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SUBFACTOR OF THE HYPERFINITE II, FACTOR
WITH COXETER GRAPH E; AS INVARIANT

JOCELYNE BION-NADAL

INTRODUCTION

An important problem in the theory of von Neumann algebras is the classification
of the subfactors of a type II; factor.

A crucial step was made by V. Jones [2] by the introduction of the notion of
index [M.N] of a subfactor N of a type II; factor M. Subsequently he defined a .
finer invariant, namely the derived tower M; N N’ C M;y1 NN’ of N C M, where
NCM=MCM CMC...C M;C...isthe Jones’ tower. He proved then that
in case [M : N] < 4, the graph canonically associated to this derived tower is a Coxeter
graph of type A,, D, or Eg, E7, Eg whose norm is [M : N]¥ ([1], paragraph 4).

The A, are realized by the von Neumann algebra M generated by the (e;), >1
and the subfactor N generated by the (e;); >, ([2], paragraph 4). The question of
the realization of the others was left open. A. Ocneanu has announced at conferences
in 1987 and 1988 that the graphs which can be realized are exactly the A,, Ds, and
Es and FEg; but he has not yet presented the details of his proof of his result.

The purpose of this paper is to present an explicit calculation of an example
of a subfactor of index < 4 with the (Jones) Coxeter invariant Eg. This not only
proves that Fg is realized as the principal graph associated to a pair of hyperfinite
subfactors with index < 4, but also shows how to calculate the derived tower or
principal graph in a concrete case. Here the von Neumann zalgebras N and M (N C
C M), are obtained in a natural way from finite dimensional von Neumann algebras
whose inclusion diagram is already Es. The method of the construction and of the
computation of the derived tower can also be applied to other Coxeter graphs to
decide whether they are realized, but the computation might become lenghty. I am -

presently working on the generalization.
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In the same time, Shingo Okamoto has also computed the derived tower for
other examples of Jones’ subfactors but in the case of index > 4. His algorithm of
computation cannot be applied to the case of index < 4.

After recalling some results, in the first part of this paper we describe a general
construction of a factor M and a subfactor N starting with any given Coxeter graph
of type A, D or E. Then we prove that we can use unitaries of the Hecke algebra
generated by the e; to compute in general the tower of relative commutants: MAN "=
=CCMiNnN' CcM,NN'C...

In the second part of this paper we complete the computation in the case of
the Coxeter graph Eg. We prove that in that case M\iNN' ~C® C, M\;NN' ~
o~ M>(C) ® C @ C; so the derived tower is:

NNN MNN' M,NN' M,NN' M,NN' MNN'

Thus the principal graph associated to N C M is the graph Ej.

I would like to thank V. Jones for encouragement and fruitful discussions.

I also thank the referee for usefull comments.

0. PRELIMINARIES

We will recall first some definitions and results.

1. The basic construction of V. Jones ({2}, paragraph 3).

Let N C M be factors of type II;. Let tr be the normalized trace on M. We
denote by e; € £L(L?(M, tr)) the projection associated to the conditional expectation
from M to N and by M; = (M,e;) the factor generated by M and e;. This is the
basic construction defined by Jones. Now this basic construction can be iterated to
obtain the Jones’ tower N C M C My C My = (My,e3) C M3 = (Ma,e3) C ...

The projections e; satisfy the relations: eje;y1e; = Te;, eiei_1e; = Te;, eiej = eje; if
| — 3] =2 with % =[M : N].

V. Jones proved also that the same results are true when one starts with M and
N finite sums of finite dimensional factors, provided one chooses on M and N the
Markov trace.
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2. The derived tower ([1] chapter 4 paragraph 6).

Let N C M be factors of type II;. The derived tower AM/ON defined in [1] is
the chain of algebras: C=N'NNCN'NMC.---CN'NM,C---
The derived tower has the following properties:

-— the inclusion N’ N My C N’/ N M4, is connected.

-— if we note A the inclusion matrix for N' N My C N’ N M4 then the matrix
Ak.+1 has the form (A} A) where A has no column of zeros.

The principal graph T of N C M is defined as follows ([3] paragraph 2).
Let &> 0 denote by pi41 the central support of e in N/ N Mg41. Then N/ N My,
consists of the “old” part pry1(N’' N Mi41) which is isomorphic to the canonical
extension corresponding to N'N Mj_1 C N’ N M}, and a “new” part (1 — pr41 }(N' N
NMi41). The subgraph corresponding to the new parts:

NIﬂN=c—-*NInM—+(1—-p1)(N'nM1)——*(l—pz)(N’ﬂMz)ﬁ..

is called the principal graph of the inclusion N C M.

The principal graph T is connected, has a distinguished vertex * the unique vertex
on floor 0 and the pair N C M has finite depth iff T is finite. Moreover if [M : N] < 4,
then the principal graph is a Coxeter graph of type A,, D, or Eg, E7, Es.

3. Commuting square [6] and [7]

The notion of commuting square is due to Popa.

