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MEROMORPHIC CONTINUATION OF THE CUTOFF RESOLVENT
FOR SYMMETRIC SYSTEMS OF NONCONSTANT DEFICIT

GEORGI VODEV

0. INTRODUCTION

Many equations of the mathematical phisics have the form:

n

(0.1) Beu(t,z) = E(z)™" Y Ajds;u(t,z) on Ry x RY,

i=1
where n > 2, A;’s are constant Hermitian (d x d) matrices, E(z) € C*°(R"; Hom C9%)
is a Hermitian positively definite (d x d) matrix which is a compact perturbation
of I, the identity (d x d) matrix. As is well known, the solutions to (0.1) can be
expressed by a unitary group U(t) = exp(tG) in the Hilbert space Hg which is the
space L2(R"; C%) equiped with the scalar product

(fag)E=/f'Egdx)
"‘

where G is the skew-selfadjoint realization of the operator E‘IZ Aj 3,,,. in Hg. Then,
j=1

the resolvent R(z) = (G — z)~! is well defined for z € C, Rez > 0, as a bounded

operator from Hg into itself. One of the main problems concerning the operator

G is the one of meromorphic continuation of the cutoff resolvent Ry(z) = xR(z)x

where x € CP(R") is a suitable function. The poles of such a continuation are called

resonances and are objects of great interest. Set

A€) =) Aj&j, E€R™\0,

j=1

The operator G is elliptic when Rank A(§) = d for all £ € R® \ 0. When Rank
A(€) =const for all £ the operator G is said to be of constant deficit, and when Rank
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A(€) varies as £ varies the G is said to be of nonconstant deficit. It is eay to see
that (7 is of nonconstant deficit if and only if there are eigenvalues of A(¢) vanishing
for some € € R* \ 0. It is well known that when the G is elliptic and the space
dimension n is odd the cutoff resolvent R, (z) admits a meromorphic continuation
from {z € C, Rez > 0} to the whole complex plane C, while for even n the Ry(z) can
be meromorphically extended to the whole Riemann surface A of log z instead of the
complex plane (see [2], [9]). Moreover, a similar continuation holds for the scattering
matrix and the poles of this continuation coincide with the poles of Ry(z). In [11]

Weder has obtained similar results when the G is of constant deficit.

In the case of nonconstant deficit, however, the problem of meromorphic con-
tinuation of the cutoff resolvent, to our knowledge, is still open. In [8], under some
natural assumptions on the vanishing eigenvalues of the A(£), Tamura has proved
the limiting absorption principle for G of nonconstant deficit. So, it is natural to
expect that the mentioned problem can be solved under the same assumptions as in
[8]. The purpose of this work is to prove this in the case when E(z) = b(z)I where
b(z) is a scalar function. Note that even in this “simple” case the problem of mero-
morphic continuation of the scattering matrix is still open. To our knowledge, the
only previous result concerning the meromorphic continuation of the cutoff resolvent
for operators of nonconstant deficit is obtained by Rauch [6] for more general systems
of nonconstant deficit but under the nontrapping hypothesis. To obtain a uniform
decay of the local energy for such systems he proves that the cutoff resolvent admits
a meromorphic continuation from {z € C, Rez > 1} to A, the logarithmitc Riemann
surface, in both cases of odd and even space dimensions. Note that in this situation it
is also not clear whether the meromorphic continuation of the cutoff resolvent implies

a meromorphic continuation of the scattering matrix.

Our approach follows the one used by Vainberg (see also [6]) to obtain meromor-
phic continuations of the cutoff resolvent in the case of nontrapping perturbations.
Although the perturbation we consider is not of this type, the restriction on the matrix
E(z) enables us, by a suitable microlocalization, to reduce the study of the solutions
to (0.1) to the study of the solutions to a pseudodifferential hyperbolic equation for
which the propagation of the singularities is well studied and whose bicharacteristic

curves are easily seen to be nontrapping.

The paper is organized as follows. In Section 1 we introduce our assumptions
and state the main result. In Section 2 we state some well known results without
proofs. In Sections 3 and 4 we prove the main theorem.
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1. ASSUMPTIONS AND MAIN RESULTS.

