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THE AUTOMORPHISM GROUP OF A FREE PRODUCT
OF GROUPS AND SIMPLE C*-ALGEBRAS

VIOREL NITICA and ANDREI TOROK

1. INTRODUCTION

The aim of this paper is to introduce a new class of discrete groups G for which
the reduced C*-algebra C}(G) is simple with unique trace.

Powers [14] showed that the reduced C*-algebra C;(F;) of the free nonabelian
group on two generators is simple with unique trace. His result was generalized by
Choi [5], for the free product Z; * Z3, and by Paschke and Salinas [13] for a free
product Gy # G5, where 1 has at least two elements and G4 at least three elements.
De la Harpe [7] introduced the class of Powers groups, which contains all the previous
examples. He showed that the Powers groups have the reduced C*-algebra simple
with unique trace. In [4], the results of de la Harpe are generalized for a larger class
of groups, called weak Powers groups.

Another direction in looking for discrete groups for which the reduced C*-algebras
are simple with unique trace is given by Theorem 3 in [1].

THEOREM. (Akemann and Lee) Let G be a discrete group which contains a nor-
mal free nonabelian subgroup with trivial centralizer. Then the reduced C*-algebra
of G is simple with unique trace.

The natural question, asked by de la Harpe [7], is the following.

QUESTION. Can one replace the free group in the previous theorem by a (weak)
Powers group?

Here we prove that one can replace the free group in the theorem of Akemann
and Lee by any proper free product (i.e. of nontrivial groups), which is not the infinite
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dihedral group (i.e. Z2 * Z3). This can also be done in Corollary 5 of [1] which deals
with a group that has normal subgroups a family of free nonabelian groups such that
the intersection of their centralizers is trivial.

The paper is divided in four sections. In Section 2 we introduce some notations,
we state the principal theorem and we show how the results described above can be
obtained from it. In Section 3 we prove some combinatorial results related to free
products, and in Section 4 there is the proof of the principal theorem.

REMARK. After our work has been completed, we received a paper of E. Bédos
{3], where simplicity is proved in a more general case, but nothing is obtained about
the uniqueness of the trace. More precisely, Bédos proved ([3], Corollary 3.6) that
any discrete group posessing a normal C*-simple subgroup with trivial centralizer is
C*-simple (a discrete group is called C*-simple if its reduced C*-algebra is simple).
The techniques used in [3] and in our paper are quite different.

The technique used in this paper, which appears in almost all papers proving
both simplicity and uniqueness of the trace ([1], [4], [5], [7], [13], [14] etc.) is based on
the construction of a certain averaging process (see Theorem 1). This is somehow a
necessary condition, due to the following result of Haagerup and Zsidé (see [6]): if A
is a simple unital C*-algebra with at most one tracial state, then for each a € A, the
closed convex hull of {uau* : u € A unitary} contains a scalar multiple of 14 (namely
tr(a) - 14, if tr is a trace on A).

Bédos uses reduced twisted crossed products of C*-algebras by discrete groups
(see {12]) and a result of Kishimoto ([8], Theorem 3.1), which says that the reduced
crossed product of a simple C*-algebra by a discrete group of outer automorphism is
simple.

Unfortunately, there seems to be a lack of literature on conditions under which a
reduced crossed product of a C*-algebra with unique trace has a unique trace. Hence,
in order to pursue further investigation in de la Harpe’s question, one has either to
find such conditions, or to use the averaging process method, where the difficulty is

concentrated in group combinatorial tricks.

2. NOTATIONS AND THE PRINCIPAL RESULTS

We begin with some general notations. All groups are discrete.

In the following, let H be an arbitrary group. Then:

— By e we always denote the identity element of H. H* := H \ {e} and ordh
stands for the order of the element h € H;

-~ C[H] stands for the group algebra of H. We identify the elements of H and
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their image in the group algebra;
— For any X = Z chh € C[H] (the sum has finite support), denote suppX :=

heH

= {h € Hlcp # 0};

~ C}(H) denotes the reduced C*-algebras of H, that is the closure of C[H] in the
norm we obtain regarding its elements as left convolutors on the Hilbert space £2(H).
This norm will be denoted by ||.||z#. (Therefore there is an inclusion C[H] — C}(H)
with dense range). Note that the elements h € H become unitary elements of C; (H);

