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SOME PERTURBATION INEQUALITIES
FOR SELF-ADJOINT OPERATORS

DANKO JOCIC and FUAD KITTANEH

1. INTRODUCTION

In a recent paper, extending the results of several mathematicians and physicists,
Ando [1] proved, among other things, that if A, B are positive semi-definite compact
operators and if ||| - ||| is any unitarily invariant norm, then

1A - BP|I < [||47 - BP||| forallp 1,

where | X| denote the modulus (X*X)/2 (see also [5] and [11]).

In this note we are concerned with the comparison of |[|[(A — B)***!||| and
|[|A%n+1 — B2n+1||| for an arbitrary pair of self-adjoint operators and any integer
n 2 1. Our (best possible) estimate asserts that ||{(A — B)?"+!||| is dominated by
2%n|||A?r+1 — B2n+1|||, In particular, if A2*+! — B?"+1 belongs to the norm ideal Jjy
associated with the norm || - |||, then (4 — B)?**! belongs to Jjj.jj. Specializing this
perturbation result to the particularly important ideals J, (the Schatten p-classes for
p 2 1), one can easily see that A — B belongs to Jiant1)p Whenever 42711 — p2n+1
belongs to J,. This is a considerable strengthening of an earlier result of Koplienko
[9], which shows that if A2"+1 — B2"+1 belongs to Jp, then A — B belongs to J, for
all ¢ > 2(2n + 1)p.

2. PRELIMINARIES.

Let B(H) denote the space of all bounded linear operators on a Hilbert space
H. Besides the usual operator norm || - |}, there are other interesting norms defined
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on ideals contained in the ideal of compact operators. For any compact operator A,
let s1(A) > s52(A) > -- - denote the singular values of A (i.e. the eigenvalues of |A|),
arranged in non-increasing order with multiplicities counted. Each “symmetric gauge
function” & on sequences, gives rise to a symmetric norm or a unitarily invariant
norm on operators defined by ||Alls = @({s;(A4)}). We will denote the symbaol ||| - |||
any such norm. Each such norm is defined on a natural subclass Jj.) of B(H) called
the norm ideal associated with the norm [|| - ||| and satisfies the invariance property
U AVI|| = |||A]l| for all A in this ideal and for all unitary operators U, V. Each norm
ideal ). is closed in the topology generated by the norm [|| - [{].

Specially well known among these norms are Schatten p-norms defined as ||4[|p =
i/p

= (Z s; (A) for 1 € p € oo. The associated ideals called the Schatten P-
j

classes, are denoted by J,, 1 < p < oo, where by convention J is the ideal of
compact operators and ||A|| = maxs;(4) = s1(A4) = ||4]]-
k

The Ky Fan norms defined as |[A||x = Zs,- (A), k=1,2,..., represent another
=1
interesting family of unitarily invariant norms. The importance of this family lies in

the Ky Fan dominance property which says that if ¥ belongs to 7). and if X is a
compact operator such that || X|lx < |[Y|lx for k = 1,2,..., then X also belongs to
T and |[IX|] < ||I¥Y]ll. For a complete account of the theory of norm ideals, the
reader is referred to [6], [13] or [14].

The following operator form of the arithmetic-geometric mean inequality plays a
central role in our analysis. For arbitrary operators A, B, X, and for every unitarily
invariant norm we have

¢y 2la* X Bllf < [lAA™X + X BB*||[.

See [2], [4], [7] and [10] for comprehensive discussions of (1) and related inequalities.

3. MAIN RESULTS.

We begin with a lemma of independent interest.

LEMMA. Let A, B and X be operators in B(HY) such that A and B are self-
-adjoint. Then for every integer n = 1 and for every unitarily invariant norm we have
the following chain of inequalities
) NAMAX = XB)B*||| < [[[A*H(AX - XB)B™ || < --- <

< HIAGAP-1X — XB2-1)B|| < [||A%+1X — X B2+
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Proof. First we establish the desired inequalities for the usual operator norm.
Let Zon41 = {0,1,2,...,2n} be the complete set of residues modulo 2n + 1 and for
every integer m let mmod(2n + 1) stand for the (unique) residue mg in Zzn4; such
that 2n 4 1 divides m — mg. Also let k; = min{2'mod(2n + 1), —2'mod(2n + 1)} for
i=0,1,2,.... Note that 1 £ k; < n. We will prove that k;, = 1 for some 75 > 0. Since
{ki : ¢ > 0} is finite, it follows that k; = kj/, for some indices j and j' with j < 7'
Thus, we have 27 mod(2n+1) = 2'mod(2n+1) or 2 mod(2n+1) = —2/ 'mod(2n+1),
and so 2n+ 1 divides either 27 (29'~7 —1) or 2/(2/'~7 4+ 1). Hence 2n+1 divides either
2i'=1 — 1 0r 291 4+ 1, and so if we set ig = j' — j, then we have k;, = ko = 1.

