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COMPACT PERTURBATION OF THE ALGEBRA
OF A TENSOR PRODUCT OF NESTS

ZONG Y. WANG

1. INTRODUCTION

Let H be a complex, separable, infinite dimensional Hilbert space; L(H), K(H)
denote the algebra of all bounded linear operators acting on H and, respectively, the
ideal of all compact operators. A nest in H is a chain A of subspaces of H containing
{0} and H, which is closed under intersection and closed span. (By subspace we will
always mean a closed linear manifold.)

It is well known that for a nest, there is a spectral measure E(t) on [0, 1] such
that ' = { E([0,t])H,t € [0,1]} and the compact subset suppE of [0, 1] is order-
isomorphic to and topologically homeomorphic to A, when A is given the order
topology (which is equivalent to the strong operator topology on N'). Here suppE has
the order and the related topology induced on it by the usual topology of the real line.
Furthermore, E is uniquely determined by A up to order-preserving homeomorphisms
of [0, 1] onto itself; that is, if F is an another spectral measure associated to A (as
indicated above), then there exists a strictly increasing continuous function ¢ mapping
[0,1] onto itself such that E = @(F) and F = ¢~}(E). In what follows, we will
not distinguish a nest N from the support of its spectral measure. We will denote
Mic.q = E([c,d])H when [c¢,d] C [0,1] and M; = Mg 4.

Foreach M e N,let M. =\/{M' . M e N, M'sM} IfM_#M, Mo M_
is called an atom of N and the cardinal number dimM © M.. is called the dimension
of the atom; A € N corresponds to an atom if and only if X is the right end point of
an interval in the complementary open set of A in [0,1]. A nest is called continuous
if it has no atoms. (For more information about nest cf. [1], [2], [4].)

The nest algebra associated with A is the family of operarors‘deﬁned by

algN' = {TeL(H) : TMCMforall M e N}.
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In [11], [12], D. A. Herrero solved a problem posed by W. B. Arveson by obtaining

a spectral characterization of the sets
N* = {UAU* + K : U is unitary, A € algN, K € K(H) }

and
¢ = {T € L(H) :Given ¢ > 0, there exist U; unitary, A € alg\ and
K. € K(H) such that ||K.|| < € and T = U, AU + K. }.

The results of [11] and [12] can be resumed as follows:

THEOREM 1.1. (Herrero).

(i) If NV is a well-ordered and all its atoms are finite dimensional, then
NA=N$ =(QT) := {T € L(H) : T is a quasitriangular operator };
(ii) If NV is well-ordered from above and all its atoms are finite dimensional, then
N =Ng =@T) ={TeL(H) : T" € (QT)};

(iii) In the remaining cases, N* = L(H);
(iv) If N has only finitely many atoms {M; © (M;)- }iz, and

m
0<d=)_dimM; & (M;)- < oo,

=1

then

=L(H)a:={T € L(H): > dimH(A, T) < d}.
A€oo(T)~o(T)A

where oo(1") is the set of normal eigenvalues of T, o.(T) is the essential spectrum of
T, o(T)" is the polinomially convex hull of 0.(T), and H(),T) is the Riesz spectral
subspace of T' associated with X;

(v) In the remaining cases, Ny = L(H).

The purpose of this article is to consider the analogous problems for the tensor
product of nests { N; }¥.,(2 < k < 0).

DEFINITION 1.2. For i=1,2,...,k, let N; be a nest in the Hilbert space Hj,
(i) The tensor product ® Ne=M ®N2 ® - - - @ Ny of the Aj’s is the complete lattice
generated by the famlly of subspaces of H,

M'@M?®-- - @MF: M eNi(i=1,2,...,k)},
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where H = H1 ® Hy® - - -® Hy. (cf. K. Davidson [2, p. 381]);

k
(ii) The algebra of operators associated with _®1M is

alg (§1M> = {T € L(H) :LatT D élj\/, } :

k A

(iit) ( @IM) = {UTU"' + K : U is unitary, T € alg (® N) andK € IC(H)}
X A

(iv) ( ® ) ={T€L(H): Given ¢ > 0, there exist U, unitary, A, €
=1 0

€ alg (_@1 M) , Ke € K(H) such that ||K¢|| <€ and T = U, AU’ + K. }.
1=

The following two theorems are the main results of this article.

THEOREM 1.3. Fori=1,2,...,k, let N; be a nest in the Hilbert space H;, and
let H = ® H;; then
(i) If, for aII i=1,2,...,k, N is well-ordered and all its atoms are finite dimensional,

then
A A k A
(_® Af.:) - (,® A/,-) = @T);
i=1 i=1 0

(ii) If, for all 1 = 1,2,. .., k, N; is well-ordered from above and all its atoms are finite

(ﬁg/v) (&%) =y

(iii) If the family { N; }£_, does not satisfy (i), neither (ii), then

dimensional, then

(é}M)A = L(H).

THEOREM 1.4. Fori=1,2,...,k, let N; be a nest in the Hilbert space H;, and
let H == ® H;, and assume that neither all the N;’s are well-ordered nests with finite
i=1

dimensional atoms, nor all of them are well-ordered from above with finite dimensional

atoms; then
(i) If M; has only finitely many atoms {MJ' s (MJ')_ }j2; and

ms
0<di=Y dim[M o (M))_] <oo(i=1,2,...,k),
j=1

then

k A
C(H)id —k+1 < ("@ M) < L:(H)ﬁd

i=1 i1
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and

(‘élNi): ¢ L:(H)fl di—1

=1

Furthermore, if all N;’s are maximal nests then

L(H) . ¢(§>A@->A;

S di-k+2 i=1 0
s=1
(ii) If at least one of the nests is continuous, then

(’___’:M): = L(H)o;

(iii) If Ni(i = 1,2, ..., k) is not the type described in (i} or (ii), then

(&) =
\,-?1’”“)0 C(H).

The author would like to express his deep gratitude to D. A. Herrero for his
guidance and encouragement throughout the preparation of the material presented in
this paper, and to K. R. Davidson, J. Froelich, E. Thrig, P. S. Muhly, and J. Quigg
for providing several useful references and help.

2. UNCCUNTBLE NESTS

LEMMA 2.1.(Voiculescu’s corollary [17],[9, Chapter 4]). Let T € L(H) and p be
a unital faithful *-representation of a separable C*-subalgebra of the quotient Calkin
algebra A(H) = L(H)/K(H) contaning the canonical image T = =(T) of T, and I,
on a separable space H,. Let A = p(T). Given € > 0, there exists K. € K(H), with
[|Ke|| < €, such that
T—-K. ~T®A.

ProrosITION 2.2. (Herrero [13]). Let T € L(H) and T'= {An}32_ be a
two-sided sequence of complex numbers such that
(i) all the limit points of T belong to o.(T)"; and
(i) card {n<0: s €Q} = card{n>0: A, €Q} =Ny for each open set Q such
that QN o (T)* £ 0, but QN o (T)* = 0.
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‘Then there exist K € K(H), U unitary and

(-

A_2

Ao

)

* €_29

€_1

A1 €1
Az )

where { e, }32 _, 1s an ONB of H.
Furthermore, If ' also satisfies

(iil) A, € o(T)* for all n and

255

eo such that T =UAU* + K,

(iv) card{n : A, = A} = dimH(A, T) for each X € 6o(T) \ o.(T)",
then given € > 0, K can be chosen so that ||K|| < e.

An obvious consequence of Proposition 2.2 is that, up to a small compact per-

turbation, every operator T is unitarily equivalent to an operator in the nest Nz(Nz
is a nest which is order-isomorphic to 2* = { —occ} U Z U {00}, Z is the set of all
integers, and all its gaps are one-dimensional).

