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A NOTE ON THE SIMILARITY PROBLEM

RICHARD V. KADISON

INTRODUCTION

The problem of whether a bounded representation of a C*-algebra on a Hilbert
space is similar to a * representation of that algebra on the space is posed and studied
in [7]. A necessary and sufficient condition (somewhat akin to complete boundedness
of the representation) is proved there. In [1], Barnes shows that when the image of
the representation and its adjoint have a common cyclic vector, a “similarity” with
a * representation can be effected by closed, densely defined operator with densely
defined inverse. In {2]), Bunce improves this by showing that the operator effecting
the similarity can be chosen bounded and by removing the condition on the adjoint
of the image. In [3], Erik Christensen solves the original problem for irreducible
representations (so, each vector is cyclic for the image). Both Bunce and Christensen
make crucial use of an inequality conjectured by Ringrose [12] and proved by Pisier
[11].

In [6], Haagerup comes tantalizingly close to solving the entire problem when he
proves the following result.

THEOREM A. Each bounded cyclic representation of a C*-algebra on a Hilbert
space is similar to a * representation of the algebra on that space.

Haagerup’s proof makes use of a method that allows him to simplify Pisier’s
proof of the Pisier-Ringrose inequality and improve the constant (from 6 to 4) in
the key inequality proved by Pisier. Haagerup proves a number of other results.
For example, he settles the problem completely for C*-algebras that admit no trace.
He observes that the problem reduces to studying representations of von Neumann
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algebras (by using the universal representation of the C*-algebra). Thus the problem
is settled positively for von Neumann algebras with no central summand of finite
type. The hyperfinite (matricial) von Neumann algebras fall under the amenable
group techniques in [7].

In [4], Christensen settles the problem for factors of type II, with property I'.
Since there are such factors that are not matricial and do not come under the special
cases of Haagerup’s results, Christensen’s result is a significant step forward. The
key to Christensen’s proof is an inequality (Proposition 2.1 of [4]) which is cleverly

combined with some work of Connes [5] on central sequences and ultrapowers.

In this paper, we prove (Proposition 2) a version of the Haagerup-Pisier inequal-
ity that retains many estimates and analytic options in preliminary form. Playing oft
these options, carefully, allows us to prove Proposition 3, almost a direct translation
of Lemma 1.4 of {6], without invoking ultrapowers. The rest of the argument in [6]
applies, yielding a proof of Theorem A from operator-algebra basics (without ultra-
powers). Proposition 4 is precisely Haagerup’s Lemma 1.5 in his proof of Theorem A.
Although we do not present the rest of Haagerup’s proof of Theorem A, we include
his Lemma 1.5 (our Proposition 4) as a direct application of Proposition 3 and for its
use in our proof of Proposition 2.1 of {4] (our Proposition 8).

Playing off other options in Proposition 2 allows us to prove (again, from opera-
tor algebra basics) an enhanced form of the Haagerup-Pisier inequality (Proposition
5) needed in the proof of Proposition 2.1 of [4]. We prove the Pisier-Ringrose inequal-
ity, Proposition 7, as an easy application of Corollary 6 (an immediate corollary of
Proposition 5). We also include a variant of the argument given by Christensen for
proving his Proposition 2.1 of [4]. (It appears at the end of this paper.) We use the
notation of [10].

THE ARGUMENTS

The next result is an elaboration of a known approximate polar decomposition
assertion for elements of a C*-algebra. As arranged, the proof does not require re-
stricting the element being decomposed to a bounded set.

ProprosiTION 1. Let A be an element of a C*-algebra with unit I, V,, be
Y

A (A'A + -:;I) for each positive integer n, |A| be (A*A)%, and T, be A — V,,|A|.

