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TOEPLITZ C*-ALGEBRAS AND NONCOMMUTATIVE DUALITY
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Dedicated to the memory of John Bunce

In this paper we establish a close relationship between multi-variable Toeplitz
operators and co-crossed product C*-algebras (in the sence of non-commutative dual-
ity theory [12]), and use this connection to give a more conceptual proof of the basic
structure theorem for Toeplitz C*-algebras over symmetric domains of arbitrary rank
[17]). In the special case of unitary matrices this approach has been outlined in [24].
The more general framework of K-circular domains introduced in this paper allows
one to study also non-symmetric domains (say, of Reinhardt type) and in particular,
to obtain many examples of non-type I Toeplitz C*-algebras [14*,15,16]. An interest-
ing class of “rank 2” domains (non-commutative Hartog’s wedge) is studied in detail in
[16], see [14*] for the commutative (action) case. The co-action approach applies also
to Toeplitz operators on Bergman type spaces, which have recently attracted much
interest in quantization theory {1, 22], and may also be useful in the g-deformation
theory [9] where the co-acting Hopf C*-algebra should be replaced by its g-analogue
[26]. The forthcoming book [20] gives a systematic account of this rapidly expanding
theory.

The author would like to thank P. Szeptycki for his helpful remarks concerning
the proof of Lemma 2.27.

1. TOEPLITZ OPERATORS OVER K-CIRCULAR DOMAINS

In the following let K be a connected compact Lie group. Let K! denote the
spectrum of K, i.e., the set of all (classes of) continuous irreducible representations

o:K — U(H,) (unitary group)
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acting on a Hilbert space H, of dimension d, < +0c. Let L2(H,) be the Hilbert
space of all Hilbert-Schmidt operators on H,, with inner product

(A|B) := trace A*B.

Consider the Lebesgue space L2(K) of K, with respect to normalized Haar measure

ds, endowed with the inner product
(hJk) = / A()k(s)ds.
K
By Fourier theory [7], there is a Hilbert space isomorphism
@
(1.1) LA(K)— Y L%H,) (Hilbert sum)
~ a6 Kt

sending h € L2(K) to the family (v/dhl,), where

(1.2) h?, ::/ a(s)* h(s)ds
K
is the a-th “Fourier coefficient”. Now let L C K be a closed subgroup such that
S=L\K

is a symmetric space [6]. Then K acts by the right translations on S, and we consider
the K-invariant probability measure on S, i.e., the image of the Haar measure of K
under the natural projection. The associated Lebesgue space L2(S) may be identified
with the closed subspace of all left L-invariant functions in L?(K). Let S' denote
the set of all @ € K such that H, contains an L-invariant unit vector £, (which is
unique up to a constant). It is known [7] that there is a Hilbert space isomorphism

(1.3) 1X(8)— 3" (Ha) (Hilbert sum)
a€esh

sending k € L2(S) C L%(K) to the family (v/dahles) over S'. For each a € SY, the
left L-invariant function

(1.4) oy(s) := (cala(s)ea)

is called the spherical function of type o on S.

Consider the complexification S¢ = L€ \ K€ of S (a homogeneous complex
manifold), endowed with the complexified right action of K. A domain 2 € S€ is
called K-circular if it is K-invariant. For K = T* (r-torus) and L = {1}, we have
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S€ = (C\ {0})" and the K-circular domains are precisely the Reinhardt domains
(restricted to (C \ {0})"). The basic geometric property of K-circular domains is the
polar decomposition [9; p:316]

(1.5) 2 = eexp(A)K

where e := {L} is the base point of S, and A is a subset of the complexified Lie
algebra K€ of K. More precisely, one considers the Cartan decomposition K = @ im
and chooses a maximal abelian subspace a of m. Then A becomes an open subset
of the “Weyl chamber” ay. By [9; Théoréme C], 2 is pseudoconvex (i.e., a domain
of holomorphy) if and only if the “radial part” A of £ is convex. We assume in the
following that A is a convex cone in ay. Then S can be identified with the “Shilov
boundary” of 2. The Hardy space H?(S) of holomorphic functions on {2 can be
realized as a closed subspace of L%(S) by taking the boundary values [a.e.]

hie-s) = glel’ﬁl h(eexp(a)s) (s € K).

a—0

Note that H?(S) depends on A and thus on £2. The orthogonal projection E :
: L2(S) —— H?(S) is an integral operator

(1.6) (ER)(2) ::/SE(z,w)h(w)dw (€ N)

with Szegd kernel E(z,w). The Fourier characterization of H?(S) uses the theory of
highest weights [6; section V.1], by which the subset S' C K' can be realized as a
discrete subset of a?, the space of real-valued linear functionals on a. Since A is a cone
in a, we may define the polar cone

(1.7) AMi={aed:a-4<0}
and obtain [9; Théoréme 3).

1.8. PrRoPOSITION. Under the Hilbert space isomorphism (1.3), we have

(1.9) HY(S)— 3 “He

a€SINAS

As a consequence of (1.9), the Szegd kernel E(z, w) satisfies

(1.10) Eu(z):=E(z,e) = 3 dacy(2)

a€EStnAt
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for all z € S. Here ay is the spherical function (1.4) and the series converges in the
sense of distribution s on S. Now consider the left convolution operator

(1.11) (W h)(t) = /K h(s~t)u(s)ds

on L?(K) induced by u € L}(K) (or, more generally, by a bounded measure u €
€ M(K)). Define the spatial group C*-algebra

C*(K):=C*(u! : u € LY(K))
and the spatial group von Neumann algebra
W*(K) := W*(u : u € M(K)).