LEMMA 2.3. Given T in L(H), € > 0 and a sequence {an}i%_o of complex
numbers such that an, € o.(T)* for all n and, for each closen subset o of o.(T)",

catd{n>0:a, €0} =card{n <0 : a, €0} =Ny,

. [oe]
then there exists K. € K(H), with ||K.|| < €, such that T ~ K, ~ E@A;, where

Ap =

(-

Ao *
A1
Ao
0 A1
Ay
a_g *
(¢ 251
(47)]
0 [¢2]
a2

i=0

)
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(i=1,2,..), {e;:}“,?‘;_,oo (i=0,1,2,...) is a suitable ONB of the underlying space,
card{j : Aj = A} = dimH(A,T) for each A € og(T) \ 0o(T)* and {}; : A; ¢
& ao(T)\oo(T)* } is order-isomorphic to { oy }3% _ .. (Roughly speaking, the finitely
many or countable A;’s corresponding to points in og(T)\ oc(T)* are “interpolated”

in the two-sided sequence {an}i%_oo-)

Moreover, there also exists K € K(H), with ||Kjl < e+ %max{dist[/\, o{T)j, A €

o0
€ og(T)\ 0o(T)*}, such that T — K =~ Z ©T;, where

j=1
-2 T£2-1 Tizo Tim Tizz Hiz
G-1 Tzw Tzu T ) Hj—_l
T; = @o Tgn ng Hy
0 ay sz H{
[+ %) Hg

\ o,

H is infinite dimensional (j = 1,2,...;1 = 0,41,42,...), and the operators T} (j =
=1,2,...;1,m=0,%1,4£2,...) are simultaneously diagonal with respect to the same
ONB (up to a suitable identification of the underlying spaces).

Proof. (i) From Lemma 2.1, there exist K; € K(H) and U unitary such that
00
1Kl < g and U(T — K1)U* =T® Y ® R; where R; = A(®) = R®(i = 1,2,..)).

i=1

Here A(®) = A A A - By Proposition 2.2, there exist C; compact and U;
unitary such that ||Ci|| < =
Ty W< 55
A—l * e__l
Ao = Uo(T — Co)U% = Ao €
0 A1 el
and
a_1 * e"_]
A; = Us(R; = C))U} = ao €

£
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(1=1,2,3,...), where {}; }32_, is a tequence of complex numbers which satisfies

the ccndxtlons mentionated i in the lemmr a.

Let C = Z@c and V = Z@U,, then we have W(T — K. )W* = ZeA.,where

=0 =0
W = VU is unitary, K, = K1 + U*CU is compact, and ||K¢|| < €.

(i) From Corollary 2.11 of [10], there exists K’ € K(H) such that

lma,x{ dist[A, 0.(T)] : A € ao(T) \ 0 (D" },

< £
IRl < 5 + 5

€
and oo(T — K') = 0o(T) No.(T)*. By applying (i) to T — K’ and 7 e have

o0
~K'-K'~)Y o4,

i=0

where ||K"|| < ¢ and Ap has the same form as the A;’s (i > 0).
If we regroup {A:i}$2, = {A4jx : j,k=1,2,...}, then

0
T-K -K'x~ i@ (Z@A,k) :
j=1 k=1

Assume
a1, —;kl
Ajg = a  th e
0 oy e';k
then
P Q-1 Tilo T._i_ll H]—I
T; =Z®Aj,k2 a0 T4 Hé_ J
k=1 0 oy H{
where
th
T = 2 0 ec(Hi, H) (~oo<l<m<oo)
0 .
[+ o} [e¢]
and Hi = \/{ef*}. Thus T—(K'+K")~ D> oT; and ||K'+K"||<et+
j=1
+Emax{dist [\, oo(T)], A € oo(T) \ oo(T)* }. .

2
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o0
REMARK 2.4. (i) Clea.rly,z @ T; can be replaced by Z ® T;, where A is any fi-
ji=1 JEA
nite or countable index set, not necessarily the set of all natural numbers; for instance,

we can set A = Z*, the set of all k-tuples of integers, ctc.
(ii) In the second part of the lemma, || K|| can be chosen arbitrarily small if and only
if 00(T) C 0. (T)".

ProPoOSITION 2.5. Fori=1,2,...,k, let N; be a perfect nest (i.e., the support
A

k
of spectral measure of N; is a perfect set) in the Hilbert space H;; then (_@1 M) =
$=
A

= L(H) and (‘_@:9}/«/.-)0 > L(H)o.

Proof. Since N is perfect, E;({0}) = Ei({1}) = 0 (&; is the spectral measure
associated with A, i = 1,2,....k)) and we can choose {C: }nez C [0,1] strictly
increasing such that Ci /' 1(n — o0) and C: \, 0{n — —00), in such a way that
Ci(n € Z) is a limit point of A; both from the right as well as from the left.

Now we can find an order-preserving homeomorphism ¢; : (0,1) — R such that
©i(C%) = n. Thus, up to a change of variable, we can assume A; has spectral measure
E; supported on R, every n € Z is a limit point of A; both from the right as well as
from the left, and

N ={0; E; ((—oc,t) H;, € R); Hi }(i=1,2,...,k).

Given T € L(H), it follows from Lemma 2.3 and Remark 2.4 (i) that there exist
K € K(H) and W unitary such that

W{T-KW*'= Y. aT;,

ﬁezkul
where
a_i * HEI
T = ap HE | dimHJ-ﬁ =00

0 ) HF

(B € ZF1,—00 < j < ).

&
Consider the decomposition H = @ H; = Z ® Hy. (If y = (ny,...,ni), then
i=1 vEZ*
k

H,=FE H[n.-, ni41] | is infinite dimensional because n; and n; + 1 are limit points

i=1
of A; from both sides, where E = E, x E3 x --- x Eg.)
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Define unitary mappings
o0 [e o]
Y @HE- Y @Hupwnw (BeZF)
n=-—o0 NnN=—00
such that UgHf = Hen pinm (n = 0,£1,...), where 7 = (1,1,...,1) € Zk-1 s the
“unit” of translation along the main diagonal and

(n,ﬂ+nﬁ)=(n,n1+n,n2+n,...,nk_1+n)€Zk,

ifﬂ = (nl, . ..,nk_.l).
Thus,

-1 * | Heip-w)
UpTpUp = @ Ho,p)
0 o Hi g4

Clearly, for each 8 € 2*~! and each ¢(8) € Z,

9(8)
[ Y oH (n,ﬂ+m’0} ® R(g(p)+1,6+(s(8)+1)m) € LatUpTpUj,
n

=-—00

for each subspace R(y(g)+1,8+(e(8)+1)a) Of H(g(p)+1,8+(s(8)+1)w). Hence, if U =

Z: @ Up then
ﬁezk—l

E (f[(-—oo, a:,:)) € Lat[lUW(T — K)W"U"]

i=1

k
for all (z1,22,...,25) € RY; that is, UW(T — K)W*U* € alg (.®1M) and T €
N =

€ (® /V) Thus, we conclude that (® /\f,) = L(H).
If T € L(H)o, given € > 0,it follows from Remark 2.4 (ii) that K can be chosen

so that ||K|| < €. Thus (® N) D L(H)o. [ ]
COROLLARY 2.6. If \; is a continuous nest in a Hilbert space H; (i = 1,2,...,k),
k A
then (@ /\/,) = L(H).
LE\/IMA 2.7. Let N; be a nest in the Hilbert b space Hy(¢=1,2,...,k), and assume

that H = ® H; can be decomposed as H = Z@G, in such a way that for every
i=1
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k
k
£ = n,..., 3 0,1 s Me Mgg; szz M, h MtS
(21 xL)GI_Il[ le gl 2 ® an € ® ;, where C

=1
m; . N .
C G; and .®1 N;; is a tensor product of m;(m; < o) nests in Hilbert space G, (i =
j=

=1,2,..).

