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AUTOMORPHISMS OF TENSOR PRODUCTS OF IRRATIONAL
ROTATION C*-ALGEBRAS AND THE C*-ALGEBRA
OF COMPACT OPERATORS II

KAZUNORI KODAKA

1. PRELIMINARIES

First we will give a lemma about projections and semifinite, semicontinuous
traces.

Let A be a (nonunital) C*-algebra , tr a semifinite, semicontinuous trace on A
and I the ideal of definition of tr. Let A% be the unitized C*-algebra and It the
algebra obtained from I by adjoining the unit of A*. In the same way as in Connes
[4, Appendix 4] let tr* be a trace on I* which coincides with tr on I and takes the
value 0 on C C I*.

LeMmMaA 1. With the above notations for any projection f € A, f € 1.

Proof. Since tr is a semifinite, semicontinuous trace on A, by Connes [4, Appendix
3] there is a projection f € It such that If - fll < 1. Thus there is a partial
isometry z € AT such that z2* = f, 2z = f. Hence f = 2*fz. Since f € A and
z € At, f: z*fz € A. Thus f &€ I. Therefore we can see that

te(f) = tr(zz*) = tr(2*2) = tr(f) < oo.

Hence f € 1. |

Let 8 be an irrational number in [0, 1] and Ay be the corresponding irrational
rotation C*-algebra. Let 7 be the unique tracial state on Ay and p be a Rieffel
projection in Ay with 7(p) = 6. Let K be the C*-algebra, of all compact operators on
a countably infinite dimensional Hilbert space H and Tr be the canonical trace on K
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and let {e;;}: jez be matrix units of K. Let (49 @ K)* be the unitized C*-algebra of
Ag ® K. Furthermore for any Hilbert space K let B(K) be the algebra of all bounded
linear operators on K and for any C*-algebra A let M(A) be the double centralizer
algebra of A.

In the previous paper [6] we obtained that if the topological stable rank of A4
is equal to 1, for any automorphism « of A¢ ® K with o, = id on Ky(As @ K) there
are an automorphism 2 of A4 and a unitary element w € M(As; ® K) such that
a = Ad(w) o § ® id. Furthermore in [10] Putnam showed that for any irrational
number #, Ay has the topological stable rank 1. In the present paper we will show
that if 6 is not quadratic, for any automorphism « of Ay @K, @, = id on Ko(As K)
and that if 8 is quadratic, there is an automorphism « of Ay @ K with a. # id on
Ko(As @ K).

2. AUTOMORPHISMS OF 4, @ K BY NON-'QUADRATIC IRRATIONAL NUMBERS ¢

We suppose that § is an arbitrary irrational number in [0, 1]. Let a be an
automorphism of 49 ® K and g = (1 @ ego). Let ¢ be the monomorphism of (1®
®eq0)(As ® K)(1 ® ego) to g(As ® K)g defined by

?((1 ® eg0)z(1 ® €0o)) = (1 ® eoo)z(1 @ eqo))
for any z € Ay ® K. Then by easy computation ¢ is an isomorphism of (1 ®
®e00)(As @ K)(1 ® eqo) onto ¢(As ® K)g. Since (1 ® epo)(Ae ® K)(1® ego) is iso-
morphic to Ag, so is ¢(As ® K)g. We denote by ¢ the isomorphism of 45 onto
¢(As ® K)g induced by &.

By the definitions of  and Tr, 7 ® Tr is a semifinite, semicontinuous trace on
As®K. Let J be the ideal of definition of 7 ®Tr and J* be the algebra obtained from
J by adjoining the unit of (4 ® K)*. In the same way as in Connes [4, Appendix 4]
let (7 ® Tr)* be a trace on J* which coincides with 7 @ Tr on J and takes the value
0on € C J*. Let (r ® Tr). be the additive map of Ko(4s ® K) to R induced by
(7 ® Tr)*. We note that ¢ € J by Lemma 1.

THEOREM 2. With the above notations if § is not quadratic, then for any auto-
morphism o of Ay @ K we have a. = id on Ko(4s @ K).