- 1 : C}(H) — C is the canonical trace, i.e. the continuous extension of
70 :C[H]—=C, no Z enh | =ce;

heH
~If h,k € H, their commutator will be denoted by [h,k] = hkh~1k~! and

Adh € Int(H) C Aut(H) is given by Adh(k) = hkh™!;
~ Given a nonvoid set M C H, its centralizer is

Zy(M)={h€ H|[h,z]=¢, forall z € M};

~ In order to simplify the notations, we shall write % instead of Adh, forallh € H.
Therefore there is a surjective morphism ~ : H — Int (H). It is easy to check that its
restriction to a subgroup K C H is one-to-one if and only if Zy(K) = {e}. The same
holds for the map ™ : H — Int (H)|x C Aut(K), if K is a normal subgroup of H.

— Given a subgroup K C H, by an averaging process (of C?(H)) with elements
of K we shall mean a C-linear map 0 : C;(H) — C;(H) given by

1 n
(1) 6(h) = ~ Z_; kihk7', he H
where {k;}1¢i¢n C K is a fixed set. (As a matter of fact, one defines 6 by (1), only
on C[H], but since
18(X)Na < | X||#, for all X € C[H],

@ can be extended by continuity to C;(H)).
It is easy to see that:
-if 8,0 are averaging processes of Cy (H) with elements of the subgroup K C H,
then:
a) 6COllar < X1\, for all X € C(H);
b) 6o ¢ is also an averaging process with elements of K;
— if Hy, Hy are groups and Hy C Hj, then there is an isometric embedding
C}(H1) — C}(Ha). '
We can now fix the setting. Let A and B be nontrivial groups, I' = A * B their
free product, G = Aut (I'), the group of automorphisms of I'yand 7 : AxB — Ax B
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the canonical morphisms, with compenents 7, and 73. Denote ker # = F. It is known
([15], 1, 1.3, Prop. 4) that F is a frec group with basis

f{lo,3lla € 4°,b € B,

Therefore, if A+ B # Zy % Zy, then F is nonabelian.

For a nonvoid set M € I'. we shall denote

M= U wMw™?t,
wefl
Since Zp(1") = {e}, the map # € I"+— T € Int(I') is an isomorphism.
The principal result, the proof of which will be given in Section 4, is the following:

~ TueEoREM 1. Let A and B be nontrivial groups such that A+ B # Zy+Z3. Then
for any finite nonvoid set M ¢ G* = Aut(A+B)\ {id 4.p} and for any valuee > 0,
there is an averaging process § of C}(G) with elements of Int (A * B) such that

[9(ghiec Scforallge M.

In the sequel, we shall prove the results announced in Section 1.
We need the following lemma, the proof of which is standard ([7], Proposition 3):

LemMA 2. Let H be a group with the property that for any finite nonvoid set
M C H* and any value ¢ > 0, there is an averaging process 6 with elements of H
such that:
0B < ¢, for all h € M.

Then Cy(H) is simple with unique trace.

CoROLLARY 3. Let A and B be nontrivial groups such that Ax B # Zy + 13.
If a (discrete) group H contains A + B as a normal subgroup with trivial centralizer,
then C}(H) is simple with unique trace.

Proof. Since I' = A * B is normal in H, there is an inclusion:
2) Int (I'y C H' C Aut(T)

where H' = { Ad by | h € H}. Moreover H and H' are isomorphic because Zy(I') =
= {e}. Therefore, the problem reduces to prove that C;(H') is simple with unique
trace for a group M’ satisfying (2). But this follows easily by Theorem 1, due to
Lemma 2. -



THE AUTOMORPHISM GROUP OF A FREE PRODUCT OF GROUPS 191

REMARK. It is not hard to see that the groups H that satisfy the hypothesis of
Corollary 3 are in one-to-one correspondence with the subgroups of Out(A % B) :=
:= Aut (A * B)/Int (A * B).

COROLLARY 4. Denote by F the family of groups that are proper free products
and are not equal to Z; xZ,. Let H be a group having as normal subgroups a family
{L;}ier of groups (I any nonvoid set), such that I'; € F for all i € I and

() Zu(Iy) = {e}.
iel
Then C}(H) is simple with unique trace.

Proof. We shall prove that H satisfies the hypothesis of Lemma 2.
Note first the following

for any ¢ € I, given a nonvoid finite set M C H \ Zy(I3})

3) and a value € > 0, there is an averaging process 8 with
elements of I; such that ||0(h)||x < € for all h € M.