IfT € L(H) can be decomposed as T = Z &7T; (T; € L(G;)), and if for some
i=1
. me NN m; Mo
finite number p, T; € (@N ] (¢(=12,...,p)and T; € (i®1Mj =
= 0

=1

.,

A

i A k
=p+1,..);thenT € (é N) IfT; € (j%lN}j) for alli, then T € (_®1N'.-) .
=1 = Fo} = 0

. A
Proof. SinceT; € (]%1 Mj) , M;z € LatU;(T;— K;)U; for some compact K; and

_ A
unitary U; (i =1,2,...,p). Given ¢ > 0, since T; € (;é; .N',-,-) t=p+1,..),

M;z; € LatUy(T; — K;)U? for some compact K; with || K;l| <z : - and unitary U;. Thus,

k
e _ . *
@ M, = 3" @ M;; € Lat[U(T - K)U*]

i=1

A
where U = Z@U and K = Eex Therefore, T € (® A&) X

i=1 i=1
, A
It is obvious that if T} € (}@ .'V;'j) for all ¢, then ||K|l < €. Thus, T €
k A ) ’
€ (® Ne) . |
£=1 0

REMARK 2.8. Lemma 2.7 remains true (with the obvious notational changes) if

T= 2 ®T:(1<m<oo),orT= 3 &T, (Ais a countable index set).
i=1 YEA

LEMMA 2.9. If N; (i = 1,2,...,p) is a perfect nest and N (i = p+ 1,....k) is
A
an at most denumerable nest, then (@ M) = L(H) and (® N) D L(H)s.

Proof. If L. = M} © (M‘)_ is an atom of A; for some ¢ with dimL, = s, > 1,
let {e; };2, be an ONB of L.. Consider the nest

N =MU{(M£€BV{61,...,e¢} 1 d= 1,2,.‘.,sc};
k
since N D N, algM®- - @MN;m1 N/ QNi1 ®---®N¢) C alg (j@l/%')- Thus,

) A i A
(élA(,) = L(H) whenever [(}@1}\@) ®N;®( @ N)] = L(H), and
j= =

g=i+
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k A ie k A
(. 1’\/}) D L(H)o whenever [(@i!\/,) QN ® ( ®+1 Nq>] D L(H)o. There-
J= 0 j= g=t 0
fore, we can assume without loss generality that all atoms of V; (i = p+1,...,k) are

one-dimensional. -
Denote these atoms by {[e}]}52,, where [eg] =M e (M:)- and [ej-] = H;.
J ? j=1

Given z; € [0,1](: = 1,2, ..., k), we can write

5§1 M;, = Z ® [(iél Mi‘) ® (2=§+1[e’4‘])] =

ct <z

TS
(e=p+1,....k)
p-1 .
= ¥ of(gm)emms),
£ =
ve [T [0
L=p+1

k
where y = (c’p’ﬁ, e c}‘k) y M(7)e, = ME_ ® L=§+1 efl] € Np(7), and Np(7) is a nest

k
in the Hilbert space Hp, ® [ ® ef , | unitarily equivalent to Aj.

£=p+1 A R
W] = £ty ana | (73 1) @.46)] >

-1
By proposition 2.5, [(p® N,) ®
i=1 [t
P k
L(H4)o, where H., = H; AR
2 L{Hy)o, where Hy (i§1 ,)®!=§>+1eu]

Given T € L(H) and € > 0, it follows from Lemma 2.1 that there exist U unitary
and K € K(H), with [|K|| < ¢, such that

UT-K)U = Y. @4,
k
Y€ H [0»1]l

2=p+1

where Ay, = T and Ay =~ A ~ A(®) if y £ 0. (Here v = (1,1,...,1).)
-1 A -1
By proposition 2.5, T € [(p@l N.) ®Np(7o)] and A, € [("@1 N.) ®Np("/)]

d 0

k ~ k *
1M) ; therefore, T € ('®1M) .
= A 1=

A

$

(¥ # v). By Lemma 2.7, U(T — K)U* € (

o

If T € L(H)o, then U*(T - K)U* € (.®1.N'.~> . Since K can be chosen of
3= i)
A

k
arbitrarily small norm, T € ( ® N,) . n
=1 0

ProprosITION 2.10. Let A; be an uncountable n/c\est in the Hilbert space H;,
A k
(i=1,2,...,k); then (§1M> = L(H) and (_®1J\f.-> D L(H)e.
= 1= 0
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Proof. We will proceed by induction on k. If & = 1, then the result is true by
Theorem 1.1.

Suppose the statement is true for the tensor product of k € n — 1 nests, and let
k = n. As in the proof of Lemma 2.9, we can assume that all the atoms of A} (i =
=1,2,...,n) are one-dimensional.

Let F; = supp F;, where E; is the spectral measure of A; (i = 1,2,...,n).

Set

N ={E([0,)nGi: 0<t <1}

and

N ={E:(0,N(F\Gy)) : 0Kt <1},

where G is the perfect part of F;. Then A} is a perfect nest and N2 is an at most
denumerable nest (A2 can be absent).

Let

M; = Ei([0,1)),
M:’l = E,;({O,t]) ] Gi),
M2 = E(0,§n(F\G)) (i=1,2,...,n;0<t<1).

Given z; € {0,1] (¢ = 1,2,...,n), it is not difficult to see that

.~ -

. . -1 . i ..
St = (8 mi)e|(Bmi)omzo| X e M)
i=1 1=1 =1 s;=1 or 2 =
(3=1,2,...,,n~1)

Sp=

n
n<z:s.-<2n
=1 J

Observe that

n-1 . n-2 . .
(.@ M;,) OMI = Y © K_@ Méi) ®M"‘1(J)h_l] )
i=1 i=1
€3 <Zn
where M"71(j),,_, = M2, ®[e}], [e7] is an atom of A2, [¢]] = Mc";_.’ze (M;‘;:z) ,

Tp-

77—

2 . n—-2 . —1y.
and (.®1 M;,.'.) M™1(j),._, € (.®1 M) ®Nn-1(5). Here Nyo1 () = { M 2(j): ®
= 1=
®[e]] : 0 <t <1} is uncountable and unitarily equivalent to A;,_;. By the inductive

[(’:gfm) @N(j)n-l]

assumption,
A

> ("8 Hieig)) -
0 i=l 0
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A

Observe that é Mi%ie é) N}*, by Lemma 2.9, ( N"‘) D E( H") , where
i=1 ! i=1 i=1 0

0
s _ {Ei([ox 1]ﬂG5) s; =1
C T e E(0,1INGy) si=2

A
Observe that ® Mz le ® N}. By Proposition 2.5, (® N =L@ H})
= = - A
and (®/\/,-1> DC( ) By Lemmas 2.1 and 2.7, (éM) = L(H) and
i=1 0,

(ii%l/vi): > L(H)o. n

COROLLARY 2.11. If at least one of the nests N;’s is uncountable, then
A

(éll\/f) = L(H) and (_élm) > L(H)o.
1= i= 0

Proof. This follows immediately from Lemma 2.7 and Proposition 2.10. [ ]

3. COUNTABLE NESTS

LeMMA 3.1. If N; (i = 1,2) is a well-ordered nest in the Hilbert space H; and
all its atoms are finite dimensional, then there exists a nest N in H = H; ® H such
that N C My @ Ny, N is well-ordered and all its atoms are finite dimensional.

