J. OPERATOR THEORY © Copyright by IMAR, 1992
28(1992), 309-320

ON THE DIFFERENTIAL STRUCTURE OF
PRINCIPAL SERIES REPRESENTATIONS

A.F.M. TER ELST

1. INTRODUCTION

Each continuous representation of a Lie group has natural differential and ana-
lytic structures which are to a large extent determined by the comparable structures
of the strongly elliptic operators affiliated with the representations. In particular
the analytic structures coincide for all continuous representations and the differential
structures coincide for unitary representations, Lipschitz representations, and the reg-
ular representations on the reflexive LP-spaces. Nevertheless the differential structures
do differ for the regular representations on L!(R?) and L*(R?).

Let U be a representation of a Lie group G in a Banach space X'. For z € X let
#:G — X be defined by #(g9):= U(g)z (9§ € G). For n € N and A > 1 let X,(U),
Xoo(U), Xu(U) and X*(U) be the space of all z € X such that # is a C"-function,
a C*°-function, an analytic function and a Gevrey function of order A, respectively.
There exists an infinitesimal description of these spaces.

For X in the Lie algebra g of G let dU(X) be the infinitesimal generator of the
one-parameter group ¢ — U(exp(tX)). Let OU(X) be the restriction of dU(X) to the
space Xoo(U). Let X1,...,X4 be an arbitrary basis in g. Then

Ao (U) = D*(AU(Xy), ..., dU(Xa)),
Xoo(U) = D®(AU(X1), ..., dU(X4)),
X, (U) = 51(dU(Xy), ..., dU(Xq)),
XMNU) = Sx(dU(X4), . .., dU(Xa)),
where in general for operators A;,..., Az in X

D™(Ai, ..., Aq):= N D(Ai, 0...04;),
i1, in€{1,...,d}
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D®(Ay,...,Ag):= [ | D*(Ay, ..., Ad),

n=1
S)\(Al, R Ad): = {.’L’ € DOO(AI, ceny Ad): 30,t>0vn€NoVi1,...,ine{l,..‘,d}
[Il4s, 0 -+ 0 Ai 2|l < ct™al]}.

(see [5, Proposition 1.1] and {7, Proposition 1.5].) With the norm

el = max | meax 4U(Xa) o0 dU(Xa)s] (= € %),

(Xn, || |ln) becomes a Banach space.

Let Cp, be a strongly elliptic form of order m over R?. Let ¢4 € C, (o] < m be
such that Cp,(€) = Z cal® for all £ € R, Let H,, be the corresponding strongly

lelgm
elliptic operator. So

Hmi= 3 cadU(X1)* 0- -0 dU(Xq)*

falsm

with domain D(Hp,): = Xn(U). Langlands, [12, Theorem 2] or [11, Theorem 8], has
proved that H,, generates a holomorphic semigroup. (For a proof, see [16, Theorem
1.5.1].) In this paper we shall prove that if U is a standard principal series represen-
tation, then H,, determines the C"-structure of U, i.e. X,(U) = D((Hn + AI)=)
for all n € N and all A > 0 such that H,, + AI generates a bounded semigroup.
Moreover, the norms || ||, and z + ||z|| + ||(Hm + AI) ™ z]| are equivalent. These kind
of equalities have been proved before for unitary representations and Hermitian ellip-
tic Hermitian operators by [6, Theorem 3.1 and Corollary 4.1], for general strongly
elliptic operators in unitary representations by [16, Example 11.5.10], for Lipschitz
representations by [16, Theorem 11.5.8] and for the Laplacian corresponding to left
and right translations in all reflexive L?(G) spaces by [2, Theorem 2.3]). However, it
fails for the Laplacian corresponding to the translations in L'(R?) and L>°(R?). (See
[14] and [13].) Moreover, in general the validity for n = m does not imply the validity

for lower n. 4

As a result, we prove that X,(U) = ﬂ D([dU(X)]") for all n € N for each
k=1
standard principal series representation. This kind of equality is proved for unitary

d
representations by [6, Theorem 5.2]. We also prove that &, (U) = ﬂ S1{(dU(Xx))
k=1

d
(separate and joint analyticity) and more general, ¥*(U) = ﬂ Sx(dU(Xy)) for all
k=1
A > 1. The first equality is proved for unitary representations of reductive Lie groups

by [17, Proposition 2].
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Let K be a maximal compact subgroup of a semisimple Lie group G with finite
center. Let U be a standard principal series representation of G. In [3, Corollaries
4 and 7 and the Added in proof] we proved that Xoo(U) = Xoo(U|k) and X*(U) =
= X*(U|k) for all X > 1. Now we prove the same kind of equality for the C*-spaces:
X (U) = Xo(Ulk) -