Then 0T Th < %I so that nlirgxo T, = 0. At the same time, 0< S, < \/%I, where
Sn = |A] = V7 A, so that lim S, = 0.
n—0
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Proof. Note that

1
-7
0K TTh = |1~ (A‘A+%I) (A*A)%| A*A

n

I- (A*A + ;11-1) N (A*A)%] =

-1 2
= A*A [1 - (A‘A + %1) (A*A)%] =

1.\% 2 1.\!
=A‘A[(A‘A+;;I) —(A'A)%] <A‘A+;I) =
" " 1 : * % " 1 % . 1 -

< [2A‘A $21- 2(A*A)%(A*A)%] =21

1t follows that ||T,]|? = ||TnTr || < % whence lim T, = 0.
-+ 00
We have that

-3
Sn=|A| - V2 A= (A"A)5 - (A"A+ %I) A*A=

= (A*A)3 [I - (A‘A + %I) - (A*A)%] .

Thus 0< Sy, and S2 =TT, < -'1;1. Hence 0K Sy, < \/gl and lim S, =0. [ |

ProPOSITION 2. Let 5 be a bounded linear mapping of a C*-algebra 2 into a
Hilbert space H, let m be inf{|[p(U)|| : U € U(N)}, and let M besup{||n(V)|| : U €
€ U(A)}, where U(A) is the unitary group of A. Then M = ||n|| and there are
sequences {Un}, {Wn} of unitary elements U,, W, in U such that {||n(Un)||} is
monotone increasing to M and {||n(W,)|| } is monotone decreasing to m. Let ,8(A),
On(A), HU(A)r on(A) be n(WaA), n(AW,), (no(A)xne(I))’ (0n(A), 0 (1)), respec-
tively, and define np(A), pn(A), np(A), pa(A) as n(UnA), 7(AU,), (n1(A), np(D)),
(un(A), un(I)) respectively, for each A in A. Then ||n0||, ||onll, [[npll, llon|| do not
exceed ||n||?, the sequences {0}, {on}, {np}, {Pn} have weak* limit points, and

lim|[Impo|| = lim|[Imo,|| = li:n||Im,.p|| = li'£n||Imp,.|| =0.

There are functions g and h, with g(n), h(n) — 0 as n — oo, such that, for each H
in (Q[h)ly

Reno(H?)<g(n) + ln8(H)II?,  Reon(H?)<g(n)+ |1, (H)I1%,
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Renp(H?) 2 h(n) + lnp(E)W?,  Repn(H?) 2 h(n) + |lun(H)II*.

Proof. If A in 2 has norm less than 1, then from [9], there are unitary operators
Yi,..., Y such that !
11: ;(Yl+“'+Yr),

1 :
whence [[n(A)| < Z(In(Y)ll +--- + [In(¥:)I]). 1t follows that [In(A)|l < |ln(¥;)|| for
some j, that ||n|| = M, and there is a sequence of unitary operators Uy in 2 such that
{1In(Un)|| } is monotone increasing to M and

nd—1\%
M( 3 ) SIS M  (n=1,2,..).

At the same time, there is a sequence of unitary operators W, in 2 such that

{lin(Wx)!(} is monotone decreasing to m and

L
Z

m< i< (m?+ %)

In the arguments that follow, we shall write 6(™) in place of both .0 and 6, and
o(®) in place of ,o and o, since the arguments and results apply in both cases. OQur
convention is that 6(®) and o(®) stand for eithet 0 and o or 0, and o, in a given
argument. Similarly, (") and p(*) replace both ,p, g, and ,p, pa, respectively, with
the same convention applying.

With H a self-adjoint element of the unit ball (%), of 2 and ¢ real, we have that

m < |6 ()| = 6(I) +it6 ™ (H) + 2RO @),

o0

where R(")(t) = Z %t" -2 (0(")((iH Y )) . Note that, with t positive,
j=2
oo 1. =) 1 ]
IR @I < lnll D ﬁt’”z <lll )2 Mt"z <llnlle’.

ji=2 j=2

It follows that

(m = 2RO < 18™(1) + 9 (H)|? =
= |8 (D)||? - 2tEm (9(H), 8)(D) + 2|0 (H)||* =
= {In(Wy)|I? — 2tIm o™ (H) + 2|10 (H)||* <
<m? + -7%; — 2Im o™ (H) + 126 (H)||2.
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Hence, with ¢ positive, we have that
.

