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MODEL THEORY ON THE UNIT BALL IN C™

AMEER ATHAVALE

0. INTRODUCTION

In this paper we continue the investigations started in [4]. In [1] and [2] Jim
Agler provided a powerful approach to the model theory of operators by a clever syn-
thesis of the Stinespring Representation Theorem, the Arveson Extension Theorem
[3, Theorem 1.2.3] and some basic properties of the reproducing kernels of a special
class of functional Hilbert spaces associated with the open unit disk C. Some several
variables ramifications of this approach were explored in [4], where it was shown that
the program initiated in [1] and [2] can be carried out with some success for the model
theory of operator tuples of contractions by considering a special class of functional
Hilbert spaces associated with the unit polydisk. The purpose of this paper is to
explore in the same spirit the model theory of operator tuples whose Taylor spectrum
is contained in the closed unit ball in C™. The arguments here parallel those in [1},
[2] and [4]; one must, however, avoid the danger of reading too much into the results
in [4], since the results in [4] reflect some features unique to the unit polydisk. The
development of the present paper is geared toward obtaining an intrinsic character-
ization of those subnormal tuples whose Taylor spectrum is contained in the closed
unit ball in C™.

Section 1 fixes the notation and executes some preliminaries. Section 2 deals with
some extension results as interpreted in terms of the positive definite kernels associated
with the unit ball. Section 3 constructs a special class of functional Hilbert spaces M
of which the classical Hardy space and the Bergman space of the ball are prototypes.
Most of Section 3 deals with the discussion of the spectral and Fredholm properties
of the multiplication tuples M, on the spaces M. Section 4 interprets the general
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extension results of Section 2 with reference to the particular models constructed in
Section 3. Section 5 provides an intrinsic characterization of those subnormal tuples
whose Taylor spectrum is contained in the closed unit ball.

The author has done his best to avoid the repetitions of arguments present in the
earlier works; consequently the reader is required to have a thorough familiarity with
the work in [1j, [2] and [4). For the definition of the Taylor spectrum, the essential
Taylor spectrum and the Fredholmness of a commuting tuple of operators, the reader
is referred to [16], [17] and [7].

1. PRELIMINARIES

The set of bounded linear operators on a Hilbert space M will be denoted by
B(M) and H™) will denote the direct sum of M with itself n times. An m-tuple
(T1,...,Tm) of commuting operators in B(#) will be denoted by T; while T* will
stand for (T7,...,Ty,). Similarly, any m-tuple (21,...,2m) of complex numbers
will be abbreviated to z with z* having the obvious meaning. For any m-tuple
(s1,...,8m) of non-negative integers, T® will denote T;*Ty?...T3m, while z° will
stand for 2]*z3?...25. For any open subset G of C™, H(G) will be the set of holo-
morphic functions on G and L?{G, p) will be the set of square-integrable functions
with respect to the measure g on the closure G of G. The open unit ball and the
closed unit ball in C™ will respectively be denoted by B?™ and B?™; and $2™-! will
represent the unit sphere, which is the topological boundary 8B?™ of B2™, Most of
the notation will be clear from the context in which it appears. All the Hilbert spaces
occurring below are separable.

We begin by introducing a functional calculus for (T, T*), where the Taylor spec-
trum o(T") of T is contained in some open ball @ = {z € C™: |12 + . - - + |2mi® < 7%},
7 2 1. (The expression functional calculus is used in a somewhat liberal sense; it cer-
tainly is not meant to imply any algebra homomorphism.) It follows from Corollary
3.14 in [7] that o(T™) is contained in Q as well. If f(z,w) is a holomorphic function
on the Cartesian product Q x Q, then for any element u in A, interpret f(T,T*)u as

(1) (T, ) = (—2—5-)27 f My (w) / Mr(z) f(z,w)u dz| dw ,

Bn, nl

where 2, is some open ball containing o(T") and with the closure Q, in Q; 89, is the
surface of Q;; and Mr(z) and Mr.(w) denote the Martinelli kernels corresponding to
the commuting tuples T and T™ respectively {see (18], or [19], Chap. III, Prop. 11.1).
We note in particular the following consequences of (1).
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(8) ¥ p(z,w) = Z cs1z°w' is a polynomial in 2m complex variables (z, w), the

3,t :

(2) PT,T") =TT .

s,t

(b) If f1, f2 € H(Q) and f € H(Q x Q), then
(3) F2AT)F(T, T A(T) = o(T,T*)

where g(z, w) = f1(2)f2(w)f(z, w).

