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HYPERCYCLIC OPERATORS AND CHAOS

DOMINGO A. HERRERO

1. INTRODUCTION

A Hilbert space operator T is called hypercyclic if there is a vector y such that
the orbit
Orb(T;y) = {y, Ty, T?y, .. .}

is (norm) dense in the space.

In [4, p. 50], R. L. Devaney has proposed that a continuous mapping of a topo-
logical space be called chaotic if it is topologically transitive (some element has a
dense orbit), has a dense set of periodic points, and possesses a certain “sensitivity

to initial conditions.”

Topological transitivity is, in our setting, hypercyclicity. G.
Godefroy and J. H. Shapiro have indicated that a hypercyclic operator T on a Banach
space H is sensitive to initial conditions in a rather dramatic form: the set HC(T') of
all hypercyclic vectors of T is a Gs-dense subset of H; thus, for each z € H the set

S(z) = 2+ HC(T) is Gs-dense, and
li{ln inf ||T"z —T"w|| =0, limsup ||T"z — T"w|| = oo
—+oo n—oo

for every w € S(z). Therefore, a hypercyclic operator is chaotic if and only if it has
a dense set of periodic points (see[7, section 6]). This observation allows the authors
of the above article to exhibit a large number of chaotic operators.

" Indeed, it is not difficult to check that the set Per(T') of periodic points of a (not
necessarily hypercyclic) operator T coincides with the linear span of {ker(A — T) :
A €exp(27iQ)}, where Q denotes the set of rational numbers.

' The main result of this article says that if % is a (complex separable, infinite
dimensional) Hilbert space, and L(H) is the algebra of all (bounded linear) operators
acting on H, then £(H) includes a large supply of chaotic operators:
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K T € L(M), T* has no eigenvalues, and H = V{ker(A—T) : A € D, A - T is
semi-Fredholm}, then T is chaotic.

(Here D denotes the open unit disk, with boundary 6D.) Actually, it will be
shown that these operators have several other interesting properties. The main re-
sult of [11] indicates that every hypercyclic operator on H is the norm-limit of a
sequence of chaotic operators of the above deseribed type. The results also include
new information about limits of hypercyclic operators.

2. CHAOTIC OPERATORS

THEOREM 1. Let T' € L(M), and assume that T* has no eigenvalues and
H = \/{ker(A ~ T) : X € 8D, A — T is semi-Fredholm};

then:

(1) Per(T) is dense in H;

(ii) there exists a dense linear manifold X invariant under T such that ||T"z|| —
— 0 (n — 00) for each z in X'; moreover, each z € X \ {0} is a cyclic vector of T;

(ii1) there exists a dense linear manifold Y and a (not necessarily continuous)
linear mapping S on Y such that Sy C Y, ||S"y|| — 0 (n — oo) for each y in
Y, and TS = ly; moreover, each y € Y \ {0} is a cyclic vector of T satisfying
T3]l = 00 (n — o).

(iv) T is chaotic.

Proof. It readily follows frem (8], [10, Chapter 3], (12] that if T satisfies the

hypotheses of the theorem, then T admits an upper triangular matrix representation
(with respect to some orthonormal basis of H), with diagonal entries in

0D No(T) N ps—p(T),

where o(T) and p,_p(T) denote the spectrum of T and, respectively, the semi-

Fredholm domain of T'; moreover, 3DUe(T) is a connected set, and, ker(A—T") # {0},

ker(A — T)* = {0} and ind(A — T) > 0 for all A € o(T) N ps—r(T). (The reader is

referred to [10], [14] for definition and properties of the semi-Fredholm operators.)
The continuity properties of semi-Fredholm operators indicate that

H =\/{ker(A - T) : X € p,_r(T) Nexp(27iQ)} = Per(T)",

so that T satisfies (i).
Clearly, o(T) N ps—p(T’) has at most denumerably many components Q,,,, ...,
that intersect 0D. Let ay, Bk, v: be any three points in @ with the same argument,
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0k'such that 0 < |ax| < |Br] = 1 < |1%|. Construct a sequence {ay(h)} of points of
Qi such that argax(h) = 0x and |ag(h)| strictly increases to |ai|. Let zx(h) be a
unit vector in ker(ax(h) —T), h > 1. If the z¢(h)’s are carefully chosen, then for each
k > 1 we have:

\/{zk(h) :h>21}D \/{ker(a;c -T)™ :m>1}

and, a fortiori,
\/{:ck(h) tk,h 21} D \/{ker(a,c -T)" :kym>21}=H

(see, e.g., (3], [10], [14]).
Now define

z=) 27 hg(h).
We see that

T z| = “Z 2"""ak(h)"zk(h)“ <275 Pl ” — 0 (n - o).

