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HANKEL OPERATORS ON THE BERGMAN SPACE
OF MULTIPLY-CONNECTED DOMAINS

HUIPING LI

1. INTRODUCTION

Let §2 be a bounded multiply-connected domain in the complex plane C whose
boundary 042 consits of finitely many simple closed smooth analytic curves I, (i =
=1,2,...,n), where I; (i = 1,2,...,n) are positively oriented with respect to 2 and
NI =@ if ¢ # j. We further assume that I is the boundary of the unbounded
component of C\ 2. Let D; be the bounded component of C\ I'y and D; (i =
=1,2,...,n) be the unbounded component of C\ I3, respectively, so that 2 = r'% D;.

For dv = —-d:cdy, we consider the usual L?-space L?(2) = L?(£2,dv). The
Bergman space H 2(£2), consisting of holomorphic L?-functions, is a closed subspace
of L%(£2). The Bergman projection P is the orthogonal prOJectlon from L?(£2) onto
H?($2) defined by

PF(2) = /K(z,w)f(w)dv(w),

where K(z,w) is the Bergman reproducing kernel of H2(£2). For f € L?(£2), the
Hankel operator Hy from H? into L? is defined by H;g = (I — P)(fg). In general,
H; is only densely defined and may be unbounded.

n [3], D. Békollé, C. A. Berger, L. A. Coburn and K. H. Zhu proved that for
the bounded symmetric domains D in C?, if f € L?(D), then the Hankel operators
Hy, HT are bounded (compact) if and only if f has bounded (vanishing) mean oscilla-
tion on D (at the boundary 4D). In this paper, using their theorems about the Hankel
operators on the unit disk, we extend the results in [3] to the multiply-connected do-
mains §2 given at the beginning of this paper. It is proved that for f € L2(2), the
Hankel operators Hy, Hp are bounded if and only if f has bounded mean oscillation
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on 2 (i.e. f €EBMO(£2)); the Hankel operators Hy, Hy are compact if and only if f
has vanishing mean oscillation at the boundary 812 (i.e. f €VMO(£2)). The mean os-
cillations will be defined in the next section. Since our theory is conformally invariant,
by the well-known fact (see {7]) that any bounded multiply-connected domain whose
boundary consists of finitely many simple closed smooth analytic curves is confor-
mally equivalent to a canonical bounded multiply-connected domain whose boundary
consists of finitely many circles, we only need to prove our theorems for the canonical

bounded multiply-connected domains.

2. DEFINITIONS AND NOTATIONS

Let D be the bounded multiply-connected domain given at the beginning of
Section 1, i.e. D = FﬁDi with D; the bounded component of C\ Iy and D; (j =
= 2,3,...,n) the unll)ounded component of C\ I';. We will use A to denote the
punctured disk A={z€C:0< |z| < 1}.

Let £2 be any one of the domains D, A, D;(i = 1,...,n). Let 92 denote the set
of non-isolated boundary points of §2. Following (3], for k,(2) = K(z,a)/K(a, a)ivl' we

define the Berezin transform of f € L*(£2) by f(a) = /f(w)|ka('w)|2dv(w). Since

2
ka(z) is bounded on §2 for each fixed a € 2 (see [5, p. 59]) and k4(z) € C®(£2) as a
function of a for each fixed z € £2, f is well defined for all f € L1(£2) and f € C®(R2).

DEFINITION 2.1. For f € L2(£2), let MO(f, 2) = (|f]?)"(2) — |f(2)|2. Wesay f €
€ BMO(£2) if MO(f, z) is bounded on £2; we say f € VMO(R) ile_igln MO(f,2) =0,
where by z — 02 we mean the distance function d(z,862) = inf{|z ~w|: w € 82} —
0. For any E C £2, we write

I fllBMmo(E) = sup MO(f,z)? and ||fllamo = | fllBMO(02)-

REMARK. By direct computation, it’s easy to see that
MO(f,9) = [ 1£() = F(a)Plk (w)Pdo(w) =
2
= 5 [ [ 1#0) = 1kl ) Pdo(w)do(a).
e}

For z € 2 and £ € C, let Bp(z,€) be the infinitesimal form of the Bergman
metric on 2. For z,w € £2, let Bn(z,w) be the Bergman distance between them.