The interpretation of f1(T") and f2(T™) in (3) is well-known and (3) itself can
be deduced by verifying it first for powers of z and w and then noting that any f in
H( x Q) can be expressed as

f(z,w) = Za,gz’wt ,
3.t

where the series on the right converges uniformly to f on compact subsets of  x
[14].

DEeFINITION 1.1. An n X n matrix [g;;] of functions defined on B> x B?™ is
positive definite if for all positive integers p, all vectors C, in C(®), and all points A(")
in B*™(1 < r < p),

Z < GpsCr, Cs >em2 0,
1gregp
where G, is the n x n matrix [g,-j(/\("), A(’))] and where < .,. >¢(n) denotes the inner
product in C(™),

LeMMa 1.2. Let [g;] be positive definite as in Definition 1.1. Also, let g;;(z*, w)

be holomorphic on B2™ x B?™ for 1 €< i,j < n. Then for any r such that 0 < r < 1,
there exist functions fi;, 1 < i < n, 1 > 1, defined and holomorphic on rB®*™ such
that

o0

gij(zw) = 3 fi(z)fa(w) for 1<i,j<n,

1=1
and where the series on the right converges uniformly on compact subsets of (rB2™)x
x (rB?).

Proof. Refer to the proof of Lemma 1.2 in [4] and do some trivial modifi-

cations. |

For the sake of easy reference, we reproduce Definition 1.3 in [4] and present a

specialized version of Theorem 1.4 in [4].
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DerFINITION 1.3. Let 7' be a tuple of m commuting operators on a Hilbert
space ‘H. We say that T extends to S if there exist a Hilbert space K, S; € B(K))
(1 € i < m), and an isometry V' from M into K such that Range V is invariant for
each S; and T} = V*S;V for each i. (It then follows that p(T,T*) = V*p(S, S*)V for
any p(T,T"), p(S,S*) as in (2)).

THEOREM 1.4. Let T be a tuple of m commuting operators in B(H) and S a
tuple of m commuting operators in B{M;), where H and ‘H; are some Hilbert spaces.
Statements (i) and (ii) below are equivalent.

(1) There exist a Hilbert space K and a +-representation m: B(H,) — B(K) such
that w(1) = 1, (here 1 represents the identity operator) and T extends to m(S) =
= (7(S1), ..., 7(Sm))-

(ii) For any positive integer n and n? polynomials p;; in 2m complex variables,
[pi;(S, %)) = 0 in B(H™) implies {pi; (T, T*)] > 0 in B(H™),

Theorem 1.4 is indeed the essence of the complete positivity considerations un-

derlying the statements of extension results in Section 2.

2. HOLOMORPHIC KERNELS AND EXTENSION RESULTS

DEFINITION 2.1. An analytic model atom M over B®>™ is a Hilbert space of
holomorphic functions on B?™ satisfying the following properties.

(i) For any A € B>™; f g€ M and a ,8 €C, (af + B9)(N) = af(}) + Bg(N).

(ii) For any A in B?™, there exists a constant ¢y such that |f())] < ca|f]jm for
every f in M. Here || . ||m denotes the norm induced by the inner product < .,. >um
on M.

(iit) The maps (M, f)(z) = 2 f(2) define bounded operators on M.

(iv) M contains constant functions and the Taylor spectrum o(M;) of M, =
=(M,,,..., M;,) is contained in B>™.

Note that by virtue of (ii) above, there exists for any A in B?™, a function « in M
such that f(A) =< f, kx > forevery f in M. The kernel functions %, give rise to the
kernel x(), ) of M defined by (A, ) = k,+(2). Note that k(A, u) € H(B?™ x B2™);
s will be referred to as the holomorphic kernel of M.

DEFINITION 2.2. An analytic model atom M over B?™ is called regular if it
satisfies the following propertics.
(i) Polynomials in z are dense in M.
(ii) The kernel (), g) does not vanish anywhere on B?™ x B>™ and is symmetric;
that is, £(A, p) = sy, A).
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(iii) The operator tuple A — M, = (\y — M,,,...,Am — M;,) is Fredholm for
every A in B2™,

The Hardy space and the Bergman space of the ball are well-known examples of
regular analytic model atoms over B2™ ([7], [9]).