Since (ufh)}, = hlul, for all u € M(K), we have (anti-) isomorphisms

(1.12) W*(K) = {(Aa)ack® : Aa € L(Ha), supl|Aa|| < oo}
and
(1.13) C*(K) ~ {(Aa) : @~ ||Aql| vanishing at oo} .

Note that (1.11) makes sense for distributions u, when restricted to smooth functions

h.

1.14. ProprosITION. The Szego projection (1.6) coincides with the convolution
operator EY induced by (1.10).

Proof. Since right K-translations are isometries of H2(S), we have E(zs, ws) =
= E(z,w) for all s € K and hence

(Eh)(z):/KE(z,es)h(es)ds=/KE'e(zs'1)ds

for all z € 2 and h € C*(S). By (1.5), we may write z = eexp(a)t (a € A, t € K)
and obtain, for a — 0,

(ER)(et) = lim L Eo(eexp(a)ts—!)h(es)ds =

= lirré/ E.(cexp(a)z)h(ez™t)dz =
a— K

- / h(ez~'1)dE,(z) = (ELh)(et).
K
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Here dE,(z) denotes the limit distribution (1.10) on S (or K). Since E is a bounded
operator, these identities hold [a.e.] for A € L?(S). [ |

For any f € C(S) define the Hardy-Toeplitz operator on H?(S) as the compres-
sion

(1.15) Ts(f) := EfE

of the corresponding multiplication operator on L%(S). Thus Ts(f)h = E(fh) for all
h € H*S). Let

(1.16) T(S) :=C*(Ts(f) : f € C(S))

be the Hardy-Toeplitz C*-algebra. We will realize 7(S) as a C*-subalgebra of a “co-
-crossed product” relative to a co-action of K on a C*-subalgebra D(K) of W*(K)
(24, 12). In order to define D(K) consider the Fourier-Stieltjes algebra A(K) C C(K)
[3), identified with the predual of W*(K) via the pairing

(1.17) (W, f) = /K f(s)u(ds)

for all u € M(K) and f € A(K). Let (u!xg, f) := (u!, gf) define the right action of
A(K) on W*(K), and put

(1.18) D(K) := C*(E'xg : g € A(K)).

This C*-algebra is also generated by E!xg, where ¢ € C®(K). Via the (anti-)
isomorphism (1.12), D(K) is generated by all “block-diagonal” operators

(119) Bk = [ o(e)"a(s)dE.(5) € £(Ho)

for all @ € K'. Now consider the W*-monomorphism

(1.20) ok : W*(K) — W*(K)@W*(K) (W*—tensor product)
determined by §x(s') = s' ® s! for all s € K. Here

(1.21) (8"h)(2) := h(s™1t)

is the left translation operator on L?(K). Let ® denote the spatial C*-tensor product
and consider the subalgebra
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C*'(K)®D(K) :=
= {z € M(C*(K) ® D(K)) : 2(in ® D(K)) + (in ® D(K))z C C*(K) ® D(K)}
of the multiplier algebra M(C*(K) ® D(K)) (cf. [22; Définition 0.2.13]).

1.23. ProposITION. The coproduct (1.20) on W*(K) maps D(K) into
—_——
C*(K) ® D(K) and thus defines a co-action of K on D(K).

Proof. Since (1.12) implies (W*(K)®W*(K))(L(Hqa) @ W*(K)) C L(Ha) ®
®W*(K) for each o € K¥, (1.13) shows

(1.24) (W' (K)W* (K))(C*(K) ® W*(K)) C C*(K) ® W*(K).

Every f € A(K) defines a “slice map”

(1.25) Sy W*(K) ® W*(K) — W*(K)

satisfying Sy (a®b) = (a|f)b. The product in A(K) is related to (1.20) by the formula
(1.26) (bxcalf ® g) = (alfg)

for all @ € W*(K) and f,g € A(K). Using wo-continuity of Sy, one proves the
identities {12; Lemma 1.5]

(1.27) (Sp(6xa)lg) = (alfg)
and
(1.28) Si((éka)p®c) = [be!(dxa)]‘c

for all @,b,c € W*(K) and f,g € A(K). Here bx f € A(K) is defined by (a,bx f) :=
:= (ab, ). Now let a € D(K), b € C*(K), and ¢ € D(K)" (unitization). Then (1.24)
implies m := (6xa)(b ® c) € C*(K) ® W*(K) and (1.27), (1.28) imply

Sy(m) = (ax(bx f)) -c.