For details of the Bergman metric and the Bergman distance, see [11, p. 45]. We
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will use Ep(z,r) to denote the Bergman ball centered at z € 2 with radius r, i.e.
Eo(z,r) = {w € 2 : Ba(z,w) < r}.

For any fixed r > 0, let

A 1 A -
&)= iy [ F@)du(w) and MO, (5) = (1f - ) (2,

Eg(2,r)

where |Eg(z,7)| is the usual Lebesgue measure of Eg(z, 7). Then f,(z) and MO, (f, z)
are continuous functions on 2. Now, we can define the spaces BMO,(£2) and
VMO, (£2):

DEFINITION 2.2. For f € L2?(R2), f is said to be in BMO,(£2) provided that
MO, (f, z) is bounded on £2; f is said to be in VMO,.(£2) provided that MO, (f, z) —
—0as z— 002

For f € L%(D), we define f; € L?(D;) (i =1,2,...,n) by letting

. _[f(z) ifzeD
f‘(z)“{o ifzeD;\D’

The notation Hy, (¢ = 1,...,n) will be used to denote the Hankel operators from
H?(D;) into L%(D;).

DEFINITION 2.3. Let f € H?(R2), we say f € B(f2) provided that |f'(2) -
-d(z,802)| € L*(D); we say f € Bo(£2) provided that f'(z)d(z,092) — 0 as z — 3102.

The letters C and M will be used to denote constants, they may change from
line to line.

Now we can state our main theorems:

THEOREM A. For f € L?(D), the following statements are equivalent:
1) the Hankel operators H; and Hy are bounded.
2) f € BMO(D).
3) f € BMO.(D) for somer > 0.
4) f € BMO,(D) for allr > 0.

THEOREM B. For f € L%(D), the following statements are equivalent:
1) the Hankel operators Hy and HT are compact.
2) f € VMO(D).
3) f € VMO (D) for some r > 0.
4) f € VMO, (D) for allr > 0.

THEOREM C. B(D) = BMO(D) N H%(D); Bo(D) = VMO(D) N H*(D).
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In Section 3, we will give some estimates about the Bergman kernel and the
Bergman metric on the canonical multiply-connected domain D; in Section 4, we
will establish the relationships between the mean oscillations on D and the mean
oscillations on D; (i = 1,2,...,n); Section 5 is devoted to giving the relationships
between the Hankel operators Hy and Hy, (i = 1,2,...,n); in Section 6, we prove
our main theorems for the canonical bounded multiply-connected domains; in Section
7, we will prove that our theory is conformally invariant and, consequently, get the
main theorems for all the bounded multiply-connected domains which are conformally

equivalent to one of our canonical multiply-connected domains.

3. THE ESTIMATES ABOUT THE BERGMAN KERNEL AND THE BERGMAN METRIC

From now on, we assume that D) is a canonical bounded multiply-connected
domain given in section 1 so that D = F;ﬁD.; with D; = {z € C : |z|] < 1} and
D ={z€C:|z—aj| >rs}for j =2,3,...,n, respectively. Here a; € Dy and
0 < r; < 1 satisfying |a; ~ ax| > r; + 7 if ¢ # k and 1 - |a;| > r;. We still use A to
denote the punctured unit disk D; \ {0}. We will use K*(z, w), K(z, w) and K°(z, w)
to denote the Bergman kernels on D; (1 = 1,2,...,n), D and A, respectively. We
write k%, (2) = K¥(z, w)/K*(w, w)3 for i = 0,1,...,n.

LEmMMA 3.1. There is an isometric isomorphism ¥ from L%(A) onto L%*(D,)
such that U(H%(4)) = H?(D;). For any (z,w) € A x A4, K°z,w) = K!(z,w).
The Bergman metric of A is the restriction to A of the Bergman metric of the unit
disk Ds.