Denote by Hj the space defined as Hg replacing E(z) by b(z)I, where b(z) is a
scalar function satisfying the assumptions:
i) b(z) € C=(R");
(1.1) ii) there exists a by > 0 so that b(z) > bo for all z € R”;
iii) there exists a p > 0 so that b(z) = 1 for [z|>p.

In H, consider the operator
n
G=b(z)™1 ) A;6:;,
j=1

where the matrices A; are as above. Set R(z) = (G — 2)~! for Rez > 0. Recall the
definition of the matrix A(£). It is clear that A(£) can be written in the form:

m
A©) =D _X(OL;©

j=1
where m < d, A;(€)’s are the nonidentically zero eigenvalues of the A(€), I';j(€)’s are
the corresponding orthogonal projections. Moreover, A;j(€), Ij(£)’s are continuous
functions positively homogeneuous of degree one and zero, respectively. Let A;(£), j =
= 1,...,k, k< m, be the eigenvalues vanishining for some £ € R" \ 0, i.e. those ones
for which

;i ={6€R*\0:1;(¢)=0}#0.

Our next assumption is the following:

Each %;, 1< j<k, has an open conic neighbourhood Z;
(1.2) so that X;(€), I3(€) € € (Z]) and [Ved;(€)| #0
for all £ € 2.

Let x(z) € C3°(R") be such that x = 1 for |z| < p+1. Our main result is the following

THEOREM 1. Under the assumptions (1.1) and (1.2), the cutoff resolvent Ry(z)
admits a meromorphic continuation from {z € C, Rez > 0} to the logarithmic
Riemann surface A with discrete set of poles which has no finite accumulation points.

REMARK 1. Theorem 1 should hold under the assumption (1.2) for any matrix
E(z) which is a compact perturbation of the identity matrix.

REMARK 2. By using our method it is posible to prove Theorem 1 for a matrix
r

E(z) of the form E(z) = Ze,-(a:)Ej where e;(z)’s are scalar functions satisfying
i=1
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.

(1.1). E;’s are constant orthogonal projections such that ZEj = I and satisfying
j=1

the conditions: [Ei,Aj]cng@Aj ~A;E;=0foranyi=1,...,7, j=1,...,n. Unfor-

tunately, this is not the case for many important systems of the form (0.1).

2. PRELIMINARIES.

Given two Hilbert spaces X and Y, £(X,Y) will denote the space of all linear
bounded operators acting from X into Y. Let P(t) € £(X,Y), t € RY, be such
that P(t)f € LL.(R¥;Y), Vf € X, and ||P(t)licx,y)<C, Vt € Rt with C > 0
independent of ¢. Now we can introduce the Fourier-Laplace trnsform P(2) € £(X,Y)
of P(t) as follows:

0
P(z) = /e_”P(t) dt for Rez > 0.
o

The proof of the following proposition can be found in [6], [9].

PRroPOSITION 2. Let P(t) be as above and assume in aditional that P(t) admits
an analytic continuation to the region {t € C, |t| 2T} for some T > 0, which has the

following expansion at t = oc:

o
(2.1) Pty=) tiP; for teC, |t|— oo,

j=0

with operators P; € L(X,Y). Then the Fourier-Laplace transform ﬁ(z) of P(t)
admits an analytic continuation to A with values in £(X,Y) which has the following

expansion at z = (:
(2.2) P(z) = P'(z) + P"(2)z" log

where P'(z) and P"(z) are holomorphic L(X,Y }-valued functions.

Denote by F the d-dimensional Fourier transform. Given a s 2> 0, introduce the

Scholev space
7 = {f € PR €Yl = |F 6Py 2F S| <o}

We shall write H instead of H® Let Gg be the skew-selfadjoint realization of the

operator ZAJ- 8; in H. Denote by II; the orthogonal projection onto (KerGo)*.
j=1
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m

It is easy to see that [Ty = I‘(Dz)d=ef.’f~"'11"(£).7-' where I'(§) = ZFJ' (€). Set Up(t) =
i=

= exp(tGo), Uy(t) = Uo(t) Mo, Uj 4 (t) = xUg(t)x. Using the representation

U(t) = Zrle"*:’“)rj (&)F
i=1

together with the assumption (1.2), one can prove the following proposition by the
methods developed in [6], [9].