(Y zg J=-21m0'("’)(H).

IR = 2tamf] RO - £0¢ i

. 1
Letting ¢ be -, we see that
n

2
_ (| R(®) (l)
n/l

R(")(%)" < lnlle®, and |6EUN)? < jjal?, we conclude that

n

1 ]
4 ?Zﬂmff(n)(ff) g ,,f@/’ £ /’m ‘l H(m) <n> 45 + %H(’"(H)”z

As

R :ﬂ' y 1 A 1 9
M e™IIFY < 5 + *fglod 4 2047 (I € (W)
e 7 ’

7
Let Imo{™® be the real-lincar functional on 2y, whosc value at H is Imo(™)(H). This

same discussion applied to — /7 shows that
2|Imrr(")(H)I< 5t Il ()mon D (H € (n)).

whence
limiﬂlm ﬁ(%)m = () (n ey oo)
n

Again, with H in 2, m? < [[§(»eE 12 and
. 9
6 (GHH) = 9T 560 () %om(zﬂ) + RO,
1. .
where Rf:)(t) = Z ﬁi‘? O (£ H))). Thas as hefore, with ¢ positive,
j=3"
IBS @ < il 152
2
Let ASY(t) be 0(I) i85} .- %W(zm “Cien
m? < AP+ $1(),

where S{(2) = 23Re (A(T)(zi‘) By o a8 ES )12, Tt follows from the parallelo-
gram law, with $(*) as 5(&(?) @)+ S}f)(z:y)g thot

\ + P =

m? - §(1) g oI - (/\T)/f (12|

= (W)l - ?Re (@(”)(H?), o))+ i’»ﬂ]@“”(fﬂ)i 1+ 20 (H)|? <

<m? +a — *Ree™I(H?) 4 gwwmg 0 (|12
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Thus ) 2
Reo™(H?) — 1725 (1) < 75z + S HD? + (16 ).

. 1
Letting ¢ be o we have that

Re o™ (H?) < n2 ) <1> 14 OO EDIP + [0

n
Since .
£ (3) = 5 (o2 (2) 20+ |2 ()]
n n' n
and 1 1 1
(n) - = 2 et 2
|49 (3)] s et (o2 + mtz+ )
we see that
1
5 (1) < Sl (s + i + o) UAISe30 + cpalParieetin.
Thus

Reo™(H?) < g(n) + 0™ (H)|P,

where g(n) — 0 as n — oo.
Again, with H self-adjoint in 2, we have that

M 2 |s™ ()| = (I + it (H) + 2 PO,
i .
where P(M(t) = St 2(u™((AH))). As before, with ¢ positive,
£ 2]!
j=
1P () < Il 1|7 00

Hence

(M + 2| PMBI)? 2 (1) + ite™(H)|? =
= |[n(Un)II® — 2tIm o™ (H) + 7]l (H)|| >
MZ
>M? - — = AIm p(H).

. 1
Letting ¢ be - we have that

2o ()4

2 2
+ % > — 2Im p™(H).

)
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Thus, when ||H|| <1,

2M 1 L M?
(B + Zlallet ) e + % > - 21m o))

This conclusion applied to —H in place of H, yields

2M 1 L M?
tmp (il (22 + Sole? ) e + 27,

whence
lim|[Imp™||=0  (n— o0).

Again, with H self-adjoint in 2, M2 > ||u(™)(ex*H)||2 and

: 2
P = (1) ity (H) = Ta(H?) + £ PE),
1. .
where Pi")(t) = E JT!-tJ'3(;1(")((:1:”1')J )). As before, with ¢ positive,
j=3

P < o) 11 H 110,
2
Let B{(2) be p™(I) £ itp™(H) — %,A")(H?). Then

M2 2 BOO? + ),

where Q(t) = 2t3Re (B (2), P{™(2)) + t8||P{™(#)||2. 1t follows from the parallel-
+ + 1 + +
ogram law, with Q(")(t) as -2—(Q$)(t) + Q(_")(t)), that

2
+ 2| >

t2
1 - Q0> |u) - Suar)

M? ¢ H H
> M? = —5 — t*Re p™(H?) + L™ H)? + &)l ()1
Thus

Mz o (n
Rep™(H?) 2 — o + I H)|P + W) + 77QM().

