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FILTERED INCLUSIONS OF PATH ALGEBRAS;
A COMBINATORIAL APPROACH TO
DOPLICHER-ROBERTS DUALITY

D. A. PASK and C. E. SUTHERLAND

1. INTRODUCTION

This paper grew out of an attempt to understand the Doplicher-Roberts duality
theory for compact groups, (4, 5] at a combinatorial level. The fundamental object
of their theory is a pair (@, o), where O, is a C*-algebra canonically associated to a
finite dimensional special unitary representation p of a compact group G on Vj,, and
o is a very particular endomorphism of O,; they provide a mechanism for recovering
p(G) from (O,, o) in the case where p(G) is finite or contained in SU(V,).

The point of view taken here is that @, is (the completion of ) the path algebra of
a locally finite, pointed, directed, graph G, canonically associated to p. In general, if G
is such a graph, we may consider the path algebra P(G). This is the algebra spanned
linearly by symbols e(a, o), where @, o’ are finite paths in G, with a common end
point (but not necessarily equal lengths ||, |a’|) emanating from the base point *;
the e(a, a') are subject to the rules

(0.1) { e(a, o) = Ze(a:c, o'z), e(a, &'} = e/, )

e(er, a'Ye(B', B) = bar pre(e, ),

where the sum extends over those edges z emanating from the endpoint of o (or
'), and |a’| = |B'| in the formula for the product. (See Section 1 for a complete
description of ¢, and the associated graph G,). It turns out that many other classes
of C*-algebras, such as the A.F. algebras of [1] (see also [13] and (8, Chapter 2}),
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the Cuntz algebras 04 of (2], and the Cuntz-Krieger algebras Oy of [3] are also
completions of P(G) for suitable G.

The algebras P(G) are filtered in the sense that if Pm 2(G) = span{e(a, ') : Ja) =
=m, |o/| = n}, then Prm,n(G) C Pmt1,n+1(G) by (0.1), and P(G) = span |J Pma(G).
Furthermore, it turns out that endomorphism o above is filtered in th:'zense that
U(Pmm (‘g)) C Pmsingl (g)

The primary object of this note is to develop combinatorial methods for describ-
ing filtered inclusions of path algebras i.e. unital +-monomorphisms ¢ : P(G) — P(H)
with 0(Pm n(G)) € Pmn(H) for all m, n 2 0 — the example of the Doplicher-Roberts
endomorphism will be accommodated by introducing a minor modification G, of G,
with P n(Gp) = Pms1,n+1(G,). Recall that Ocneanu, [11, 22], has given such a de-
scription of filtered inclusions between the 0-graded algebras P%(G) = span{e(e, &) :
le| = |&'|} and P°(H), in terms of a “connection” (7, W) between G and X, i.e. a
directed bipartite graph 7 whose edges join vertices in G to vertices in #, together
with a weighting W of “cells” in (G,7,H). Thus in the general case, a filtered in-
clusion o : P(G) ~ P(H) determines a filtered inclusion ¢® : P(G) — PO(H), and
hence a connection (7, W). This connection in turn determines a filtered inclusion &
of P(G) in P(H), the only extra ingredient required is a “phase” A which measures
the twisting of ¢ relative to 7.

The paper is organized as follows. In Section 1 we formulate the path algebras
precisely, and sketch two fundamental examples (0, and @ 4). We develop the general
procedure for describing filtered inclusions in Section 2, and compute the description
for the inclusions O, C 04 and ¢ : O, — O, in Section 3. This last computation pro-
vides a combinatorial version of the Doplicher-Roberts Duality Theorem for compact
groups. Finally, in an appendix, we explicity calculate the connection for a specific
example.