LEMMA 2.3. Let M be a regular analytic model atom over B?™. Then for any
positive integer n and n® polynomials p;;, [pi; (M}, M;)] > 0 in B(M®™)) if and only
if [pi; (2*, w)k(z*, w)] is positive definite.

Proof. Argue as in proposition 2.5 in [1]. [ |

Using Lemma 1.2, 2.3 and Theorem 1.4, one can prove Theorem 2.4 below. For

details, consult the proof of Theorem 2.5 in [4].

THEOREM 2.4. Let M be a regular analytic model atom over B> with the
holomorphic kernel k. Let H be a Hilbert space and let T be a tuple of m com-
muting operators in B(H) such that the Taylor spectrum o(T) of T is contained in
the open unit ball B?™. If %(T, T*) > 0, then there exist a Hilbert space K and a
*—representation w: B(M) — B(K) with m(1) = 1 such that T extends to 7(M}).

THEOREM 2.5. Let M, k, T be as in Theorem 2.4. Suppose that % extends to
a holomorphic function on a neighborhood of B>™ x B?™. Then statements (i) and
(ii) below are equivalent.

() (T T >0

(ii) There exist a Hilbert space K and a *-representation n: B(M) — B(K) with
7(1) = 1 such that T extends to n(M}).

Proof. Consult the proof of Theorem 2.6 in [4]. |

3. A CLASS OF REGULAR ANALYTIC MODEL ATOMS OVER B2m

The holomorphic kernels of the Hardy space and the Bergman space of the unit
ball are respectively

m — 1)! 1
( 27r"') (1-z1wg — - = zZmw)" and
m! 1
™ (1 = 21wy — = Zwp)™
This suggests that we consider the functional Hilbert spaces M4p Whose holomor-
phic kernels are given by 1 75 (P 2 0). (The constant factors
1— 21w — = Zm W)

are of no particular significance for the discussion of the extension results to follow.)
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1

Note that for z, w in B?™, 1 +
(1-zwy — - = 2pwm)"™*?
+ (m+p)(m+i~'fk1) (m+p+IL|—1) b, where k| = kit
k120,....km 20,k £0 1:K2
4+t k.

kylee k!
T m+p)(mtpt -1
define M, ., to be the set of all those power series f(z) = Z axz* for which ||f||? =

Letting em4p,0 = 1 and €myp,i otherwise, we can

= Y lar|%em4p,x < 00. (The definition of the inner product on Mp 4, is obvious.)
We plan to show that the multiplication tuple Mm4p; 0n Mmyp ; is subnormal
(see Definition 5.1 below). This will be accomplished by realizing Mm4y,. as the
multiplication tuple on H2(m4p), where HZ(7m4p) denotes the completion of the set
of polynomials in L2(8%™, 7)n4,) and where fmp are some suitably chosen measures
supported on B*™. Noting that under the transform (z1,...,2m) = (|21)% . .., [2m}%),
B82™ gets mapped onto the closed simplex P = {eeR:2,20,...,2;, 20,1 -2,—
= .o — Zm;m > 0}, we start by solving the following moment problem: Find measures
Vm4p upported on the closed simplex P such that

Emtpk = Lmkdum+p(z) .

We illustrate the argument for m = 2; it easily generalizes to higher dimensions.
Choose v340 to be the lincar measure supported on the edge £ = {z € R™:2; >
20, 22 20, 1 =21+ 22} of the simplex P. It easy to see that

1
/ ek duy o(21, 22) _/ i (1 —z))*de; =
P 0

_ kalk!
T (ki k2 + 1)

For p > 1, choose dvz4,(z) = p(p + 1)(1 — 21 — z2)?~1dz1dz,, so that

= €240,k -

ki k
/ zy 25 dvayp(21,22) =

1- -
= / / 252 (1 — z; — 2P 'p(p + 1)dz;dz, =

= / £ (1 = 2y)PH52 B(ks + 1, p)p(p + 1)dey ,
0

where  denotes the standard beta function. This further reduces to

/ 2y 25 dvatp(21, 22) =
P
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=fB(kr+1,p+ k2 +1)B(k2 + 1,p)p(p+ 1) =

_ kl(p+ k)l kl(p— 1)
T (p+1E[+ 1) (p+ ka)!

plp+1) = eappk -

Define
dNm+p (rlei"‘, . r,}.em"‘) =
dé, dé, dé
—_-de.'.p(f’lz,...,?'fn 5%—2—7(2—: .