A diagram
¢, C B
U U
Co C By

of finite von Neumann algebras with a finite faithful normal trace tr on B is a
commuting square if the diagram

Ec,

C1 By
U U
Ec,

C() — Bo

commutes.

1. CONSTRUCTION OF THE FACTORS N AND M

1. Construction of N ¢ M

Consider a connected pair A C B of finite dimensional von Neumann algebras
with inclusion matrix A. Let 8 = ||A]{? and assume that 8 < 4. Let B; = (B, e1) be
the basic construction obtained from A C B.
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Write 8 =2+1t+ % and define uy =te; — (1 —e;). .

LEmMaA 1.1:
(1) w1 is a unitary, uy € (B,e;) N A'.

(ii) the square
ulBui'l C (B,el)

U U
A C B

is commuting.

Proof. i) B < 4 so from ([2] paragraph 4) 8 = 4 cos? (%) for some integer n > 3.
Then |t} = 1 and u; is unitary.

(i) Denote by Ep the conditional expectation: (B,e;) — B and E4 the condi-
tional expectation: uy Buy! - A.

Vb € B, Ep(uibuy?) = Ep((t + 1)ey — 1)b((t™* + 1)e; — 1)) =
= Ep((t+1)(t"" + 1)esbe; — (¢ + 1)ber — (1 + 1)eab + ) =
=Ep (-}_—EA(b)el - (t’1 + 1)bey — (t+ Derdb + b) =
= Ea(b) — (t7! 4+ 1)br — (t 4+ 1)br 4+ b = E4(b).

But u; commutes with A so E4(uibuy?) = Ea(b).
This proves that the restriction of Eg to ulBul'l 1s equal to E4. So the square
is commuting.

Now we go on with the basic construction for the second column.(BLge l). Note
By = B and B; = (B, e1).
For j > 1 we get Bj41 = (Bj,€ej4:) which we endow with the Markov extension of tr
from B; to Bjiy. Setting Co = A and C) = ulBufl for j > 1 we denote by Cj41 the
subalgebra of B;j ) generated by C; and ej41.
At each step we obtain a commuting square ([1] chapter 4, paragraph 2). As Bjy, is
obtained by the basic construction (applied to Bj_1 C B;), the inclusion matrix of
B; C Bj4 is alternately A* and A ([2) paragraph 1.3). Furthermore by [1] paragraph
4.4, Cj41 is the result of the basic construction for the inclusion Cj_; C Cj, and
the inclusion matrices for C; C Cj+1 (and also those for C; C B;) are alternately A
and A’

Now let M = (UB;)" be the von Neumann algebra generated by the B; and
N = (UCj)"” the von Neumann algebra generated by the Cj.
This construction was first introduced by V. Jones.
Necessarily the trace vector #; on By; (respectively §; on Bpj41) and on Chjyy (te-
spectively on Cyj42) is a Perron Frobenius vector for the matrix A*A (respectively
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AAY). So there is a unique normalized trace on M and on N. It follows that M and
N are factors of type 1I;.
We now want to compute the derived tower IM/ON.

2. Method of computation of the derived tower.
To do this we proceed with the ba51c construction for the inclusion N C M. We
note fi,...,fn the projections giving the successive basic constructions. We obtam

the following diagram T

Ci+1=(Cj,ej41) C Bj41 = (Bj, ej41) C(Bj41, f1) C --- C(Bj+1, f1,---, fa) C
U U U : U
U U U U
C2=(Cr,e2) C By=(Bies) C (B2, fi) C -+ C (B2, f1,.--,fn) C
U U U U
Ci=wiBuf'! € By=(Bye)) C (Bi,fi) C - C (By,f1,--,fa) C
U U U U
A C B C (B,fi) ¢ ---C (B,f1,.--,fa) C

It is then easy to see that the restriction to each line j that is C; C B; C
C(B;,fi)C...C(Bj, f1,...,fa) C ...is at each step the basic construction ([9]).
So the inclusion diagrams are alternately given by A and A* ([2] paragraph 1.3.).
And also it follows from ([1] proposition 4.1.2) that we always get commuting squares.
The computation of the first terms of the derived tower is simple. Indeed we prove

the following lemma:

LEMMA 1.2.
(l) [JW:N]z[B:A]z
(i) MNN'=Cand MyNN'2C®Cor MyNN' 2CHCHC

Proof. (i) From a result of Wenzl ([9] theorem 1.5), it follows that [M : N] =
= t51/ll1 = Il So [M : N = (B : 4] =
(ii) N'NM = C by [2] Corollary 2.2.4. Pimsner and Popa have proved ([5] Proposition
1.9) that the trace of each minimal projection in My N N’ is greater or equal to 7. So
if n 1s the maximal number of orthogonal minimal projections in M1 NN/, nT < 1i.e.
ns - =[M:N}<4. Son=2o0r3 (n#1 because M # N).
If n == 2, as fi is a central projection in M; NN’ necessarily MyNN' = Cf,&C(1-f1).
If n = 3, the trace of each minimal projection is < 27. Again from a result of Pimsner
and Popa ([5] Proposition 1.9) it follows that each minimal projection is central. So
in that case MNN'~CoCoC. [ ]
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To compute the higher terms of the derived tower M /AN we will use the follow-
ing lemma of Skau as it is formulated by Goodman, de la Harpe, Jones ([1] Theorem
4.4.3).