Proof. See {10]. |

n
Let E(z,w) = K(z,w) — ZKi(z,w) for all (z,w) € D x D. We state some
1
results about the localization of the Bergman kernel near the boundary of D. For

details see [1,5].

LEMMA 3.2. (1) E(z,w) € L*°(D x D). (2) There are annuliG; C D,1 < i< n,
with G;NG; = @ if i # j such that for any (z,w) € G; x DU D x G; we have
|K(z,w)] € C-|K(2,w)|, and |K*(z,w)| < |K(z,w)|+C. (3) Forz € D, |K%(2,2)| <
< |K(2,z)|. Where the annuli are given by G; = {z : R; > |z — a;| > r;} for some
R;>r;,2<i<n,and Gy = {2: Ry < |z| < 1} for some Ry < 1.

For any set 2 € C and any 6 > 0, we write 22(6) = {z € 2: d(z,00) < §}.

LEMMA 3.3. For any r > 0, there are constants 6,C and M such that for
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1< i< n, we have

(1) For any z € D;(8) and £ € C, M~} - B(2,£) < Bp(2,€) < M - d(2,8D)-|¢;

(2) If z € D;(5), then Ei(z,C*-r) C G; and Ep(z,v/C) C Ei(z,7) C Ep(z,C-r);
where B;(z,€) and Bp(z,£) are the infinitesimal forms of the Bergman metrics on
D; and D respectively, and E;(z,R) and Ep(z, R) are the Bergman metric balls
with respect to the Bergman metrics of D; and D, respectively; D;(6) = {z € D; :
d(z,0D;) < é}.

Proof. The results follow from Lemma 3.2 and the definition of the Bergman

metric. [ ]

REMARK. If we replace r by any positive number s < », Lemma 3.3 still holds

with the same constants § and C.

LeEMMA 3.4. For given r,s,8 > 0, there is a constant M such that for any z € D
we have Bz, )
- il2, 7T .
(a) M~' I_E’iT,zT)l <M (i=12,...,n),
(b) If z € D; \ Di(8), then |E;(z,7)| > M~ >0,

o a1 |B;(z,7)] - .
M S B /G =0 SM U= 2300m)

Proof. It is easy to check that (a) and (b) hold for i = 1 (see [4, Lemma 6]).
Note that each D; is biholomorphically equivalent to A and the Bergman metric is
invariant under the biholomorphic mappings. By using Lemma 3.1 and the results

for ¢ = 1, other assertions follow from direct calculations. |

Note that Theorem A and B hold for the unit disk [3]; and note that each D; is
biholomorphically equivalent to the punctured disk A. By using Lemma 3.1, Lemma
3.4 and the transform formula of the Bergman kernels under biholomorphic mappings,
one can prove the following theorem by direct computation. For a sketch of the proof,

see the proof of Theorem 7.1 except some necessary modifications.

THEOREM 3.5. Theorem A and Theorem B hold for each domain D;, 1 i< n.

n
LEMMA 3.6. For f € H2(D), we can write it uniquely as f(z) = Z(ng)(z) +

1
+(Pof)(2) with Pif € H%(D;), Pof(z) € C°(D) N HYD), Pi(P;f) = 0 if i # j.
Moreover, there exists a constant My such that ||P;f|lp < ||Pifllp. < Mi - ||f||p for
i=0,1,...,n. In particular, if f € H%(D;), then P;(f) = f and ||fllp; < M1 - ||flip
fori=1,2,...,n.

