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AN EQUIVARIANT VERSION OF THE CUNTZ CONSTRUCTION

J. WEIDNER and R. ZEKRI

INTRODUCTION

In [4], Cuntz defined for each C*-algebra A the C*-algebra QA = A % A as the
free product of A by itself. QA is generated as a C*-algebra by {i(a),i(a)la € A}.
¢ and 7 denote the two copies of A in the free product. He also defined gA as the
ideal of QA generated by the differences {¢(a) —i(a)|a € A}. (One has QA/qA ~ A.)
Moreover, in [4], the following theorem is established: (K is the algebra of compact

operators on a separable infinite dimensional Hilbert space.)

If A is separable, then K ® qA is homotopy equivalent to K ® g?A. (Here ¢*A =
= ¢(qA).)

This theorem gives a simple definition of the Kasparov product:
KK(A,B)x KK(B,C)— KK(A,C)

(2], [6], [8]. Recall that KK(A, B) = [¢A,K ® B) may be defined as the group of
homotopy classes of homomorphisms from gA into K ® B [4].

There is a canonical Z,-action on ¢A, namely the automorphism 7 € Aut(qA)
exchanging the two copies of A in the free product:

7 i(a) — 1(a)
i(a) — t(a) foralla € A.

{1+ 35 obvious that 7(gA) C gA.)
Now we define €¢A = gAxZy. It is shown in [9] that Ext(A, B) ~ [¢4,K ® B]
for any separable C*-algebras A and B. Using the simbols ¢ and ¢, we can construct
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by induction the algebras ¢"A = ¢(¢g"~1A), egA, geA, etc. The Kasparov products
between KK and Ext depend on the relationship between the algebras €A, egA and
ge4. We remark that egA = g(gA)x,Z2, where T acts on the outer g-symbol.

In this paper we give a Z»-equivariant proof of Cuntz’s theorem stated above.
Using this we then get a homotopy equivalence between K ® €4 and K @ eg4. We
prove also that K ®¢A is homotopy equivalent to K ® ge A, and show how to use these
theorems to define the pairings between K K and Ext. Finally, we show that for two
scparable C*-algebra Dy, Do, D, is K K-equivalent to D, if and only if X ® ¢D; is
homotopy-equivalent to K ® ¢D,. This characterization of K K-equivalence, together
with the homotopy equivalence between K ® ¢4 and K ® ge A will be used in [10].

1. THE EQUIVALENCE BETWEEN €A AND £gA

Let us introduce some notation. For a separable C*-algebra A, we let Q%A be

the universal algebra generated by the symbols:

{né(a), n8(a), T6(a), 7b(a)la € A},

le. QA= A*x Ax A* A and 56, nb, 76, 76 are the natural maps A — Q2A. Let ¥
be the ideal in Q%A generated by the image of ¢?A = ¢(gA). We have the following
lemina:

LEMMA 1. F is the kernel of the map ¢(m) : q(QA) — ¢A induced by the
multiplication map m : Ax A — A.

Proof. Let AT A denote the algebraic free product and let ¢°A be the kerne!
alg
of the multiplication map A:I; A — A Let «: A — B be a homomorphism. We
alg

claiim that the ideal J C ¢°A generated by ¢°(ker @) is the kernel of the induced map
g°¢ : ¢°A — ¢°B. Now ¢°A linearly isomorphic to a subspace of the tensor algebra
TA (A= A with a unit adjoined):

PA-TAYIQADARADARARADARARARAD )

apgay ...qa, — 3R ®...0a,, ¢a1...92, 100 Q...0a,.

Since the kernel of Toar : TpA — Ty B is the subspace
lera@ A+ AQkera)®(kera®AQA+ AQkera@ A+ AQ AQkera) @ - -+

we see that the kernel of ¢« is the ideal generated by kera - ¢4 U g(kera). Since
ay-qay == qap - 9ay +q(ape1) — qag - a1, ker o - ¢A is in the ideal generated by g(ker @),
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so ker¢%a C JO. From this we get that F C ker ¢(mm). To show that they are equal
consider the map ¢gA — q(QA)qg)q(QA)/f. Since ¢(t) = ¢(tr)modF this map is
epimorphic. The composition gA — q(QA)/F q—(ﬁqu is the identity map. Therefore

F = ker g(m). n

REMARK. In general the kernel of the map ¢(a) : ¢4 — ¢B for :any homomor-
phism a : A — B is the ideal generated by g(ker &) but we only need the special case
of the lemma.