To see this, denote M’ = {Adhlh € M}. Then M’ C Aut(I};) because [ is
normal in H, and id p; € M’ because M N Zy(I;) = 0. By Theorem 1 we obtain an

averaging process 6’

Lo
(o) = —ﬁzgkagk 1 o€ Aut(),
k=1

with {gr}r=1,2,...n C Ii such that ||¢'(h')|lg, < €, for all ' € M’, where G; =
= Aut (F,').
" Define the averaging process 0 of Cy(H) with elements of I by

1< -1
6(h) = — > orhg;', heH.
k=1
Since, for all h € H,

' Ad byr)lla; =

1 n
- Z?k( Adhr)g;t
k=1 G;

1 g —————1
~ gk Adh(g;")

_ “ [%Zm} (Adhyr)

k=1 G; k=1 G;
=lln kNGy - n gkngy =
k=1 T k=1 H
18
= =D oehait| = ll6(h)Ilx,
k=1 H
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we see that (3) holds.
Consider now a finite nonveid set M C H* and a value € > 0. There is a finite
family {¢;,...,4xv} C I such that

/N
Mo ZH(FM)> =0

k=1

Denote My, = M\ [} Zu{li,) forn=1,2,..., N and Mo = 0 (hence My = M).
k=1
Deleting some indices i), we may assume that

My \ M, #0,forall0<n< N.

Note that
M C I{\ZH(F@I),

and

n—-1

Mo\ Moz € [} Zu(Ti) \ Zu(l3,)

k=1

for 2 < n < N. By (3), there are averaging processes 6, with elements of I3 _,
n < N such that

N0 (Rl < e forallh € My \ My_s.

Then 8 = On oy 0--- 06 will be the needed averaging process for M. | |

3. COMBINATORIAL LEMMAS

Let I' = A« B be as above a free product of nontrivial groups. Each g can be
uniquely written in the reduced form as ¢ = g1...gm, where for 1 < j { m, g; is
an element of A* or B* and twe adjacent g;’s are not both in A* or both in B*. In
this case, define the lenght of g to be [g| = m. (We set |e] = 0). We also define the
beginning of g to be I(g) := g1, and the end of g to be r{g) := gpm.

For v1,ve,...,ux € I,k 2 2, we say that the product vyvs - - - v, is reduced if none
of the factors is e and, for all 4= 1,...,k — I, the end of v; and the beginning of v;41
are in different groups. We say that the product vyv; - - - vy is reduced mod {v;|j € J},
where J C {1,...,k}, if some v;’s, j € J, may equal e and after deleting those equal
to e, we obtain a reduced product. By a statement like “the product (vivz)vs is

reduced” we mean that “the product wuvs is reduced, where w = vyv3”.
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Let w;,w; be two words in I'*. We say that in the product wyws, there is a
consolidation if r(w;) and I(w) are both in the same group (A or B) and r(w1)l(w2) ;6
#e. We say that there is a cancellation if r(w)l(w2) = e.

Let X be asubset of a group H. Then X is a free family if and only if XNX~1 = 0
and no product w = ;23 - x,. is equal to e, where n > 1, {z1,...,zp} C XUX?
and z;z41 # e, forall1<i<n—-1. (X! :={z" !z € X}).

The following remark will be useful in Section 4. It is exercise 12 in [10], Sec-
tion 1.4.

. REMARK. If {a,b} is a free subset in a group H, then {a"b~"},> Is also free.

We define a function g4 : '\ A — A in the following way: for any g € I'\ A, there
are unique elements w € I'*, a1, a2 € A such that g = aywas is reduced mod {a;, a2},
and I(w), r(w) € B*; then ¢a(g) := aja,.

LEMMA 5. Let A and B be nontrivial groups such that A* B # I, x 15, and let
o € Aut (A* B). Then ojr = id p implies a = id 4.B.

Proof. See Proposition 3 in [11]. [ ]

LEMMA 6. Let a € A* and w € I' \ A be elements of infinite order. Assume
s € N* is such that

ga(w) ¢ {a™[n € Z}.
Then {a®,w*} is a free family in I".