By using standard arguments of approximation, we can easily check that
zr(h) € \/{T":c :n > 0},

forallk, h > 1, whence we infer that z is a cyclic vector of T (see, e.g., [9, Section 5.B)).
Furthermore, it is easily seen, (for instance, by using the properties of Vandermonde
determinants) that, if

N N
EDIATED D [E a::(h)”cn} 21 (1)}

N
and Z ar(h)*cn = 0 for more than N pairs (k,h),thencg=c; =ca=---=cny = 0.

=0
By unsing this observation, it is not difficult to check that if z belongs to
X = linear span {T"z : n > 0}
and z # 0, then z is a cyclic vector of T and ||[T™2|| — 0 (n — c0). Hence, T satisfies
(i1).
The proof of (iii) is very similar: construct {yx(h)} C Q%, such that argv(h) =
= B; and [y (R)]| strictly decreases to |vi|, and define -

y= Z 275 Ry (h)
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for suitably chosen unit vectors yi(h) € ker(yx(h) —T) (k,h > 1). A formal repetition
of the previous argument shows that if z belongs to

Y = linear span {Z 27y (W) "y (h) 1 > 0}

and z # 0, then 2 is a cyclic vector of T. Define S by

S (27 P u(h)) = 327 P (k) (),

and extend to ) by linearity. Clearly, SY C Y and ||S™z|| - 0 (n — 0) for all z € Y.
Furthermore, TSz = z for all z in ). Hence T also satisfies (iii).

- In order to complete the proof, it only remains to show that T' is hypercyclic.
But this follows immediately from the Kitai-Gethner-Shapiro criterion [6], [7], [15):
it readily follows from (ii) and (iii} that ? includes the two dense linear manifolds,
X and Y, such that TX C X, Y is invariant under a linear mapping S such that
TS =1y, and

IT"2|| =0 and ||S"y| =0 (n — o),

for all z € X and, respectively, for all y € Y.
By the above mentioned criterion, T is hypercyclic. The proof of Theorem 1 is
now complete. n

3. NOTES AND REMARKS

1. The classes HC(H) and SC(H) of all hypercyclic and, respectively, all super-
cyclic operators are invariant under similarity. (T is supercyclicif {\T"y:A € C,n >
2> 0} is dense in M for some vector y.) Moreover, if A, B € L(H), A is hypercyclic
(supercyclic) and XA = BX for some X € L(H) with dense range, then so is B.
Indeed, if Orb(A4;y) is dense in , then

Orb(B; Xy)™ = {XA"y:n > 0}~ = [X(Orb{4;y))]” = (XH)” =H,

so that Xy is a hypercyclic vector for B. (The case when A is merely supercyclic can

be similarly analized.)

2. It was shown in [3, Proposition 2.5] that if

Ay A Ais
Ao Az Az
Az
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o0
(with respect to a suitable orthogonal direct sum decomposition H = Z @’Hk) and

k=1
o(Aj)No(Ag) = O for j # k, then there is a quasiaffinity X (i.e., X is injective and
has dense range) such that

AX =X (Z@Ak) :

[>.2]
Thus, if Z @ Ay is hypercyclic (supercyclic), then so is A. (Observe that o(A) and

k=1
0o 0o -
o (Z@Ak) can be a lot larger than l:U o(Ax)| )
k=1 k=1

3. Suppose {T:}$2, is a bounded sequence of operators (Tx € L(Hi), k =
= 1,2,...), for each £ > 1 there exist dense linear manifolds X} (invariant under
T:) and Vi, and a linear map Si of Vi into itself such that

|1T¢z|| — O for all zx € Xy and ||Spyk|| — 0 for all yx € Vi (n — ),

and TSk = 1y, ..

Define T = Z @Tk € L(H) (‘H = Z @Hk> , & = the algebraic direct sum
: k=1 k=1

- (o]
of the A%’s, Y = the algebraic direct sum of the Y;’s, and S = }:EB S
k=1
It is not difficult to check that

TXCX,Sycy, TS =1y,

and ||T"z|| — 0 for all € X and |[S"y|| = 0 forally € Y (n — o).