Since the image of %A in Q2A is in ¢QA and ¢QA is an ideal in Q?A, F is the
ideal in gQA generated by g2A. So by the lemma F is the kernel of ¢(m) : ¢QA — ¢A.

QA = A x A is the universal algebra generated by {¢(a),7(a)la € A}. We shall
denote by (¢ « 7) the automorphism of QA exchanging the two copies of A. We
shall use similar notation for the symbols 5 and 7. Explicitly, (y < 7) represents the
automorphism exchanging the symbols 76(a) and 76(a) and the symbols 76(a) and
76(a).

We shall show that K ® qA is equivariantly homotopy equivalent to K ® ¢?A
in two steps. First we show that X ® ¢A is equivalent to X ® F and then we show
that K ® F is homotopy equivalent to K ® ¢2A. If 7, € Aut D; and 7, € Aut D, are
automorphisms of C*-algebras, then a (71, 72) equivariant homomorphism from D
to Dy is a map ¢ € Hom(Dy, Dj) such that o7, = 1 09. Let Ky be the graded

1 0 1 0
algebra of compact operators K(H @ H) graded by g(k) = (0 1) k- (0 1),

H an infinite dimensional separable Hilbert space.

PROPOSITION 2. Ky ® ¢A is homotopy equivalent to Ko ® F, in the category
of (4 ® (¢ = 7),9 ® (n & 7))-equivariant homomorphisms.

Proof. Define R to be the C*-subalgebra of M2(Q?A) generated by

( gb(Ay qé(A)qg(A))
q6(A)gs(A)  ¢6(A) /)’

oo (o (%0 o) led)

J=M:®@FnNRA.

q6(A) denotes the ideal of C*(n6(A),76(A)) generated by the differences:
{né(a) — M8(a)la € A}. J @ R a D, the quotient D/J is isomorphic to

0 .

c (Mz(qA), (L(:) ( )) ‘a € A) and R/J is isomorphic to Ma(gA). The isomor-
(a

phism is induced by the free product of the multiplication map on A

ma xmya : Ma(QA * QA) — M2(QA), “6 = 8” serves as a notation for this.

Let

and
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Using Pedersen’s theorem on the lifting of derivation [7], 8.6.15, we get as in [4],

a commutative diagram: R
D — D

l “6:?” l “g=g"

p/i % Dby

- . 0 1
where “6 = 6”:D — D/J is the projection map, & = % [ ,( 1 0)] dis a

derivation of D.
Let 0, = ¢*® € Aut D be the corresponding 1-parameter automorphism group.

. 1 0 . ) 0
Since 0 1 anticommutes with

L o) we can, by averaging 9, suppose that

Ad(; 0 )@(n«—»ﬁ)oa,=a_,oAd(l 0 )@(n«—»ﬁ).

-1 0 -1

Now consider the following pair of maps (p,P):

Adatay ("6éa) ﬁf(()a)>
A3aB0_ 1 (ﬁéga) ngt()a)>

¢(A) and B(A) are in D. Then, by doing the same computation as in [4], one checks
that:

p(a) —p(a) € J foralla € A.