Let ¢; = ||AFi(A2n-2kitl x . X B2n-2k+1)BEi|| for 1 » 0, and ¢ = |42 X —
— X B?+1{|, Then utilizing the inequality (1) we get

Ci = |IAk"(A2ﬂ—2ki+1X _ XB?n-?k;-{-l)Bk‘.” <
< %”Azki(Azn_Zk"HX _ X B2n-2hitl) { (An-2hitly _ x pan-2hitl) g2k =

1
(3) — ||-2-(A2"+1X _ Xan'H.)—}-
sign(2n — 4k; 4+ 1) Ak (A~ 2kintl x _ x pin—2kintlyghan || ¢
c Citl
< <+ —.
S3t
2%; ﬁhs%
It should be noted here that k;41 = n
2n —2k; +1 if ki > 5
By induction, we obtain from (3) that
(4) o< (1-2""e+27%; forallix 1.

Since ki, = ko = 1, it follows that ¢;; = ¢co and so, by (4) applied to 79, we obtain
co < (1 = 2790)c + 27 %oy
Therefore ¢ < ¢, and so we have

”A(Aﬂn—lx - XBZn—l)B” < “A2n+1X _ XB2"'+1||,

which is the rightmost inequality in (2). Now replacing X by A¥*XB* and n by
n —k in this inequality enables us to obtain the other inequalities in (2) for the usual
operator norm case.

Next, we go from this to the case of any other unitarily invariant norm by a
familiar procedure. Assume that A?*+1X — X B?**1 belongs to Jj|.|| (otherwise the
assertion of the lemma is trivially satisfied).

Then in particular A?2"+t1X — XB27+! is compact and so x(A)"+im(X) —
—m(X)r(B)***! = 0, where 7 : B(H) ~» B(H)/Jx is the canonical projection
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of B(H) onto the Calkin algebra B(H)/Je, which is a C*-algebra and hence it can
be represented as an operator algebra. Consequently, by the usual operator norm
case of (2), it follows that

T(AF (r(A)?»=FHip(X) — 2(X)m(B)?P~H+)n(B)* =0 forall1 kg n,

and hence AF(A%r—2+1X . X BIn—~2k+1) Bk is compact for all 1  k < n.

But now, by a similar argument as in the case of the usual operator norm, one can
establish the inequalities in (2) for the Ky Fan norms || -||z for k = 1,2, ... and invoke
the Ky Fan dominance property to conclude (2) for all unitarily invariant norms. ®

Now we are in a position to prove our main result.

THEOREM. Let A, B be self-adjoint operators in B(H). Then for every integer
n > 1 and for every unitarily invariant norm we have

(5) (A = B3| < 227)j| AP+t — BH ).

Proof. First we prove (5) for the usual operator norm. According to the lemma
above with X = I (the identity operator), we have

2[|A2"+1 _ BZ"'HH > ”Az‘n-}»l — B2n+1” + nA(Am—i _ BZn—l)B“ >

> |4**(A — B) + (4 - B)B™||.

Since A ~ B is self-adjoint, it follows that there exists a sequence {z;} of unit vectors
in H such that (A — B)z; — Az; — 0 as i — oo, where |A| = ||A — B||. Consequently,
we have

142*(A ~ B) + (A — B)B>|| 2 |(A%(4 = B)as,z:) + (4 - B)B™ 2, 2:)| >
> (A= + 1B 2ill?) — (142 + B2 DII(A - B)a: — Az,

But for every sclf-adjoint operator T" and for every unit vector z in H, we have

(7) IT"al|? > | Tal™ for n > 1.

o0
To see (7), one may use the spectral theorem to write (T?2,z) = / t2dp.(t) for some
0

measure du,. Now by Jensen’s inequality, we have

172 = (Ts,2) = [ fnat) > ( / f2dpm<t>) = (T%,2)" = ||T=|™.

0 0
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In view of (7), with &; = ||[(A — B)z; — Az;||, we now have

14°"(A4 — B) + (4 = B)B*" || > I|(J1Az:|l*™ + |B2:li*™) — (14%]| + {|B** e >
> 27D Azi] + [|Bll)* — (1A + |1 B> |])es 2
> 217"\ [[Az; — Ba|[P" — (|| A% + (|1 B*|)e: >
2 27D = €)™ = (147" + (|1 B*])e:

Letting i — oo, we get ||A?(A — B) + (A — B)B?"{| > 2'~2"||A ~ B||>**'. Hence,
according to (6) we finally obtain 22t}|A27HE — B2+l > |[(A = B)2+Y|, as desired.