2. C"*-VECTORS FOR RESTRICTIONS TO K

Let G be a connected semisimple Lie group with finite center. Let g=t @ adn
be an Iwasawa decomposition of the Lie algebra g of G. Let K, A and N be connected
subgroups of G with Lie algebras ¥, a and n, respectively. By [8, Theorem VI.1.1],
K is compact. Let M:= {k € K:Ad(k)|a = I}. Then M is a compact group. Let
o be a fixed unitary irreducible representation of M in a Hilbert space H?. Let
(a')€ be the vector space of all linear functions from a into C. Let v € (a’)€. Let

pi= %Z(dimp)p, where I't is the set of positive roots of (g,a) for N. Let U” be
r+

the principal series representation corresponding to M AN, o and v, realized in the
“compact picture”. (Cf. [10, p. 169].) So let

Ho:={f: K — H? continuous : Ve xkVmem[f(km) = a(m)'lf(k)]},

171P:= [ @I (£ € ),
K
H is the completion of (Ho, || ||) and
[U* (@) fIk): = a(g™ k)~ F f(r(g7 k) (9 €G, f € Ho, kEK).

Here k:G — K, a:G — A and n: G — N are the analytic functions such that ¢ =
= k(g)a(g)n(g) in the Iwasawa decomposition of G. (See [8, Theorem VI.5.1].) Let V
be the restriction of U” to K. Note that V is independent of v. So Heo (UY) = Hoo (V)
is independent of ». (See [3, Corollary 4].) Let Yi,...,Ys be a basis in ¢ and
Xi1,...,X4 be abasisin g.

LEMMA 1. Let X € g and v € (o). Then there exist continuous operators
Bx,,,Bx,1,..., Bx,q4, such that for all f € Heo(U")

dy
dU*(X)f = Bx,f + Y Bx dV(Y;)f.
j=1

More explicitly, Bx,, can be taken as the multiplication operator with the function

a(exp(—tX)k)~(»+°)
0

lcl-—>i

d¢

and the operators Bx 1, ..., Bx,q4, are independent of v.
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Proof. Fort € R let g;: = exp(tX). There exists an open set Wy C ¢, 0 € Wy
and an open set W C K such that exp|w,: Wy — W is a diffeomorphism. The map
(t, k) — r(g; *k)k~! from R x K into K is continuous and maps {0} x K into the
identity element of K, so by the compactness of K there exists ¢ > 0 such that
k(g7 'k)k~ € W for all t € (—¢,¢) and all k € K. For t € (—¢,¢) and k € K let
X1 € Wo be such that

exp Xy = k(g )k~

Then (t,k) — Xy is infinitely differentiable from (—¢,¢) x K into €. Let 2441, ...,
Z1,k,q, € R be such that
d
X = th,k,ij
j=1

for allt € (—¢,¢) and all k € K.

Clearly the function (¢, k) — (a(g; *k))~(“*#) is infinitely differentiable. Now let
f € Hoo(U"). By [15, Theorem 5.1] and the correspondence between the “induced
picture” and the “compact picture” ([10, §VII.1}) we may assume that f is a C'®-
function from K into H?. Moreover, for all Y € g we have for a.e. k€ K:

AU WA = | 1 (exp)AG)

Then for ae. L € K:

[dU*(X) f1(k) . [U” (exp(t X)) f1(%)

= 5| o B)TCHP f(s(o M)
0

= 5| alerk)™CP f(exp Xy k)
t 0

= 3] ale e 50 + VAR - 2 2.
0 0

ji=1
The lemma follows. [ ]

For n € N let || ||g,»,» and || ||k,n be the C"-norms of U” and V corresponding
to the basisses X;,..., Xz and Y3, ..., Yy,, respectively.