It is clear that for p > 1, 94, has B2™ for its support and M 4p,. can be identified
with M, on H%()m+p). The case p = 0 is the well-known case of the Szegd tuple on
the Hardy space of the unit ball. Our observations above can now be summarized in

Proposition 3.1 below.

PROPOSITION 3.1. For p > 0, Myyp . on Mmy, is a (cyclic) subnormal tuple
with 6(Mpm4p,.) = B*™.

PROPOSITION 3.2. For p 2 0, Myp4p,; on My, is essentially normal; that is,

M, Mmipzi — Mmap; My, .. is compact for all i and j.
Proof. Again we illustrate the argument for m = 2. Suppressing the notation

em4p k tO €r, we see that for &y > 1, as |k] — oo,

C(kit1ka) _ _E(kika) _ pt+ka+1 c—1 5.
€(kiks)  Eki-1ka) (PH[E[+1)(p+kI+2) " p+k[+2

€(1,ks) _ 1

k) P+kat+2
of M;, to e, this shows that M, M., — M, M is compact. Other commutators

may be checked directly or one may appeal to the symmetry of the situation. ]

— 0. By the obvious relationship of the weights

and as ky — 00,

ProprosITION 3.3. Forp 2 0, My, 4p, . o0 My is irreducible; that is, Mpyp 2,
do not possess a common non-trivial reducing subspace.

Proof. This follows directly from Coroilary 13 in [11). |

For p 2 0, let Py, denote the projection of LZ(B2™, n4,) onto H?(m4p). For
any continuous function y defined on B2™, indicate for p > 1 the Toeplitz operator
Prtp(f) (f € H:(fm+p)) by Tm4px- For any continuous function ¢ on S?m=1
similarly interpret Tpn40,0.

LEMMA 3.4. For p > 1, Tnipx compact implies x/S*™~! = 0. Also, Trm4o,e
compact implies ¢ = 0.

Proof. The cases p = 0 and p = 1 are dealt with in Lemma 2 in [6). For
P 2 2, argue as in Lemma 2 in [6] with the volumetric measure 7,41 there replaced

by Mm+p- N
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LEMMA 3.5. Let {fm+p,x }x denote the orthonormal basis in H*(nn4p) and Up 4
denote the unitary transformation defined by

Upgfmigk = Sfmapk
Then for any p, ¢ 2 1,
UpgTrmtp.xUpg = Tmggx + Kpo(x)
where K, 4(x) is a compact operator. Also, for any p > 1,
UpoTm+p,xUp.0 = Tmso,0 + Kpo(x)

where Kp o(x) is a compact operator and where ¢ = x/S?™~1,
Proof. Argue as in Lemima 3 in [6].using the weights obtained from emypr. &

ProposITION 3.6. For p > 0, the essential Taylor spectrum o.(Mm4p,.) of
Mmtp,: 00 Mumyp is the unit sphere S¥™~1,

Proof. The assertion is well-known for p = 0,1 ([7], [9]). For p > 1, using
Proposition 3.2, 3.3, Lemma 3.4, 3.5 and arguing as in Theorem 1 in [6], it follows
that the C*-algebra C*(Mm4p,: ) generated by Mp4p :; contains the algebra of com-

pact operators K(Mp4p) and C(Mmipe) i isomorphic to C(S?™~!), the space of
I{ Mm+p

continuous functions on $*™~1. In particular ge(Mm4p ) = S?™-1. [ ]
All of our observations above are summarized in Theorem 3.7 below.