Proof. Let f be any function analyticin D. Forany z € D,1let C; (1 =1,2,...,n)
be the circles which center at a; (a; = 0) and lie in G; respectively so that z is exterior
i
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to C; for 1 = 2,...,n and interior to Cy. Let

_ 1 f€) :
Fj(Z)—QW\/:T' s_zdﬁ,lgjén-
C;

By Cauchy’s theorem, the F;(z) does not depend on the choice of Cj, 1 £ j < n.
Obviously, each Fj(z) is well defined for all z € D; and analytic in D;.
Define

P.f = Fy, Pjf(z) = Fj(z) — A; (z—a;)7Y, 7=2,8,...,n,

and

Pof() =Y A (2 - )7,
j=2

n

where A; = ﬁ/f({)d& forj =2,3,...,n. The f(z) = Z%ng(z) forallz € D.
C] 1=

By direct computation, it is easy to check that the operators P; defined in this

way satisfy the conclusions of the lemma. [ ]

LEMMA 3.7. If {gm} is a bounded sequence in H?(D) and gm — 0 weakly on
H?(D), then Pygm — 0 uniformly on D.

Proof. By Lemma 3.6, the operator Py is bounded. Then g, — 0 weakly in
H?(D) implies that Pyg, — 0 weakly on H2(D) and then Pygm(z) — 0 at every point
z € D. By the definition of Pygn, it is easy to check that the boundedness of {j|gm||p}
implies that the family of continuous functions {Pygm(z)} is uniformly bounded and
equicontinuous on D. By Arzela—Ascoli theorem, it follows that Pog,, — 0 uniformly
on D. |

THEOREM 3.8. [3] For f € BMO(D), there is a constant M such that for any
C! curve y : [0,1] = D we have

[ eron| < - MO 1OV - Bo (30,7,

Combining this with Lemma 3.3 we have

CororLary 3.9. If f € BMO(D), then for each € > 0 there is an M(g) > 0
such that
()] < M(e) - d(z,0D)™%.
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4. BMO(£2) AND VMO(#2)

In this section, we establish relationships among MO(f, z), MO(f;, z) and rela-
tionships among MO, (f,2), MO.(f;,2) for i = 1,2,...,n. Before going on, recall
that Gi={2€D:R1 < |2|<1},Gi={z2€D:r<|z2—a;] <R} fori=2,...,n
and G;NG; =D if i # j. For convenience we will write a; =0 and r; = 1.

THEOREM 4.1. Let f € L¥(D). If f; € L*(D;) (i = 1,2,...,n) are the same as
that defined in Section 2, then f € BMO(D) if and only if f; € BMO(D;) for all
i=1,2,...,n

Proof. By Lemma 3.2, |kx(2)|? < C - [k}(2)|? for A € G;. Hence, we have

2. MO(f,)) = / 1£(2) = F@)? - Pea(2) 2 - k() Pdv(2)du(w) <

DxD

(4.1) <Cc? / 111(2) = fu(w) - B ()] - [k} (w) Pdv(z)dv(w) =
DyxDy — C2'2M0(f1,A).

By the same reason, we can prove that for A in G; (i = 2,3,...,n),
(4.2) MO(f, A) < C?- MO(f;, A).

Therefore, MO(f, A) < C? max{MO(f;, )} for any A € G = L?G,-. It is obvious
that MO(f, A) is bounded on K = D\ G. Thus, f € BMO(D) if f; € BMO(D;) for
alli=1,...,n.

To prove the necessity, we assume f € BMO(D). For A € Di, note that

2 MO(f, ) = [ [ 1)~ AP @ - Ii(w)Pdo(e)dv(w) =

DyxD,
(43) = [[ 1) - £ - 1B (2) - Bw)Pdo(e)dv(w)+
DxD
20 [[15w) BE Belaiw)
(D1\D)xD

By Lemma 3.2, if A € G, then there is a constant C such that
(4.4) k3(2)| € C - [lka(2)] + K} (A, 2)712].
It is easy to see that for z € Dy \ D, there is a constant M’ such that