THEOREM 2. Let v € (¢/)C andn € N. Then H,,(U”) = Hp(V) = Hn(U?|x). So
Hn(U") is independent of v. Moreover, the norms || |l¢,»,» and || ||k.n are equivalent.
Proof. By Lemma 1 for all X € g there exists ¢ > 0 such that ||[dUY(X)f|| <
d1
< e()lfl) + Z [[dV(Y;)fl]) for all f € Hoo(U?). So by induction there exists ¢, > 0
=1
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such that ||fllg,v,n < cnl|fll&,n for all f € Hoo(U"). Since Hoo(U?) = Hoo(U?|k) =
= Hoo(V) is dense in H,(V) and H,(U") is complete, it follows that H,(V) C
C Ha(U?). Hence H,(U”) = Ha(V). By continuity, ||fllg,u,n < enllfllx,n for all
f € Ha(U”). |

3. DIFFERENTIAL STRUCTURE AND STRONGLY ELLIPTIC OPERATORS

Let Cy, be a strongly elliptic form. Let H}, be the strongly elliptic operator
associated with the form Cy, in the representation (H,G,U") for all v € (a')€. For
X € gand v € (/)€ let Bx,, be as in Lemma 1.

LEMMA 3. Let X € g, v € (a/)C and n € No. Then Bx, and B, map H,(U")
continuously in H,(U"). |

Proof. Let all f € Hoo(V). Again we may assume that f is a C*®-function from
K into H?. Then the function k — %’ a(exp(—tX)k)~+#) f(k) is a C*-function

from the compact group K into H?, so by [16, Theorem 5.1] this function is an element
of Hoo(V), i.e. Bx,f € Hoo(V). Moreover, for all Zy,...,Z, € & we have for a.e.
ke K:

[dV(Z1) o ---0dV(Z,)Bx,, fi(k) =

4 8
= gt—l . . E’o [BX,uf](eXp(~t"Zn) . ‘exP(—t121)lc) —
4 d| 8
= —| +vv —| — _ _ _ —(vto).
), Bt |, e, [Pt X)exp(~taZn) - exp(~t1 Z1)k)

- f(exp(—tnZyn) - - -exp(—t121)k)].
Since a is a C*°-function, we see that there exists ¢ > 0, independent of f, such
that ||dV(Z1) o ---0dV(Z,)Bx, f|| < ¢||fl|k,n. So there exists ¢; such that for all
f € Hoo(V) we have ||Bx,, fllk,n < c1l|fllx,n. Since Hoo(V) is dense in Hn(V),
the first part of the lemma follows by Theorem 2. Similarly, By , maps H,(U")
continuously in H,(U?). : ]

THEOREM 4. Let v € (a/)C. Then H,,(U?) = D(HY). Moreover, there exists
¢ > 0 such that ||f|le,v,m < c(||HYfl + ||f]]) for all f € Hn(UY).

Proof. Let c¢o € C, || < m be such that Cp,(€) = Z ca€®. Let Bx,, be asin
lalgm
Lemma 1. For j € {1, ...,d} let Bj:= Bx; 0— Bx;,,. Then dU°(X;) = dU"(X;)+ B;
and B; maps H,(U°) continuously in H,(U°) for all n € Ny by Lemma 3. By
expanding on H(U°)
Hy= Y ca(dU%(X1) + B1)* o---0(dU”(X4) + Ba)*

a=(ay,...,aq)
falgm
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as a large sum, consisting of terms without a B; and terms with at least one B;, we
obtain that there exists ¢; > 0 such that

I fll < WH ANl + el flle,0,m-1

for all f € Hoo(U®). Now UP is a unitary representation. (See [10, §VIL.2].) So by
{16, Corollary 1.6.5} there exists c; > 0 such that

1 flle.0m < c2(lHm ANl + £

for all f € Heo(U?). By Theorem 2 and [11, proof of Theorem 7] or [16, Theorem 1.4.1]
there exists ¢z > 0 such that

1flle.om-1 < es(llHm fIl + 11£11)
for all f € Hoo(UP). Finally, by Theorem 2 there exists ¢; > 0 such that
I fllg.sm < callfllc.0m
for all f € Heo(UY). So
[ fllg,vm < caca(l + eres)([[Hm £l + (1 £1)

for all f € Hoo(U"). Hence D(HY,) C Hp,(U?) and ||file,v,m < c(||HZ fI] + IIf]]) for
all f € Hn(UY), where c: = ea2¢4(1 + c1¢3). [ ]

COROLLARY 5. Let v € (a')€ and X > 1. Then HMN(U") = Spur(HZ).