PROPOSITION 3. There exists a To > 0 so that Uy , (t) € L(H, H*) for any s and
for t > Ty and admits an analytic continuation to the region {t € C, [t|>To} with
values in L(H, H?), Vs, which has an expansion of the form (2.1) at t = oco.

3. PROOF OF THEOREM 1.

Introduce the sets Ky = {(t,z) € R*+! :t > T+1, |z <p+3}and Ky = {(t,z) €
e R 2T, |z|<p + 4}, where T > 0 is a parameter to be chosen latter on.
Choose a function 7(t,z) € C*®°(R"*?) so that § = 0 in K;, 7 = 1 outside K, and
all the derivates of 7 are bounded on R™t!. Set F(t) = (8; — G)nIlU(t). Since
GIly = b~ 1Gollp = b~1Gy = G, it is easy to see that F(t) = L(t)U(t) with L(t) =
= m Il — n(I — IIh)[b—*, Go) where 51 = 8:n — [G, 7] is a matrix-valued function with
entries of class C®°(R"+1) supported in K3 \ K;. Let V(t) be the solution to the
equation

(3.1) (8; — Go)V () = F(t), V(0)=0.

By Duhamel’s formula,
t
(3.2) V) = / Us(t — 5)F(s)ds.
0

Setting @ = G — G and writing (3.1) in the form
(0 = G)(nIU (t) - V(1)) = QV (1),

we obtain by Duhamel’s formula,

LU (t) — V(&) = U(t) Do + / Ut — 5)QV(s) ds.
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‘Taking Fourier-Laplace transform of this identity and using that b (z) = R(z) we get
(3.3) nIloU (z) - V(2) = R(z)Il + R(2)QV(z) for Rez > 0.

Now it is casy to see that R(2)(I — Ilo) = —(I — Ip)z~! for Rez > 0. Hence,
multiplying (3.3) by x on the both sides and taking into account that @ = x@, we

obtain
(3.4) Ry(2) = OenIloU(2)x — xV (2)x + x(I = Ho)xz"")(1 + QV(2)x)™*

for Rez > 0. Since xn(t,2) = 0 for t 2T + 1, the term Xﬂﬁo\U (2)x has an analytic
continuation to the whole C with values in £(H, H). Also, the term x(I — Iy)xz~!
has an analytic continuation to the whole A with values in L(H, H). To deal with
the other terms in (3.4) we need the following

LemMA 4. For a suitable choice of the parameter T the function xGof/(z)X
(resp. xV(z)x) admits an analytic continuation from {z € C, Rez > 0} to A with
values in C(H, H') (resp. L(H,H)). Moreover, the continuation of the xGoV (z)x
has an expansion of the form (2.2) at z = 0.

Assuming for a moment that the conclusions of Lemma 4 are fulfilled, we shall
complete the proof of Theorem 1. Since QV(2)x = (b~1—1)xGoV (2)x, it follows from
the above lemma that the Qf}(z)x has an analytic continuation to A with values in
L(H, H') and hence, by Rellich’s compactness theorem, with values in the compact
operators in L(H, H). Then, by the analytic Fredholm theorem, (1 + QI7(:.')>()"1
exists as a meromorphic function on A with values in L(H, H), which has a discrete
set of poles possessing no finite accumulation points different from z = 0. The fact
that the poles cannot accumulate at z = 0 follows from the fact that the Qf’(z)x has
an expansion of the form (2.2) at z = 0 and Theorem 2 in {6]. Thus, the conclusions
of Theorem 1 follow from Lemma 4 and (3.4).