Proof. Assume that the order type of N; is a; + m; where «; is a countable
limit ordinal and m; is finite (i = 1,2); i.e, Ny = {c | kme el = 0,ci,_+ml. =1 and

c]- < cj+1. Assume L;- = Mc’; =) (MZ;) is the atom of N at c;'., then dim Lj- < 00

ai4m; i

and 3 ®Li=Hi(i=1,2).
j=1
Define M as the ordinal sum N = Z Nij, where M ; = {M}!®L? :

1gjgaztme
<tg<1}. (fmy=0,then N= 5 N ;U{H}) It is immediate that N has
1gjgoz
the required properties. a

ProPOSITION 3.2.
() IfN; (: = 1,2,...,k) is well-ordered, and all its atoms are finite dimensional, then

(8) = (40) tam

(i) If M; (¢ = 1,2,...,k) is well-ordered from above, and all its atoms are finite

(é/\&)A = (é/\&)(: = (QT)".

dimensional, then
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Proof. (i) By Lemma 3.1, we have a nest N2 in H; @ Hj, such that A2 is well-

ordered, all its atoms are finite dimensional and N} @ N2 D A2, By applying Lemma
3

3.1 to A2 and A3, we can find a nest A in ® H;, such that A2 is well-ordered, all
=1

its atoms are finite dimensional and

MONo@Ns DN @N3 D N3,

k
After k — 1 steps, we will have a nest A% in .®1 H; such that A* is well-ordered, all
1=

. . . . k
i1ts atoms are finite dimensional and _®1 N; D N*¥. Thus, by Theorem 1.1,
=

(.-él”‘): c (é”) c (W9 = (@D).

Assume the set of atoms of N is { L} }32, (i = 1,2,...,k). For a multi-index
koo
¥ = (j2,...,Jx), consider the nest M(y) = {M}@ [_@2 L;-_.] 0t 1} in the
1=

Hilbert space H(y) = H: ® (é L;, ) It is obvious that A'(y) is well-ordered, and

all its atoms are finite dimensional. Thus, by Theorem 1.1, N (7)* = (QT). \
Given T € (QT) and ¢ > 0, it follows from Lemma 2.1 that there exist K
compact, with ||K|| < €, and U unitary such that

UT-K)WU*= Y @A

.yeNk—l

where N denotes the set of natural numbers, A(;,.. 1) =T and Ay ~ A = Al®) for
v#(@1,...,1).
If A € ps—p(T) = ps—r(A), then

, 0, ifind(A—T)< oo
A—A)=
ind(A — 4) {m,mmu-m=

Thus, A, € (QT). By Theorem 1.1, Ay € N(v)" = N(v)5. Since ) @ H(y) = H
v

A
by Lemma 2.7, U(T - K)U* € (é .A/,) . Since K can be chosen of arbitrarily small
norm, = 0
k A
€ (,@ M) :
1=1 0

Hence, (® N) (® N) = (QT).
(ii) This follows immediately from (i) by taking adjoints. .
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If {N;}, is a finite family of countable nests not of the forms described in
Proposition 3.2, then either

(1) At least one nest has both an increasing and a decreasing sequence of atoms;
or

(2) At least one nest has an infinite dimensional atom; or

(8) Some nests (at least one) have the form of nests described in Proposition
3.2(i) and the others (at least one) have the form of nests described in Proposition
3.2(ii).

We need the following

A
LemMma 3.3. If(.él./\/,-) =L <

p

®1 H,'), and Np41, ..., Ni are countable nests,
o 2

then

(él/\f,-): = L(H).

Proof. We can assume, without loss of generality, that all atoms of N; (¢ =

= p+1,...,k) are one-dimensional. Denote them by { e;'-', };'-"',’=1. For a multi-index v =
k
= (Jp+1s---»Jk) € N¥*=?_ consider the nest N (7) in the Hilbert space Hy, ® [ ® efl] :
. £=p+1
k
N(')«):{M{’@[ ® efrt] : OstSI}.
€=p+41
p=1 A
Since A'(7) is unitarily equivalent to NV, [<.®1 M) ®N(7)] = L(H(7)), where
i= 0
k
H(y) (é H,-) ® [ ® efl]. Since Y. @ H(y) = H, by Lemmas 2.1 and 2.7 we
i=1 e=p41 yENk—»
have
k A
( ,v,,) = £(H). "
§=1 0

From Theorem 1.1 and Lemma 3.3, we obtain the following.

CoOROLLARY 3.4. Let {N;}E_, be a finite family of countable nests. If at least

one of them has both an increasing and a decreasing sequence of atoms, or at least
A

k A k
one of them has an infinite dimensional atorm, then (_®1N',;> = <.®1Afi) = L(H).
1= = 0

LEMMA 3.5. (Mo ®Ne)" = (Vo ® Moo )y = L(H).
(Here N, = {0; v [e}], (m=1,2,..); H, } , Nogs = {0; v [e]?], (m= 1,2,...)} ,
5=1 j=m

J

{e} 721 and {ef }52, are ONB of H, and H», respectively, and H = H; ® H,.)
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Proof. Let f;; = e} @€} (¢,j = 1,2,...). Consider the nest N (¢)

N() = {0; V {fes} (m > 8); [\/{fq}:‘ ® [V{f}',t}} ,
j=e j=e

j=m

(m > 8); [v {fe,j}] & [C’{fj,z}} } (£=1,2,..)).
j=t

j=¢
It is obvious that A(£) is unitary equivalent to Nz and, by Theoremn 1.1,
[o-] =] o0
(N(O)" = (N(9)5 = LIH(£)], where H(¢) = [.Ve{fl.j}] ® [_Vt{fj,e}} Since 3. @
j= i= =
® H(£) = H, it follows from Lemma 2.7,

(Mo @ N )N = (N @ Noe )8 = L(H). ]

PROPOSITION 3.6. Let N; be a countable nest with finite dimensional atoms in
the Hilbert space H; (i = 1,2,...,k). If at least one of the A;’s is well-ordered and
at least one of the N;’s is well-ordered from above, then

k A k A k
(@11\/.) = (@1M> = L(H), where H = ® H;.

= 0 i=1

Proof. By using Lemma 3.3, we can directly assume that k = 2, A} is well-
ordered and N> is well-ordered from above. Suppose the ordinal types of A} and A,
are a+m and B+ n, respectively, where o and 2 are limit ordinals, m and n are finite
(m,n > 0). Without loss of generality, we can assume that all the atoms of A; and
N> are one-dimensional. Assume that m > n'> 1 (the order cases follow by similar

argument); then
M=30 V {¢}0<i<a+m
0gji<e
and
Ne=350; \/ {ef},0<e<B+ny,

£gj<Ptn
where {e} : 1< j<a+m}and {e? : 1 <j<pB+n} are orthonormal basis of Hy
and Hg, respectively.

Consider the nests:

N(7)1={0; V {ghe=12.) V {e}}}

Y<I<Y+E v<i<v+w
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!

in the Hilbert space H (7%)1, where y(w < v < @) is a limit ordinal;
NE2=30 \ {e(=012..)
S4+L<i<Btw

in the Hilbert space H(6)2, where 6 is either 0 or a limit ordinal strictly smaller than

B
N(0)1={0; V {edhe=12,..0; \ {ef}

0gj<e 0gi<w
\/ {e;} ® V {e}} ) (e-'—‘l,?,...,m—n)
0Ss<w agj<ate

in the Hilbert space H(0);;

/Vi.'={0; V {fissr}, (1<L<a+m—n+h+1);
0gi<e

{ \/ {fi,p+h}:|69|: \/ {fa+m_n+h,j}],(0<e<ﬁ+h)}
[4

ogigat+m—n+h <i<B+h

in the Hilbert space Hj; (h=0,1,2,...,n— 1), where f; ; = e} ®¢f.
It is easy to check that N(y); ~ N, (w € v < @) and N(6)2 = Ny (w € 6 < ).
Thus, by Lemma 3.5,

N ()1 @N(8)2]" = IN (7)1 @ N(8)2]5 = LIH (7)1 @ H(8)2)]
By a similar argument used in the proof of Lemma 3.5,
N(0)1 @N(6)2]" = IN(0)1 @ N(6)2]8 = LIH(0)1 ® H(6)2], (w<E<B).