Since bx f € A(K), (1.18) implies ax(b f) € D(K) showing that Sy(m) € D(K) for

all f € A(K). Thus m € C*(K) @ D(K) by the slice map property [25; Proposition
————

10]. Taking adjoints, the assertion §xa € C*(K) ® D(K) follows. ]

By the general theory of co-actions [12; 24], one defines the co-crossed product

(1.29) C(K) K] D(K) := C*((6ka)(f ® i) : a € D(K), f € C(K))
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acting on L3(K x K). Here i denotes the identity. There exists a C*-embedding
(1.30) v :C(K) .{?} D(K) — L(L*(K))

determined by

(1.31) v((6ka)f @ 1) :=af

for all a € D(K) and f € C(K). In fact, (1.30) is the restriction of the canonical
W*-isomorphism

(1.32) L*(K) 6@; W*(K)— L(L*(K))

for the W*-co-crossed product, obtained via duality theory [13] starting from the
trivial action of K on C. Let

(1.33) (psh)(t) := h(ts)

denote the right translation action of K on L?(K). The dual action
(1.34) | d, ;= Ad(p, ®14) (s € K)

of K on (1.29) satisfies the commuting diagram

C(K) @ D(K) > L(L*(K))

(1.35) | | Ao
C(K) @ D(K) %+ L(LX(K)

since for each a € D(K), §xa commutes with p, ® which implies v(d,((éxa)f ®1)) =
= v(Ba)p.f ® 1) = ap. ) = Ad(p,)(af) = Ad(p,)((x 8)f ® ) for every f € C(K).

1.36. PROPOSITION. Realized on L%(K), the co-crossed product (1.29) contains
T(S) as a C*-subalgebra, and

(1.37) T(S) = ENC(K) ® D(K))E!.

Proof. For 1 < j € n, let f; € A(K), g; € C(K) and put

T := (E.fi)lg1 - (Eefn) gn € C(K) ® D(K).
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Since C(K x -+ x K) ~ C(K) ® --- @ C(K) is a C*-tensor product, we may assume
that there exist ¢o,...,9n € C(K) such that

I £itts-at5 Des(ts) = [T wi i)
j=1

i=0

for all Zg,...,¢, € K. A calculation using Proposition 1.14 shows

(k|Ts(po) - Ts(pn)h)s =
= [ [ Fadealtohos(stte) - pnle® o7 ta)
k Jk
(st sy t0)dEe(s1) - -dEe(sq)dto =

= [ o [ R 7 el 6 ) gulei 7o)
K

~h(s;1 . -s,’lto)fl(sl) -+ fa(sn)dE(51) - - - dEe(sn)dto =
= (k|EXTElh)s

for all h, k € H%(S) showing that
(1.38) EITE} = Ts(po) - Ts(ipn)-

This proves that 7(S) contains the right hand side of (1.36). The converse is trivial
by Proposition 1.14, u

We will also consider the abelian C*-algebra
(1.39) D°(S) := C*(E¥xg : g € C®(S) L—invariant)
which is generated by the functions
(1.40) (Bt} = | HEa(e)dEe(s)
on SY, with g € C*(S) L-invariant. We have
(1.41) PD(K)P = D°(S)

where P : L?(K) — L%(S) is the canonical projection.

2. COMPOSITION SERIES FOR TOEPLITZ C*-ALGEBRAS

By Proposition 1.36, the representations of 7(S) are related to the represen-
tations of the co-crossed product C(K) ® D(K) and thus to “compatible” pairs of
Sk
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representations of A(K) and D(K), respectively [12]. In this section we will use this
scheme to determine the full spectrum and thus the composition series for 7(S) in
the special case of bounded symmetric domains 2, thereby giving a new, more con-
ceptual, proof of the results of [17]. The advantage of this method is that it can be
generalized to more general K-circular domains {20, 16] and applies also to Toeplitz
operators on “weighted” Bergman spaces which have recently attracted much interest
in quantization theory (22, 1].

In the following let 2 be an (irreducible) bounded symmetric domain [6; Chapter
VIII, §7] of tube type, realized as the open unit ball (under the so-called spectral norm)

(2.1) N={2€27:|z]} <1}
in a vector space Z =~ C". An example is the matrix ball
(2.2) N={2€C™ : I - 22" >0}

in the space Z = C™*" of complex (r x r)-matrices. Here ||z|| is the usual operator
norm. For r = 1, (2.2) is the unit disk. The compact linear group

(2.3) K :=GL(2):={seGL(Z): 2-5= 2}

(acting from the right) is transitive on the Shilov boundary S of 2, and S = L\ K
is a symmetric space for L := {s € K;es = e}, with e € S an arbitrary base point.
Thus §2 (more precisely, its intersection with the open dense subset S¢ C Z) becomes
a K-circular domain in the sense of Section 1.

One can show [10, 21] that Z has the structure of a Jordan algebra with product
zow, involution z* and unit element e such that L consists of all *.automorphisms
of Z and the Lie algebra K of K has the Cartan decomposition K = {® im, where ( is
the Lie algebra of L and m consists of all multiplication operators

(2.4) M;y:=zoy (y€2)

with 2 = z* € Z. As in associative algebras, one can write ¢ = €¢; + .-+ + ¢, as an
orthogonal sum of minimal idempotents e; = e, with r denoting the rank of £2. The
subspace

(2.5) n:i= {ZtiMe.- H S . ER}
=1
of m is maximal abelian, and £2 has a polar decomposition (1.5) with radial part

(2.6) A= {Et.-M,,.:t1<---<t,<0}.

i=1
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The dual space af has the dual basis
(2.7) M} (M.;):=6;; Kronecker symbol

and it is known [14] that S7 has the highest weight realization

(2.8) S'={Zai*M2; :(al,...,a,-)ei'},
i=1

where Z* := {(a1,...,a,) €2  :ay > - > o, }. Since

r
(2.9) A = {Zfnge 6122620 Ieal}

=1
we obtain
(2.10) SN AN :={a€l :a, >0}
For each « = (o1,...,a,) € N", the corresponding K-module P*(Z) consists of all

polynomials of “type” o on Z and has the highest weight vector
(2.11) N%(z) := N1(2)***2Ny(2)**~*3 ... N (2)°".