4. PROOF OF LEMMA 4

First we shall study xV(¢)x and xGoV(¢)x for large t. To this end, we rewrite
the equation (3.1) in the form:

(8: — Go)(V(t) — nIlU(t)) = ~QnILU(t)

and by Duhamel’s formula,

t
1) V()= nlU(t) = ~Uo(t) o — / Us(t - 5)@n(s, 2) IoU (s)ds.
0
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Multiplying (4.1) by x on the both sides and taking into account that @ = x@ =
=Qx, xn(t,z) =0for t >T +1 and that Uy(t) = U{(t) + (I — IIp), we conclude that
xV(t)x = Li(t) + Lz for t > T + 1, where

T+1
Li(t) = —Up, () — / Up x(t — 8)QnILoU(s)x ds,

0
T+1

Lo= [ X~ 10} [Go,b™] nIoU(5)x .
0

Obviously, Ly € L(H, H) and is independent of ¢t. By Proposition 3 L;(t) admits
an analytic continuation to the region {t € C, [t|>Ti = To + T + 1}, which has an
expansion of the form (2.1) at ¢t = co. Hence, by Proposition 2 we conclude that the

expression
[>2]

/ e~ Ly(t)dt

T
has an analytic continuation from {z € C, Rez > 0} to A with values in L(H, H).
Furthermore, obviously

0
/e'”Lg dt = Loz~ e *T*  for Rez>0.
T

and hence it has an analytic continuation to A with values in L(H, H). On the other

hand, clearly the expression
T

/e""xV(t)x dt
0
has an analytic continuation to the whole C with values in £(H, H). Thus, we have
established that xf}(z)x admits an analytic continuation from {z € C, Rez > 0} to
A with values in L(H, H).
Choose a function x; € C§°(R™) such that x; = 1 on supp x. Multiplying (4.1) by
xGo on the left and by x on the right and taking into account that GoUs(t) = GoUy(2),

as above we obtain

T+1
XGoV () = ~xGoUh, (0~ [ XGoUiy,(t = 5)QnIL (s)x ds
0

for t>T + 1. Now, by Proposition 3 we conclude that xGoV(t)x has an analytic
continuation to the region {t € C, |t|>T;} with values in L(H, H?), Vs, which has
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an expansion of the form (2.1) at ¢ = co. Hence, by Proposition 2 we deduce that the

expression
o0

/e””xGoV(t)xdt
T
has an analytic continuation from {z € C, Rez > 0} to A with valuesin L(H, H?), Vs.
Hence, to complete the proof of Lemma 4 it sufficies to show that xS(z)x has an
analytic continuation to C with values in £(H, H!), where
T
S(z) = /e"”GnV(t) dt for Rez> 0.
2

Since Go = IIpGo, in view of (3.1), we have

T,
S(z) = / et I8,V (£) - F(1))dt =
0
/5
(4.2) = e T LV(TL) + 2 / =t IV (1) di—
0
T
- / ot [y F(t) dt = e~ T IHV(T)) + 281(2) — 5a(2),
0

where the last equality defines S)(z) and Sa2(z). In the same way as above it is easy
to see that xIoV(I1)x € L(H,H'). Now the representation (4.2) shows that the

desired result will be proved if we show that

S;(2)x has an analytic continuation to the whole C

(4.3)
with values in L(H, H'), j =1,2.

In view of (3.1) we have
T, t
Si(=) = o / ot / Uo(t — s)ny HoU (s) ds dt—
0

0
T,

m/e"” /Uo(t — 8)Ion(I — Io) [b™1,Go] U(s) dsdt =
° 0

= HoSa(Z) + Ss(z),

and also,
T
Sa(2) = Hg/e"“mlloU(t) di—
0
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Ty
_ / e~ (I — IIo) [b™Y, Go) U () dt =
0
= HQS4(Z) + Ss(z),

where the last equalities define Sj(z), 7 = 8,...,6. Now, clearly Hon(I — IIy) =
= [{lo,n] (I — IIy). Recall that [Io = I'(D;), I'(¢) being introduced in Section 2. It
follows easily from the assumption (1.2) that I'(€) € C*°(R" \ 0). Hence [I'(D;),n] €
€ L(H,H"), ¥t. Thus we conclude that S;(z), j = 5,6, are holomorphic in € with
values in L(H, H'). We are going to show that (4.3) holds with S;(z), j = 3,4. Fix

a & € R™, || = 1, and let p(§) € C®°(R™) vanish for |¢| < %, be homogeneous of

degree zero for |£| > 2 and let ¢ = 1 in a neighbourhood of §o. Define S}(z), j = 3,4,

by replacing in the definition of Sj(z), j = 3,4, Il by (¢I1)(D;). Clearly, if we prove