Note that A} (h =1,2,...,n) has both an increasing and a decreasing sequence
of atoms. By Theorem 1.1,

(M) = (W)o = L(H)

Thus by Lemma 2.7, it follows that

(élj\/.:)A = (él/\f.-)A = L(H). -

4]

The proofs of Theorems 1.3 are now complete. Indeed, Theorem 1.4(ii) is also proved.
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A

k
4. THE ANALYSIS OF N;
§=1 0

A
k
In this section we will analyze the set (_® M) and complete the proof of

1= 0

Theorem 1.4.

DEFINITION 4.1. Suppose that for each ¢ = 1,2,..., k, the nest A; has an atom
. . . k . k
E' = M*© M!, then the subspace E = ® E* of H = ®1 H; is called a quark of
i=1 i=

k
® M.
t=1
PRroPOSITION tl,\.2.
k
O)IKTe (® M) and oo(T) \ 0e(T)* # 0, then N; (i = 1,2,...,k) has at least
11 0

one atom.
(i) If for each i = 1,2,...,k, N; has only finitely many atoms L}, ..., L}  , and

m;
0<di=)Y_ dimL{ < oo,
i=1

then

k
where d = [] d;.
i1
k
Proof. (i) Given 0 < ¢ < 1, there exist A € alg (.®1 M) and U unitary such
3=
that T — UAU* € K(H) and ||T - UAU"|| < &.

If T is a Jordan curve contzining p points of oo(T) \ o.(T)" inside (counting
multiplicity), and I' N ¢(T) = 0, then T' contains inside p points of do(4) \ o (A)*
(counting multiplicity) and I' N o(A) = 0, provided ¢ is small enough.

k
Set F = 51;;/(/\ — A)~id), then F € alg (@IM) and rank (F) = p. (observe
r

that F is a uniform limit of polynomials in A.) For each ¢,1 £ ¢ < k, consider the

nest

Ny ={H1® - - @H.1®M!®@H41® - ®Hr : M €N, }.

It is obvious that F € algh;. From Lemma 3.5 of [2], there is a partition Ef,...,E!
of Ny so that for each 1 < i < s, either Ef is an atom or ||Fs|| = [|[EJFE]|| < e.
Assume the matrix of the p-rank operator F with respect to the decomposition H =
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= El @ ---® E? has the form
Fuy Ef

Fi/ Et

From [8], ¢(F) = {0,1} = U o(Fy;). If none of the E}’s is an atom, then ||Fi;|| < € <

i1
< land o(F;;) = {0} (:=1,2,...,s), contradicting U o(Fii) = {0,1}. Thus at least
one of EJ’s is an atom of . Therefore, N; has at 3l=e:\st one afom (¢=1,2,... Ic).
(i1) We assume N ~ U [a},b%,,], where 0 = af < b} < af < b <dj < < b,
<am'.sbm‘._*,l_landM;,eMbj-L; (i=1,2,...,k;j=1,2,...,m;). For the
subspazice M.,=®M(al i ] (v =(b,....6) € NE|1 < & < my,i=1,2,.. k),
we construct the nest A :

N’Y = {0, M(lal _ ,t]® <® M(az -1/ ) ’(aéx—l <tg b%l) ;

1 2
[M(a,l_l, 1@ (® M, ., 1)] ® [L,, O Mz, _,1® (® M, o, 1)] :
2 2y. [p2 koagi 1 2
((Lez_l <tg blg) ) [M(ail—l’bixl ® (igz M(aza-l’a:i] & [Lh ®M(a9 TR ®
o(& My .i)leltheriom, o8& My .
i=a (ag,_18] 2y £2 (a3, _1t] e CRRVC RS
k .
(af,-1 <t<B});...; My 0 (.®1 Lz;) ;M‘r}-

3=

This nest has exactly one atom L., = ® L}, with dimension d, = H de , Where

. i=1 i=1
d;; = dim L‘

In a similar way we construct the nest N} in the space M{ = ® M(‘at @i ]
—1:85,

(Y=, ... ) EN*, 1< <m+1,i=1,2,...,k, and somef ._m,+1 we
define @, ., = 1). It is not difficult to see N ¥ is a continuous nest.

N= YN+ ) A
Y Y

Set the ordinal sum

according to the order:
LNy <Ny or NI < NS, if by < £ or & =€ (j=h,h+1,...,k) and bhoy < £, _,
for some h (1 < h < k), (v = (b1, -, &),y = (44, ..., £1));
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2. Ny < N3 for all y and .

k
Thus A is a nest in the Hilbert space H with [] m; atoms {L,} where v =

i=1

k
= (b,...,8;) € N1 < 4 < mi(j = 1,2,...,k), and 3 dimL, = ]'Idi =d. (In

other words, the atoms of A/ are the quarks of @ N; in a suitable order.)

Consider the operator #'in (i). By Lemma 3 [2] there is a partition Fy, E,, ...,
E, of N such that for each 1 < i < p, either E; is an atom of N or ||Fi|| = || E: FEi]| <

P
< €. Let the matrix of F with respect to the decomposition H = ) @ E; be
=1

Y31 E,
F= F; E;
Fy] Ep

p

Then |J o(F;) = o(F) = {0,1}. If E; is not an atom, since |Fif} < ¢ < 1,
i=1

o(F;) = {0}. Thus, the pl’s, the cigenvalues of F', arc contained in the set U{d(F;) :

E; is an atom of N}, where d(F;) is the diagonal of F; with respect to some upper tri-

angular matrix representation in the corresponding space. Smce {E; : E; is an atom

of N} ¢ {Ly},p £ > dimE; € Y} dimL, = l'[dﬂ = d. Therefore,

E;is an atom
(@ M) C L(H)q. ]
From Corollary 2.11 and Proposition 4.3, we obtain the following

COROLLARY 4.3. If at least one of the nests {N;}f., is continuous, then
E A
(,@1/\&) = L(H)o.
2= 0

(This proves Theorem 1.4(ii).)
From definition 4.4 to Proposition 4.9, we will assume that A; =~ U [a§,bj- +1b
J=1

where 0 = a) < b} < af < by <abh <...< b, <aby, b,y =1land [} =
=M, oM ,1<di =dimLi <o0(i=1,2,...,m;1 < m <o0;i=1,2,....k).

k
DEFINITION 4.4. An s-tuple of quarks L = (L,, Ly,,...,Ly,),(1 s < Y mi—
=1
k
—~k+1), will be called a route of the tensor product .®1 N if for each pair of consecutive
1=
quarks L, and L.,,,,6it" = £ for all i(1 < ¢ < k) except for one index ¢, and
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S
£ = £ + 1. The cardinal number dr = 3 dy; will be called the dimension of the
i=1

route L, where v; = (&,...,£),1 < & < m;,1< i<k, Ly, = ® Le” y; = dimL,;
and 1 < j<s.
&,

k
LemMa 4.5. Let L = (L+,,...,L,,) be a route of ® N;, thendr > Y 5 db—
h=1i=¢}

—~k + 1, where d* = dimL?.
Proof. We prove the lemma by induction on the number s of steps.

k . k )
When s = 1,L = (Ly,),11 = (&,...,4) and dr, = [] d},. Since [] d}, —
i=1 =1
k
_El diy +(k—1) = (d_,)d% ... dfs+ (dfy, ~ Dy dfy + oo+ (g~ 1)dfy —

k=1
— > (d} —1) > 0, the conclusion is true.
h=1

_Suppose the conclusion is true for a s steps route and consider a s+ 1 steps route
L = (Ly,...,Ly,,,). Assume &*! = £2(i # ¢) and &*! = £ + 1. By inductive
assumption,

dp =Y dy, +dy,, > ZZd"—k+1+H s 2

i=1 h=1i=¢} i=1
k e’,l £l+l
>EZd§‘+d}+l—k+1=EZd"—k+1
h=1;=¢} - h=1 =g}
Thus the proof of the Lemma is complete. [ |

k
PROPOSITION 4.6. Let L be a route of the tensor product _®1./\/.~, then L(H)q, C
1=

5 A
< (tgl M) o

Proof. Case 1. First consider k = 2 case. Let L = (L,,,...,L,,) and 7; =
=(4,6),1<j<s

Note that each quark L,; corresponds to a point Py; = (a;{ , afg) €[0,1] x [0, 1].
Set P,, = (ael,O). Then the broken line Py P,, ...P,,, with the spectral measure
induced from E E, x Ej, determines a nest N in some subspace Hy of H =
= Hy® Hs. It is obvious that Nz has at least s atoms { L,; };-; and the sum of
dimensions of atoms is at least dr.