To treat the general case of unitarily invariant norms, we assume that 4*7+! —
B2+ belongs to Jjj. and so A+ — B2n+1 is compact. By applying the usual
operator norm case of (5) to the Calkin algebra setting we see that 4 — B is also
compact. Since A — B is a compact self-adjoint operator, it follows that

(8) (A= B)e; = Aje; forj=1,2 ...,

where {e;] is an orthonormal basis for H and |A;] 2 |A2| = - is the sequence of
singular values of 4 — B. Once again to prove (5) for all unitarily invariant norms, it
is sufficient to prove it for the special class of Ky Fan norms. As in the usual operator

norm case we have
(9) 2| 4%+ — BE L 2 (|44 - B) + (A - B)B™ |

Using a minimax principal of Ky Fan [6, p. 47], (7), (8) and (9) now imply

k

QA+ — BIHY|, 3 Y (A2 (A - B) + (A - B)B™)e;, ;)] =

j=1
k &
=2 INIGA IR + 1B e 11*) 2 Y 11l Aes ™ + i Bes[1*) 2
i=1 i=1
E ‘ k
=2n t — b -
> 272 3 DA — B)eg |7 = 2172 37 Py P = 2124 - By,
i=1 Jj=1
Consequently, we have 227|| A2 +1 — B2+l > ||(A— B)?**1|l;, and the proof of the
theorem is now complete. u

We conclude the paper with some corollaries. Our first corollary is an important
special case of (5).

CoRroLLARY 1. Let A, B be self-adjoint operators in B{H). Then for every
integer n 2> 1 and for every p with 1 £ p < cc, we have

(10) 4 = BilGG ey, < 220|474 — Bt
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Proof. Note that (10) follows from (5) specialized to the Schatten p-norms to-
gether with the fact that if 7" is a self-adjoint operator and m is any integer with
m 2 1, then ||T™(|, = ||T||7, for 1 < p < co. u

It should be noted that (5) can be extended to nonself-adjoint operators by a
familiar device of considering 2 x 2 operator matrices and direct sums. If the norm
ideal J)|.| is normed by the symmetric gauge function &, then so is Tnm @ Jjm by
the following procedure. Given two operators 4 and B in 11> we define

lllA@ Bll| = 2({s1(4), 51(B), 52(4), 52(B), .. .}),

A0
which represents the ||| |||-norm of A @ B regarded as the operator [0 B] defined

on H & H (see [3] and references therein). Note that |||A® A*|)| = |||4 ® A]|| and in
particular we have

4@ Al = ||4]| and [|A® All, = 2'/7||4]),, for 1< p< oo,

Another useful fact that is need in the proof of our second corollary says that
lllA® Al|| < |||B® B|| for all unitarily invariant norms if and only if [||A]|| < ||| B]|| for
all such norms. This is an immediate consequence of the Ky Fan dominance property.

COROLLARY 2. Let A, B be operators in B(H). Then for every integer n > 1
and for every unitarily invariant norm we have

(11) 114 = B+ < 2|l 4lA”** - BIBI™|||

Proof. Consider the self-adjoint operators T,S defined on H @ H by T =

= | al = {-
€en 1t can 1 seen 3

- S)2n+1 0 c 2n+1 _ g2n+l _
(T-25) and T S

0 D]
c* 0 ’

D0
where C = (A— B)|A~ B|*" and D = A|A|?" — B|B|*". Apllying (5) to the operators
T and S we obtain

IC® C*|lt < 2**|||D ® D*|||, and, consequently il < 22*|11D))||.

The desired inequality (11) now follows from this together with the fact that if X and

Y are operators in B(H), then for every unitarily invariant norm we have ||| XY||| =
= [IHX1¥]l- .

Our final corollary is related to the resuit of Macaev concerning Volterra operators
which asserts that if A is a quasinilpotent operator in B(H) (i.e. the spectrum of A
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is {0}), such that A — A* belongs to J, for some p'with 1 < p < co, then A itself
belongs to Jp, and moreover we have

(12) 14}, < epllA — A%|lp,

where ¢, is a constant depending only upon p (see [6, p. 215]).

It should be also noted that if A is a quasinilpotent operator such that A — A* is
compact, then 4 must be compact. To see this, one needs to formulate the problem
in the Calkin algebra setting (see also [12, p. 60]).

It has been recently shown in [8} that if A is a nilpotent operator (i.e. A™ = 0 for
some integer n > 1) such that A*A — AA* belongs to J, for some p with 1 < p < oo,
then A belongs to Jzp (in fact for p = oo, the assertion is true under the weaker
assumption that A is quasinilpotent). Also it is still possible in this case to have an
estimate of the form

(13) “A”gp $ Cp,n“A*A - AA*”P fOI‘ i g P g oo

where ¢, , is a constant depending on p and n.
In the same spirit we have the following related result.

COROLLARY 3. Let A be a quasinilpotent operator in B(H) such that A|A[** —
—A*|A*|*™ belongs to J, for some integer n > 1 and some p, with 1 < p < 0o0. Then
A belongs to J(2n+1)p, and moreover we have

(14) ANy < konllAIAPT — A" [A*P]],  for 1< p < oo,

where ky » is a constant depending on p and n.

Proof. Applying Corollary 2 to 4 and B = A* with the norm || - ||,, we see that
A-—A” belongs t0 J(2n41)p, and hence A belongs to J(2n+1)p by Macaev’s result. Since

4 ~ A"'H(z.ﬁ?:,’_ll)p < 27| AA|P — A*|A*|?"|, for 1 € p < oo, the desired inequality

(14) now follows from (12). L
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