Proof. If w € B*, the conclusion is clear. Therefore we assume from now on that
jw} > 2. Then:

4) l(w™) = l(w), r(w™) = r(w), for all n € N*,

as will be checked at the end of the proof.
Write w = ajwja; reduced mod {ay, a3} with a;,a; € A. By (4), one obtains
that

ajwypag, with l(w,), r(w,) € B* ifn>1
a5 twpar?t, with l(w,), r(w,) € B* ifng -1

(5) w = {

Let z be any word in ¢* and w®. Conjugating it by a high power of w*®, we can

put it in the form:

z= wsnlaamxwangasmg e asm,_lwsn

where p > 2, n;,mj € Z* for 1 i < p,1<j < p— 1. Using (5), we obtain that

6) - Z = C1Wn, Co2Wn, *+* Cp1Wn ,Cp
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where ¢1 € {al,a'z'l},cp € {az,a7'} and ¢;, i = 2,...,p — 1 are elements of A of
1gsma;!. By the hypothesis, ¢; # e for

the form asa’™a;, aga’"‘az'l, a{la’"‘

a1 or @
i=2,...,p~ 1, therefore in (6) z is reduced mod {ci,¢,}, hence z # e.

It remains to prove (4).

If |w| is even, then w begins and ends with letters from different groups, hence
in the product ww---w = w” there appears neither consolidation nor cancellation.
Therefore (4) holds.

If Jw] is odd, then w begins and ends with letters from the same group. If in ww
there is only a consolidation, since |w| > 2, one sees easily that (4) holds. Otherwise,
one can show by induction that w has a reduced form w = vibv~! with @,v € I'*,
such that ord & is infinite and in @ there is only a consolidation. If |@] > 2, we have
seen above that I(@") = (@), r(¥") = r(@). Therefore w® = v(¥")v=? is reduced
for n € N*, and this holds even if |@| = 1. Hence I(w") = I(v), r(w") = r(v™!) and
then (4) holds too. |

4. PROOF OF THE MAIN RESULT

We define, for n € N* and v € I' the following averaging process:
1 n
Onv(a) = E;%""cﬁ"“", a € Aut(T).

Theorem 1 will be proved using Lemma 7 and the Theorem of Akemann and Lee.
All these results rely on the following consequence of the theorem of Akemann and
Ostrand [2]: if {hi}1gign is a free family in a (discrete) group H, then

=2v/n-1.

LEMMA 7. Assume a € A* and a € Aut (A x B) are such that a is an element of
infinite order and a(a) ¢ A or a=(a) ¢ A. If n € N* is such that

9a({e(a), a7 ()} \ A) N {a™|k € 7"} = 0

vn-1
—

then {16n,a(e)ll = 2

Proof. Denote a(a) = wy, @~ 1(a) = w,. Since

g7 = f(v)B, for B € Aut(I'),v €T,
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we obtain:
lea——
”oﬂ,d(a)"G = ’[; Za"ka(ank)—l] o _
G
n
lZa""w""k nk —nk
n 1
k=1 r
respectively:
1 n
k=1 Ie;
n
= l wgka—nk
n
k=1 r

By Lemma 6 applied to w; or wy and by the Remark from Section 3,
{a™*w" }k>1 or {w3* ""}k>1 is a free family in I' (note that ordw; = ord ws =
= ord a), therefore the conclusion follows from the result of Akemann and Ostrand.

|

LEMMA 8. Assume a € Aut(A * B) is such that one of the situations below
holds:
(i) a(4) c A and o(B) C B;
(ii) a(A) C B and o(B) C A.
Then a(F)C F.
Proof. We shall verify only the case (i), the other being similar.

Let a € A*,b € B*. According to (i), there are @’ € A*,b' € B* and v,w € I
such that

a(a) =va'vl, a(b) = whw?.
Then:
m(a(a)) = 7(v)(a’, )7 (v)™ = (mi(v)a'mi(v) 7", e)
7(a(b)) = (e, ma(w)b'm2(w)™?)
hence
7(a([a, b])) = [7(a(a)), 7(a(b))] = e,
that is

a([a,b])) € kerr = F.
But {[a,b]|la € A*,b € B*} generate F, therefore we get that o(F) C F. |
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Proof of Theorem 1. Denote
Gi={a € Aut{A*B)|a(F)=F},
and, for z € I',
Gy(z) = {a € Aut(A+B)|a(z) g AUB or o™ (z) ¢ AU B}.