Letting t be %, we have that

MZ
Y

m 1
Rep(12) > w7Q® (1) - L4 oy
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Yrom: the form of Q(n) (ﬁ> end the fact that
n

i ol a 1 P
ik ”n) 1 o4 ! [ by 2
B o € s F | —iH
2 (D) St (4w SR,
we see that
R : N2 e 3
Q) (2 Zt (= nane 17 ) ot + iy foden,
Thus
e #N ) 3 h(m) + [P,
where f(n) — 6 as n - oc. n

In the next proposition, wo anply the results of Proposition 2 to the sitnation
where the mapping » is constructed froin a bounded representation of a C*-algebra
on a Hilbert space. We adopt the notation of the statement of Proposition 2 in the

following proposition.

Prorosition 3. Let 7 be a bounded, non-degenerate revrosentation of 21 on
the Hithert space H and 9{A) be w{A)zg for cach A in ¥, where zg is a vector in M.
Define 1, (A) to be l|z]|~2,a(A) and @, (A) to be (77, p(A), for each A in U. Then
{¥n} an {@n} have weak® limit points in the (norm) dual of A and each pair > and
p of such lirmit points consists of liczmitian functionals on U satisfying the relations

D)< 17l (1)
wwm<wumw pAh)  (Aew).

Proof. As defined, 5 is @ bounded linear mapping of 2 into M and {|nl] < lj=|| ||zel].

From Proposition 2, { [i=}i~%.0 } ead {{[7]'%ap } have weak * limi. points ¢(= ||7]|~20)

and (= ['7]%p). Since
hmﬂ Impef] = Mm‘ﬂlmnm =,

we have that ¢(J]') and p(If) are Yaits points of {Reqo(H)} {Renp(H)} for cach
self-adjoint I in Y. Thus H(H) and (H } are real.

Note that, with B in % and { VJ[B]} the “approximate” polar decomposition of

B in 94U (sce Proposition 1), we can wcﬂunm that for cach ¢ in X,

lim(BYyll = T = (V1B < [l = (180
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With A in 2, let {Vi]A]} be the approximate polar decomposition of A. Then
A= lizn Vi|A| and |A] = li;n Vi A. We have that

Reyn(A*A) = ||7|| 2Re,0(A* A) =
= |frll=2Re (n(Wa A* AW, Wa), n(Wa)).
Thus

Re (A" 4) = [[7]|*Re 0n(AW;)* AW;) < 1712 (9(n) + 18 (AW DII) =
= |||~ 2(g(n) +in((Wa A* AW2YEW,)|[2) = ||wl| =2 (a(n) +|In(Wa(A* A) 2 W W, %) =
= 1717 (g(m) + llw(Wa|Al)zol|?) = |iml|~*(g(n) + limn || (Wa Vi A)zo|I”) <
< lI7l1~2(g(n) + Il 2llw(A)zol1?) = go(n) + [Iw(A)zo]|* =
= go(n) + [|m(AUZ )7 (Un)2o||? € go(n) + lIl|2Nw (AU D (Un)aol® =
= go(n) + [|ll2l|m(Un | AU T(Un)zoll* = go(n) + ll7l|2llnps(|ADII?
< 90(n) + [|7/|*(Re n p(A* A) = h(n)) = I(n) + Re pn(A* A),

where go(n) — 0 and I{(n) — 0 as n — oo. By choice of ¥ and ¢ and the fact that
they are hermitian functionals on 9, we conclude that

(A" A) < [|r(A)zol|* < p(A* A).

From the definitions of ¢, and v,, we have that

n (1) = |7l p(1) = [|7||2([7(Un )ol|?