LEMMA OF SKAU. Let C and D be finite direct sums of finite factors. Assume
[D:C)<4. Let CCDC(D,e;) C...C(D,e1,...,eq) C ... be the iterated basic
construction. Let Do, be the von Neumann algebra generated by D and the (e;)ien-
then

Do, N{ey,er,...}'=C

CoROLLARY 1.3. Let N and M be the factors of type II; defined before.

M;NN'= (B, fi,..., iy (v Bu7').

Proof. MiNN' = (B, f1,..., fi,€1,.--,€n,..Y"N(u1Bui !, ea,...,e,). Weapply
the lemma of Skau with D = (B, f1,..., fi,e1) and C = (B, fi, ..., f;). The first basic
construction is then given by ¢,.

So (B, f1,..., fi,e1,-..,en,...)' N{ea,...,€n,...} = (B, f1,..., f;) and then

M;AN' = (B, fi,..., f;) N (v Bu')".

So now the problem is a problem of finite dimensional algebras. But the difficulty
to make the computation is that we don’t know a priori the relative positions of the
algebras ulBul‘1 and (B, f1,..., f;) inside (B, ey, f1,..., f;) because these algebras
appear on different lines of the diagram T
We will now prove that the computation of the derived tower can be made by use
of algebras which are on the same line in the diagram 7" and unitaries which can be
easily computed. |

DEFINITION. For all i define the unitary v; by v; = tfi — (1 — f;) (with 8 =
1

LEMMA 1.4. fies fi = 7f1 and e1 fie; = Tey.

Proof. Let E be the conditional expectation from (B, e;) onto u;Bu;'. Vz €
€ B ,tr(ulxul’lel) = tr(:cul'lelul) = tr(ze;) because e; commutes with uy,
= rtr(z) = rtr(urzuy?). This proves that E(e;) = 7. Yy € (B,e1), fivh = E@)f
so fienfr =7h.

Moreover vy Buy 'N{e1}’ = u1(BN{e1})u;? = u1Auy? = A because urejuy’ = e;. It
follows that ey is the projection canonically associated to the conditional expectation:
uiBu7! — A. So from a result of Jones ([2] propositicn 3.4.1) we also have e; fie; =
= Te;. u
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COROLLARY 1.5. ej,es,...,€q,... are the projections defining the tunnel asso-
ciated to N C M and we can complete the diagram T as follows.
We denote u; = te; — (1 —¢;).

ACusuz(urBur)uztuz? C (ug(uy Buit)ust, es) C (u1 Buyl, ez, e3) C (B, e1, €3, €3)

U U U U
A C w(wmBuHu;! C (wBuiles) C (B,e1,ed)
U U U
A c {(wmBui) c (Bye)
U U
A B

At each step we have basic construction, and commuting square.

. LEMMA 1.6. Let e and f be two projections such that fef = 7f and efe = re.
Write 8 = 1 =2+t+t"'. Defineu=te—(1—e)andv=1tf—(1- f).
Then v=lev = ufu~?!, and also vev~ = u=1fu.

Proof.

vlev=(t71f - (1- f)l)e(tf 1= ="+ -De(t+1)f-1) =
==t ) fe—(t+ef+ @+ 1)t +1)rf +e.

But (¢~ + 1)(t+ 1) = f = % Sov~lev = —(t=1 + 1)fe — (t + L)ef + f +e.
A similar computation gives: ufu™! = —(t~1 4 1)fe — (t + 1)ef + f +e. So v=lev =

1

= ufu~l. We also have vev=! = u~! fu (same proof). [ |

PROPOSITION 1.7.
-1 - - —1 - —1y—
(Byfly"wfn):ul vll"'vnl(B’el,flv‘-)fn—l>(u1lvl1"'vnl 1'

where v; = tf; — (1 — f;).

Proof.
(i) Note first that (B,ei, fi,...,faz1) = (wiBuil,e1, fi,.-., fa-1). Now
ulBul'l commutes with vy, vy,...,v,; s0

-1,-1,

-1 -1 _
uy vy oo, (U1 Bul )pvpoycoviup = B

(ii) e; commutes with va, ..., v, so

1, -1 -1

-1, -1 -~ -1 =1, =1 _
Uy U] Uy U €1UnUnoyccVIUL = Up U €1V = fi

from Lemma 1.5 and Lemma 1.6.
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(iii) for all ¢ f; commutes with vi42,..., vy so

-1 =1 -1 -1 -1 -1

up vy vy fivtg cocviuy = upvp v fivigr oo o1t

fi and fiy1 satisfy the hypothesis of Lemma 1.2. So: v; lv,-' ,,_11 fivig1vi = fiyr which
commutes with vy, vy,...,v-1.