Here Ny,..., N, are polynomials on Z called the principal minors with respect to
e1,...,er; Ny is the Jordan algebra determinant [10, 21]. Thus Proposition 1.8 spe-
cializes to

(2.12) HY(S)= S°Pe(2) (Hilbert sum).

aeﬁ"‘

Here P?*(Z) is realized as a subspace of L?(S) via the restriction mapping. One can
show [18, 4] that the induced inner product (p|t)s is related to the “Fischer” inner
product

(2.13) (el¥)z := (8,%)(0)
by the formula

(2.14) (el¥)z = (Z) - (elw)s

for all p, ¥ € P*(Z). Here, for any A € C, we define the multi-Pochhammer symbol

(2.15) We:= I TI (,\—%(j-l)-{»i),

1<5€r 0<i<ay
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where a is the numerical invariant determined by n = »+ gr(r —1). Fora € 7 \IQ’,
the function (2.11) still makes sense on S, since |N,(z)| = 1 for z € S, and generates
the associated K-submodule of L%(S). The reproducing Szego kernel E of H2(S) has
the form

(2.16) E(z,w) = A(z,w)™""

where A : Z x Z — C is a “sesqui-polynomial” mapping called the Jordan triple
determinant [10, 21). In the Example 2.2 we have A(z,w) = Det(I — zw*) for all
z,w € C™%"_ For each a € N" the spherical function ay (cf. (1.4)) is the restrictiction
to S of the polynomial

(2.17) | au(z)=/LN°’(z-I)dl

in P*(Z). For a € Z* \N", ay(z) is still given by (2.17) when z € S.
As in Section 1 we define the C*-algebra D(K) C W*(K) and its commutative
C*-subalgebra D°(S) C L*(Z"), generated by the functions

@18 (El)= [ a@eeE0) = [ FTEaNE )
on I, where g € C*(S) is L-biinvariant. We are interested in the representations of
D°(S).

2.19. PROPOSITION. We have C*(K) C D(K) and Co(Z7) C D°(S).

Proof. By (2.16), the K-invariant measure on S satisfies

dz = A(z,e)™"dE.(2)
.

where A(z,e)*" = H(l — 2™ is smooth on S. Here z; € T are eigenvalues of

=1
z € S, so that Re(1 — z;) > 0. Since C*(K) is generated by convolutions with g(s)ds,
where g € C*(K), the first assertion follows from the Definition 1.18 of D(K). For
the second assertion, consider only L-biinvariant functions g € C*°(S). [ ]

The boundary structure of 2 is best described in Jordan theoretic terms [10].
The Jordan *-algebra Z gives rise to the “triple product”

(2.20) {wv'w} = (uov*)ow+ (wov*)ou—(uow)ov*

for all u,v,w € Z. In the matrix case Z = C™", this specializes to {uv*w} =
= (uv*w + wv*u)/2. An element ¢ € Z is called a “tripotent” if {cc*c} = ¢. By [10;
Theorem 3.13] there is a Peirce decomposition

(2.21) Z = Z1(c) @ Z(c) ® Zo(c)
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where Z)(c) := {z € Z : {cc*z} = Ac}. It is shown in [10; Theorem 6.3] that the faces
of {2 have the form ¢ + 2, where ¢ is a tripotent and

(2.22) fe = {w € Zo(c) : lwll < 1} = 2N Zo(e).

For 1 < k < r, let S; denote the compact manifold of all tripotents of rank k. For
each ¢ € Si, 2. := 2N Zy(c) is a bounded symmetric domain of rank r — k. Let
S: = Zo(c) N Sy_; denote its Shilov boundary. Then ¢+ S, € S and S, = L. \ K.
where K. = GL(£2.) can be naturally embedded in K. We will now specialize to

(2.23) c=¢e1+ - +e€g.

The symmetric space S has a polar decomposition S = eexp(ia} )L, where
*

(2.24) “3-={E$‘Me" :z1<---<:c,-}
i=1

is the Weyl chamber of the symmetric pair (K, L). Passing to the dual of, we consider
the face

k
(2.25) Fi= {Z&MS.. 6282 0}
i=1

of A'. Then the centralizer of F in K, denoted by K, is generated by A := exp(a),
K. and the centralizer of A in L. It follows that

k
(2.26) Sr :=e-Kp={2u,~e.~+w:u;€T,w€Sc}szxSc.
i=1

In the special case (2.2), Sp consists of all matrices

Uy 0

0 w
where u; € Tfor 1 i<k, and w € U(r — k).