Proof. By (16, Theorem 1.4.1], Ho(U¥) = D®(HY,). Now the corollary follows
from Theorem 4 and [7, Theorem 1.7]. [ ]

Not only C™-norm is determined by HY, also every C™-norm is determined by
(Hz, + AI)= for large .

THEOREM 6. Let v € (¢)¢ and n € N. Then for large A > 0, H,(U?) =
= D((HYZ, + AI)=). Moreover, the norms || ||g,s,n and f — ||(HZ, + A= fl| + || f]]
are equivalent.

Proof. Let By, j € {1,...,d} be as in the pfoof of Theorem 4. By [1, Theorem
1.2] (Garding’s inequality) there exist p, ¢ > 0 such that

Re(Hpf, ) 2 pliflle 0,2 — alfIP

for all f € Hoo(U?).
As in the proof of Theorem 4 we can write HY, = H?, + R with R a sum of terms
of the form ¢, T where T is the product of at most m — 1 operators from the set

{dUO(Xl)) () dUO(Xd)a Bla eeey Bd}
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and with one factor in {Bj, ..., Bg}. Consider one such therm ¢,T. Write T = T1 T>
with each T; consists of at most Zt operators from the set {dU°(X;),...,dU%(X,),
By, ..., Bg}. Now Tj or T3 contains at least one factor B;, suppose T; contains a B;.
Since each B; and B} maps H;(U°) continuously in H;(U®) for all I € Ny and U° is
unitary, there exists ¢; > 0 such that for all f € Heo(U°):

I(caTf, )l = lea(T2f, T1 I < leal IT2£) 175 £l € callflle,0, 2| fllc.0,2-1-
So there exists ¢z > 0 such that for all f € Heo (U°):
I(Rf, P < e2|lflle,0, 2l flle0,2-1-

For all £; > 0 we have
Iflle.0, 2l flle.0, -1 < €1l|f||c;o— ”f||G,o,7-1
Moreover, by [16, Lemma II1.3.3] there exists ¢z > 0 such that
Ifllo.0.z-1 < exllflla.o,z +cse; * ]

for all e5 > 0. So

C2 Cs

2
sl

(RENI< (eres+ 3263 105 +

for all f € Hoo(UP). Hence for all A > 0 and f € Hoo(U°)

Re((Hy, + ADf, f) 2 Re(HL £, f) + A fII? = (RS, )| >

2
C2 o 2 C2C3 2

> — C9E1 — —E m + A — g = )
P <p 261~ o 2) ||f||G,o,-2 ( 2ere] g ) IIfII°.

By choosing €; and €3 small and X large, it follows that Re((HZ + Af,f) > 0
for all f € Hoo(U®). Hence Re((HY, + AI)f, f) > 0 for all f € D(HZ + AI). So

HY, + Al is a maximal closed accretive operator. Also Af is a closed maximal
d

accretive operator, where Ag:= — ZdU %(X;)2. By Theorem 4 and [5, Proposition
j=1
1.3), D(Hy, +AI) = D(Ao% ) and the operator norms on the two spaces are equivalent.
Then by [9, Corollary following Theorem 1], D((HY, +AI)®) = D(A? ) and the norms
f = @z +AD% f||+]| ]| and £ +— ||AZ f||+]|£]| are equivalent for all n € {1, ..., m}.
So again by [5, Proposition 1.3] and Theorem 4, D(Ao%) = Hn(U°) = H,(U”) and
the norms are equivalent. This proves the theorem for all n € {1, ..., m}. Since H%, is
an operator of order m, the theorem follows for all values of n. a

(1)
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Let S be the holomorphic semigroup generated by H%. By general semigroup
theory there exist w,8 > 0 and M > 1 such that ||S,|| < Me“!l for all 2z € C with
largz| < 6. Now for principal series representations we prove that we can take M = 1,
as is in the case for unitary representations. (See [1, Corollary 4.1].)

COROLLARY 7. Let v € (a')®. Let S denote the holomorphic semigroup gener-
ated by HY,. Then there exist § > 0 and w > 0 such that S is holomorphic in {z €
€ C: |argz| < 8} and ||S,|| < e~'2l.

