,ml| se,» nel,mel,.
Nevertheless, we are unable to identify the homotopy class of C..
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