Proof. By Pimsner and Voiculescu [9] and Rieffel [11] we know that
Ko(As ®K) =Z[1Q 0] @ Z[p® eoo).
Since o, is an automorphism of Ky(A4s ® K), we can suppose that

a*([l D 300]) = [q] = a[l [s2] eoo] - b[p@ eoo],
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a*(b D eoo]) = c[l ® eoo] - d[p@ 600],

where a¢,b,¢,d € Zand ad —be=1or —1. Let 1 = 7® Tro . Then 7 is a finite
trace on Ay since ¢ € J. Hence there is a positive number ¢ such that 7, = t7. Since

(1) = tr(1),
t=(r@Tr)(p(1)) = (r®Tr)(g) = (@ Tr)a([g]) =

= (7 ® Tr)u(afl ® ego]) + (7 @ Tr) (B0 ® €00]) = a + bé.

Hence 7, = (a+b8)7. By the definition of ¢ we can see that ¢(p) = a(p® eop). Then
since 71(p) = (a + 40)7(p),

(a +86)0 = (1@ Tr)(p(p)) = (7 @ Tr)(a(p ® €00)) = (7 @ Tr)u(e([p ® e0o])) =

= (7 ® Tr)u(c[1 ® eoo) + dip ® eoo]) = c + db.

Thus we obtain that
b2+ (a—d)f—c=0.

Since @ is not quadratic and is irrational, @ = d and b = ¢ = 0. Moreover since
ad—bc=1lor~land (r®Tr)(¢g)=a+b6 >0, a=d=1 |

Let Aut(Ag) (resp. Aut(Ap ®K)) be the group of all automorphisms of Ay (resp.
Ap ® K) and Int(Ag) be the normal subgroup of Aut(Ag) of inner automorphisms of
Ap. For any unitary element w € M(A4s ® K) let Ad(w) be the automorphism of
Ay ®K defined by Ad(w)(z) = waw* where z € Ap @ K. We call Ad(w) a generalized
inner automorphism of Ag ® K and let Int(4 ® K) be the group of generalized inner
automorphisms of Ap ® K. Clearly it is a normal subgroup of Aut(As ® K). Let
Out(Ap) = Aut(Ag)/Int{Ag) and Out(4s ® K) = Aut(4s ® K)/Int(A4s ® K). For any
8 € Aut{4s) (resp. a € Aut(4p ® K)) we denote by [B] (resp. [e]) the class of 8
(resp. «) in Out(As) (resp. Out(As ® K)). Furthermore let @ be the homomorphism
of Out(Ay) to Out(As ® K) defined for any B € Aut(Ag) by &([B]) = [8®1id].

REMARK. By Putnam [10] we see that for any irrational number 8, tsr(A4z) =1
where tsr(As) denotes the topological stable rank of Ag. Hence by [6, Theorem 5]
for any o € Aut(Ay ® K) with au = id on Ko{4y ® K), there are a unitary element
w € M(As ®K) and a § € Aut(Ay) such that

a = Ad(w) o 8 ®id.

CoRrOLLARY 3. With the above notations if  is not quadratic, then & is an
isomorphism of Out(Ag) onto Out(4s ® K).
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Proof. First we will show that & is surjective. Since # is not quadratic, o, = id
on Ko(As ® K) for any o € Aut(4s ® K) by Theorem 2. Thus by the above remark
there are a unitary element w € M(Ay ® K) and a 8 '€ Aut(Ap) such that

a=Ad(w)o B ®id.

Hence

&([8]) = [B®id] = [Ad(w) o A @ id] = [a].

Therefore @ is surjective. Next we will show that # is injective. Let (7,, H,) be
the cyclic representation of Ay associated with 7. Since A, is simple, 7, is faithful.
Thus we can identify Ag ® K with 7,(4s) ® K. We suppose that &([f]) = [id]
where # € Aut(Ap). Then there is a unitary element w € M(A4s ® K) such that
B ®id = Ad(w). Thus for any X €K

BRI(1® X) = w(l e X)uw*,

ie.,

(1® X)w = w(l ® X).