1. PATH ALGEBRAS

As in the introduction, we let G denote a locally finite, directed, pointed graph
with marked point *, vertices V = V(G), edges E = E(G), and denote the range
and source of z € E by r(z) and s(z) respectively. Throughout, we assume that
s is onto (so there are no “back holes”) and that V = |J (r o s71)¥(x) so that all

k20

vertices are accessible from %. A (finite) path in (G) is a/sequence a = ooy - -
of edges in G with s(a;) = % and s(aj41) = r(a;) for 1 € j € k— 1, we write
s{e) = s{a1), r(a) = r(ax) and refer to k as the lenght |a] of a. The set of all finite
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paths in G is denoted 2 = 02(G).
For each m,n 2 0, we set

Ton = Tmn(G) = {(e, ) €2 x 02: |l =m, |o/| =n and r(a) =r(a')}.

If P = Pmn(G) denotes the free vector space over I'm, with basis {e(e,e’) :
: (@,@') € Iy}, we have linear imbeddings jmn : Pmn — Pm+1,n+1, @ product
bmnp: Pmn X Pnp — Pm,p and an involution * : Py n — Py m defined by

Hmn,p(e(a, o), (@, B)) = bor geele, B),
e(a, o) = e(d, ),
impn(e(a,a)) = Z e(az, o'z)
z€E;
s(e)=r{a)
where, if @ = o ..., &y, then ez denotes the path a3 ...a,z. It is routine to check
that the product and involution are compatible with the embeddings jm » i.e. that

Um4i,n+ip41 © (jm,n X jn,p) = jm,p O Ummn,p

Inm O* = *0Jmn,

so that if
PH(G) = En(Prsr,m(G); Jmsk,m)

and

P(G) = PP,

keZ

]

then P(G) becomes an involutive unital * -algebra.
Observe that the §-graded algerba

pﬂ (G) - lng(Pm,m y jm,m)

is (because of the local finiteness of G), an inductive limit of (direct sums of full) matrix
algebras i.e. a locally semi-simple algebra in the sense of [7], so that its completion
in the natural C*-norm is an AF algebra in the sense of {1]. (Observe also that if our
graph G is distance oriented i.e. #(a) = r(a’) implies || = |&/|, then P(G) = P(G)).
It is also worth noting that [10] shows how to construct a locally compact, amenable,
topological groupoid with Haar system, whose C*-enveloping algebra is a natural
C”-completion of P(G).
Two examples will be of primary importance to us:
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ExamrPLE 1.1. Given a compact group (& a finite dimensional unitary represen-
tation (p, V) of G, we may form a graph G, as follows:

V(G =G
E(G,) = {(m, k,v) € GxNxG:1<k<dimHome(Vy ® V,V,)},

where G is the set of (equivalence classes of) irreducible unitary representations of
G, and for each 7 € @, Vi is the carrier space of (a representative of) 7. We view
(7, k,v) € E(G,) as directed from = to v, and take x = ¢, the trivial representation of
G.

The relevance of this example is that P(G,) may be identified with the algebra
%0, intertwiners between tensor powers of p as follows. For each edge z = (7, k,v) €
€ E(G,), choose an isomerty E(z) : V, — V; ® V interwining the G-actions, and with

Z E(z)E(z)" =1 on Vz®V,

s(z)=n

so that the ranges of {E(z) : s(z) = n} are orthogonal. For each finite path o =
=21...2n € 2(G,), we define E(a) € Homg(V1el, V,(4) by

E(a) = (E(z1)® 17 ) o 0 (E(zn-1) ® 1v) 0 E(z,).
Observe that for (a, ') € I'm n
E(a)E(a")* € Homg(V™, V")

{(where V* is the k-fold tensor power of V) and that {E(a)E(a')* : (a,&') € T'mn}
1s a linear basis of Homg(V"™, V"), Furthermore, for (o, a’) € I'm n,

Y Elaz)E(e'z) = Y (E(e)® v)E(z)E(z)'(B(¢/)® 1v) =
zEE; z€EE,
s(z)=r(a) s(z)=r(a)
= (E(2) ® 1v)(1y(e) ® v )(E(a") ® 1v)" = E(0) E(a')" ® 1v.
Thus the inductive systems {Homg(V™, V"), @1y } and {Ppm (), jmn} are isomor-
phic. Since for (o, @’) € I'n p, (8,8') € I'np we have
E(e)E(e') E(B)E(B)" = bor g E(a)E(B)*, and
(E(a)E(a)")" = E(/)E(a)",
if E(a, o) denotes the image of E{(a)E(e’)* in @ lim(Home(V"¥E, V)@1y) =20,
kel n

(in the notation of [4, p. 97]), the map

e(, o) € P(G,) = Bla, o) € °0,
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is a *-isomorphism. We will regard °0, as being identified with P(G,) in this way, note
however that this identification is not intrinsic since at the very least the interwiners
E(z),z € E(G,) are determined only up to a scalar.