Yn(I) = |7l "%no(I) = |||~ 2||m (W)l .

At the same time,

ll7(Un)zol[> = {m(Un Wy )m(Wa)zol|* <

N |LRECAEN
Thus ¢n (1) < |I7ll*%n (D), whence (1) < I|*p(2). "
We give a variant of the proof of Proposition 2.1 of [4]. We shall need another

result from [6] (Lemma 1.5 of that paper). Its proof is included for completeness and
as an applicat,ion of Proposition 3.

PROPOSITION 4. Let 7 be a bounded non- degenerate representation of a unital

C*-algebra A on a Hilbert space K. IfEA‘ E By By with Aj and B in %,

j=1 k=1
then

m n

D (A w(A) < imll® D w(Be) w(Br)-

J=1 k=1
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We hegin with some oductions. Suppese that we have the conclusion

cdditional cosumption

@
S
ATAs = K> '53 By
VA A
b=

With % and Dy i 24 and

ot ¢ /r) e

5% )
[ ey, R e g
DR =Y DEDy,
) b=l
By our present assuxaption, we hove that
T i ﬂ
\‘,J(Va)‘%"(’(i.‘,\{ AN //(a):: (( ) J\/ (D ) D
PRy LJ\«&J/§§A i T & ‘T( K,)
j=t Je k=l

suIne, heneoforsh, thal

CAs ez iﬂ Bp.

b=l
ssume that

We show, noxt, that we

V\/
Q)I\
g;i)
1
\f
5 ﬁ
)
X3
r\,
,\w
\»\,

et Ag end By be el where ¢ > €. Then

27 = 9%
, SIE D A3y =) BB
53¢ k0

5

his \> /’\*J\\

ble. Let € be A;A=% and Dy, be BpA~¥,

51 1@
Then
iy
NV ALY -
> G0 =
Soafy
amel
i
PRI RIRPPSEPS o LS
AT >/ Sl ATE s ATVAATE = 1L
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If we have our conclusion for these C; and Dy, then

w4~y (E m(4; )‘W(Aj)) m(A~4) <
§=0

<|inlPr(A- ) (Z w(Bk)‘w(Bk)) n(A~H).

k=0
Thus
n(Ad) a(ad) (z: w(A,-)'w(A,-)) (4 h)m(a%) <
<|in|tr(At) n(A- by (Z w(Bk)*w(Bk)) (A~ Hym(Ad).
k=0
Hence

m n
2T+ Y m(A;) w(4;) < I]|° (e21 + E«(Bk)—w(m)) ,
j=1 k=1

for all positive €. We assume, henceforth, that

iA;Aj = iB;Bk =1
j=1 k=1

Given zo in M, Proposition 3 guarantees the existence of two hermitian function-
als ¢ and 9 on U such that

Y(T*T) < ||7(T)zo||* < (T*T)

for each T in % and p(I) < ||7}|¥(I). We have
D U(A5A) < Y lIm(A)zollP < D o(A5 A7) = o (ZA}A:') =¢(I) <
j=1 j=1 j=2 j=1

<Ili®(I) = [iw1® Y w(BE Be) <llwll® D lw(Br)zol -
k=1 k=1

As the inequality
m n
Y lIm(Az)zoll? < Hill® 3 liw(Be)zoll?
j=1 E=1

holds for each z¢ in H, we have that

m n

> w4 w(45) < lll® Y w(Bi) x(By). =

Jj=1 k=1
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We apply Proposition 2, once again, to prove the Haagerup-Pisier inequality (see
(6; Theorem 3.2.],[11], and [8]) and from it the Pisier-Ringrose inequality (see [11],
(6], and [12]).

ProposiTiON 5. With the notation of Proposition 2, suppose 1 # 0. There are
a weak* limit points p and p’ of {||n]|=2np} and {||n||=2pn }, respectively; p and p’

are states of U, and
(AP < InlPlp(AA) + p'(44%)] (A9

If'V and W are unitary operators in 2 and 7’ is the mapping that assigns n(VAW)
m#HM toAin?, then :

I (AN < Il low (4 4) + py - (A4")] (A€ ),

where pw (T') = p(W*TW) and p},.(S) = p'(VSV?*).