THEOREM 3.7. For p > 0, let M4, be the functional Hilbert space whose
holomorphic kernel is given by 1/(1 — zywy — -+ = zmwm)™*?; z,w € B?>™. The
multiplication tuple Mmyp,. o0 Mumyp is an essentially normal irreducible (cyclic)
subnormal tuple with o(Mp,4p,;) = B?™ and 0.(Mpm4p,;) = S?™-1. In particular,
for any p 2 0, My, is a regular ahalytic model atom over B%™,

REMARK 3.8. It was shown in [10] that each My, 40,;; can be identified with the
direct sum e M; ., where each M; ; denotes multiplication by the single variable z

on a welghted Bergman space of the unit disk, indexed by k. It is left to the reader
to verify that for any p > 1, a similar statement is true for Mpm4p 2, -

REMARK 3.9. For m = 2, suppressing the dependence on 2 + p,
. . 2
inf {e(hﬂ'kz) + e(k”k°+1)} = -—2— > 0. Also, agreeing to interpret ex-
(8120 { €(ky k) €(ky, k) p+2

1/2
. . €(k1,k2) €(ky,k2) 1
ressions like —(ﬁiL to be zero, mf { ( + } = —= > 0.
P €(0-1,k2) ()50 L €(ky~1,k2)  €(ky,ka—1) Vp+2
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It follows from Corollary 4.3 in [9] that Ma,, . has Fredholm index equal to —1. (Here
the Fredholm index of a commuting operator tuple T is understood to be the negative
of the Euler characteristic of a certain koszul complex associated with T (see {7]).)

4. APPLICATIONS

Using the regular analytic model atoms constructed in Section 3, we can now
derive some interesting extension results for commuting operator tuples.

THEOREM 4.1. Let T be a tuple of m commuting operators on H such that
o(T) ¢ B?™. Then (1~ zyw1 ~ - -+ = 2w, )™ P (T, T*) > 0 if and only if there exist
a Hilbert space K and a *-representation m: B(Mm4p) — B(K) such that =(1) = 1
and T extends to n(My,,, ).

Proof. This is a direct consequence of Theorem 2.5. ]
The reader may want to decipher the positivity conditions in Theorem 4.1 for
p=0and p=1.

THEOREM 4.2. Let T be a tuple of m commuting operators on M such that
o(T) ¢ B%™. The statements (i) and (ii) below are equivalent.

(1) (1 — zyw1 = -+ - = 2w )5(T, T*) > O for all k such that 1 < k< m+p.

(ii) There exist a Hilbert space K and a x-representation m: B((Mm4,) — B(K)
such that 7(1) = 1 and T extends to (M, . ).

Proof. We first show that (ii) implies (i). Provided (ii) is true, appealing to

Lemma 2.3 for the case n = 1, £(z,w) = 1/(1 — 21wy — -+ + = zZmwn )™ and
pij(z,w) = (1 = 23wy — - — Zuwm)¥(1 < k& < m + p), we see that (1 — zyw,~
— = 2w )* (1(Myy, 15 5), T(Mmip,2)) 2 0 for 1 < k < m + p. Since T extends
to m(Mpy,, ), however, it follows that (1 — zyw1 — -+ — zmwm)*(T,T*) > 0 for

1€kLm+p.
Conversely, suppose (ii) is true. By the spectral mapping property of the Taylor
spectrum, o(rT) C B2™ if 0 < r < 1. Note that

(1= 21wy =+ - = 2 W)™ P (rT, rT*) =
=(1=rlziw; — - = 22w, P (T, T*) =
=((1=z1w1 — -+ = 2mw) + (1 = P z1wy + -+ (1 = 12) 2w Y™ (T, T*) .
Now appeal to (3) and argue as in Theorem 3.1 in [4]. |

For an arbitrary tuple T of m commuting operators, we agree to interpret
p(z,w)(T, T*) as in (2).
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THEOREM 4.3. If (1 —z1w;y — -+ - = 2 wn )(T, T*) 2 0, then T extends to n{M}),
where M, denotes the multiplication tuple on the Hardy space of the unit polvdisk
in C™; and = has the usual meaning.

Proof. Note that {1 - zjwy ~ -~ 2w (I, T* )= 1 -V Ty — - =TT, Itis
an oxereise in elementary algebra that the positivity of the last expression guarantees
the positivity of (1 =z w1) 1 (1= zwg)*2 - - (1 = 2w ¥~ (T, T*) for 0 < k5 € 1 (1
£ j < m). One can then invoke Theorem 3.1 in {4]. [ ]

REMARK 4.4. It was observed in {4] that the extension of T' to #(M) where M,
is as in Theorem 4.3 is equivalent to the concept of regular unitary dilation of T (see
[13]). The reader is urged to compare Thcorem 4.3 to Proposition 9.2, (iii) in {13].