(4.5) kX (2)] < M- (1= |A]).
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Combining (4.3) to (4.5) and noting that |a + b|? < 2- (Ja|? + [5|?), we have
(4.6) 2- MO(f1,4) € C - [MO(£, ) + (1 = [AD? - (Lf1?) (W) + (1 = 1A])?).
Note that (|f|2)"(A) = MO(f, ) + |F(\)]2. By Corollary 3.9, it follows that
(4.7) (IF12) (%) < MO(£,2) + M - (1 = A])~/2.
Applying (4.7) to (4.6) yields that
(4.8) 2- MO(f1,2) < C-[MO(£,2) + (1 - |A])]

for all A € G,. It is obvious that MO(fi, z) is bounded on D \ G;. Therefore, we
get the boundedness of MO(f,z) on Dy, i.e. fi € BMO(D,).
Similarly, we can prove that

(4.9) 2 MO(f;,)) < C - [MO(£,\) + (A — as] = )]
whenever A € G; and MO(f;,A) is bounded on D; \ G; for ¢ = 2,3,...,n. Thus,
fi € BMO(D;) when f € BMO(D). [ |

THEOREM 4.2. For f € L*(D), let f; € L*(D;) (i = 1,...,n) as defined in
Section 2. Then f € VMO(D) if and only if f; € VMO(D;) for alli=1,2,...,n.

Proof. The “if” part comes from (4.1) and (4.2); the “only if” part comes from
(4.8) and (4.9) in the proof of Theorem 4.1. n

THEOREM 4.3. For any fixed r > 0, f € BMO,(D) if and only if f; €
€ BMO,(D;) foralli=1,2,...,n.

Proof. For each fixed r > 0, let § be the same as that given in Lemma 3.3. To
prove the sufficiency, for A € D and Ep = Ep(),r) we consider (see [4])
2. MO,(f, ) = |Ep(A, )| 2 - / 1£(2) — F(w)Pdv(z)dv(w).
EpxEp

If A € Dy(6), by Lemma 3.3 and Lemma 3.4 one has Ep C Ey(A,C - r) and
|Ep(A, 7)|72 < M - |B1(A,C - )72,
Let R=C-r and E; = Ey()\, R), then
2- MO(f,) S MBI RN [ 1A() - Aiw)Pde(e)dv(w) =

(4.10) Elel
=M -2 - MOg(fi, ).
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By the same reason, for A € D;(6), it follows that
(4.11) MO, (f,A\) < M - MOg(fi,A) fori=2,...,n.

It is obvious that MO, (f, A) is bounded on D\ D(§). Therefore, f; € BMOg(D;)
for all 1 < i < n implies that f € BMO.(D). '
In order to prove the necessity, first we‘prove 1 € BMO.(D;). For X € Dy(6),
Clets= % and R=C - r. For E; = Ei(}, s), we consider
2MO, (£, ) = I I+ [ 1) = Alw)Pdu(a)do(u).
E1XE1

By Lemma 3.3 and Lemma 3.4, it follows that 1 C Ep = Ep(A,r), and
IE1(\,8)|=2 < M - |Ep(h, r)| 2.
Thus,
2-MO,(f1,2) < M-|Ep(A,r)|72- / | £(2) = f(w)]*dv(z)dv(w) = 2-M- MO,(f, ),

EpxEp

i.e.
(4.12) MO, (f1, %) < M - MO, (£, ).

Since D; \ D1(8) is compact, the boundedness of MO,(f1,A) on it comes from
the continuity of MO,(f1, ). Thus, f € BMO,(D) implies that fi € BMO,(D,).
An application of Theorem A in [3] produces that f; € BMO,(D;).

By the same argument, it follows that if A € D;(6) for some ¢ = 2,...,n, then

(4.13) MO,(f;,A) < M - MO(£, X).

However, for A € D; \ D;(6), by Lemma 3.4 we have |E;(A,r)] > C(§) > 0
for some constant C(6) depending on é. From the definition of MO,(f;, A) we get
that MO;(f;,A) is bounded on D; \ D;(6). Hence, f € BMO,(D) implies that
fi € BMO,(D;) for all ¢ = 1,2,...,n. By Theorem 3.5, we have f; € BMO,(D;) if
and only if f; € BMO,(D;) for any r,s > 0. This completes the proof. |

THEOREM 4.4. For any fixed r > 0, f € VMO.(D) if and only if f; €
€ VMO, (D;) for alli = 1,2,...,n.