EXAMPLE 1.2. Let A be a d x d mafrix with non-negative integer entries and
let G = G4 be the directed graph on d vertices with incidence matrix A. Let G =G4
be the graph obtained by adding a base-point + to {1,...,d} and, for each 1, a single
edge z; directed from « to i. For each edge 2 € E(G4), put

F(‘”) = e(zs(z')z: zr(z])

and observe that
F(2)F(z)" = e(2,(s)%, Zo(2)T)

; ﬁ‘(m)*ﬁ’(z) S e(z,(m), z,.(,,)).

Thus if 4 is the incidence matrix of the graph G dual to G i.e. V(G) = E(G), E(G) =
= {(z,y) =,y € V(G), with r(z) = 5(3)}, and 3(z,y) = z, 7(z,y) = y, the elements
{F(z) : € E(G)} satisfy the defining relations of the Cuntz-Krieger algebra (O ; (see
(3], p. 251)) ie.

Fa) F(e)=)_ A=, v)F(y) F(y)*

: y

Observe also that the elements {F(z) : z € E(G)} generate P(G,) - indeed for
(et,&) € I'py o we have e(e, @) = Fan)F(az) - Flam)F(ah)" -- - F(ed)*.

REMARK 1.3. The transition from A to A is in essence the “symbol splitting”
technique of [6]

REMARK 1.4. For a genaral locally finite graph G in which there is at most one
edge joining any two vertices, we may form a variant V(G) of P(G), based on paths
as finite sequences of vertices, and with generators f(v,w) indexed on pairs of paths
with the same final vertex, subject to the relations

f(v,w)" = flw,v),
Flu, ) F', w) = 6, 00 f(u, w)
flv,w) = Z fvu, wu),

ueV(Q)

whenever v and v’ have the same lenght. Since there is an obvious identification of
paths (as sequence of edges) and paths (as sequences of vertices) in this single-bonded
case, it is evident that P(G) is x-isomorphic to V(G).



104 D. A. PASK and C. E. SUTHERLAND

Note however that this provides us with a different presentation of ’P(EA) In the
case where A has values in {0, 1}. Indeed, if we put, for 1 < k < d,

Fky=f(k,2 )= > f(kt,0),

LAk, £)=1
then
Fk)F(k)" = f(k, k)
and
F(k)y'F(k)y=)_ fe.k)f(ke. &)= D f(£0)
LA &)=1
s0 that

F(k) F(k) =Y A(k, OF(O)F (&)

Thus {F(k) : 1 < k < d} satisfy the algebraic relations characteristic of the Cuntz-
-Krieger algebra O4.

Since the matrix A satisfies condition I of [3, p. 254] if and only if A does, and
since P(G) is *-isomorphic with V(G), we conclude that if A has {0,1} entries and
satisfies condition I, so does A, and @4 is isomorphic to O i

REMARK 1.5. This last calculation raises a natural but curious question: what
is the equivalence relation on square matrices over N defined by A ~ B if A~* = B~¢
for some k,Z € N, where A™~* means to take the incidence matrix of the k-fold dual
of Gu7?

2. FILTERED INCLUSIONS

We consider two graphs G and # as in Section 1, and the associated spaces
Pm»"(g))Pm,n(H) etc.