Proof. By Inequality (1) there exist p, ¢ > 0 such that Re(H},f, f) 2 p”f”é’o’_,_’,._—
—q||f||? for all f € Heo(U®). As in the proof of the previous theorem, it follows that
there exist ¢1, ¢z > 0 such that for all z € C and all f € Hoo (UO)

Re(zH,.f, f) > RezRe(H,, f, f) — [Imzjer|| fl|G o,z — |tmz]ea|| 1.

Hence

Re (5 HAf. 1) > Ti(oRes = allmeD)flf 5 = (a + eI

Let 8: = arctan ﬂ and w:= ¢ + ¢2. We may assume that S is holomorphic in {z €
€ C:|argz| < 0} Then for all f € H and all z € C with |argz| < §

ETIZ—I||szf||2e-2w|=I = —2Re ((I lH” +wI) S.f, szf) e~ %Il <o,

So [|S:£II < e“l|If]| and ||| < e“l*l. =
d
Next we want to prove that H,(U") = ﬂ D([dU”(X;)]"). Therefore we need
j=1
to consider duals of fractional operators. Let H;; ! be the strongly elliptic operator
associated with the dual form C}, in the dual represetation (X, G, U?). (See [16).)

LemMa 8. Let v € (a')€. Let a € (0,1). Let A > 0 be so large that HY, + Al
and H%' + A generate bounded semigroups. Then ((H,';,"r + z\I)"‘) = (Hy, + AI)°.

Proof. Let f € D(HZ, + AI). Then for all g € D(H% + AI)

sin Tor

(f, T+ A1)%g) =

/ po Y (HE + A+ ) D)~ HS ) du

0

(o]

_ sinﬂa/#a—l((ﬁ+(/\+#)l) YHYf,9)dp

m
0

= ((HZ + A1) f, 9).
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Since D(HY + AI) is a core for (H4T + AI)®, it follows that f € D(((H%T + AI)®)*)
and ((;IET_ +AD%)* f = (Hy, + AI)®f. Because ((E,'Q—T+ AI)®)* is a closed operator
and D(HY, + AI) is a core for (HZ, + AI)®, then also (HZ, + A\)* C ((—H_,'i,??+ AL,

Now let f € D((@+ AD®)*). Let g > 0. Then u(Hy + (A + p))~'f €
€ D(TZ, + M) € D((H4T + AI)*)*). So for all g € D(HA! + AI)

((HT + A1) w(HL + (A + ) f9) =

= (W(EG + O+ W) f, (HyT +A1)%g) =

= (f, w(BST + 0+ WD) (HE +AD)%g) =

= (f, (" + AD*p(HiT + (A + p)D)~"g) =

= (W(@Z + A+ D)™ HRT + D)%) £, 9).
Hence lim (% + A)*u(En + A + WD f = lim (HGT + AD*) w(@r+
+O+ WD = lim 7+ A+ DT ERT MDY = (HRT + M) S,
Since also lim p(Hz, + (A + )" f = f and (HY + A)® is a closed operator,

f € D((Hz, + A1)*). =
d
THEOREM 9. Let n € N and v € («')€. Then H,(U") = [} D([AU"(X;)]").

i=1

d
Proof. Let Cp(€):= (—1)"25}" and let HY and HZ' be the associated

j=1
strongly elliptic operators. Note that the contragredient representation of U? is also
a principal series representation, in fact UY = U~”. Let A > 0 be so large that

_H—,’;,,-i- (A=11I and Hu 4+ (A = 1)I generate bounded semigroups.
d

d
Let f € [ D(IAUY(X;)]*). Let ci:= Alfll + Y_ I[dU”(X;)]* fll. Then for all
j=1 ji=1

9 €EHo(U™Y)

I d
|7, (BT + ADg)| = |1y (f,z[du—v(x,.)]%g) +A(f,9)
j=1

d

> (U (X" £,dU 7 (X;)]"g) + A(f, 9)

j=1

<

< allglle,-zn-
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By Theorem 6 there exists cs > 0 such that
lgllg 5. < call T + A1l

forall g € Heo(U™7). Since (H_,'Q?T-i-/\l)% is a bijection from Hoo (U ~7) onto Heo (U™7),
I(F, (AT +AD¥9)| < eacallol

for all ¢ € Hoo(U~7), and by continuity, for all g € D((Hx' + AI)%). So it follows
that f € D(((H4' + AI)%)*). Therefore, f € D((HY, + AI)%) by Lemma 8 and hence
f € Ho(U") by Theorem 6. |

By the closed graph theorem we immediately obtain the following corollary.