(4.3) with S(2), j = 3,4, no matter how small the support of ¢ is, the desired result
m

will follow from a partition-of-unity argument and the identity Il = Z T;(Dg). Itis

i=1
sufficient to study S5(z) only, since S4(2) can be treated similarly. We shall consider

two cases.

Case 1. £ & 1. Fix a 29 € C with Rezg > 0. We have

T, t
3(z) = /e"z / Uo(t — s)m(eT1)(Dz)(Go — 20)~* (88, U(s) — 20U (s)) dsdt =
0 0

T t
- / emte / Us(t — 8)s (m (@ L1)(Da)(Go ~ z0)~2bU (s)) ds dt-+

0

Ty t
+ 0/ et 0/ Uo(t — s)(~8ym ) (@1 )(Ds)(Go — 20)~*bU () ds dt—

T, t

2 / et 0/ Us(t = 8)m1 (02 )(Ds)(Go — 20)~1U(s) dsdt.

0
Denoting the first term in the right-hand side of the last identity by S5(z), we have

Ty

¢
S3(z) = /e_tzat (/ Uo(t — s)n1 (1 )(Dz)(Go — 20)~ 16U (s) ds) dt—
0

0
Ty

—/e'“Uo(t)m(cpl’l)(Dx)(Go - Zo)_lbdt =

(=]
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P4

R / Uo(T = s)m (T2 )(Ds)(Go — 20)~ 26U (s) ds+
T ’ t
+2 / otz / Uo(t — 8)m1 (91 )(De)(Go — z0)~"bU (s) ds dt—
0 OTl
—/e_tzUo(t)nl((Prl)(Dx)(GQ - 20)_1bdt.
0

Now take ¢ so that suppp N X; =@. We are going to show that
(4.4) (PT1)(D:)(Go — 20) ™" € L(H, HY).

‘Then the desired result in this case will follow from the above representations of Sj(z)

and S3(z). It is easy to see that

(4.5) (PT1)(D2)(Go - 20)~" = F 1 0(€)(iM1(€) — 20) " [1(€)F.

Clearly, |A1(€)| > C1{€] on supp ¢, and this implies
(4.6) lp(€)(IM(€) — 20)~ [ Caléi™!  for [¢[> 1.

Now (4.4) follows from (4.5) and (4.6) at once.
Case 2. & € X4.

'Take ¢ so that suppy C X{. By the assumption (1.2), there exists a j, 1<j<n,
so that d¢;A1(o) # 0. Without loss of generality we can suppose that j = 1 and
J¢, M1(€0) > 0. Now, taking supp ¢ small enough we can arrange

Og, M(€)2c1 on suppy

for some constant ¢; > 0. Hence, we can take a function a(§) € C*(R"™), homogeneous

of degree one for |£] > 1 so that a(€) = A1(€) on suppy and

5:
(4.7) O¢,a(§) 2c1 forall £ eR".

Clearly, the operator G; = ib(z)~1a(D;)I generates a unitary group Ui (t) = exp(tG:)
in Hy. We have

26, - GL) (N )(D.)U (1) =
= ((¢11)(Ds )b~ Go — b (iapI't ) (D ))U (2).
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Clearly, (iapl1)(D;) = (ipA1I1)(Dz) = (¢I1)(D;)Go. Hence we can deduce that
Z(t) = Z1GU(t) where Z; = [(¢I1)(Ds),b~!] b. Since by the assumption (1.2),
(pI1)(£) € C*(R™), we have Z; € L(H, H'). Now by Duhamel’s formula,

(eT)(DU) = )@ l)(D:) + [ st - )2(s)ds =
0
= Uy(t)(eI1)(D2) + / Us(t - 5)2:8,U(s)ds =
0