Proof. By Theorem 3.5, the “if” part comes from (4.10) and (4.11), the “only
if” part comes from (4.12) and (4.13). a
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5. THE BOUNDEDNESS AND COMPACTNESS OF HANKEL OPERATORS ON H2(R2)

In this section, we establish relationships among the Hankel operators H;, Hy,
(: =1,2,...,n). We will use the notations and definitions given before except that
we will write K°(z, w) = E(z,w).

DEFINITION 5.1. For f € L%(D), we define the operators T, from H (D) into
L*(D) by
Toag(s) = [ (&) = F(0)) - (Prg)(w) - K* (2, w)do(w)
D

for all g € H?(D) (m,k =0,1,2,...,n).

DEFINITION 5.2. We define the operators @; (i = 0,1,...,n) from L%(D) to
L?(D) by

Qif(z) = / £(w) - | K (2, w)|dv(w).
D

LEMMA 5.3. @; (i = 1,2,...,n) are bounded operators on L?(D).

Proof. We claim that there is a constant M such that for each 1 < i < n,

/lKi(z,w)l K (w, w)*dv(w) K M - K¥(z,2)Y* for all z € D
D

and
/|Ki(z, w)| - K¥(z,2)/*dv(2) < M - K*(w, w)"/* for all w € D.

It suffices to prove the first inequality for 2 = 1: Let A = i—w;_z—, then
cw

/lKl(z w)| - KY(w, w)1/4dv(w) /Il ol 1(1_ |w|2)1/2dv(w) =

R [ E——

By [2, Lemma 4], the integral in the last equation is bounded by a constant M.
Hence, we get

/|K1(z,w)[ - Kl (w, w)Y*dv(w) < M - K(z, z)*.

By the symmetry of z and w, this completes the proof of our claim. An applica-
tion of Schur’s theorem [8] gives the boundedness of the operators Q;. |
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THEOREM 5.4. For f € L?(D), the Hankel operator H; is bounded if and only if

all Tinm are bounded; Hy is compact if and only if all Ty, are compact, 1 < m < n.

Proof. By definition,

9 = (1) - £w) - 9(w) - Kz, w)do(w) =
D
(by Lemma 3.2 and Lemma 3.6)
(5.1) = / (f(2) = F(w)) - > _(Pmg)(w) Z Ki(z, w)dv(w) = ZZTm,—g(z).
D 0 0 [+} 0

Recall that, in this section, we use K°(z,w) to denote E(z,w).
Now, we claim that To(g) = (Z Toi ) (9) = ZTOz-(g) is compact from H?(D)
0 0

into L2(D) and, for m # i, m # 0, the operators T,,; are compact from H?(D) to
L*(D).

For the case i = 0, since K%(z,w) = E(z,w) € L®(D x D), forany 0 < m < n
it 1s clear that the operator 7}, is compact.

Now we prove that Tp is compact. By the definition of Ty we have

To(g)(2) = /(f(z) — f(w)) - Pog(w) - K(z, w)dv(w) = f(2) - Po(9)(2)-
D

CH |
-3 / () - Pog(w) - K* (2, w)dv(w) — / () - Pog(w)K° (2, w)du(w).
t'p D

Let {g;} be any bounded sequence in H2(D) such that g; — 0 weakly. By
Lemma 3.2, Lemma 3.7 and Lemma 5.3 it follows that, after_ we replace g by g; in
(*), the L?-norm of each term on the right side of (*) approaches to zero as j — oo.

n

Consequently, ||To(g;)|| — 0. Thus, Ty = ZTO,- is a compact operator.
For the cases of 0 # m # i # 0, let E’10= G; and E; = D\ G;. Note that
Tni(9)(2) = [(1(2) = 1) - K¥(2,0) - (Prg)w)do(w) =
D
2 .
=3 | [xm @) £6) K w) - (P w)iotw)-
=1 D

J

- / xE; () - f(w) - K (2, 1) - (Pmg)(w)do(w) | ,

D
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where xg; (j = 1,2) is the characteristic function of Ej;.
By expanding P, g(w) and K*(z, w) as series on E;U(C\ D;) and E;, respectively,
one has
[x)- 1) K(z,0) - (Prg)(wdo(w) =0.