So, the pair (p,%) defines a homomorphism ® : ¢4 — M ® F. Moreover, by the
1 0 —
choice of 8, the pair (¢, ) is ((L —1),Ad (0 1) Q(n ﬁ)) equivariant.
Let us now show that
n6(a) — +(a)
n6(a) 0

(a) - i(a)
76(a) — 0

=0 foralla € A

is a homotopy inverse for ® after stabilization.
First, Tl'(()q) sends g(gA) onto ¢A, and Q(QA) onto QA. Since ¢A is an ideal in
QA wO(F ) C gA. For short, we shall denote by “6 — 0” the map #{?. We now

comspute the two possible compositions.

i} Composition gA ©2) M (F) =9 Maz(gA).
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Define (¢, %,) similary to the pair (p,%) by replacing o172 by 04/2 and o_y3
by o_¢/2, for all t € [0,1], so that (¢1,%;) = (¢, 7). One has for all t € [0,1], a €
€ A, pi(a) —p,(a) € R, (see [4]). Since w((,q)(R) C M3(gA), the compositions:

A RIOMy(ga); te (0,1
i () = Idga 0
give a homotopy between 7y’ o (¢, %) and 0o o)

REMARK. In order to check that ¢;(a) — B,(a) € R, for all a € A, one can
0 ‘
write D/R as D/R ~ D/J/R/J ~ {(g ) la € A} ~ A. Since 9 is a bounded
a
deviation of D, 0 leaves invariant any ideal of D, in particular the ideal R. Then
the identification D/R ~ D/J/R/J shows that the image of & on D/R is the trivial
derivation (i.e. the zero map). Thus ¢;(a) = P,(e)mod R, for all a € A and for all
t € [0,1].
i) Composition F — gA — M(F).
Consider the following map:

@ ("0 i)

n6(a) % Ady, , ( "5éa) ﬁ;za) )
w@oun (7o )
e ("0 o)

L 3 T
cos 2t —sin 'z't

where wy = . fort € [0,1], a € A.
i (sin-’zit cos%t) rt€ld] e

Looking at the first and the third map, we get maps from 6(A) — D whose
difference is in R, as one can easily compute in D/R ~ A, Therefore we get a map
(¢°A is the kernel of the algebraic multiplication map A:;gA — A) ¢°(6(A)) = R C
<€ M2(¢QA).

The second and fourth map §(A) — M2(Q8(A)) have difference in Ma(g6(A))
and therefore combine to ¢°(8(A)) — Ma(gQA). If we apply the general relation
g(ab) = gqa-b+a-qb—qga-qgb to gQA we get that ¢QA is the ideal generated by
q(6A) U ¢(64) C Q%A so that we get a map ¥ : QA — M3(¢QA).

On the other hand

Yi: QA — Ma(¢QA)

P gA —  Ma(gd)
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. t(a 0
commutes, where ¢ is given by (a) r  Ady,, ( (0) (a) >,
i(e) O . :
t(a) — Ady, r\ o (@) The map induced on the kernels then is the map
o
¥y + F — My(F) we are looking for.
For t = 1: 4, in restriction to F is the composition:
FE p®Bmer.
Idr 0)
0 0/
Finally, we remark that ﬂ'g") : F — qAis ((n < n), (¢ & 7)) equivariant. More-
over, the homotopies used above are equivariant for the following actions of Z5:

For t = 0 : 99, in restriction to F is the map (

1 0
Ad(0 _1)®(nHi7‘) on M; ® F,

(¢ ~7) ongA
(n—7) onF.

Thus we have a pair of maps:
@ = (¢,7) : ¢4 — Ma(F)

qu) tF—qA

wich are equivariant, homotopy inverse one to each other in the followig sense:
We form
® ~
K:gr ® qA&’Cgr QM2 (F) _’K:gr ®F

1 0 . . .
where My ® Kgr =~ Ki; is an (Ad (0 1) g, g) -equivariant isomorphism. Then
an equivariant homotopy inverse for this map is given by g®1r,(,q) Kg®F — Kgr®aA.
L]

Let us now turn to the second step:

PROPOSITION 3. Kg ® F is homotopy equivalent to Ky ® ¢?A in the category
of (¢ ® (n < 7)), 9 ® (7 < 7))-equivariant homomorphisms.

1(¢A) n(qA)ﬁ(qA)) Lot
MeA)n(ed)  W(qd) )

o= (a (") pi)lecs)

Proof. Let R be the C*-algebra generated by (
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J = RNM3(g%A).