Since K is strongly dense in B(H), for any X € B(H)(1® X)w = w(l1 ® X). Since
(C1®B(H)) =B(H;)®Cl, w € B(H,)®Cl. Let w = 2®1 where z is a unitary
element in B(H,). Since § ® id = Ad(z ® 1), for any z € 4p and X € K

(B(z)® X)(2®1) = (28 1)(z® X),

ie.,

B(z)z@ X =z2Q® X.

Since 2®1 € M(As®K), B(z)2®X and z2® X are in Ag®K. Thus B(z)z = zz € Ay
for any z € Ag. Therefore z is a unitary element in Ay and B(z) = zzz*. Hence
[8] = [id] in Out(A4s). Thus @ is injective. ]

3. AUTOMORPHISMS OF 4y ® K BY QUADRATIC IRRATIONAL NUMBERS 4

Next we will show that for any quadratic irrational number 8 there is an auto-
morphism & of 49 ® K with o, # id on Ky(4s ® K). Let @ and b be integers which
generate Z such that a + b8 # 0. We also assume that b # 0. Let Vp(a,b : k) be
the standard module defined in Rieffel [13] where k is a positive integer. For each
positive integer n, M,(Ap) denotes the n x n-matrix algebra over A4. Then we can
extend the unique tracial state 7 on A to the unnormalized finite trace on M, (4y).
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We also denote it by 7. Since Vy(a,bd : k) is a finitely generated projective right Ag-
-module, Vy(a,b : k) corresponds to a projection in some M,(Ap). We also denote it
by Ve(a,b: k).

LEMMA 4. With the above notations let ¢ be a projection in M.,(Ag) where m is
a positive integer. Then T(Vy(a,b : k)) = v(q) if and only if Vy(a, b : k) is isomorphic
to qAY' as a module.

Proof. 1t is clear that 7(V(a,b : k)) = 7(¢) if Ve(a, b : k) is isomorphic to gAy*.
We suppose that 7(V3(a, b : k)) = 7(g). Then by Rieffel [13, Corollary 2.5), Va(a,b : k)
is isomorphic to ¢AD. A

We will give definitions and well-known facts on quadratic irrational numbers
(see Lang [7]).

Let @ be the ring of rational numbers. If § = z+yvd where 2,y € Q andd € N,
then we define ¢ = z — yv/d and we call ¢ the conjugate of 8. Let 6 be a quadratic
irrational number. We say that it is reduced if # > 1 and —1 < ¢ < 0 where #' is the
conjugate of §.

By Lang [7, Chap. I, Section 1, Theorems 1, 2, Corollary 1 and Chap. IV,
Section 1, Theorems 2, 3] for any quadratic irrational number # there are a fractional

. k e
transformation ¢ = [ € GL(2,7) and a reduced quadratic irrational number
m n

8; such that
ko, +1

mé, +n’

0 =gt =

Furthermore using Lang [7, Chap. I, Section 1, Theorems 1, 2, Corollary 1 and
Chap. IV, Section 1, Theorem 3] again, we can see that for any reduced quadratic
irrational number 6, there is a fractional transformation A € GL(2,Z) with h #

10 -1 0
# [ 0 1] , [ 0 1] such that 8, = hf,. Hence since §; = ¢g~'4, we obtain that

8 = g8, = ghby = ghg™4.

. 10 -1 0
Since h # [0 1] , [ 0 1], neither is ghg~!. By the above arguments for any

quadratic irrational number @ there is a fractional transformation ¢ € GL(2,Z) with

10 -1 0
g#[o 1],[0 _1] such that § = g6.

THEOREM 5. Let 8 be a quadratic irrational number in {0, 1]. Then there is an
automorphism ¢ of Ay ® K such that a, # id on Ko(As ® K).