2.27. LEMMA. Let ¢ € C*°(S) vanish on Sr. Then

lim Now—ax0,0(2Yp(z)dp(z) = 0

Q) —+ 00 S

for every distribution p on S defining a bounded convolution operator.
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Proof. Let E C L?(S) denote the closed linear span of N, a € Nr. Let f be
a smooth function on the face F' which is homogeneous of degree 0 and has support
contained in the complement of a neighborhood of dF (relative to the span of F).
Define a bounded linear operator n; : L2(S) — E by putting

7y NP .= f(B)NP

forall B e N" = N" N F, and 7; 1= 0 on the orthocomplement of (N? : 8 € IQ")
By [5; Theorem 8.10], 7 is a “Hermite operator” with symbol H%(S x S, ZR), where
ZP c T*S x (~T*S) (opposite symplectic structure) projects onto Sr x Sr. Suppose
first that ¢ € C§°(S\ Sr). Then ©n; is a smoothing operator, and the same holds for
P = pmy A!, where I > 0 and A4 is the Laplace-Beltrami operator on S. Applying [6;
Propoéition I1.3.8] we have for 2 € S and a = (o, ..., 0%,0,...,0)

(PN®)(2) = (pm; A'N®)(2) =
= p(2)(le + pl* ~ 1o (ms N)(2) =
= p(2)(la + pI* = 1) f()N*(2) =
= p(2)(la + p? — |pP) N2 (2).
Here p is the half-sum of positive roots of the Riemannian symmetric pair (X, L), and

we may choose f so that f(a) = 1 for almost all o since a tends to infinity in the
interior of F' relative to its affine span. It follows that

(T + pf2 — o2 / Ne)e(2)du(z) =
S

= [F@e = [ TGP
S S

where P is the adjoint. Since |[N*(z)| < 1 on S and P}z is smooth (hence bounded)
it follows that

| NoG@p@)du(2) s (la+ ol = o) = 0

as ap — o0. This proves the assertion in case ¢ € C§°(S \ Sr). Now assume only
<p| sp = 0. We will show that there exists a sequence p; € C§°(S'\ SF) such that

(2.28) | @ — @ in A(K)

where $(s) := p(e-s) for all s € K. In order to prove (2.28) let W be a 0-neighborhood
in im and let Z — 4(Z) be a diffeomorphism from W onto a neighborhood of e € S.
Then there exists a continuous function 6 on W such that

[ 160z = [ sen@nszaz
S w
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for all f with support in ¥(W). Since A(K) is invariant under translations (by
elements in Kr) we may assume that Suppy CC y(W). Since Sr is a submanifold
of S, we may choose v such thai W = U x V', where U and V are bounded convex
0-neighborhoods in complementary vector subspaces of im, and

(2.29) SrNy(W) =+4({0} x V).

Now choose x € C°(W) such that x = 1 on ({0} x V) N Supp(p 0 7). Define
X; € C§°(v(W)), for j > 1, by putting

(2-30) (Xj e MN(X,Y) :=x(iX,Y)

for all (X,Y) € %U x V C W. Since k < r by assumption, we have m := dimV =
= dimS — dim Sy > 0. Then

[ @p@F = [ (0 on@F ler2)Paz)az =
S w

= / / Ix(GX,Y)Ele(v(X,Y))|?6(X,Y)dXdY =
v JU

= [ [ enele(s(57)) s (§v)aear <

£57™ =0

since x has compact support in W and |pov|2-§ is bounded in W. Thus ||x;¢|l2 — 0
as j — oo, and Plancherel’s Theorem yields

(231) > o], —o
aeK*

where HS is the Hilbert-Schmidt norm. Every A in the Lie algebra K of K induces a
vector field on S such that

(Ax;)(2) = dx;j(2)A.

for every z € S, where dy; is the derivative and A, € T,(S) is the tangent vector.
Using the chain rule it follows that

(2.32) (Axi)7(2) = d(x;j 0 7)(2)dY(2) " Ay2).

Write
d7(X1Y)_1A7(X,Y) = (B(X,Y), C(X) Y))
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as a tangent vector on U x V. Then (2.32) implies
d(x; 0 (X, Y)Y (X, Y)  Ayxyy =
= (D)X, Y)B(X, ) + (D)X, Y)C(X,Y)
where Dy x and Dyx denote the partial derivatives. It follows that
[ )@@ = [ (a)a@)Pee@)Pazis =

= Jé/UIJ'(Dlx)(J'X,Y)B(X,Y)+(sz)(jX,Y)C(X, V)P le(r(X, Y))P8(X, Y )dXdY=

2

=j" /V /U ‘J’(Dxx)(f:Y)B (f Y) + (P2 Y)C GY)

P 5)

Since ¢ o 7 is smooth and vanishes on {0} x V' we have

)

by Taylor’s formula, so that the above integral is again dominated by j~™ and we
obtain || Ax;|lz — 0 as j — co. Since A(x;p) = (Ax;)- ¢+ x; - Ap and Supp(Ap) CC
CC v(W), this implies ||A(x;®)llz2 — 0. For every o € K! we have

<™t

(40D = [ als) Ae)(s)ds =
K
= /K a(s)"'a%|0=o(xj<p)(sexp(19A))ds=
= 75 L ot e (-24) (xse)0de =
= s5o(exp @A) [ o) (up)0 =
| = da(4) - (o),

where da : K — u(H,) (skew-adjoint operators) is the infinitesimal generator of a.