DEFINITION 2.1. A unital *-monomorphism o : P(G) — P(H) is said to be
filtered if for all m,n > 0,

1) 0(Pm,n(G)) C Pm,n(H)

ii)oojd,=j¥ oo

If o is filtered, we will write oy, ,, for the restriction of o to Poa,n(G), for conve-
nience we will also use P (G), jm, 0m etc. for Py m(G), jmm,Om m etc. Edges and
paths in G will be denoted by z and «, and those in by y and § respectively.

As remarked earlier, the algebras P°(G), P%(#) are locally semi-simple algebras.
Thus by [12, p. 130], any filtered inclusion P°(G) — P°(#) is implemented by a
connection (T, W). To facilitate subsequent computations we recall the construction:
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Each of the algebras P,,(G) is a direct sum of simple algebras Py, (G),v € V,
where
PL.(G) = span{e(a, &) : |e| = |&/| = m, r(a) = r(a) = v}.

Thus the irreducible modules for P,,(G) may be taken as £2(£2%,(G)), where 25,(G) =
= {a € 2(G) : la| = m,r(e) = v}. We will write {e,} for the natural orthonormal
basis of £2(£2Y,(G)). Note that for each edge z € F(G) we can define an isomerty
T(z) : £(257(G)) — (2 T1(G)) by

T(z)eq = Eaz,
these isometries are intertwiners in the sense that
T(z)et= jfn(t) o T(x)

for any ¢t € Pm(G). Similarly Pm(H) = € Pp(H), and we have intertwining
weE(K)

isomerties T(y),y € E(H) with T(y) : L2(250(H)) — 2(27(H)). Clearly the
isometries {T'(z) : r(z) = v} have orthogonal ranges which span £2(2%(G)).

In addition, through ¢, we may view each of the P, (H) modules £2(£2%(H))
as a P (G) module, as such each space £2(2%(H)) decomposes, as a P, (G) module,
as an orthogonal direct sum of copies of {£2(02%,(G)) : v € V(G)}. Thus for each m,
we obtain a bipartite directed graph 7, with edges directed from V(G) to V(H), for
each such edge p, we may choose an isometry T'(p) : 2(02:9(6)) — (5P (1)),
satisfying

a) o()T(p) = T(p)t, t € Pm(G)

b) Y. TET(p)" =1 on £(2L(H)).

PEE(Tm).r(p)=w
We take 7 = | J7;n, with the obvious range and source maps.

A contou;nin (G,T,H) is a quadruple (a,p, 8, q) where « is a finite path in G, 8
is a finite path in H,p € E(7m) and ¢ € E(7y,) for some m, n and s(a) = s(p),r(B) =
= r(q), r(a) = s(g), s(B) = r(p). Asin {11, 12], we will picture a contour:

m Om Uy
g PY & s @ + .(;. ! ® g
Bm Bm Bn-
H o > e s ﬁ 1. e H

Observe that for the path @ = ay, ...@,-; as indicated, we may define an operator
T(a) : 2(2X(G)) — L2(2*(G)) by T(e) = T(on-1)0 - 0 T(am), or, for a; €
€ 25°NG), T(a)(ew,) = £aye, similarly for T(8) : (2P (H)) — 2(25P(H)). In
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view of the fact that 00j9_,0.--0j% =%  0...05% 0a, for each contour (a,p,8,9)
the operator T(p)*T(8)*T(¢)T(«) on 22(!23,(“)(9')) commutes with the (irreducible)
action of Pr,(G) and hence we have

T(p)"T(B)" T(9)T () = W(e,p, 5, 9) on £2(23{°NG))

for some unique scalar W(e,p, 8,¢). Observe also that if we consider all contours
(e, p, B, ¢) with s(a) = u and r(8) = v fixed, then

oWy )W (B,p,a,q) = S (T(r) T() T(Q)T(B)T(B) T(g) T ()T (p))
Bq B
= T(r)" T(7)" T(@)T(p) = 615810,

since the relevant isometries have orthogonal range projections adding to 1. Also, our
assumption that oo j¥ = jlf o, k > 1, forces for each v € 5(Tm), v € r(7,) the
number of paths through G then 7 from u to v to agree with the number of analogous
paths through 7 then H, thus the corresponding matrix Wy, is unitary.