1

We then get u7 vt - 07 fivn - - -v19 = fiy1. The proposition results from (1), (ii)

and (iii). n

COROLLARY 1.8. (B, fi,..., fa)N(w1Bu'Y = ((B,e1, fi, ..., fa) N(u1Buyt)'N
NUn(B,e1, fi,. .., fa—1)UTY with U, = u7top? -+ oot

n

2. REALIZATION OF THE COXETER GRAPH Eg

In all what follows N C M are the II; factors constructed from the inclusion
A B
1 2
1 2

We will prove the following theorem.

asin I.1.

THEOREM 2.1. Let N C M be the II; factors constructed from the inclusion

A B

1 2

1 2
as in I. The derived tower associated to N C M is

NNN' MNN' M,NN' M,AN' M,NN' MNN'

So the principal graph associated to N C M is the Coxeter graph Es.
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LEMMA 2.2. MNN'=Cand MiNnN' =Cfi®C(1- f).

Proof. We already know that M N N’ = C (Lemma 1.2).

Let p be a non zero projection in My N N';z — tr(pz) is a trace on N; so px # 0 for
allz #0in N.

From Corollary 1.3, My N N’ = (B, fi) N (w1 Buy') C (B, f1) N A’. Denote by
p1 a minimal projection in A corresponding to a vertex of valence 1 in the Bratteli
diagram.

Assume p, ¢, r are three non zero orthogonal projections in M) N N'.

Then p1p, p14g, pir are three non zero orthogonal projections in (B, f1)p, -
But from the diagram

D1

A B <B.fv
1 2 2
1 1

2

we get (B, f1)p, ~ C ® C; which gives a contradiction.

So there are strictly less than three non zero orthogonal projections in My N N’.
This proves that My NN’ = Cf; & C(1 - f1). -

SOME BASIC COMPUTATIONS

LEMMA 2.3. Let 5 be the trace vector on A. Let { be the trace vector on B.
T T

1 - 1
hen § = —— - = — - =92
Then § 771 l1-7| and ¢ Y 7(1—7) | where 1 = 2 — /3 and
T T
i 1
[B:A]= % =2+V3. t= \/§2+l (where t is defined as in Lemma 1.6: p =2+t+
+1t~! and t is choosen such that Imt > 0).
Proof. Let

A=

O =
QO = O
— O

be the inclusion matrix of A in B. )
V. Jones has proved ([2] paragraph 3.2) that £ and 5 satisfy the conditions A'Af = ;f

and &= AL, So we get:

t) =13
{t2=t1(1—'r) and 7 < lso 7=2-1+/3;
2—47+1=0
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T y _t(l-1)
T+1' 2T T+1
from §= Af. V3 =t+t"1 = 2Re(t),so t = V3+i (because [t| = 1 and Imt > 0).

Now consider the Bratteli diagrams of the following inclusions: (D)

also 2t +t2+23=1sot3=# = . The expression of § follows

A u,Bu}! <B,ep (B,e,f> Bevfuf?
1 2 2 7 7

Lo
N~

We make a choice of basis in these algebras well adapted to the successive inclusions

(the elements of the basis are f;; where ¢ and j are paths from # to the same point v
at the level of the algebra). u

We want to compute the matrices of ey, f; and f,.

LEMMA 2.4.
(i) the matrices of ey in (B, ¢,) are

! 0 ith p = T
0 P . ) WHP= Vit T—71

(ii) the matrices of f1 in (B, ey, f1) are:

02

0
O ) )
3 0, q
T 0 VTl =71) 0
0 T 0 vr(l-71
g= ( ) and ¢;; = ¢5-i5-;
Vi =7) 0 1-7 0
0 vr(l-71) 0 IR
(iii) the matrices of f, in (B, ey, f1, f2) are:
02
puls pi2ls pisls
I, Os
0 pnls p2ls pasls L
parls paxls pasls
0,
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where p = (pij); i, <3 I the matrix of (i).

Proof. Sunder [8] and Ocneanu [3] have found a formula giving the projection of
the basic construction for A C u3Buj! C (B, e;1)

o\ = E t(w)l/zt(w’)llz .

S(U) $,i/,

where @ (resp. i') is a path in the Bratteli diagram of A C B C (B, e;) with vertices
v, w, v (resp. v,w’,v). '

(i) From the diagram (D) we get

1

1 1
1

1
1 1 3

(B,eQﬂA' =

1 1
1

1 1
1

=pin (B,e;)NA'.
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a
From (D) it follows also that an element | B | of A is written

o
a
(s »)
a
B8 0
B
0 B
~

in (B, e1).
Now e; belongs to the commutant of A, so we get the announced expression for €; in
(B, e1).

(i) The same formula applied to f; for the basic construction uy Bu;* C (B, e;) C
C (B, ey, f1) gives

1/2 Nn1/2
£ = Z s1(v) t(ful)(v ) fiit

where j (respectively j') is a path in the Bratteli diagram of uw;Buj! C (B, &) C
C (B, ey, f1) with vertices wvw (respectively wv'w), and § is the trace vector on
(B,ey) : §) = 75 ([1) paragraph 3.2).