0 .
Onc has J<R< D and D/J ~ C* (Mz(qA) (t(a) ( )) la € A). Now the isomor-
t(a
phism is given by the map mg,4 : Ma(QA * QA) —» M3(QA) or “n =7". As in the
proof of Proposition 2 we get a commutative diagram:

D % b

| é | withé:%[-,(? ;)}

D/ — DJ/J

Let 03 = €' be the corresponding 1-parameter group of automorphisms. We can
assume that:

(Ad((l) (1)>®(n<->'77)>oa't=cr_to<Ad<1 ;>®(nﬁﬁ)).

Define maps &; : Q24 — M2(Q2A), t € [0,1] by:

n6(a)
n6(a) = Adu_y/591/2 ( 0 né(a))
_ né(a)
76(a) = Adu,,_,),,01/2 ( 0 716(‘1))
. n6(a)
76(a) — Adu,_),,0-1/2 ( 0 ”6("))

~ n8(a)

16(a) = Adu,_,),7-1/2 ( 0 05(a)>
X, is ((ﬂ‘—’—ﬁ)’Ad (1) (1)
Xy n(qA) — Adw(x—t)/z(R) and X; : ﬁ(qA) - Ad“‘('-‘)/’(R)’ s & : QqA -
— MZ(QqA)

The following diagrams are commutative:

®((n e ﬁ))-equivariant by construction. Moreover

QA X4 My(Qg4) Qe4 X R

lqu l‘lﬂ:ﬁ" lqu 1“’7"—-7’

gA — My(gA) gA — RJJ

g g) Therefore X; : ¢2A — M2(¢%A)

and Xy : ¢24 — J C My(g%A). Now F is the ideal in Q?A generated by ¢2A. Since J
is an ideal in R, X; maps F into J C M3(¢?4) and similarly X; maps F into My(F).

where the bottom maps are ¢ ~— Ady,,, (
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2 0
"The map &y : QgA — M2(QgA) is given by z += Ady, ,, (z 0).

To get homotopies consider the composition

Ady,
b FELMy(g24) —° My(g2A)

1 0
The map ¢ is ((77 - 7),Ad (0 1) ® e ﬁ)) equivariant  since
1 0 01 . .
0 1 Woyf2= wW_1/2 1 0) Then the equivariant homotopies are:
‘ -—

Adu_,
be : Ma(g24) ZMy(g24) " My(g%4)

d"’-l/z

e Ma(F) XMy (F) " 237 My ()
' N

We now nedeed the following lemma which is a special case of a more general

principle.
LEMMA 4. Let o : G — Aut(A), §: G — Aut(B) be actions of a finite group
on C*-algebras. If « is inner, then (A ® B) xﬁG ~AQ® (B>; G) (® = minimal tensor
a®
product).

Proof. We write elements in the crossed product in the form Z zy-g. Let
4€G
uy € M(A) be such that ay(a) = uzau} for g € G, a € A (M = multiplier algebra).

Then ¢ : A®B — A®(B>gG), P(a®b) = a®b-1and U : G — M(AQ(BxG)), U(g) =

= 1, ®1- g is a covariant representation of (A® B,G,a® ) on A® (BxG). The

corresponding map (A ® B) xpG — A® (B;; G) is clearly an isomorphism. -
a®

Thus we have:

THEOREM 5. Let A be a separable C*-algebra. Then K ® A is homotopy
equivalent to K ® eqA.

Proof. It follows from proposition 2 and 3 that X ® ¢A is homotopy equivalent
to K % ¢ A in the category of (9 ® (¢ < ©), 9 ® (7 « 7))-equivariant homomorphi:z:s.
Now

€A = gAXZ,
71

and
£qA = ¢®Ax1,
T2

where m = (0 & 1), 72 = (g « 7).
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Thus using the lemma, the homomorphisms and homotopies given in Propositions
2 and 3 give rise to homomorphisms and homotopies in the corresponding crossed
products. a

REMARK. A homotopy equivalence between K ® ¢A and K ® egA can be es-
tablished directly without using K ® F as an intermadiate step. We have used this
approach since first of all Proposition 2 will be used elsewhere [10] and we think that
comparing ¢A and F is interesting itself.