Proof. By definition, ,p and p, lie in the ball of radius ||n||? in the dual A# of
2. Since the unit ball of A¥ is weak*® compact, there are weak* limit points p and
£’ in the unit ball of A#. At the same time,

Pa(I) = np(I) = (1(Un), n(Un)) = [ln(Un)II* — lInll?,

by choice of U,. Hence, p(I) = p'(I) = 1. It follows that p and p’ are states of A
from [10; Theorem 4.3.2}.
From Proposition 2,

in(Un H)|I? S Renp(H?) — h(n)  (H € 2Un).
For arbitrary A in 2, from the parallelogram law,

* 1 » : *
lIn(Un AI? + |In(Ua AMI* = 5{lin(Un(A + AN + [In(Ua(i(A - AP <
1 .
< 5[Re(np((A +A4°) +(i(4 - A47))%) - 2h(n)] =
= Renp(A*A+ AA*) — h(n),
whence
[(n(UnA)[> < Re (n(Un A" A + Un AA*),n(Un)) — h(n)

for all A in 2. Replacing A by U A, we have that

ICAN? < Re {n(Un A" UnUp A + AA*Un,(Un)) = h(n) =
= Relup(A* 4) + pr(AA%)] - h(n).
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Recalling that h(n) — 0, it follows that
(A < lInl|*Re [o(A” A) + 6/ (AA")] = [Inl*[p(A" 4) + p'(A4")] (A € ).

Let a(A) be VAW for A in 2. Then « is a linear isometry of 2 onto 2. Note
that ' = n o a, whence ||n'|] = ||n]l. Replacing A by a(A) in the inequality just
proved, we have the second inequality of the statement. |

CoROLLARY 6. With 1 a bounded linear mapping of a C*-algebra ¥ into a
Hilbert space H, there is a state po of U such that

(A <20lnlPpo(A°A+ A4") (A €9).

Proof. From Proposition 5, there are states p and p’ of 2 such that
In(AI® < [Inll*[o(4" 4) + p'(44%))  (A€).
Let po be 1(p+ p'). Then p< 2pp and p’ < 2po. Thus

In(AI2 < lInlPlo(A° A) + ' (AA)] < 2lnl’po(AA + AA°) (A€). =

PRroPOSITION 7. If 4 is a bounded, linear mapping of one C*-algebra 2 into
another C*-algebra B,then

n
D AjA; + AjA;

ji=1

D (A (A7) + 7(4;)r(45)"

j=1

<4

for each finite set { A1,...,An} of elements A; of A.

Proof. We may assume that B acts faithfully on a Hilbert space H. Let z be a
unit vector in  and 1(A) be y(A)z. With A in % and ||4]| <1,

lIn(A = lIv( Al < Ty (A=l < il

Thus ||n]] <||¥|l. From Corollary 6, there is a state p, of % such that
In(ANI? = (v(A4;)" 7(A45)z, 2) < 2nll®pa (A5 Aj + A A7).

Summing, we have

<(2 7(Aj)‘7(Aj)) > <2l (zn:A;-A,- +A,-A;-) <

i=t i=1

Z A;-Aj + AJ'A;

j=1

< 2|1?
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This result applied to the mapping #* of % into H, where n*(A) = y*(A)z (and
v*(A) = 7(A*)*), and to the elements A},..., A}, yields

<(27(A:‘)7(Aj)‘) z,z> <2y

j=

n
D A+ AjA;

j=1

Thus

n
Y AjA; + Aj A

ji=1

< (Z 1(4;)"v(4;) + 7(A,-)~/(A,-)‘) z, w> <4l

j=1

As this holds for each unit vector in H and E Y(A; ) 7(Aj) + 7(A;)v(A;)* is positive,
’ ji=1
we have that

Y AT A+ Aj A

ji=1

D (A (A7) + (A v (4)" | <4lll? : |

j=1

ProrosiTioN 8. Let m be a bounded representation of a factor M of type 11,
on a Hilbert space H, n be a positive integer, and tr be the normalized trace on M.
Then, with ¢,, the identity mapping on M,(C), the mapping # ® ¢, on M ® M,(C)
satisfies
(7 ® )TN < ImlI*TITI + nte(T* T3

for each T in M ® M, (C).