From (D) again we get the following expression for (B, ey, fi) N (u1Bu;')":

-
N

[y
fu

—
o
=

- S

-
[y
N 1=
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And then the expression of f; in (B, e1, fi) N (w3 Bur') is

(=5 V1227

R =
(s 57)

Using (D) again we get the announced expression for f; in (B, ey, f1).

(i) Note that the expression of fz in (B, ey, f1, f2) N (B, e1)’ is the same as the
expression of e in (B,e;) N A'.

Using again (D) we obtain the expression of fs in (B, e1, fi, f2). |

COROLLARY 2.5.
(i) the matrices of ey in (B, e1, fi, fa) are:

(ii) the matrices of fy in (B, e, f1, f2) are:

CON IR RO

with p,q and ¢' as in Lemma 2.4.

This is immediate from Lemma 2.4 and (D).



40 JOCELYNE BION-NADAL

COMPUTATION OF My n N/

PRroPOSITION 2.6. Let ry be the minimal central projection in M2 N N' such
that firy = fi (r1 is the central support of fy in Mo NN').

Assume that there is a projection P in My N N’ such that P# 1 —r; and P is
orthogonal to f1 and f,. Then necessarily the derived tower associated to N C M is:

NNN' MNN' M\NN' M,NN" M;NN'

So the principal graph associated to N C M is Eg. R

Proof.: Goodman, de la Harpe and Jones have proved ([1] Corollary 4.6.6) that
the principal graph of N C M is a Coxeter graph A D or E with norm [M : N]'/2,
So M, N N’ and the inclusion M; NN’ C My N N’ are necessarily

M,AN' M,ON’ MAN' MNN'
h n fi
or
1-f, / 1-r, 1fi /
(a) X

In case (a) the only projection in My N N'! orthogonal to f; and f2is 1 —7;. So

ry

the existence of P satisfying the hypothesis of the lemma implies that My N N/ ~
~My(C)pCoC.

Now the index [M : N] = [B: A] = 2 + v/3 (Lemma 1.2 and Lemma 2.3).

And the only Coxeter graphs with norm (2 + \/§)1/ 2, i.e. with Coxeter number 12
are Eg, D7 and A;; (cf. table 1.4.5 in [1]).

Among those graphs the only graph starting by T——is Eg. This proves that the
principal graph associated to N C M is Eg, and the derived tower is as announced.l

Now we will prove the existence of such a projection P.
We note U the unitary U = vyv u;.
For each element X in (B, ey, fi, f2) we note X(1), X X3 jts matrices in the three
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components of (B, e, f1, f2).
Now we define the projection P.

DEFINITION 2.7.

( 0 (02 0
04 0 \ 0 \
0 0 010 0 00
Let X = 0 andY = 0
' 0 0 001 0 O 0 04
0 0. 0
\ 0 / \ 0 )
Let
xXuy”
1
MO = XU M® = Y@ y@ - 0s 1
yu®”
Define P = (MU)*MU.
LEMMA 2.8.
(i) P is a projection in (B, ey, fi, fz) P = X and P®) =Y .
(ii) P belongs to (B, fi, fa)
(iii) P is orthogonal to f, and fa.
(v)p#l-n
" Proof. (i)
PO = (MOyMy MOy = x*x = X
J 16 . (M(3)U(3))*M(3)U(3) =Y
1
X?2=X=X*"Y2=Y =Y". Wenote B = 03
1
v xy”
then P®) 4 g B U® and B* = B = B*
‘ vd®yuy®”

So PZ= P = P* ie. P is a projection in (B, ey, f1, f2).

41
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- (ii) By definition M € (B, ey, fi) so P=U*M*MU € U*(B, e1, /L)U =(B, f1, f2)
(Proposition 1.7.)

From the expressions of X,Y and f; (Corollary 2.5.ii) and f, (Lemma 2.4.iii) we
obviously get : Xfi) = fOX = XfV = VX =0and Yf® = Py = v ¥ =
= f;g%)Y = 0. So to prove that P is orthogonal to f; and fs from (i) it only remains
to prove that P(z)f(z) P(Z)f(z) =0. But P = (MU)*MU and f; = U*eyU, fo =
= U*fiU. So it is enough to prove that M("’)e(z) M(z)f(z) = 0. Using the

expressions of ¢; and f; given in Corollary 2.5, we obtain:
Xy eM
' M (2)8(12) = 03 p

YUu®” e
But XUW e = xfMy)” = 0 and YU®P =¥ fPUG” = 0. So MPe{P) = 0.

Xy g
M@ 3 = 03 1

Yu®r f®

And XUW" D = xfVy@) = 0 and YU O =y AU = 0. S0 M@ P =
= 0. We have then proved that P is a projection orthogonal to f; and fs.

(iv) It is easy to compute tr(P). The trace vector on (B, ei, f1, f2) is equal to
T
22 7

T8 = 55

1 — 7 | (this is immediate from the results of V. Jones ([1] paragraph
: T

3.2) applied to the diagram D).