For each v = (£1,42), 0 < #1 < my, i = 1,2, consider the riest Afe ={0; Ma,‘ ot
(az, <t < b;,)} and the subspace Gy = (a 'bfl+1]®M 42,4 (if Gy = (O)Ifor
some %, omit it). It is obvious that ./\/'el1 t8>./\f122 is the tensor product in G,. Let 5] be
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the set of those N, @AV, ie. §1 = {NL @NE : v = (&,6) € A1}, where Ay is
some index set.

Consider the vertical segment V,(y = (5, £),1 < § < m3,0 < h < ma) determined
by the points (a],ah) (a},b3,,), and satisfying Vy Q P%P.yl ... Py,. If the point
(0}, 0}) € Pyy Py, ... Py, construct the nest AV, = {0; Llo ag ek St}
if (e}, a) € Py Py, - -+ Py, , construct the nest Ay, = {0; L M(‘z 2 (af <t <bE.o)}
Let S2 be the set of the N'y s,ie. Sa={N, : y€ A } where Az is some index set.

Consider the horizontal segment Z,(y = (4,5h),0 < j < my,1 < h < m2) deter-
mined by (aj, ah) and (b}, ,,0}), and satisfying Z, ¢ P.,DPA,l- - Py,. Construct the
nest A = {0; M}, t]®L (@} <t <bly;)}. Let Ss be the set of the Av’s, that is,
S3 = {N *ivE A3} where Aj is some index set.

Given T' € L(H)q4, and € > (, by using Lemma 2.1 we can find K compact, with
Kij <e,suchthat T— K >~T®( © A))®( @ By)®( & Cyn), where A, =~
YEA; Y EA2 T'€As

~ By =~ Cyn = A~ A®) for y € Ay,¥ € Az,7v" € A3. By Theorem 1.1, T €
€ (V1) and for all ¥ € A2, " € A3, By € (Ny), and Cyn € (N4n)8. By Propo-
sition 2.5, Ay € (N} QNG for all v = (6,€2) € A;. Thus from Lemma 2.7,
T e (MON2);.

Case 2. k> 2. Let L = (Ly,,...,Ly,) and 3; = (&,...,4),(1 < j < 5). Note
that each quark L.; corresponds to a point Py, = (ab, ey af,-) in the k-dimensional
1 k

unit cube H [0,1]);. Set Py, = (abn, cen a‘l’-i ,0). Then the broken line Py Py, -+« P,,,

i=1

with the spectral measure induced by E = ﬁ E;, determines a nest A’z having at
least s atoms {L., }{_, (the sum of the dime;:ilons is at least dp). Cut the unit cube
H [0, 1]); with the hyperplane z; = a},(j; = 1,2,...,m;;i = 1,2,..., k). In addition to
t,he broken line Py, Py, - - - Py, there is a finite number of small u-dimensional pieces
(1 € w < k): edges, faces,.... Each piece determines a subspace of H and a nest

(when u = 1) or a tensor product of nests; then, by combining Lemma 2.1, Theorem
A

k
1.1, Proposition 2.5 and Lemma 2.7, we deduce that T € (_@1.1\/,;) . n
= i)

From Proposition 4.6 and Lemma 4.5 we obtain the following

A M,

k
CoroLLARY 4.7. L(H), C ('®1 M) where p = Z d-k+1,d; = Z d” and

1= o
&= dimLi( =1,2,...,mi;i=1,2,...,k).

LemMMa 4.8. For each m > 2, there exists T ¢ L(R™) such that o(T) =
= {1,2,...,m} and for every permutation w of this set, T admits an upper triangular
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matrix representation

1r‘

m(1) ... tm )\ €
. w(2) ... 5, | €
0
n(m)/ e,
with respect to an ONB {en )iy, such that tf; #0 for1 i< j < m.
Proof. Let
1 t12 ... tim e
2 SN tgm €a
T=
0
m/ em

with respect to the canonical ONB {e;}/2,. The real numbers ¢;;(1 < i < j < m) will
be chosen later.

Simple computations show that ker(7" — 1) is generated by the unit vector g; =
_ . _ N N — 1 .
= ey, ker(T — 2) is generated by the unit vector g, m(tmel + e3), in general,
ker(T--n)(1 < n < m) is generated by a unit vector of the form g, = (1/gn) " (pn1e1+

+pn2e2 + -+ Pan-1€n-1 + eﬂ)y where dn and Pn1, Pn2y---,Pn,n-1 are p°lyn°mials
in the ti; ’s.
Given a permutation 7, we define the ONB {ef}7, by means of the Gram-

Schmidt orthonormalization process, as follows
e] =g
and, inductively,

-1 n-—1
e:—: = ||91r(n) - Z(gw(n))e;)e}r“—‘l gw(n) - Z(gr(n))e;)e; ) (n‘ = 2)3) ey m)
j=1 j=1

Observe that
n-1 m
Ju(n) — E(gw(n)a e}r)e;r = (\/ q'lr(n))_l ZP,’;,-C;' )
j=1 j=1

where p7.(1 € n,i < m) is a polynomial in the ¢;;’s.

m
Thus, e = (1/br(n)) (E d:ie,), where by(5),d%;(1 < n,i < m) are polyno-
i=1
mials in the #;;’s. It is not difficult to check that tf; = (Te],e]) = (q,J)‘"h,’r



274 ZONG Y. WANG

hg’j,qz’j are polynomials in the ﬂ-";;ll real variables t,,(1 € u < v € m). Note that

for
7(1) ...t \ €
_ n(2) ... tg'm ef{
0
a(m)/ e,

and 771, if we use the same process, the original ONB {e;} and the original matrix

1 t15 ... tim e
2 e t2m €2

T= .
0 m /) em

can be recovered.
We will prove that hJ;(1 < ¢ < j < m) is a non-identically zero polynomial. If

hi,;o = 0 for some 4, jo, we consider the operator
7"(1) 1 o 1 €1
T 2) cee 1 (4]
A = ( B . ;
0
w(m)/ em

then the Gram-Schmidt process yields

1 T2 ... Tim f1

2 cee Tom f2

A= . .
0

m / fm

for a suitable ONB {f;}7Z, and constants z;;(1 < 7 < j < m). Thus, [t;(z12, 213, .-,

.-y ®m—1m)] = 1; that is, if t;; = 2, then |t7;| = 1(1 < ¢ < j < m). This contradicts

15,5, = 0, therefore A; is always a non-identically zero polynomial (1 i < j < m).
Set P =[[{A}; : 1 < i< j < m,n runs all permutations}. It is not difficult to

prove that N(P) = {t = (t12,t13,...,tm-1,m) € R=GF P(t) = 0} # REF

Thus, every T with t € R =5 \ N(P) satisfies all our requirements. |

k A k myo

ProrosiTioN 4.9. (i) ('.:11\/,-) ¢ C(H)a-1 where d = .‘I—-Ix di,d; = Eld;,

i=1,2,... k ° ) "~
(i) IfN; (i =1,2,...,k) is maximal, then

k
(p::Zd,ﬁ—k-*-l).