The Kitai-Gethner-Shapiro criterion implies that T is hypercyclic [6], {7], [15).
However, H. N. Salas [17] has recently constructed a bilateral weighted shift T such
that both T and T™ are hypercyclic, but 7@ T™ is not even cyclic. (Thus, either T
or T*, or both, cannot satisfy the Kitai-Gethner-Shapiro criterion!)

PROBLEM 1. Suppose T' € HC(H). Is T & T hypercyclic?

4. An obvious consequence of 1) is that if A and B are quasisimilar (i.e.,
XA = BX and AY = Y B, for two quasiaffinities X and Y'), then A is hypercyclic
(supercyclic) if and only if B is so. A normal operator N cannot be supercyclic [13];
therefore, an operator T' quasisimilar to an operator N cannot be supercyclic either.
(Operators quasisimilar to normal operators were characterized by C. Apostol in [1].)
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However, a hypercyclic operator can be decomposable (in the sense of Foiag).
Let B be the bilateral weighted shift (with respect to an orthonormal basis {ex }rxez)
with weights o = 81 = f-1 =1,

log k
log(k + 1)

log(L +1)

hr = log k

Then (8o -+ Bn-1)"! = f-18-2- - B-(n-1) = logn — oo (n — oo) “rather slowly.”
B is invertible, 0(B) = 0D, and op(B) = 0,(B*) = @ because E(log n)t? = oo (see

n=2
; moreover, 13 1s decomposable . (Here oy,(-) denotes the point spectrum.
18 Bisd ble [16]. (Here o,(-) d he poi
m

Define X = Z Arer :m 2 13; X is a dense linear manifold invariant under

k=-m

B and under B~!, BB~ =1, and
||B*z]| -0 and ||[B™"z|| — 0 (n — o0)

for all z in X.

It follows from [7], [15, Theorem 2.2) that B is hypercyclic (and so is B~} because
the inverse of an invertible hypercyclic operator is also hypercyclic).

A similar example can be constructed as follows: define the sequence of weights
by

1 11 111
fOI‘k?O. ].,1,...,1,5,1,1,...,1,5,-2',1,1 .y ,-2-,5,5,1 1,...,
for k<0: 1,1,...,1,2,1,1,...,1,2,2,1,1,...,1,2,2,2,1
1
(long string of 1’s, then l; another long string of 1’s, then two terms equal to 2’ etc.,

and similarly for negative weights, with 1’s and 2’s).
Assume that the lengths of the strings of 1’s are carefully chosen so that
(BoBir - Pn-1)"! and B_18-2- ,G_n are both O(e"#») for some sequence of posi-

tive reals converging to 0, such that z ¢n <o

n=1

In this case, o(B) = {A eC: - <A< } , B and B~! are hypercyclic, and B is
not decomposable but, nevertheﬁess it has a large family of hyperinvariant subspaces
[5]). (Of course, we can also require that o,(B) = @.)

By combining these arguments with the last paragraph of 1) for each r,#/,0 <
< r <1< 7, and each € > 0, it is possible to construct hypercyclic bilateral weighted
shifts B such that o(B) is the closed annulus with radii r and v/, 0,(B) = @, B has
a large supply of hyperinvariant subspaces, and B = N + K., where N is normal and
K. € K(H), with ||K.|| < ¢.
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5. Suppose that B is as in the first example of 4). The same proof shows
that B(®) = B@® B @ --- is hypercyclic. For each open set Q intersecting 8D, the
decomposable operator B* has a maximal spectral invariant subspace A such that
o(B|N) = o(B*|IN)* =T := (2N D)~

Let M be a normal operator such that o(M)UdD is connected and o(M)NGD =T.
By the Similarity Orbit Theorem [2,Theorem 9.2], there exists a sequence {Bx}%,
of operators similar to BlN such that [|M — Bi|| — 0 (k — o0).

Define T = E@Bk, then ¢(T) = o(M), T is quasisimilar to BJN®® and

therefore hypercyclic, and op(T) =

For each invariant subspace R of T*, TIR is also hypercyclic, and therefore
o(T|R)U ID = o(T*|R)* U OD is connected. Since o(M) can be arbitrarily chosen,
we have obtained the following.