Proof. Let S be the matrix in the algebra M ® M, (C) whose first row is
(S1,...,5n) and all of whose other rows are 0, where S, ..., S, are arbitrary elements
of M. We have that

(7 ® ta)(S)(m ® ea)(S)" 11 = || D 7(S;)(S;) | -
i=1
Now ZSJ-S; < ES_,-S; I, from which, by Proposition 4,
j=t1 j=1
) @ w)S)IE =D m(S)m(S;) || <lxll® | D SiSt|| = Ixll°lISI.
i=1 i=1

This same arguments applies, as well, to matrices S with just one non-zero row, not

necessarily the first row.
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Let (z1,z2,...,2n ) (= z) be a unit vector in H,, the n-fold direct sum of X
n
with itself, and let n;(T") be Er(?}-k)xk for jin {1,...,n}, where (Tj1,...,Tjn) is

the jth row of T (in M ®M:(_(12)) We write T;_ for the element of M @ M,,(C) with
the same jth row as T and 0 at all other entries. Let U; be the (unitary) element of
M@ M, (C) with I at the (1, ), (4, 1), and (k, k) entries (k # 1, j), and 0 at all other
entries. Note that U; = U, and U;T is the element of M ® M,(C) having the same
entries as T with the first and jth rows of T interchanged. From (*), we have that

s (TN = 11(7 ® e )(T; )l < T3 - )2 < )T

since Tj— = E;;T, where Ej; is the (matrix-unit) element of M ® M,,(C) whose (j, k)
entry is I and all of whose other entries are 0.

Thus 7; is a mapping of M ® M,,(C) into H,, with bound not exceeding ||n||>.
From Proposition 5, there are states p; and o; of M ® M, (C) such that

[l (DI < NI71°lp; (T*T) + 0;(TT*)] (T € M@ Mn(C)).

With U a unitary element of M and denoting by U the element U®I,, of M®M,(C),
we have that

B(OT) = 3 #(UTp)es = #(U) (z: w(:r,-mk) = xU D).

k=1 k=1
Thus
ln; @I < |l lIns (T2
and
i (DI1? = lIni (T T < NIl lms(UT)||? <
<N lPpi (T T) + o;(UTT*T)).
Now

[l (DI = [In (T I <

<Iiel® (p,-([:r;:nd) oy (17 (2 T ;,,) Ejjﬁ~)) |
k=1

Using the Dixmier process (see {10; Theorem 8.3.6.]), we have that

llns (DII? < ||lf® (pj([7}37}'t]) + tr (Z 7}'k7}'k> Uj(Ejj)) :
k=1
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Note that (U;T);- = U;T;-. Thus

m(U;T) = m((U;Th-) = n;(T;-) = ni(T) (T € M® Mn(C)).

From Proposition 5, p; = p; and o; = o1v;- Thus

[l (T < [|lf® (m([T}'aTjt]) +tr (Ei’}'k'-’}'k) Ul(Uz’EﬁU,’)) =

k=1

= [f® (m([T,-',’-’}'z]) b (E mm) alwu)) .
k=1

It follows that

I(r @ e (D)2l = Yl (T <
j=1

n
<l | oo | DoIT5 T | + nte(T*T)on (Bny)) | =
j=1

n
= ”‘””8 41 Z(T‘)ajTjt + ntI(T‘T)Ul(En) =
j=1

= [|71*(po(T* T) + nte(T* To1 (Enr)) < lIx|*(IT || + nte(T*T)).

Since this inequality holds for each unit vector z in H,,,

(7 @ e )M ITl*UTI + nte(TT))3,

for each T in M ® M,(C). [}
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