- 3 - - - * c
Proof. Since ¢ is quadratic, there is a fractional transformation g = [b ] €
a
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r —1 0]
GL(2,Z) with g # [0 2], [ 0 _01] such that

—gp=CST%
ST eyl

The conditions g # [; 2] , [—01 _01] and ¢ + 84 # 0 imply & # 0. And we
may assume that @ + 58 > 0. By Rieffel [11] we can take a projection ¢ € My (45)
such that 7(g) = a + b# where m is a positive integer. Then gM,(As)q is strongly
Morita equivalent to Ay and gAF is the ¢M,(As)g — Ap-equivalence bimodule. By
Rieffel (13, Theorem 1.4], 7(Vy(a,b : 1)) = a + b6. Hence by Lemma 4 we ob-
tain that gAJ® is isomorphic to Vp(a,b : 1). Thus by Rieffel [13, Theorem 1 and

dé
Corollary 2.6], ¢Mn(Ag)g is isomorphic to A, where = ——;i R
c+db

0= Pyl qM(Ap)g is isomorphic to Ag. Let ¢ be an isomorphism of A4y onto
gMm(Ap)q. Then ¢(1) = q. We consider the isomorphism ¢ ® id of Ag ® K onto
(¢ ® 1)(Mn(4s) @ K)(g ® 1). Since M,,(Asg) is simple, ¢ is a full projection. Thus
by Brown [2, Lemma 2.5] there is a partial isometry w € M(Mn(Ag) @ K) with
w*w = I, ® 1 and ww* = ¢ ® 1 where I, is the unit element in M, (Ap). Then
Ad(w*) is an isomorphism of (g ® 1)(Mn(4s) @ K)(g ® 1) onto Mp,(Ap) ® K. Let ¢
be an isomorphism of M, (A4s) ® K onto Ay @ K with %, = id of Ko(Mm(4s) ® K)
onto Ko(As @ K) and let o be the automorphism of 4 ® K defined by

However since

a =t o Ad(w*) o (p ®id).
Then (Ad(w*) o (¢ ®1d))(1 ® eqo) = w*(g ® €go)w and in Ko(M,,(Ag) ® K)
[(Ad(w") o (p ® id))(1 ® e00)] = [w" (g ® eoo)w] = [*{¢ ® €an)(q ® €oo)w] =

= [(g ® eoo)ww* (g ® eoo)] = [(g® eso)(¢ ® 1)(¢ ® ego0)] = [¢ @ €oo)-

Since 7(q) = a + b4,
[¢ ® eoo] = a[1® f11 ® eqo] + b[p ® f11 @ €ao]

in Ko(Mpn(As) ® K) where { fi;}0=1 are matrix units of Mp,(C) and we identify
Mn(As) with Ag @ Mn(C). Hence a. # id on Ko(4s ® K) since ¢, = id of
Ko(Mpm(As) ® K) onto Ko{4e @ K) and b # 0. B

REMARK. Let T2 be the two-torus and C(T?) the C*-algebra of all continuous
functions on T2, We identify C(T?) with all countinuous functions f on [0,1] x
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x[0,1] with f(s1,0) = f(s1,1) and f(0,s2) = f(1,s2) for s1,s2 € [0,1]. Let & and &
be the unitary elements in C(T?) defined by

2xisy 2riagy
R .

i(s1,82) = e ¥(s1,82) = e

They generate C(T?) and K1(C(T?)) = Z[i#l] @ Z[5]. Let o be the action of R on T?
by translation at angle # and we consider the action of R on C(T?) induced by o. We
also denote it by o. Then we can consider the crossed product C(T?) x, R of C(T?)
by R and by Green [5] it is isomorphic to As @ K. We identify them. In the same
way as in Connes [4] fcr any o-equivariant automorphism 3 of C(T?) we can define
an automorphism 3 of C(T?) x, R. However if f is a o-equivariant automorphism of
C(T?), Booy = oy 0 for any t € R. Hence by the Fourier expansion on T? we can
see that there are real numbers 7, and a 72 such that

B(E) = e¥imi,  B(7) = 2125,

Therefore if 8 is quadratic, the automorphism a of C(T2) xR constructed in Theorem
5 can not be induced any o-equivariant automorphism of C(T?).

In fact we suppose that there is a o-equivariant automorphism 3 of C(T?) with
o = B. Then . = id on K1(C(T?)). By Connes [4] there is the Thom isomorphism
@b of K1(C(T?)) onto Ko(C(T?) x, R) such that f. o ¢} = @l o B.. Hence we
obtain that A, = id on Ko(C(T2) x, R) since f, = id on K1(C(T?)). However this
contradicts a. # id on Ko(C(T?) %, R.
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