(4 - 271)

but
1+7 u

Now from definition of P we get tr(P) =
T(4-21)=4r—-2(4r - 1) =2 — 4r.
2 —-4r 4f 6 (4\/_~—(»)(3 +3) V-1

147 3-3
And tr(lmrl)—1—2r_1'+tr(1’). SoP#1-—r. a

T2T(7+4(1— ) +7)=

=1-7.50 tr.(P) =1(1-1).

" Now it remains to prove that P commutes with u; Buj.

For this we will compute MU and then P®) = (MDU@)"(M@Dy®),
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LeMMa 2.9.

T

V=7
\ 0

YUl =xul, ;.

0 Py 0 - E+1)r—1 (+1ps 0

1
2
3
XU 4
5
6
7

Proof. The second relation is immediate from the expressions of X,Y and
€1, f1, f2. So we just have to compute XU = X (u}vivy)D).
In X the lines of index 1,2, 3,4,6,7 are zero. So in Xugl). , X (wiv?)®), X (ufvfvg)D)
we just have to compute the line of index 5.

ui=(E+Dea -1, vi=E+1)A-1, vy=>F+1)f-1

So using the expressions of e;, f; as in Corollary 2.5 and of f» as in Lemma 2.4 we
obtain: (we note p = (p;;), <i §3)

The line of index 5 in Xugl) is: 0,0,0,(f+ 1)p21, (T + 1)pea — 1,(f + 1)p2s, 0

The line of index 5 in X(ujvi)®) is: 0, + 1)par/7(1 —7),0,(F + Dpar [ +
+1)(1 = 7) = 1], =(F + D)paz — 1, —(f + 1)p23, 0.

The line of index 5 in X (u}viv})(V is: 0,%(t+1)2par/T(1 = 7), 0, —(F+)pa [+
+1)(1 = 7) = 1], (t + 1)p2z — 1, (T + 1)p2s, 0.

Now,we replace the p;; by their values, we use the relation 7 =

4 d
(1-——-—*_—?-)5, and we
obtain the announced matrix for XU®)", =

COROLLARY 2.10. The only lines not equal to zero in M?), (Mvy)(?), (Mugvy)(®,
(Mvg‘vlul)(z) are the lines of index 5,8,12,15. Moreover all these matrices satisfy the
relation: (A; ;) = A20-i20-j. So we just have to compute the lines 5 and 8.

Proof. This is immediate from the preceding lemma, the expression of

)
(XU ) \

M® = 0
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and the expressions of uy, vy, vs.

LEMMA 2.11. (i) the line of index 5 in (Mv3)® is equal to:

2 —[E+ D)p2a —1]r —( + 1)pasr

t(l=7)V1i-7" t(l-1) ’ t(l—r)

0) _{2\/}_) 0)

=2l 1) (e 1), G+ Dt + s 0,0, e+ 1) Prs
Ji-r ' \/— ’

@+ D7 = 1](t + Dpas, (F + 1)p2s(t + 1)p13,0,0,0.

)0)0)

(ii) the line of index 8 in (Mwv;)(®) is equal to:

Oa 0) (t + 1)1’12) 0: 010)0) (t + 1)P22 - 1: 0)0) 0) 0: (t + 1)1’23, 0) 0»01 0:0)0'

Proof. The product (Mv2)(? is very easy to compute because each term non

zero in the product is only the product of one term in M () and one term in vgz)

(and never a sum of product).

(i) The only relation used here is the equality (¢ + 1)p11 — 1= t(_l—l?) (which
is used to compute the terms of place 5.4, 5.5, and 5.6.
(ii) trivial computation. |

LEMMA 2.12. (i) the line of index 5 in (Mvzv; ) is equal to:

-2 - —
T 27 — [+ Dp22 — 1) (F+1)pasT
O aThary &0 et ( = ) -1 " ti=r 00
-2 T2
Tt p2(t+1) - - (1 +t)p1a
et 4+ D1 - 1)¢, -~ 1 t+1 —_—
\/T——T ) [( + )T l]pIZ(t + )ts (t + )p23( + )p12) 0: Ov m , U013,

t(t + 1)p13p23, 0, (t + 1) Piav/7, 0.

(ii) the line of index 8 in (Mvyv,)?) is equal to:

(t+1)2p12v/T(1 = 7),0, (t+ Dpr2[(t+1)(1 - 7)—-1],0,0,0,0, = [(t 4 1)p22 ~ 1], 0, 0,0,0,
—(t + 1)p23,0,0,0,0,0,0.

Proof. The computation here is also easy because the only terms in (M va0,)(2)
which are sums of two products are the terms of place 5,2 and 5,4; all the others are
either trivially equal to zero or just equal to the product of one term in (Mwv3)(®) and

one term in v; ) To obtain the announced expressxon we have just used the following
t t2
relations: 7 = T 1)2,( +)r—1= Y -1= 1+t;(t+1)(1-—‘r)—1= et

f
= 153 =7t(t+1) and jt| = 1. .
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We note Z = (Mvavyu;)@.