A
Y i=1

L(H)ps1 & (él M)
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k
Proof. (i) Let E, be the sum of all quarks of .®1N',~. It is obvious that E, €
1=
k A k
€ (@1 N,) (in fact, E, € alg(.®1/\f,-)). Since the rank of E,; is d, Eq € L(H)a \
1= o =

A
L(H)g-1. Therefore, (® ./V) ¢ L(H)a-1.
(ii) Let Fy € L(RPTY) satlsfy the requirements of Lemma 4.8.:

1
F = . , andlet F = F &0();

p+1

k A
then I € L(H)p4+1. Suppose F € (® N.) ; then given ¢,0 < € < 1, there exist

A€ a.\lg( ® N;) and U unitary such that F — UAU* € K(H) and |F — UAU*|| < e.
By replacmg (if necessary) F by F/ = U*FU, we can directly assume that U = I. If ¢
is small enough, then the uppersemicontinuity properties of the spectrum imply that
o(A) = {\ 2] Uao, where |\ —i| = 0(e)(€ 1;i = 1,2, ...,p+1) and oy is included
in a closed disk of radius less then 1/2 centered at the origin; moreover, each }; is a
normal eigenvalue of A with dimension 1 [9, Chapter 1].

Let T be the (positively oriented) circle of radius p+3/2 centered at p+2. Clearly,
I'No(A) = 0, so that we can define

— 1 -1
_27ri/,\(,\ A)~1dA.
r

It follows that A’ € alg(él.l\/'.-),a(A’) = {0;\;}2F) rankA’ = rankF = p+ 1 and
la-af=oe).
Let g(\) be the only polynomial of degree p + 1 satisfying ¢(0) = 0,¢(Mn) = n,
(n =1,2,...,p+1); then ||g(n)—n|| = 0(¢) forn = 0,1,2,..., p+1. Thus, the operator
= q(4') € alg( é) N;) satisfies o(A”) = 00(A”) = {n}21},rankA” = p+ 1 and
IIA A < N4 = A+ |14 - A7) = 0e). X

1__i. _ -1 I_i/ - 1y—-1
E_M/(,\ Fy'ax and B = o= [0 477,
r r

then ||E — E'|| = 0(¢), ||E' — E™|| < ||E' — E|| + ||E* — E™|| = 0(¢). Thus, rankE =
=rankE’ = p+ 1 and ||A” — E’A'E’|| = 0(¢). Therefore, for practical purposes, we
can directly assume that A = A”,0(A4) = ¢(F) = {0,1,2,...,p+ 1} and rankF =
=rankA=p+1. "
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Consider the nest A constructed in the proof of proposition 4.2. Since N;(i =
=1,2,...,k) is a maximal nest, A is a nest in the Hilbert space H with d atoms {L,}

k
(corresponding to the quarks of ® A; suitably ordered), where v = (fy,...,4;) €
£=1
B ) )
€N 1K <d i=1,2,...,k Assume L, = [f,], fy = 9 ¢k, and Ly = [¢e} ].

k
Since alg (.®1M) C alghN, A € algN. By Ringrose’s theorem ([2] Theorem 3.4)
t=
the matrix of the p + 1 rank operator A, with respect to the decomposition H =
= (Ma,1,..1)© [faa,.nl)8lfu,..n] @ e (My e [f)alfy] 0 & (Ma,,..a,)0
Olf(as,....an))) ®lfa,....a)) ® (X & MJ), has the form

0 \ Mg, 8fa,,...0)
A@,L,...1) [f(1,1,...,1)]

0 Myo(fy]
A= Ay [f] )

0 0 Ma,,....a) © [f(ay,....a0))]
Addy,....dx) [fear,..dn))

\ 0 ) PN ﬂ/f.(y)

where for each j(1 < j € p+ 1) exactly one ), is equal to j, and the remaining ones

are equal to 0.
Denote by Ay(;) the j-th non-zero entry in the diagonal A. Our assumptions
about F indicate that there exists an ONB {e;}?3} of RP*! such that

A.y(l) $12 cer trppn e
A R 4
F= 7(2) 2,x?+1 6‘2 ©0()
0

Ayp+1)/ Epti

andt;; #0for1 i< j<p+1. Since ||E' — E™*|| = 0(¢), E' is “almost”orthogonal.
Thus, A has the form

Ay(1) @12 ... Q1p41 Fvq)
Ay o ezt | fr@) @ 0 L +0(e).
A= 0 - : : HO \/ Uxh]
* . . j=1

Mp+1) ) Frp+r)

Since ||F — A|| < €, we can find p+ 1 complex number 8;(j = 1,2,...,p+1) such
that |8;] = 1 and || f,¢;)—Bje;jll = 0(¢). By replacing f,(;) by ﬂj'lf.,(j), we can directly
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assume that ||f,;) —e;]| =0(e) (7 =1,2,...,p+1). Let asu = (Afyqu)s frs))- BY
using Lemma 4.8, Rea, , = (Fey,e;) +0(e) =t;u +0(c) (1<s<u<gp+1),and
therefore o 4 # 0 provided ¢ is small enough. Since (Afy(ut1): fr(u)) # 0, Afyu+1)
cannot be orthogonal to fy(u), and therefore Gyus1) O Gyw) (v = 1,2,...,p),

where Gy = ® (‘Y = (&1,.., %))

Thus, we have a strictly increasing chain of length p+1 : G,(1) C Gy2) C -+- C
C Gy(p+1)- But partially ordered (by inclusion) family { G, } does not include any

k A
chain of length p + 1. This contradiction indicates that F ¢ (.®1N,:) , that is,
1= 0

L(H)pss ¢ (éN) n

REEMARK 4.10. The following example shows that the condition of maximal nests
in proposition 4.9(ii) cannot be removed.

EXAMPLE. Let A} & N = [0,3]U[2,1] and & = dim(Mi © Mi) =2 (i =
3 3
= 1,2). It is not difficult to prove that L(H)p+1 = L(H)s C (M1 ®N2)5.

PRropPoOsSITION 4.11. Let N; be a nest in the Hilbert space /.fI,: with at least one
atom L' (i = 1,2,...,k). Assume, moreover, that (él./\/,) =L (él H,-) for
3= 0 2T

A
somep (1< p<k);then (é1M) =L(H)(H = '§1 H;).
1= 0 =

Proof. We proceed by induction on k. If k = p, the result follows from our

. +s—1 A p+s—1 . .
hypothesis. Assume that (p ® N,) =L ( ® H; ) By replacing (if necessary)
i=1 0

i=1
Np+s by a maximal nest, we can directly assume that dimZ?** = 1.