We begin by infering some consequences cf the preceeding lemmas.
G is a subgroup of G, having F = {f = Adf|f € F} as normal subgroup

(because afa! = a(f)). Since
T:A*B — Aut(A+*B)
is one-to-one, F is isomorphic to J7. Moreover, since

o€ Zg,(F)e afel=Fforall feF
& a(fy=Fforall feF
& aff)=fforall feF,

we get by Lemma 5 that Zg,(F) = {e}. Consequently, G, has as normal subgroup
with trivial centralizer the free nonabelian group F, hence the proof of the theorem

of Akemann and Lee shows that:

averaging process § with elements of F, such that

for any finite nonvoid set M C G} and any € > 0, there is an
(7 {
[16(a)lle, <€, for all @ € M.

Since for all v € I" and o € Aut (I") one has:
Tav " (z) = (ve(v) Ha(z)(va(v) 1)L, for all z € I,

we see that for any z € I,

(8) a € Ga(z) = 07! € Ga(z), forallv € I.
- Note that
(9) G=GU ( U Gg(z)) :
TEA*UB*

Indeed, assume by the contrary, that @ € Aut (A B) is an element not belonging
to the set on the right hand side above. Due to Lemma 8, there are elements a € A*
and b € B” such that one of thke conditions below is fulfilled:
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(i) a(a),a(b) € A

(ii) a(a), a(b) € B

(iii) a~(a),a"1(d) € A

(iv) a~(a),a"1(b) € B.

If we prove that each of these cases implies that o belongs to some Ga(z) with
x € A* U B*, we get the contradiction. We shall do this only for the case (i). Hence
there are a;,a; € A*, v,w € I' such that a(a) = va;v~!, a(b) = wasw=?. Therefore
a~1(a;) € A%, a~(az) € B* = a~Y(a1a;) € A* - B* = a € Ga(a1az), because
A* . B*N (AU B) = 0. Indeed,

n(A* - B*) = 7(A%) - w(B*) = (4" x {e})- ({e} x B*) = A" x B",

while
7(AUB) = (A x {e})U({e} x B).

Denote by G the family of all nonvoid sets G2(z) with z € A*UB*.

Note that G2(z) # 0 implies that ordz is infinite, because a consequence of
Kurosh’s Subgroup Theorem [9] is that any finite subgroup of A * B is conjugated to
a subgroup of A or B (hence if ord a*!(z) = ord z is finite, then a(z) € AU B and
a~(z) € AUB).

By Lemma 7 we infer that

there is an averaging process ¢ with elements of T' such that

for any € > 0 and Gy € G, given a finite nonvoid set M C G,
(10) {
lI8(a)lle < €, for all & € M.

After this preparation, we are ready to prove the theorem. Let M C G* be a
finite nonvoid set and £ > 0. By (9), M can be writen as a disjoint union

N
M= U M; (N2 1)
i=1
where My = M NG; C Gj, and for ¢ = 2,..., N there are groups G; € G such that

@#M.—cG;.

We shall prove by induction on n, for n = 1,2,..., N, the statement:

there is an averaging process 8, with elements of I" such that
n

(11)n [18n(e)lle < g, for all & € U M;.

i=1
For n = 1, this holds, due to (7) (if M; = 0, we take 6; =id). Assume (11),
holds for some n, 1 < n < N. Denote

Mny1) := U{ supp On(a) | € Mp 1},
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Then My, 1) is a finite nonvoid set and M(n41) C Gny1 due to (8), therefore (10)
gives an averaging process (1) with elements of T such that

(12) 10n+1y(@)llg < €, for all @ € My 41).

n
We define 8,41 = B(n+1)©Bs. Then for o € U M;, one has

i=1
10n+1(e)lle = 18 +1)(Bn ()l < 1¥n()ll6 <&

and for & € My, 41, one has

10n+1(lie = [|8(n+1)(Bn(a))lle < €

by (12), because 8, () is a convex combination of elements of M(y, 41).
Therefore, (11), implies (11)n41, hence (11); holds, and the theorem is proved.
|
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Added in proofs: After this paper was accepted for publication, we learned about two
papers by E. Bédos: Simple C*-crossed products with unique trace and On the uniqueness
of the trace on some simple C*-algebras, where conditions under which a crossed product of
a C*-algebra has a unique trace are given.
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