LEMMA 2.13. The terms Zs 5, Z5,10 and Zs 15 are equal to zero.

. Proof.

(i) Zs.s = (t + Dpar(E + pad (211' : ) [+ 1)pa2 —t(ll][_(t:; 1)p22 — 1]1'

(i+ 1)p23(t + l)pza‘r
t(l—r1) )

(t+1)p— I3 is a unitary, so (t + 1)p21(t + 1)pa1 + [(£ + 1)p22 — 1][(t + )p22 — 1] + (T+
+1).P23(t + 1)P23 =1.

- T |t +1°p}: _ . 3 _
We then get 75 5 = =7 + i) 2r-1-7)= Q, using |t + 1|* = =
. . (E+1)r t [t + 1]%72
Zs510 = t+1 - =
(i) Z5 10 p”(+)[¢1—r¢1—r A+o+y 1-r7

Plz(t + )‘r

P12(t + 1)7'[
1- 1-71

[+l +t(l=7)=1]=

V3+i
5

r@+I-t)+t-1).

From Lemma 2.3 we know that ¢t =

@ +I-1t)=(2-V3) (%'—([-31+1)i) —_-1—\/?;— L1t

V 2 22
So Z5,10 =0.
Tt (14t
(i) Zs,15 = —‘(-\/l—ﬁ(t + 1)p21 + tp1a[(t + 1)paz — 1] + t(t + 1)p1ap2s(t + 1)pas =

_ it t+t2
B W I R e

(replacing the p;; by their values and using the relation 7 = (t+1)2-)
_ P13 - . _
= A=A TY) (r@+ 1A +i)+tr—1).
Now we use t = \/§2+ ! and 7 = 2 — /3 and we obtain 0. |

PROPOSITION 2.14. On the line 5 of Z the only terms non zero are Zs 3, Zs 4,
Zs,s? Zs,g, Z5,11, 25,14, Z5,15, Z5,18; these terms satify the relation:

Zs,2 Zs.18
Zsa | _ ; Zs,16
Zs,9 Z5,11

Z5.14 Zs5 6

)
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Proof. The fact that the other terms of the line 5 are equal to zero is an immediate

consequence of Lemma 2.13. Note A = (Mwyv;)?),

Z52=—as2 Zs18= —0as,3
g TUVT 7o+ DryT
MRTA-N0+y BT T (-1
Zsy __ T T _s_
Zsgs T+t T T

Using Z5,5 = Z5,15 = 0 we obtain:

Z54 = —0a54+ ! a Z516 = —a + 1 a
5,4 = —05,4 T——055 25,16 = —05,15 ms,ls-

1

1
Z5,14 = —as5,14 + :/171_'&5'15 Zs6 = —a5,6 + \/i—_—ras,s-

_—(F+D)rier-1) 1 (E+Dr—-1)r _

Za= =y 1=7 1-r1 t(l—.‘ra)
= (_1_-'%\/“-—7[(“ Dd-n-1=a= r)\/?— T+ 1)
Z516 = -(-I_—T;tjl_-_zT[l.—-r(t+l))= (1-T)T\/1—r x f-ll-l‘
So EZ% =P =i
Zs1q= H:T)T\/—l—__—;(t-rzz(ut)) = T (“’ltjt‘f)

Q-7V1-7

17

but t+t2—f{=t+it—T=i+il =i(l +1). So Z514 = 7.
ut ¢t + +i i+it =i(1+1). So Z514 ==

P -+ 1)r? 1 ((+)r—1)r _ -r
5’e_t(l—‘r)\ﬁ—r Vi-r tl-71) T tl-r)/i-7
So Z3’14 = “i(ZS,G)-
Now from Z510 = 0, we obtain Z59 = —as9 + \/li_—;‘as,lo and Zs511 = —as 11 +

1
R o

+

a5,10-

ey ~ripua(t + 1) L+ D7~ 1pia(e + 1)t
; Vi-t Vi-r

E+1)r—1= -§(1+i) = —r(1+1).
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So Zs g = __TML)({Z +t+ t2).
1-—71
But 2 +t+2=t(l+t+1)=t(l+t—i)=t(1+%) and r = |t+11|2.
~ip1a
So Z5 9 = =,
0 45,9 \/it‘l—'
P12 piat? P12, —itpy2
VA = — = tt—-t)= .
5,11 Vi-7 -7 \/1—-1'( ) Vi=t
1 .
So Zs, = 72511 = ~iZs 1. n
PROPOSITION 2.15.0n the line 8 of Z the only terms non zero are Z3 1;723 3; Zg 8
and Zs,13.
Moreover:
Z3,1 Z5,2
Zg3 ) Zs.4
! =—=it(1+8)(1 -7 ’
Zos (1+t)1-17) Zes
Zs13 Zs,14

Proof. From the expression of e; (Corollary 2.5.1) and the line 8 of Mv; (Lemma
2.12.ii) we obtain immediately that the only terms non zero in line 8 are Z3 1, Z3 3, Z3 s
and Zs13 and that Zg ) = t(t + 1)%p12\/7(1 — 7); Zs ;3 = —(t + 1)P1a7t(1 + t) (using
(t+1)(1—7)—1=7t(1+1) as in Lemma 2.12)