Again by Plancherel’s Theorem,

(2.33) > Jdata)-Gael|, —o.
a€K'

Now consider the strictly positive K-invariant operator

(2.34) | By =1+ da(A:) do(A)
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on Hgy, where (A;) is an orthonormal basis of K. For the trace-norm on L(H,), we
have

> "(Xj‘P)" =Y ”3-1/231/2 o) "

[]3. ¢ a€K?

1/2 1/2
2 2
—1/2 . —_
< [E ||B° HS] [ @ o HS} -
a€KV a€EK?

(xso)!
q1/2 1/2
= l: Z tr (B;l) [ Z tr ((xw)f,) Ba (Xia)gz] :

€K ] aEH?

. o & . .
The first factor is finite since Z B! is of trace-class. The second factor gives

5 (losstl S lwcoon]y,)

which tends to zero by (2.32) and (2.33). It follows that X;& — 0 in A(K), so that
(1 ~x;)¢ — ¢ in A(K). Since 1 — x; vanishes in a neighborhood of ¥(W) N SF, the

assertion (2.28) follows. Writing

/N"sodu /N“(so %)d#+/ Neg;dp =

= (N%(p — 9;), 1! )+/KN"90jd#

we have, noting that |[N®| < 1on &,

/ _N"wd/z' <INV = o) acrey - Iy + | / _N"%'an <

< e = eillagxy - s ”W‘(K) +

/ N"gojd[.ll -0
K
as ay — 00, by applying the first part of the proof to ¢; with j large enough. ]
2.35. LEMMA. Let p € P(Z1(c)) and let g € PP(Zo(c)) for some signature
B=(Brt,.--,B) N,

Let 1 € I be fixed. Consider a sequence in N* of signatures of the form o =
= (o1,...,ax,0,...,0) with oy — +o0o. Then there exists o, € C®(S) having
type (NE, 8 — 1) such that

(2.36) /S Nos @02 p()q(2) N, () du(z) ~ /S Gar,...on (2)A0(2)
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for every distribution p on S. Here ~ means that the difference tends to 0 as oy — oo.

Proof. We may assume g(w) = NFf(wo) for all w € Zp(c), where 0 € K|
(commutator subgroup) and N is the conical polynomial on Zp(c) of type 8. Choose
s € K' such that s|Z°(c) = o and slz,(c) =id. Then

Ps [N"‘"""""0""'°N:'pr] = Nouor 0O =l pg

Since the assertion is invariant under p,, we may assume o = id and ¢ = N7 Let
N'"(z) = Nk+1(z)p"+"ﬁ"+’ .. -N,(z)f"

be the conical polynomial on Z of signature (Bx+1,...,0k+1,0) € N". Then we have

NP(u+ w) = Niga(u + w)Pesr=Prta N (4 4 w)Pr =

(2.37) = Nk(u)pk-l-l",Bk+2Nk(u)pk+2"ﬁk+3 .. -Nk(u)ﬁ'Nf(w) —
= Ne(wfs+ N8 (w)
for all u € Zy(c), w € Zo(c). Put
v = (o1 = Br1s -+ ¥k — Pr41,0,...,0).

Putting z = u+ v+ w € Z1(c) ® Z1(c) ® Zo(c) it is clear that NA(2) — NP(u + w)
vanishes on Sp. By Lemma 2.27, this implies

/s Na,,...,ozk,0,-~-,0(Z)Ncﬁ(w)dp(z) =

- /S N(2) Ny (u)P+ N (w)dp(z) =

= [N OV + udu) ~ [ NN i)
as ay — 0o. Assuming ay, 2 |l|, we define
Pas,...an(2) = PN (u)NP ()N, ().
Since p - N7 belongs to P(Z;(c)) we may assume

(0 N7)(w) = (NN~ N) (ur)
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for all u € Zy(c), where { > --- > It 2 |l| — Br41 and T € Aut(Z;(c)) (commutator
subgroup). Choose t € K such that tl =T and p; leaves Niy1, ..., Ny invariant.
Then

p;‘lqpa,,,.._a,, = P:l(PN'Y) . NpN:' = N{l-h " ’NII:NpN:l
has signature (Iy + Bi41 -1, .. ., e + 841 =1, Bepr =1, ..., B —=1) with [ +Be41—1 2 0.
|

2.38. ProposITION. For every f € C*(S) we have

(2.39) | TSI — [ fwdEo(w)

whenever a; — +00. Here E. is the characteristic convolutor of the rank K.-circular
domain 2. := 2N Zy(c) of rank r— k, with Shilov boundary S., and f.(w) := f(c+w)
is the restriction of f to S..

Proof. Using density arguments we may assume that there exists | € Z such that
N(z) - f(z) € P(2).
Write z = u + v+ w with u € Zi(c), v € Z(c) and w € Zp(c). Since
P(2) = P(2:1(c)) ® P(Z}(c)) ® P(Zo(c))

we may assume

£(2) = N(2)~'p(u)g(v)g(w)
where p € P(Z1(c)), 9 € P(Z4(c)) and ¢ € P(Zo(c)). Assume first that g(v) has no
constant term, i.e., g(0) = 0. Since v = 0 for all z = u + v + w € Sy, it follows that

f vanishes on Sp. By Lemma 2.27

LNa,,...,0;,0,...,0(z)f(z)dEc(z) — 0.