PROPOSITION 2. Let A be a nonempty subset of the plane such that AU 6D
is connected, and every point of A is connected (in A) with some open arc of oD
included in A. There exists a hypercyclic operator T' € L(H) such that o(T) =
= o1re(T) = A, 0p(T) = D, and for each invariant subspace R of T*, o(T*|R)U 8D is
connected. (Here o1,.(T) denotes the complement of p,_p(T) in the complex plane.)
(For instance, A can be the Mandelbrot set.)

6. Analogous to cyclic operators, there is a relaxed notion of multicyclicity: T is
multicyclic of order m (or, T has multiplicity m > 1) if the closed linear span of any
set of (m — 1) orbits is not dense in H, but there is a set of m orbits whose closed
linear span coincides with H.

- Do the analogous definitions make sense for the notions of hypercyclic and su-
percyclic?

CONJECTURE 1. If there exist m 2> 2 vectors y1,Ya, - .., Ym such that the union
of the multiples of the sets Orb(T'; y1), Orb(T, Y2)y .-y Orb(T, Ym) Is dense in ‘H, then
m
the multiples of Orb(T'; y;) is dense in H for some j,1 < j < m. If U Orb(T; yx) is
k=1
dense in ‘H, then Orb(T;y;)~ = H for some j,1 < j < m.

7. We close with two results connected with the linear manifold Per(T).

ProposITION 3. Let T € L(H) (not necessarily cyclic).
(i) Per(T) is the linear span of

{ker(T — a) : a € 0,(T) Nexp(27iQ)}

(Q is the field of rational numbers). (In particular, Per(T) = {0} whenever
op(T) = 0.)
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(ii) Per(T)~ is a hyperinvariant subspace of T'.

(iii) Per(T)~ = H if and only if T admits an upper triangular matrix represen-
tation (with respect to a suitable orthonormal basis of H) such that all the diagonal
entries of T belong to o,(T) N exp(27iQ) and ker(A — T)? =ker(A — T) for each
A € 0,(T) N exp(27iQ); moreover, in this case every component of o(T) meets D.

(iv) If T — a is a semi-Fredhoim operator of positive index for some a € 9D,
ker(T — a)* = {0}, and H = V{ker(T — a)*},, then Per(T)~ = H, and o(T) is
connected.

(v) If
Ty Ty Tia
T- T, Tus
= T
0

o0
(with respect to a suitable orthogonal direct sum decomposition H = E@’Hyc )

k=1
then Per(Ti)~ = My forallk 2 1, and o(T:)No(T;) = O (k # j), then Per(T)~ =K.

" Proof. (i) As indicated in the introduction, this follows by a simple computation.

(ii) Since ker(T — @) is a hyperinvariant subspace for all a € 0,(T), it readily
follows from (i) that Per(T)~ is also a hyperinvariant subspace of T

(iii) Per(T)~ = M implies that H = V{ker(T — a)* : a € a,(T),k > 1}, and
therefore T is a triangular operator. Now both implications follow at once from (i)
and [3, Section 2] (or [10, Theorem 3.40], [12]).

(iv) If T satisfies the three hypotheses, then there is a sequence {ai}f2, C
C exp(2miQ) converging to a, such that T'— o is semi-Fredholm (with ind(T - ;) =
ind(T — a)) for all k > 1, and

H = \/{ker(T — o)},

(see [10, Chapter 3}).

The result follows from (iii).

(v) Assume Per(T:) is dense in Hi. Since o(Ti) N o(T;) = O (k # j), an easy
inductive argument shows that

Tv Tva -+ Tia
T, - Ton

Per(T)p, := Per . .
0 Ta

n
is dense in Z @'Hk for all r = 1,2,... (see the above references).
k=1
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Since the linear span of the H}’s is dense in H, and Per(T"), C Per(T) (n > 1),
we conclude that Per(7T') is dense in H. |

As an application to vhe structure of HC(H), we have the following results. We
recall here that the main result of [11] says that HC(H)™ is the class of all operators
A in L(H) satisfying: (1) ow(A) UID is a connected set. (Here o,(A) denotes the
Weyl spectrum of A.) (2) Every isolated point of o(A) belongs to ay,(A), and (3)
ind(A — A) 2 0 for all A € p,_p(A).