COROLLARY 10. Let v € (a')€ and n € N. Then there exists ¢ > 0 (depending
on n) such that for all f € H,(U")

i=1

d
Iflleyn <e (Ilfll +3 II[dU"(Xj)]"fH) :

4. SEPARATE AND JOINT ANALYTIC OR GEVREY VECTORS

Again we have to examine the operators Bx, of Lemma 1.

LEMMA 11. Let p,v € (/)€ and X € g. For n € Ng let Bg‘z‘ be the multi-
plication operator on H with the function hx ,n, where hx , n: K — C Is defined
by

67‘1
hx,un(k): = 5

% a(exP(—SX)fc(exp(—tX)k))‘(HP).
0 95lo

Then dU”(X)BY ) f = BtV f + BY),dU*(X)f for all f € Hoo(U”) and all n € No.
Moreover, there exists M > 0 such that |hx (k)| < M™*!n! for all k € K and all
n € Ng uniformly.

Proof. Let f € Heo(U"). We may assume that f is a C®-function from K into
H?. Then for all n € Ny we obtain by Leibnitz’ rule for a.e. k € K:

[[dU*(X))" B, fi(k) =

= g{an i [U"(exp(tX))ng,),,f](k) =

n

= % 0 [a(exp(—tX)k) =+ f(i(exp(~tX)k))][hx v 0(k(exp(—t X)E))] =
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r n
=> ( ) BEI[Ur (X)) £1(k).
j=0 J

So [dUV(X)]nB(O) Z (] ) B(n_])[dU"(X)]Jf for all f € Ho(U”). For n €
j=0

€ Ng define Cp f: = Bg?,)#f and inductively Cp41f: = dUY(X)Cpnf —CodU¥(X)f (f €

€ MHoo(U?)). Then it follows by induction that [dU”(X)]*Cof = Z (T;) Ch-j
j=0
[AU(X)Y f for all f € Hoo(U") and all n € Ng and again by induction it follows that
Cn, = ng),, for all n € Nj.
For the proof of the last part of the lemma, the function

0

a(exp(—sX)r(exp(—tX)k))~#+p)
0
is a real analytic function from R x K into C, so for all kg € K there exist an open
subset W in K and M > 0 such that kg € W and

o
ot

66_3 a(exp(—sX)K,(exp(—tX)k))—(u+p) < Mg
0 0

for all k € W and n € Np. Since K is compact, we may assume that W = K. ]

d
THEOREM 12. Let v € (a’)€ and let A > 1. The H}(U) = ﬂ Sx(dU”(X;)).
j=1

d d
Proof. Let f € ] Sx(dU*(X;)). Then f € (] D®(dU"(X;)) = Hoo(U") by [4,
ji=1 ji=1
Theorem 1.1]. For X € g, u € (a')€ and n € Ng let hx , , and Bg?i be as in Lemma
11. Let j € {1,...,d}. Forn € No let B™):= BY) B and hn:= hx; s,n=hx; 0.

3%

By Lemma 11 there exists M > 1 such that [h (k)l M“+1n' for all n € Ny and
k € K. Then dU°(X;) = dU”(X;) + B®). For all g € Hoo(U") we have

1dU°(X;)gll < 14U (X;)gll + 1hollollgll < M(1AU”(X;)gll + llgl)-

Also [dU°(X;),dU"(X;)]g = [B®,dU*(X;)]g = —B(g and, by induction for all n €
€N, [ad dU°(X;)I*(dU*(X;))g = —B™g. So||[ad dU°(X;)]*(AU* (X;))gll < l|Anl|oo
llgll < M™*1nl)|g||. Hence by “analytic” domination ([7, Theorem 1.1]) we obtain that
[ € Sx(8U°(X;)). (Note that D(OU®(X;)) = Hoo(U®) = Hoo(U").)

d d

Sofe m SA\(8U°(X;)) = ﬂ Sx(dU°(X;)). Now U? is a unitary representation,
i=1 j=1
so by [17, Proposition 2], f € H*(U°). Finally, by [3, Corollary 7 and the Added in

proof], f € HA(U®) = HM(U°|x) = H}(U”|x) = H}(U"). u
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