On the other hand we have for all w € S,

fe(w) = f(c +w) = Ne(w)~'p(c)g(0)g(w) = 0

showing that / fe(w)dE (w) = 0. Hence the assertion is true in case g(0) = 0. Now
Se

assume that g(v) is constant, say, g(v) = 1. Then f(z) = p(u)q(w)N(2)~'. We may -
assume that ¢ € PP(Zy(c)) for 8 = (Bk41,-..,B;) € N"=*. Then

fe(w) = Ne(w)"p(c)a(w)
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is pure of type 8 —I. Put a = (a1,...,ax,0,...,0). By Lemma 2.35 there exists
Pa € C°(S) of type (N"‘,ﬂ — 1) such that

(2.40) [ @@ 7T - pal@inta) 0

for every distribution p on S. Putting p = &, (2.40) implies p,(e) — f(e) since
N%(e) = 1. Putting p = E, we obtain

/ N E(:) ~ [ pal]E() = Bl(oa)()
S S

where ~ means that the difference tends to 0 as ay — 00. In case B, > I, o € H%(S)
and f, € H%(S,). Thus

[, FwnBew) = BT =) = fule - ) = (o) =
= limpq(e) = lim E(p4)(e) = lim /S No(2)f(2)dE.(2).
In case B, < I, po € H?(S)* and f. € H*(S;)*. Thus

/S f(wME(w) = BiJ)(e—¢) = 0 =

= lim B! (¢4)(e) = lim / Na(2)£(z)dEe(2).
s
Thus the assertion holds in both cases. |

2.41. CoroLLARY. For every L-biinvariant function g € C*°(S) and each § =
= (Br+1,...,Pr) € i""‘, we have

(2'42) li;n(E,g)' (a) = (Ecgc)' (ﬂ)

whenever a = (a1,...,0,) € 7 satisfies ar — +00 and ag41 — Br41,---,0r = Br.
Proof. We may assume ar4+1 = Br41,. .., = Pr. By integrating (2.39) over L,

we obtain

(Eeg)l(a) = /smgmm(z) = /SN"""""'(z)g(z)dEe(z) =

= / Naw0x0,-0(2) Ne(z) ﬂ"“Nk_,_l(z)'a"“-ﬂ"“---N,.(z)p'g(z)dEe(z) -
S .

— / NE(w)ge(w)dE (w) = / Bi(w)ge(w)dEe(w) = (Eege)'(B). "
Se Se
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As a consequence of Corollary 2.41, there exists a C*-representation

(2.43) 7g : D°(8) — D°(S.) C L(L*(S.))
such that
(2.44) 72((Eeg)') = (Ecge)!

for every L-biinvariant ¢ € C®(S). Here we use the fact that D°(S) is abelian.
Using K-covariance, we may define (2.44) for every tripotent ¢ € Sk, not just for
c=e; + -+ ex. By [17], the sequence of holomorphic functions

(249) 126 = foateir/ ([ epteapnas)

is peaking on the subset ¢ + S, C S, since Re(z]e) < Re(c|c) for all z € S\ (¢ + S¢)
[10; lemma 6.2]. This implies [18; Theorem 3.8] that there exists a C*-representation

(2.46) o.: T(S) — T(S.)

satisfying

0:(Ts(f)) = Ts,(f.)

for all f € C(S), with f.(w) := f(c + w) for all w € S;. In terms of (2.45), (2.46) is
characterized by

(2.47) A (RZ - q) — AT - oe(A)gllgagsy — O
as n — oo, where ¢ € P(Z.) and A belongs to a “smooth” *-subalgebra of 7(S).
Putting
(2.48) Iy = ﬂ Ker(o.)
cESk
we obtain a C*-filtration
(2.49) IiCcI,C---CI, C T(S).

2.50. PropPosITION. I; = K(H?(S)) (compact operators).

Proof. By Proposition 2.19, we have

E!C*(K)E! C EYD(K)E! c E}C(K) ® D(K))E! = T(S).
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It follows that 7(S) contains a non-zero compact operator. Since T(S) is irreducible
on H?(S) it follows [2] that K(H?(S)) C T(S). Now let ¢ € Z be a non-zero tripotent,
and let A € K(H?(S)). Since the peaking sequence (h?) defined in (2.45) satisfies
h? — 0 (weakly) it follows that

NA(RZ9lls — 0
for every q € P(Z.) which, by (2.47), implies ¢.(A) = 0. Thus

(2.51) K(H*S)) C Iy := ﬂ Kero, = m Kero..
cE€S) c#£0

Conversely, let A € Z;. In order to show that A is compact we may assume that
A > 0. Consider the action (p,h) := h(zs) of K on H?(S), and the associated adjoint
action Ad(p,) of K on 7(S). Then

(2.52) B= / Ad(p,)Ads € T(S)
K
is positive and K-invariant. Since
7(Ad(p.)4) = 0cs(4)

for ¢ € S) and s € K it follows that Z; is invariant under the action of K so

that B € Z;. Since 7(S) is a (non-unital) C*-subalgebra of the co-crossed prod-

uct C(K) 6® D(K) (Proposition 1.36) it follows [2] that there exist a Hilbert space
K