-1 t+Dr
— Zg1z3=(t+1 = .
T3t 231 (t+1)p2s Vi

Z3g =

81 _ 21-7)(1+1)
- =) - =

e — —it(14t)(1 - 7)

So Zg1 = t(t + 1)} 1T = 3T

_—mt? Zgz  —rt*(1-7)(1+17) .
Zg’a = \/1 — Z5_4 = i = —lt(l + t)(l — T)
_ -1 Zgys_ (1-—-1’) _(1+t)(1—'r)
T 14t Zse (1T 12

233 =-it(1+t)(1-17) (cf.t3 =1)

Zsys _ (t+ 11 ~1)
Z5,14 i

= —it(t+ 1)1~ 1) .

PRrROPOSITION 2.16. The second matrix of the projection P in (B, e, fi, fa) is:
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1 2 3 45 6 7 8 9 1011 12 13 14 15 16 17 18 19
1 /au 0 aj2 0 O a13 0 O ea14 0 O \
2 0 aj3 0 @120 0 a3 0 0 aj4 O
3]azr O a2 0 O asg 0 O asg 0 O
41 0 az1 0 ap2 O 0 a3 O 0 agq4 O
5] o 0 o o000 © 0 00O O O O 0 0 O o0 O
6 0agq © 0 ag3 O 0 ag2 0 agy O
7 6 0 ang 0 0 ay3 0 0 ag2 O agq
8lazy O agzgz 0 O azg 0 O azgg 0 O
9 0 a31 0 a32 0 0 a33 O 0 azq O
PP=10{0 0o o 000 ¢ 0 000 0 0 000 0 0 O
11 0agqg O 0 azgz O 0 azgg 0 a3; O
12 0 0 agq 0 0 a3y 0 0 ag2 0O azy
13)ag3:7 0 ag42 0 O agz3 0 O agg 0 O
14 0 ag1 0 agq2 0 0 ag3 O 0 agq4 O
50 0 0 09090 0 0 00 0 0 0 O 0 O ©0 O0 O
16 0 agq O 0 a2 O 0 agg O a9y O
17 0 0 a9gg 0 0 a33 0 O ass O am
18 \ 0 a14 0 0 a13 0 0 aj2 0 a1y 0/
19 0 0 a4 0 0 a33 0 0 a2 0 a1y

Proof. P(z) (Z*Z);;. From Corollary 2.10 and Propositions 2.14 and 2.15, we
obtain nnmedla.tely.

P(2) /g,Z;j if 4,5€{1,3,8,13}=1
Pi(fz) = Z12,i012,j = Zgpo-i20-; if 1,5 € {7,12,17,19} = I,
P.'(g?) =75:2s5;+ Z15,i%15; =
=752 + Zs20-i%s,20-5 if 1,j €{2,4,9,14,6,11,16,18} = I.

P,;(jz) = 0 in other cases.

and also P.-(jz) Pz(g) i,20-j Vi, J-
Now from Proposition 2.14, if i € {2,4,9,14} and j € {6, 11, 16, 18},

P(Z) /5 .Z5 g + /5 20-i 25 20— = (20 _j € {2$ 41 9! 14})
= 1Z5,zo—.'Zs,j + ('1)Z5.20—"Z5J =0

Soifi € {2,4,9,14}, PV = 0if j £ {2,4,9,14}.
Furthermore if i, § € {1, 3, 8,13}
(2) =2Zs,:7s; = | —it(t + 1)(1 = 7)|°Z5 ;41Zs,j+1 (from Proposition 2.15)
. 1-7)2  (1-v3)?
—1if(t+1 1-—1'2=( =
- =P = B = S
And P(+)1 = =75 ,+1Zr,,+1+45 20~i=125,20mj -1 = =275 ,i+125,j+1 (from Proposition

H

2.14 because 20 —7— 1 and 20 ~ j — 1 € {6, 11, 16, 18}.

= 2.
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2 2 ..
So P = P ;,.Vi i €{1,3,8,13).
This proves that P(?) is as announced. [ ]
COROLLARY 2.17. P commutes with u;Buj'.

Proof. From the diagram (D) giving the inclusion of u; Buy?! in (B, ei, fi, f2)
we obtain that the matrices of an element B, «, C of v, Bul—l viewed as element of
. (B, e1, f1, fa) are

\ c/

(B,C € My(C), € ©).
- These matrices trivially commute respectively with P() = X, P(?) (as in Propo-
sition 2.16) and P(®) = Y. This proves that P commutes with u; BuJ®. |

Proof of theorem 2.1. From Lemma 2.8 and Corollary 2.17,
P € (B, f1, f2) N (u1Bu?)'.

So p € MaN N’ (Corollary 1.3) and P # 1—r; (Lemma 2.8). So now from Proposition
2.6 the principal graph associated to N C M is the Coxeter graph FEg. —1 =
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