= Ul(t)(lpfl)(Dz) - U1(t)Z1 + &, (/ Ul(t — S)ZIU(S) ds) .
0

Multiplying this equality by #:(t, z) on the left and by x on the right we obtain

m(t, 2)(eI1)(D:)U(t)x = m(2, 2)Us(t)x (¢ I1)(Ds)+
+m(t, z)Us(t) [ T1)(D:), X] — m(t, )Ui(t) Z1x~

—(0:m) / Ui(t — s)Z,U(s)dsx + 0, (m / Ur(t — 5)21U(s) dsx) =
0 0

= Zo(t) + 8: Z3(t),

where Z5(t) is the sum of the first four terms in the right-hand side of this equality;
the definition of Z3(t) is clear. We claim that if T’ is large enough, then

(4.8) m(t, z)Uy(t)x € L(H,HY), V.

Assume for a moment that (4.8) is fulfilled. Now, taking into account that by the
theory of hyperbolic equations Uy(t) € L(H', H'), V¢, we conclude that Z;(t) €
€ L(H,HY), Vt, j =2,3. Next, in view of above equality, we have

1

Si(2)x = / Uo(t — s)m(s, 2)(wL1)(Ds)U (s)x ds dt =

T

l
/

/ ~tz o(t - 3)(22(3) + 8, Z3(s)) dsdt =

T, t 7
=/ “”/Uo(t — 8)Z2(s)ds dt—-/e'”Uo(t)ZS(O) di+
o 0 °

T

+/e'”0, (on(t—s)Za(s)ds) dt,
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and since Z3(0) = 0, integrating by parts, we get

T 1 Ty '
S3(2)x = /e‘” / Uo(t — 8)Z2(s)dsdt + e~ / Us(Th - 5)Z3(s)ds+
o 0 o
Ty t
«+z/e"" /Uc(t — 5)Z3(s)dsdt.
0 0

"This representation show that S3(z)x has an analytic continuation to the whole C
with values in £(H, H'), which is the desired result. \

It remains to establish (4.8). In doing so we shall use some well known -esults
on the propagation of the singularities of the solutions to the Cauchy problun for
hyperbolic equations. We refer the reader to {1}, Chapter 23, Section 1, fo. the
details. Consider the Cauchy problem

0y —ib(z) " a(D;))u(t,z) =0 on R"H,
) (0= Me)“oD)l.5) =0 on B

u(0,z) = f(z), z € R"®,

where u(t,z) and f(z) are scalar functions. It is clear by the definition of Uy (t) that
given any f = (f1,...,f4) € L3(R"®;C% we have Ui(t)f = (wi(t,z),...,u4(t,z)),
where u;(t, ) is the solution to (4.9) with initial data f;. Hence, to study the singu-
larities of Uy (8)x f. f € L*(R™; C*), it suffices to study the singularities of the solution
to (4.9) with initial data xf, f € L?3(R"). Choose a function x2 € CP(R") so that
x2 = 1 for 2| < p + 5. We would like to show that there exists a T > 0 so that for
any f € L(R"),

(4.10) x2u(t,z) € C*(R™) for t> 1o,

where u(t,z) is the solution to (4.9) with initial data xf. Then, if T > Tb, (4.8)
follows from (4.10) and the above remarks. On the other hand, according to the
results in 1], to prove (4.10) it sufficies to show that the bicharacteristic curves of
the operator ib(z)~la(D,) are nontrapping, i.e. if (z(t),£(t)) is such a curve, then
l2(t)] — +o00 as t -- +0o. To see this we shall exploit the fact that z(t) satisfies the
Hamilton equation

de(t)/dt = bz ()" Veal€(®).
Now, in view of (4.7) and the assumption (1.1), we have
21(t) = 21(0)+ [ ba(6)) 0 ale(e)) ds>
0

Z 2:1(0) + ¢at
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for any ¢ > 0, with a constant ¢; > 0. Here z; is the first component of . Hence
z1(t) — +o00 as t — +o0o, which implies |z(t)] — +0o as ¢ — +oo. This completes
the proof of (4.8), and hence the proof of Lemma 4.

10.
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