The reader should note that notation Wy, , is in fact ambiguous, since there may
be many pairs (m,n) with u € s(7,;) and v € r(7,). Note also that a contour
(o, p,B,9) in which |a| = [] = 1 is called a cell in [12], [12] also provides a procedure
for calculating the values of W on contours from its values on cells.

To understand the relation of & to W, observe that the basis element e(e, a’) of
Pp(G) may be viewed as the rank one operator from g4 t0 £4. As a consequence, we
may compute for (8, ') € I'm(H) and (@, &) € [n(G)

(ole(e,aegriep) = 5 (o(e(er, o)epr, T(@ )er YT (0 ey, (eaT(P)Ex) T(R)ey) =

2.y
=Y (es, T(P)ew ) es, T(P)EQ)
where the sum is on all p € 7: with s(p) = r(a), so that
o(ea, ) = % (e, T(P)ea} (s, T(PE)E(B, ).

To compute the coefficients (g, T(p)ea), we observe that Po(G) = C, 2%(G) =
= % (= %g) so that £2(£25(G)) has the canonical basis ¢,, and similarly for %. The
graph 7o has a single edge, also denoted * or %r; we assume as we may that
T(*g )ex = £4. We thus have

(e, T(p)ea) = (T(B)T(%)exs, T(p)T(e)esrg) = Wi, . B, p),
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and hence
ale(e,a”)) = Y Wla,* 8, )W (e, * &, p)e(B, #'),
B.8'p
as in [12, p. 130].
To continue the analysis, we observe that for each m and n, P n(G) is a left
P (G) right Pn(G) module, and hence a P (G) ® Pn(G)° module, where V0 denotes
the vector space opposite to V. Furthermore, we have

Pmn(G) = P £2(22(6)) ® (22(G))°

as Pr(G) ® Pa(G)° modules, the isomorphism being given explicitly by e(a, B) «
< €a @ £). Observe also that the summands D%, ,,(G) = £2(25,(G)) ® £2(2%(G))" are
irreducible for the action of Ppm(G) ® Pr(G)°. Thus for p € E(T),¢ € E(T,) with

s(p) = s(¢) = v, r(p) = r(g), the map

(T()®T(q)°)" o0

mn(g) € End(Dy, 2(9)),

commutes with the action of P, (G) ® P, (G)°, and so is a scalar. We may thus define,
for p, ¢ as above

APy ) = (T(P) ® T(9)°) 0 7 | Dy gy on Dy, 1 (6).

PROPOSITION 2.2. With notation as above, we have

a) for each £,m, n we have An(p,7) = 3 Mm(P,0)Amn(a,7)
9
b) pf?@,m(P) Q) = 6p,g for all m,p, q

c) Z Wz, p',y, P)Ams1n+1(p, q)W(z, ¢, 2,q¢) = by,z )\m,n(pla q,)
29,7

d) Ara,n (D, Q= An,m(g,p) for allm,n,p,q.

Furthermore

e) for (a, o/) € Fm,n(G),

ole(a, &)= 3" Amalp, 0 YW(a, %, B, p)W (!, %, B, 7)e(8, 5.
p.p' 8.8’

Conversely, if A = {An n(p,¢)} are given satisfying a), b), c), d), then the for-
mula e) defines a family of linear maps from Py, o(G) t0 Pr o(H) which preserve the
inductive, multiplicative and involutive structures, and hence a filtered inclusion of
P(G) in P(H).

We will first establish a “spatial implementation” result (cf. [11]) namely:
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Lemma 2.3. (Spatial Implementation)

o(ten) Y M, QT )T (eI
P

where, for £ € £2(2m(G)), 1 € £2(24(G)), te.n € Hom(2(02m(G)), 2(2.(G))) is the
rank one operator t¢ () = (¢, n)¢ (€ € £2(2u(G)) so that t, .1 = e(e, o).