Now we prove:

THEOREM 6. Let A be a separable C*-algebra. Then K ® €A is homotopy
equivalent to K ® qeA.

Proof. We regard geA as a sub-algebra of the C*-algebra generated by the
symbols

{n8(a), n8(a), 76(a), 78(a), n(x), F(u)la € A}
We have the relations: 7(u) - n6(a) - n(u) = #8(a), for all a € A, and similarly for
the symbols 7. And v = u*, u? = 1. Also eA C C*({¢(a),(a), Fla € A}) (with
Fua)F =1(a) for alla € A and F = F*, F? = 1). Define R to be the C*-algebra

generated by

2ed)  meAEA)
(el ey " teny ) €M@

(Here n(cA) C C*({né(a),né(a), n(u)|a € A}), the same notation holds for 7(¢A).)

Let
A

J = RNMay(geA).

0

JaR<D and DJJ =~ C* (Mg(eA), { <‘(g) ( )) o€ A}). The isomorphism is
t(a

given by “n =5". Now let § = g [', ( 01 0)] be the derivation of D/J. 8 lifts to

a derivation 9, of the C*-algebra D.

. n(u) 0
Consider U = (
()

phism of D. The image of U in R/J is U'= (
of 12/J such that

). U is a mutiplier of B and AdU is an automor-

F 0 . .

0 — F) , AdU is an automorphism
AdUod=-00AdU.

Now, let 8 = 1(0 — AdU 080 AdU). 8 is also a lift for 8, and we have:

AdUo8@ =-00AdU (since AdU o AdU =1d).
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Let oy be the 1-parameter automorphism group generated by 9 : o; = ¢!?. One
has:

0,0AdU = AdUoo_y; forallt.
Now consider the map ¢ = (o, B, u) defined by:
(a) p(a)

W) 5 p(a) forallac A

FAU
with
(@) =0 <7)6(a) 0 )
PUZT 0 58

Since U = U*, it follows from the choice of the derivation 8 that |4 is a C*-algebra
homomorphism. Moreover, ¥(gA) C J, and since U is a multiplier of R we get
¥(eA) € C*(J,J -U) C Ma(geA). Now, let mp : g¢A — €A be the map defined by:

né(a) — «(a)

18(a) — ¥(a)
76(a) — 0
76(a) — 0
n(w) — F
M(u) — 0

wg will sometimes be denoted by (7 — 0). Let us now compute the composition of mg
and .

i) The composition €A — M;(geA) — Ma(eA).

Consider, for t € [0, 1], the maps A; defined by:

X, eA— C*(D,U)

né(a) 0 )

/
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One can check, as in Proposition 2, that A;(¢A) C C*(R,R - U), so that mpo
oA (e¢A) C Ma(eA), for all t € [0, 1].
.. Idey O
For t = 1 we get the composition mpX, for t = 0 we get .

0 0
ii) The composition geA — €A — My(geA).

Consider the maps

(@ on ("D )
{ Ua) - oyy0 (”I—
\FH("(“) 0 )=U

0 —7j(u)
and n6(a) 0
’ nola
a) = T-yy2 (_ 0 '775—((1))
7o(a) 0

{ Ha) — 72 ( 0 ﬁ&(a)) for all ¢ € A.
F— (ﬁ(u) _? ) =V

\ 0 -7(w)
Here 73 = Ady, is the rotation. We shall denote these maps by (p,U); and (g, V):
respectively. (One can check that these are C*-algebra homomorphisms.)

Moreover, (p,U); and (g, V) send €A to My(QeA) and for each t (p,U); and
(1, V): coincide modulo Mz(geA). To prove this compute the composition with
the map “n = 7”: My(QeA) — My(ecA). Thus, the couple ((p,U):, (1, V):) de-
fines, for each t € [0,1] a homomorphism from ¢g¢A into Ma(geA). Now, for t =
=1, (g, V)1(eA) = {0} thus ((p,U)1, (1, V)1) is the composition

geA "% ¢cA M, (geA)

Idges 0> -
fort =0, t (2 ) [ |
or we ge ( 0 0

CoROLLARY 7. There are natural pairings:

i) KK(A, B) x Ext(B,C) — Ext(4,C)
and

ii) Ext(A4, B) x KK(B,C) — Ext(A,C)
for C*-algebras A, B, C such that A is separable.