H.DOH 2(Sc) and an irreducible representation

(2.53) Ve: C(K);g: D(K) — L(H.)
such that
(2.54) sy = (5 0

for all f € C(S). According to [12; Theorem 3.7], there exists a C*-representation
(2.55) 7. : D(K) — L(H.)

and a Banach algebra representation

(2.56) pe : A(K) — L(H.)

satisfying

(2.57) " ((Ber)'9) = 7 ((Bf)') elo)
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for all f,g € A(K). Now consider the representation
78 D°(S) — L(H?(S.))
of the abelian subalgebra D(S) C D(K) constructed in (2.43). We claim that

(2.58) 7. (E'BEY) = ("g (E2BEE) 0)

0 0

for all B € D°(S). To prove (2.58), we may assume that B = (E, f)! where f € C*(S)

is L-biinvariant. Write
(2.59) f(st™!) = limz P (s)¥'(2)

for all 5,t € K, where ¢, ¢ € C(K). Then (1.38) implies

(2.60) ENE.f) B! =lim)_ Ts(¢')Ts(¢°).

i @
Consider the embedding z — 1@z from K. into K satisfying e(1®z) = (c+ct)(1®
®z) = ¢ ® ctz. Then we have

fe(z) = fc(c"'m) =flc+ectz)= fle(l®2z)) = f1 @ z)

for all f € C(K), with corresponding restriction f, € C{K.). Using (2.59), this implies
for all z,y € K,

flzy™) = f(loay™) = fl1@z)(1@y) ) =
lim} ¢ (1 2)u' (10 y) =lim}_ ¢i(2)¥e(y)-
Applying (2.60) to S, = L. \ K, we obtain

EYEf)EL =1im ) Ts, (i) Ts, (¢%) -

Therefore
e (BN EfWEY) = v (EV(E.f) E}) =

— 1imZVc (Ts (¢') Ts (#)) = limz (TSc (¢8) Ts, (¢%) 0) _

0 0

= (Eg(EcOfc)”EE g) _ (wﬁ’ (Eg(ﬁef)'Eﬁ) g)
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This proves (2.58). The element B € T(S) defined in (2.52) belongs to the fixed point
algebra
B e T(S)" c (C(K) & D(K))" = D(K)
K

(cf. [11]). Since B € T(S) we have
B = E!'BE! € EID(K)E! = D°(S)

(cf. (1.41)). therefore (2.58) implies

(%) o) =r@=rm= (" D=(; o)

for all ¢ € S; since B € I,. Applying Proposition 2.38, it follows that

B= n Kern? = C*(K)
c€S)

is compact on L?(K) and thus on H(S). Since Ad(p,)A is positive for every s € K,
it follows that Ad(p,)A is compact. In particular, A is compact showing that Z; =
= K(H*(S)). u

For any fixed 1 £ j < r, consider the bundle of Hilbert spaces
(2.61) ' Hj = (H?(S:))ees;

defined by the continuous cross-sections (p¢)ces; for p € P(Z). Here p.(w) := p(c+w)
for all w € S.. We have dimH?(S,) = oo if j < r whereas H%(S.) ~ Cif j =r. Let

(2.62) K(H;) = (K(H?(Se))ees;

denote the corresponding C*-bundle of elementary C*-algebras. Since ¥; is a trivial
bundle of Hilbert spaces [2], it follows that

Ki=C(Sj))®K (<)

and
K, = C(S).
For A € T(S), put
7i(A) = (0e(A))ces;

as a field of operators acting on ;. Then Z; = Kero;.
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2.63. THEOREM. We have

(264) (41 :Ij+1/.'l,~ ?’Cj

Proof. For every A € T;4, and c € Sj, the operator o (A) belongs to the Hardy-
-Toeplitz C*-algebra T(S.) over S.. Now let d € Z; be a rank 1 tripotent. Then
c+de€ Sj4 and

oa(7e(A)) = 044(A) =0

since A € Tj4,. Since d is arbitrary, it follows from Proposition 2.50, applied to
S., that 0.(A) € K(H?*(S.)). Since o.(A) depends continuously on ¢ € S;, we have
o;(A) € K;. Thus (2.64) is a well-defined C*-homomorphism which is injective. Let

E; : H3(S) - Ze’P"’(Z) Hilbert sum
aeNJ

denote the orthogonal projection. Then E; € Z;4; [17; Theorem 1.4] and we have
0. (Ts(p)E;jTs(9)") = P ® 1c
for all p, ¢ € P(Z). Therefore
0o(Zi+1) = K(H*(S:))-

Now suppose a € S; is different from c. Then ¢+ S; and a + S, are different subsets
of S. By Urysohn’s Theorem, there exists a function f € C(S) vanishing on ¢ + S,

but not on a + S,;. Hence
h:=Ts (fa)p#0

for a suitable p € P(Z,) C P(Z). Therefore A := Ts(f)Ts(p)E; € Lj4, satisfies
UC(A) = Tsc(fc)TSc(pc)lc ®1l.=0

whereas
0a(A) = Ts,(fa)Ts,(P)la®1a = h® 14 # 0.
Thus the C*-ideal 64(Zj4+) N Kere,) coincides with the simple C*-algebra K,. Now
[2; Lemma 10.5.3] implies o;(Z;4+1) = K;. |
Supported in part by NSF-grant DMS 870-2371.
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