D
Therefore,

Toig() = [ X8,(0) - £(2) K¥(2,0) - (Pg)w)do(w)
D

2
+3° [, 0) - $) K e,0) - (Prg)(u)in(o).
i=lp

Let’s denote the terms in the last equation by S(g)(z), T1(9)(z) and T>(g)(z).

Since —xg,(w)- f(w)-K*(z,w) € L3(Dx D) and xg,(w)- f(2)-K*(z,w) € L*(Dx
x D), it follows that S and Ty are compact operators from H2(D) to L?(D). Consid-
ering the operator T, let {gr} be any bounded sequence in H%(D) such that g — 0
weakly on H2(D). Then Ppg;, — 0 weakly on H%(D,,) and {||Pmgx||p, } are bounded
by Lemma 3.6. It is well-known [5,11] that the boundedness of {||Pmgx||} implies that
{Pmgx(2)} is uniformly bounded on any compact subset of Dy,. Therefore, {Ppngx}
is a normal sequence. Since Ppngr — 0 weakly implies that Ppgr(z) — 0 at every
point z € Dy, Ppgr — 0 uniformly on any compact subset of Dy, and consequently
on E; = G;. Note

(5.2) ITagx(2)| < Sup {|Pmgr(w)| : w € Er} - |Qi(IxE, - F)(2)I-
An application of Lemma 5.3 to (5.2) yields that
ITi9kllp < Sup {|Pmgr(w)| : w € E1}- M - ||f|lp — 0 as k — oo.

Therefore, T is compact from H?(D) to L?(D).

By now we proved that Tp,; are compact operators from H?(D) to L%*(D) if
m # ¢, m # 0 and ¢ # 0. This completes the proof of our claim.

Now we can complete the proof of our theorem. If Ty, are bounded (or compact),
by the results proved above, from (5.1) it follows that H; is bounded (or compact).
If Hy is bounded (or compact), applying Lemma 3.6 to (5.1) we get

7

(5.3) Hy(Pi(9))(2) = Y (Tijg)(2) fori=1,2,...,n.
j=0
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Since the boundedness (compactness) of H [ implieg the boundedness (compact-
ness) of HyP; and since T;; are compact if ¢ # k, from (5.3) we see that Tj; are

bounded (or compact) for i =1,2,...,n. [ ]

THEOREM 5.5. For f € L?(D) and each 1 < m < n, Tynm is bounded (compact)
if and only if H;,, is bounded (compact).

Proof. It suffices to prove the theorem for m = 1. For convenience, we will use
the same notation g to denote g|p for g € H%(D;). Let xqn be the characteristic
function of {2. Note that

Hpa() = () - AW) - K'(y0) - g(whdo(w) =
Dy
(6.4) =x0(2)-T1:19(2) + x0(2) - /f(z) - xpy\p(w) - K1 (2, w)g(w)dv(w)—
D,

—xp,\p(2) - /XD(w) - f(w) - K (2, w)g(w)dv(w),
D,

where Ty 19(2) = /(f(z) - f(w))Kl(z,w)g(@)dv(w) is an operator from HZ%(D,)
D

into LZ(D;). If we denote the last two terms in (5.4) by Tug(z) and Tsg(z), since
both xp(2) - Xp,\p(w) - f(2) - K*(2,w) and xp,\p(2) - xp(w) - f(w) - K}(z,w) are
in L?(D; x D), it follows that Ty and Ts are compact operators from H*(D) to
L?(Dy). Hence, Hy, is bounded (compact) if and only if xp(z) - T{ 19(2) is bounded
(compact) from H?(D,) to L?(D,). For any g € H?(D;), we have (see Lemma 3.6)
Pig=gand

lIxp - T1 19|, = |IT1,19llp,  llglio < ligllp, < M - llgllo-

Therefore, xp - T} , is bounded (compact) from H?(D,) to L?(D,) if and only if
Ty1 = xp - T{, - P1 is bounded (compact) from H2(D;) to L*(D;). The proofs for

m=2,3,...,n are the same as for m = 1. [ ]