ProposITION 4. (i) If T € HC(H), then either Per(T)~ = M, or Per(T)~ has
infinite codimension in 'H.

(it) Per(T)~ =M for all T in a dense subset of HC(H).

(i) If T € HC(H) and T — X is semi-Fredholm (necessarily of positive index) for
all X € 0D, then Per(T')~ =M for all T’ € HC(H) in some neighborhood of T

(iv) IfT € HC(M) and T — « is semi-Fredholm of positive index for some o € 0D,
but T — B is not semi-Fredholm for some other 8 € 0D, then Per(T')~ is infinite
dimensional for all T' € HC(H) close enough to T, but T can be approximated by a
sequence {T}}52, in HC(H) such that Per(T — k)~ has infinite codimension in ‘H for
all k> 1.

(v) If T € HC(H) and o(T) = o1,.(T), then T can be approximated by a
sequence {Tx}§2, in HC’(’H) such that Per(T;) = {0} for all k > 1.

Proof. (i) By Proposition 3 (ii), Per(T)~ is hyperinvariant for T', and therefore its
orthogonal complement is invariant under T*. By [11, Proposition 2.2], HoPer(T)"
cannot be a non-trivial finite dimensional subspace (for, otherwise, o, (T*) # @).

(ii) This follows immediately from Theorem 1 and Proposition 3 (iv) and (v).
(By Theorem 2.1 of {11] and its proof: the operators described in Theorem 1 form a
dense subset of HC(H).)

(i) f T € HC(H) and T — X is semi-Fredholm for all A € 6D, then (by [11,
Proposition 2.2]) 6,(T*) = @, ind(A—T) > 0 and (T — A)* is bounded below by some
constant 6 > 0 (for all A € 9D).

Thus, if |T — T"|| < €, then T” — X is a semi-Fredholm operator with ind(A —
—T') =ind(A — T), and (7" — X)* is bounded below for all A € dD. If, in addition,
T' € HC(H), then Per(T') = H by Proposition 3 (iv) (see [10, Chapter 3]). In
particular, Per(T)™ = N. i

(iv) Approximate T as in the proof of Theorem 2.1 of [11] by operators Ay €
€ L(H), As € HC(H), such that Az — B is semi-Fredholm of index 1. Let T be a
closed tiny arc of the unit circle centered at @ such that Az ~ A is Fredholm of index
1for all A €T, and let B|N be constructed as in 5), with o(B|N) =T.

The Similarity Orbit Theorem [2, Theorem 9.2] indicates that A; can be uni-
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formly approximated by operators similar to Az @ B|N (by 3), As & B|N is hyper-
cyclic). Therefore, T' can also be approximated by operators of this type.
But o, (B|N) = @; therefore, for each W invertible,

Per(W(As @ BIM)W™1)" = WHs,

where M3 is the space of As. Hence, Per(W (A3 & B)W 1)~ has infinite dimension
and infinite codimension in X. ,

On the other hand, by proceeding as in (iit), it is easy to check that V{ker(T" —
—A)F}e2 , is an infinite dimensional subspace of Per(7")~ for each T' € HC(M) close
enough to T

(v) HT € HC(H) and o(T") = 01;.(T), then given € > 0 we can approximate
T by Ty € HC(H)™ so that ||T'— 71| < € and o(T1) = 01,.(T1) is the closure of an
analytic Cauchy domain Q including o(T) [10], [11].

Let I' = 8D N Q, and let BN be constructed as in 5) so that o(B|N) =T. By
the Similarity Orbit Theorem [2, Theorem 9.2], T} can be approximated by operators
similar to B|N. Therefore, there exists W invertible such that ||T ~ WBINW || <
< 2.

Since BIN € HC(H) and 0,(B|N) = @, WBINW~1 € HC(H) and Per(W B[N -

-W-1) = {0}. Since € can be chosen arbitrarily small, we are done. ]

Of course, if T has the form of Proposition 4 (v), then the approximating sequence
{Tx )32, € HC({M) can also be chosen so that Per(T})~ = M, or Per(T})~ is an infinite

dimensional subspace of infinite codimension in H, for each k > 1.

CONJECTURE 2. If T'€ HC(H) and T — X is not a semi-Fredholm operator of
positive index for any A € 0D, then T can be approximated by a sequence {T:}32,
in HC(M) such that Per(Ty) = {0} for all k > 1.
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