Proof. We note that by definition

Tk e T(q)o)‘ 0 0(ten) = dmn(p g)tens

while

(T(p) ® T(9)°)* (Z Am,n (U, v)tT(u)e,T(u>n) =3 A8, O)r(pyTu)e T(e) Tu)n =

u,v u,v

= Amn (P 9)ten

and our contention follows. L

We now proceed to the proof of the Proposition:

Proof of 2.2. For a) observe that for £ € £2(12,(G)),n € £2(24(G)) and ¢ €
€ £(2:(9)) with [Inl| = 1,

olte) = ) Aenlpi Ptzieye 1)
plr

while

o(ten)oltng) = Y. Aem (P, D) Amn (@ () Tt (00 T(r)e =
P99

=3 ( Aem(p, q))\m,n(q,r)) 7o) T(r )¢ -
q

P’r
Thus, ¢ defined by e) is multiplicative if and only if {Am,n(p, q)} satisfies a).
Assertion b) may be proved as follows: For £,5,{ € £2(02,(G)) and any m,
consider the sum

D e (en = 3G T T(e) = D T()T ()¢, mé =

CGTm e

=D T(&)tenT(e)*C = Y omlten)T()T(e)*¢ = o(te.n)C.
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Since ¢ was any element of £2(£2,,(G)), we have that

o(ten) = D ey T(en
e€Tm

However, from the spatial implementation lemma we know that

o(ten)= D Imm(® DtreeTim
P9ETm

the result then follows by comparing coefficients.
For c), we first observe that for & € 2,(G) z € E(G) and p € Tn4y with

(@) = s(z), r(z) = s(a),

T(p)T(z)ea = Y_(T()T(2)ea, T(¥)ep)T(W)ep =

N
=) T TE)T(z)ea, T(@)T(g) €s) T (v)ep =
¥,6,9
=Y W(2,0,40)(T(0)ea, £p)T(W)ep = I W(, 4,9, 2)T(¥)T(0)ea,
¥.6.9 y.q

where the final sum extends over those y, ¢ with (z,¢,y,p) a cell. We now calculate
for (o, &') € I'm n(G),

0035 a(e(a, @) =D ofe(az,o'z)) = Z Ama1n+1(P NP )T(2)e o, ()T (2)e s =
z z'plq

= Z Am+1,n+1 (p) Q) Z W(z»p’a Y, P)VV—(I: Q', 2, Q)tT(y)T(p’)ea,T(z)T(q’)ea: .
P.0T P'y,4's2

On the other hand

J}’,f,,», o 0(5(0‘; a’)) = J}’,f,,, (Z Am,n (ux U)tT(u)smT(v}ea:) =

u,v

= Z Am,n(“a 'U)tT(w)T(u)sn,,T(w)T(v)ea.v -

u,v,w
Comparing coefficients, we deduce that o defined by e) preserves the inductive struc-

ture if and only if

Z W(z,p', Y P)Am+1,n+1(p, Q)W(x: ¢, 2,¢9) = 6y,z)‘m,n(P’:q’)
P:a:T

as claimed.
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It is routine to verify that d) is equivalent to the condition o(e(a,a’)’) =
= o(e(a, &'))".
Finally, we note the formula e) follows routinely from identity (for (a,o’) €
€ I'mn(9)),
o(e(a, o)) = 3 AmalP, Qtr(p)ea T(e)ens>

P
and the expansion
T(p)ea = z W(a:*sﬁwp)sﬂ:
#

where the last sum is over all g with (e, *, 3, p) a contour. |

DEerINITION 2.4. Given (G, 7 ,H), a pair, (W, }) satisfying

i) W maps contours in (G, T,H) to C and, for fixed v € 8(Tn), w € r(7y,) the
matrix {W(e,p,8,¢) : (e,p,8,9) a contour, s(e) = v, r{f) = w} is unitary with
respect to (@, p) and (8, ¢), and

ii) A satisfies the conditions a), b), ¢), d) of Proposition 2.2,

will be called a phased (unitary) connection for (G,7,H). The corresponding
filtered inclusion of P(G) in P(#) will be denoted (™%,