6. THE PROOFS OF THE MAIN THEOREMS ON THE CANONICAL DOMAINS

THEOREM A. If f € L?(D), then the following statements are equivalent:
1) The Hankel operators Hy, Hy are bounded,

2) f € BMO(D),

3) f € BMO,(D) for some r > 0,

4) f € BMO,(D) for allr > 0,
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5) The Hankel operators Hy,, Hz; are bounded from H?(D;) into L?(D;) for all

i=1,2,...,n, respectively.

Proof. The equivalence of 1) and 5) comes from Theorem 5.4 and Theorem
5.5; using Theorem 4.1 and Theorem 3.5 we get the equivalence of 2) and 5); the
equivalence of 3) and 5) comes from Theorem 4.3 and Theorem 3.5; the equivalence
of 3) and 4) follows from Theorem 4.3 and Theorem 3.5. ]

THEOREM B. If f € L%(D), then the following are equivalent:

1) Hy, Hy are compact,

2) f € VMO(D),

3) f € VMO, (D) for some r > 0,

4) f € VMO, (D) for all r > 0,

5) Hy,, Hy; are compact from H%(D;) to L*(D;) for all i = 1,2,...,n, respec-
tively.

Proof. Combining Theorem 5.4 and Theorem 5.5, we get the equivalence of 1)
and 5); the equivalence of 2) and 5) comes from Theorem 4.2 and Theorem 3.5; the
equivalence of 3) and 5) comes from Theorem 4.4 and Theorem 3.5; the equivalence
of 3) and 4) follows from Theorem 4.4 and Theorem 3.5. u

THEOREM C. B(D) = BMO(D) N H?(D) = BMO,(D) N H*(D);
Bo(D) = VMO(D) N H%(D) = VMO, (D) N H2(D).

Proof. The results follow from Theorem A, B and [1, Theorem 4.2]. |

7. INVARIANCE OF THE HANKEL OPERATORS AND THE MEAN OSCILLATION

Throughout this section, we will use §2 and D to denote two conformally equiv-
alent bounded domains with smooth boundaries in the complex plane C; ¥ will be
a one-to-one conformal mapping from £ onto D. For any f € L%(D), we define a
function F on §2 by F(z) = f(¥(z)). It is obvious that F € L?(£2) and I'(f) = F - ¥’
is an isometric isomorphism from L?(D) onto L?(D) with I'(H?(D)) = H?(f2). The
Bergman kernels on D and £2 will be denoted by K2(-,-) and K?(., ), respectively.

THEOREM 7.1. Theorem A and B hold on D if and only if Theorem A and B
hold on 2.

Proof. By using the transform formula of the Bergman kernels under the bi-
holomorphic mappings it is easy to check that for any f € L*(D) and z € £,
MO(F,z) = MO(f,¥(z)), and that if we use H; and HF to denote the Hankel
operators on H2(D) and H?({2), respectively, then Hy = I'"' o Hp o I'. Note that
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the Bergman metrics are invariant under the biholomorphic mappings. Since ¥ and
U1 have smooth extensions to the boundaries of £ and D respectively, it follows
that C=1MO,(f, ¥(z)) < MO,.(F,z) < C- MO, (f, ¥(2)) for any » > 0 and z € £2.
Therefore, our results hold. ' |

Let £2 be any bounded multiply-connected domain whose boundary consists of
finitely many simple closed smooth analytic curves. It is well-known (7, p. 237-238]
that such a domain {2 is conformally equivalent to one of our canonical domains.
Therefore the main theorems about the Hankel operators hold for §2.
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