QuesTioN 4.5. For m» > 1, can one obtain any interesting extension result
analagous to the one in Theorem 4.3, corresponding to the conditions (1-zjwy—-- - -
~z2mwm J¥(1,T*) 2 0, 1 < k < p; where p is some integer satisfying2 < p< m— 17

REMARK 4.6. We illustrate a partial answer to the above question for m = 2.
Supposing o(T1), o(T2) C D and (1 — zyw; — zzw2)¥(T,T*) > 0 for all k such that
1 £ k £ p; one can easily check the posivity of

(1= 23w )P(1 = 20w YT, T*) =

= ((1 = z1w1 ~ z2wa) + nnwyzow)P (T, T*)

and then appealing to Theorem 2.5 in [4] conclude that (71, T2) extends to (x (M),
w(M)) on H*(up) ® H?(up) (see [4] for the notation). (Note that the condition
o(T1,T>) C B* will certainly guarantee a(T}), 0(T2) C D by the projection property
of the Taylor spectrum.)

5. COMMUTING NORMAL EXTENSION

DEFINITION 5.1 Let T be a tuple of m commuting operators in B(H). If there
exist a Hilbert space KX D H and m commuting normal operators Ny, ..., Ny, in B(K)
such that T" extends to N = (Nj, ..., Ny,), then T is said to be subnormal and N is
said to be a commuting normal extension of S.

An intrinsic characterization of subnormal tuples of contractions was provided in
{4]. The following is the analog of Theorem 4.1 ia [4].

THEOREM 5.2. Let T be a tuple of m commuting operators in B(H). Statements
(i) and (ii) below are equivalent.
(i) T' is subnormal with o(T) C B?™.
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(i) (1 = zywy — - - — 2w )¥(T, T*) > O for all positive integers k.

Proof. We first show that (i) implies (ii). Thus let T" be subnormal with (T C
C B> . Let N on K be the minimal normal extension of T so that K is the smallest
reducing subspace for N containing M. It follows from the spectral inclusion property
(see [15]) that o(N) C o(T).

If Py denotes the projection of K onto H, then

(1- 2wy — = Znwn) (T, T*) = Pyy(1 = NJNy — - = N3 Ng )5 /H 2 0.
(Note we used the fact that N;N} = N} N; for all i and j.)
Conversely, suppose (1 — zjw; — -+ - — Zmwp ) (T, T*) > 0 for all k > 1. For any
integers k; 2 0 (1 < ¢ < m), and o equal to 0 or 1,
m
(A= z1w1 = - = zmwp)® [[(1 - zewi))(T, T*) =
i=1
m
=((1-zn1w1 — - = z2pwm)” H((l —-Z W) — = Zp W )+
i=1

+2w 44 5wt Zmwm) )T, TT) 20

where ~ denotes omission.

By Proposition 5 in [5], T is a subnormal tuple of contractions satisfying the
integral representation T**T* = / z* dp,. (z), where k is any arbitrary tuple of non-
negative integers, and p  isa uni(ﬁle operator-valued probability measure supported
on the simplex P={z €e R™:2, > 0,...,2m 2 0,1—21—22—---—2m» 2 0}. f Non
K is the minimal normal extension of T, then denote by E(z} the spectral measure of
N. For any Borel set A in R™, define E'(A) = E({z € C™:(|z1]%,..., |zm|?) € A}).
Referring to the proof of Theorem 3.2 in [12], it is clear that p_ may be identified
with Py E'(.)/H where Py is the projection of K onto H. Since E’ (support of p, ) K
is reducing for Ny,..., N,, and contains M, it follows from the minimality of N that
E’ (support of pT) K = K and hence the support of p__ is the same as the support of
E'. But this clearly means that o(N) is contained in the closed unit ball B2™. It was
shown in [8] that the Taylor spectrum of a subnormal tuple must be contained in the
polynomial convex hull of the spectrum of its minimal normal extension. Since B2™
is polynomially convex, however, it follows that o(T) must be contained in g™, m

It is pointed out that the discussion of Section 4 attempts to provide interpreta-
tions of conditions (ii) in Theorem 5.2 as truncated.

To recapitulate, the work in [4] and the present paper constitutes an effort to
understand some aspects of the model theory of operator tuples with reference to two
important Reinhardt domains in C™, the unit polydisk and the unit ball.
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