Let A,,, be the nest in the Hilbert space Hy,, = Hpys © LP** defined by
“collapsing” LP** to a point: Nj,, = {M € N,,.H : M P P Yu{Me Lrt* .
: M € Npjs and M D LP**}. Given T € L(H) and € > 0, by Lemma 2.1, there
exists K, € K(H), with ||K,|| < ¢, such that T — K. ~ T® A and A ~ A(®), 1t is
obvious that we can assume that A, is uncountable. Thus, since oo(4) = 0,4 €

p+s~1 A
€ [(Dé M) ®NI§+,] . On the other hand, by our inductive hypothesis, T €
0

i=1

prs-1 A\ phe-1 : pta-1
€ ( ® M) . But = ® A is unitarily equivalent to ( _®1 /V,) ® LP** because
1=

i= 0 i=1

. + . .
dimL?** = 1. By Lemma 2.7, T — K. € <p®a./\/'.> Since € can be chosen arbi-
=1

k A 3 °
trarily small and < ® M) is invariant under unitary equivalence, we conclude that
2 .
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P+ A +
( @3 M) =L (’?@a Hi). The proof of Proposition 4.11 is now complete. u
0

§z21 g
ProposiTioN 4.12. Let A; be a nest in the Hilbert space H; with at least
one atom (i = 2,3,...,k) and N. is well-ordered (or well-ordered from above) with

finite dimensional atoms. Assume, moreover, {N;}%.; do not satisfy the condition of
A

k
Proposition 3.2; then ('®1 A",:) = L(H).
3= o

Proof. Let N be a well-ordered nest. From the results in section 3 and Proposi-
tion 4.11, we can assume that k£ = 2 and that A is an uncountable nest with a finite

number of atoms.
Let L? be an atom of Az, and let L? = M3 © M2. Consider two nests:
M={MecN : M® P L%}
2={M?0 M?: M®>€ N, and M2 D L?}.
There are three possibilities:
1. M}, N2 are uncountale nests;
2. MV} is a finite nest;
3. NM# is a finite nest.
Case 1. Construct the nests
N={M'QL*: M e M}U{H1® M, : d<t <1}
N3 =L}\®N21 = {L}\@M M eN; )
NE=LioN:={LioM : MeN]} (AeA),
where { L] }aea is the set of atoms of A and A is a countable index set.

Given T € L(H) and ¢ > 0, by Lemma 2.1 there exists K. compact, with

i|Rel] < &, such that T — K ~ T (AEBA A,\) @ (AGBA Bx), where Ay ~ Bj ~ A(,‘°°).
€ €
By Theorem 1.1, T € (NV)}. Since og(A4x) = oo(Byr) = 0,4 € (N})4 and B, €
(N2)8 (Use Corollary 2.11). Thus by Lemma 2.7, T € (N} @ N2)3.

Case 2. Suppose the (finitely many) atoms of N} are { L?}I_,. Since NZ is
uncountable with a finite number of atoms, N2 contains some interval [a,b]. Choose
real numbers {¢; }5_, such that a < t; <t2 < --- < t, < b. Construct the nests

N ={M'QL:: M' e Ni}U{H1®M} 1 d<t<ty };
NP ={M'QL;: M e M }YU{H: @M, 5 : i<t <iz};

N={M'QL: M e M YU{H: @ Mf 5 t-1 <
NH = {MQL* : M e N YU{H @M, 4 : t, <1< 1)
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Given T" € L(H) and ¢ > 0, by Lemma 2.1, we have T — K, ~ T ® (ej}l A,:) ®

& (A%)AB)‘); where K. € K(H),||K:|| < ¢ and A; ~ B, ~ B,(\°°) (i=12,...,8)€
€ A). By Theorem 1.1, T € (N**1)4. Since a¢(A;) = ao(Bx) = 0, A; € (V)4 and
By € (N})§(i=1,2,...,5;A € A). Thus, by Lemma 2.7, T € (N; ® N2)}.

Case 3 follows by the same argument as in case 2.

Thus, when N is well-ordered, the conclusion is true. By using same argument,
we can arrive to the same conclusion when M1 is well-ordered from above. The proof
of Theorem 1.4°is now complete. u

5. FINAL REMARKS

L. As in [14], we say that a subspace £ of L(H) is a model for L(H) if every T
in £L(H) is unitarily equivalent to some operator in L.

In (5], T. Fall, W. B. Arveson and P. S. Muhly proved that algV + K(H) is norm
closed in L(H) for each nest N in Hilbert space H. Thus, by Theorem 1.1, if N/
is neither well-ordered nor well-ordered from above, with finite dimensional atoms,
algV -+ K(H) is a model for £L(H). This conclusion is still true in the tensor product
of nests case.

Lemma 5.1 (K. R. Davidson, personal communication). For i =1,2,...,k, let

k &
N; be a nest in the Hilbert space H; and let H = .®1 H;; then alg (.®1.N',' + K(H)
is a norm-closed subalgebra of L(H).

Froof. Since every nest is a completely distributive commutative subspace lattice,
from corollary 23.10 of [2] we have

k k
g ('@1M) - i@l(alg/vi)
By Theorem 23.7 of [2], (algN;) N K(H;) is weak* dense in algN;(i = 1,2,...,k).
k k
Therefore, .®1[(alg/\/}) N K(H;)] is weak* dense in alg (.®1 M) By Theorem 1.1 of
= =
Fall-Arveson-Muhly [5], alg (é M) + K(H) is norm-closed in L(H). [ ]
=1

Thus, with this lemma at hand, Theorem 1.3 can be rewritten as follows,

THEOREM 1.3’. Let N; be a nest in the Hilbert space H;(i = 1,2,...,k). Suppose
that neither all N;’s nor all Nt 's (N = {M~* : M € N;}) are well-ordered with

k
finite dimensional atoms; then the algebra alg (_®1 N,) + K(H) is a model for L(H),
g=
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k
where H = ® H;.
i=1

II. Instead of finite tensor products, we can consider the tensor product of a

countable family of nests.

DEFINITION 5.2. Let A be a nest in the Hilbert space H;(i = 1,2,...) and let
[e8)
H = @ H;.

(i) ® N is the complete lattice gencrated by the family of subspaces of H : { ® M
M“ € M(z =1,2,...) and M® = H; except for a finite number of indices ¢ };

(ii) alg (5@1 N) ={T e L(H) : LatT D 5§1M Y

(i) (®@M)* = {UAU* + K : U is unitary ,A € alg <§1N;) and K € K(H) };
(iv) (§1M>: = {T ¢ . L(H) : Givene > 0, there exists U, unitary, A, €
€ alg (§1N,~) and K. € K(H) such that ||K.|| < ¢ and T = U, A.U? + K. }.

PROPOSITION 5.4. Fori =1,2,..., let N; be Volterra nest in the Hilbert space
o0
H; = L%([0,1]) with Lebesgue measure (c.f.[2] p.23), and let H = .®1 H;; then
1=

[alg (i‘ié’;l,v,.)] NK(H) = {0} and (.:Z‘SIM): NK(H) = {0}.

Proof. Set P, = ® M; where M; = H;(i # n), M, = {f € L¥([0,1]) : f(z) =
= 0ae on[i 1]} (n = 1,2,...). Then it is not difficult to check that for each

subsequence { Py, }2,, we have

oo 0
VP,,,..—_Iand /\P,.,:O.

i=1 i=1
Thus by Theorem 1.1.4 of [7], [a]g (31/\/,)] NK(H) = {0}.
1=
A
Assume K € (Esl./\f,) N K(H); that is, given ¢ > 0, there exist K, € K(H)
3= 0
and U, unitary such that ||K.|| < ¢ and U:(K — K )U; € alg (SQ?IM) Since

alg (%&i)\f,) NK(H) = {0},U.(K — K.)U? =0or K = K.. Since € can be arbitrary
small, K = 0. n

A
k
We close this section with some open problems. It is immediate that (‘®1 M)
1=

o A
& o
is always a closed subset of L(H); moreover, so is (@ N,) in the cases when this
gl
0
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set coincides with L(H), L(H )4 (for some d 2 0), (QT) or (QT)*. As we have seen,

in the remaining cases, £(H)q4, C (%:M)
=

A
C L(H)g, for some d;,d, satisfying
0 .

1< dy <ds < o0,

i= 0

E A
ProBLEM 1. Is ( ® ./\/,) always a closed subset of L(H)?
1

A
PrOBLEM 2. Suppose N; is the Volterranest foralli=1,2,.... Is (23 /V.) a

A
norm-closed subset of L(H)? What about (%1/\/;) ?

= 0

The author conjectures that the first problem has an affirmative answer, but the

two questions of problem 2 have negative answers.

10.

11.

13.

14.

15.
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