Proof. Recall that KK (A, B) = [¢A, K ® B] and Ext(B,C) = [¢B,K ® C], where
[-,-] denotes the set of homotopy classes of homomorphism.

Given two maps ¢ € Hom(¢A4,K ® B),¢ € Hom(eB,K ® C) we want to define
their product ¢4y € Hom(cA, K ® C).
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First ¢ induces a homomorphism z¢p : egA — (K @ B). We have a natural map
K¢ B)— KgeB. Define L: ¢(K® B) = K@¢B C K®eB by sending «(k @ b)
to k@ «(b) and 7(k & b) to k@ I(b) for k € K,b € B. If F is the symmetry of ¢B,
then L(i(k ® b)) = (Id® F) - L((k® b)) - (Id ® F), so L extends to a homomorphism
K & B) = K®cB. So we may define ¢f4) as the composition

EA—=KReA~K @ EqAImi"P’C ®e(K® B)Id;gf

WikeokoB YKok koaC2KkaC

And this composition is well defined up to homotopy. The second pairing is defined

similarly. [ |

REMARK. So far our consruction does not give the last pairing
Ext(A, B) x Ext(B,C) — KK(A,C).

Using the techniques of this paper one would expect a homotopy equivalence K®@¢e2A ~
~ K ® qA. This, in fact, is proved in [10] using a different method, related to Kas-
parov’s proof of Bott-periodicity. One the other hand there is a good candidate for a

homotopy equivalence K ® ¢A — K @ €2 A.

Jonsider the map ¢ : ¢A — M2(geA) in the proof of Theorem 6. Embed geA into
¢?A =i g(eA) and let V be the symmetry for the outer symbols (i.e. V -q(e)-V = 7j(e)

in(F)V
for alle € €A). Let M be the matrix ( ~_0 +in(F) ) Then M = M*, M? =
: —j(F)V 0
1 anc

(q + qF) =M -Y(q1 —q2F)- M for all q1,¢2 € ¢A.

So we get a map
EAEZZ — Mz(EZA),

where 2 is the dual action on A4, so EAEZZ = Mj(gA) by Takai-duality. Call this
map again ¥ : Ma(gA) — Ma(e?A). We conjecture that I@ ¥ : K@ g4 — K ® €A
is a homotopy equivalence and that it coincides up to homotopy with the homotopy
equivalences in [10].

Let us now give a simple characterization of K K-equivalence:

T'wo separable C*-algebras A and B are called K K-equivalent if there are el-
ements # € KK(A,B) and y € KK(B, A) such that yoz = 14 € KK(A,A) and
zoy=1lp € KK(B,B).

ProrosiTioN 8. Let A and B be separable C*-algebras. Then A is KK-
-equivalent to B if and only if K ® qA Is homotopy equivalent to K ® ¢B.



AN EQUIVARIANT VERSION OF THE CUNTZ CONSTRUCTION 15

(+)

Proof. If A is K K-equivalent to B, then:

KK(A,A) ~ KK(A, B) ~ KK(B, A) ~ KK(B, B).

Recall that

KK(Dy,Dy) = [¢D1,K ® Do} ~ [K ® ¢D1,K ® qDs)

for Dy, D, separable C*-algebras [5]. This can immediately be deduced from the
homotopy equivalence K ® ¢4 ~ K ® ¢2A. Moreover, under this identification, the

Kasparov product corresponds to the composition of homomorphisms.

Thus Idgk(a,4) and Idgx(B,B) give rise, using (*) to maps from K @ ¢A to

K ® ¢B and from K ® ¢B to K ® ¢A which are homotopy inverse to each other. The
converse 1s obvious. ]

1n.
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