In order to simplify the rest of this section, we adopt the following notation: Let
Wn,n denote the matrix {W, (e, p, 8,9) : (o, p, 8, ¢) is a contour starting at level m
and finishing at level n}, similarly we consider Am,n = {dmn(p,2)}. The results of
Proposition 2.2 may be written, if we choose to omit the summation indices:

&) Al,n = Al,m ’ /\m,n

b)Y A =1
C) Wm,m+1Am+1,n+1 W,:‘n+1 = /\m,n ®1
d) A;"f'l,ﬂ = Aﬁ,m )

) o= WomdmaWen.
Here products such as Wi m41Am41,n41 are defined by summing over common in-
dices, for example

Wm,m+lAm+1,n+1(a:p“sﬁ:Q)= Z Wm.m+1(ﬂ-’=P',.@,P))\m+1,n+1(1>,4)-
PETm41

We shall adopt this convention henceforth.

REMARK 2.5. Observe that for each z € T, we may define an automorphism 6%
of P(G) by
89 (z) = zfz, for z € span{e(a,o’): |a| - |o/| = k}.
If ¢ = (W) is a filtered inclusion of P(G) in P(%), then so is ¢ 089 = §% o ¢, and
we have that ¢™ 069 = ¢(W":2") where W* = W and X2, ,(p, ) = 2™ " Am (P, 9).
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Observe that given a filtered inclusion ¢ of P(G) in P(H), there will in general
be many phased connections (W, ), with ¢ = o(¥*) since the isometries used in
the construction of W and A are at best determined only up to a scalar. Slightly
extending [11], the relevant equivalence relation on phased connections is:

DEFINITION 2.6. Phased connections (W, A), (W', X) on (G, 7T, H) are weakly
equivalent if there are matrices u,,, m > 0, indexed on pairs (p,p') € T, with
s(p) = s(p'), and unitary when s(p) is fixed, with

a) Wy = umWmnuy,

b) Al n = UmAm nty.

By convention, we have that ug = [1], and products are defined as above.

ProPosITION 2.7. If (W, X), (W', X') are phased connections for (G,T,H) then
eWA) = ¢(W"A) if and only if (W, X) and (W', X') are weakly equivalent.

Proof. Supi)ose first that (W, X), (W', X') are weakly equivalent via u,i.e. Wy, , =
= U Winnty, and A, | = umAm puy, (so that (W7, X') is a phased connection if and
only if (W, }) is). Then if o = oW, ¢’ = ¢(W'*") we have (formally)

OJ - 2 W(;,mA;n,nW(;Tn = Z(WO,mu:n)umkm,ﬂu;(unWJm) =

= Z WomAmaWo, =0

— the formal manipulations may be justified by routine but generally unpleasant
expansion. Thus ¢ = ¢’.

Conversely, suppose that o = ¢dW:*) = o{W"A)_ For each p € T;,, define isome-
tries S(p), '(p) : £2(A”(G)) — £2(27 (H)) by

S(p)Eo, = E WD,m(ax *, ﬁ:p)aﬁ
B

and analogously for $’(p). It is routine to check that S{(p)t = o(¢)S(p), and S'(p)t =
= a(t)S'(p) for p € Tm,t € Pm(G). Furthermore we have that

>SSk = D @S =1
PETm, PETm,
r(p)=v r(p)=v

on £2(02%(H)), and, with T(z)(z € E(G) or E(H)) denoting the standard isometries,
we have for any contour (e, p, 8, ¢)

S(0)*T(B)" S(p)T (@) = Win,ale,p, B, 4)

5'(9)"T(B)" S (P)T(a) = Wy n{e, 2, B, 9),
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as a routine calculation shows. Thus we have that
Win(a,?,8,¢)=5'(¢) (Z 5(4)5(4)‘) T(B) (Z 3(?)5(19)') S'(p)8(e) =
¢ q

=) _(S'(d')" 5(2))S(a)* T(8)" S(p)(S(r)' 5'(#'))S(e).

qu

However $'(¢')"S(q) is a self-intertwiner for the action of P(G) on £2(25”(G)), and
hence is a scalar um(q’,¢). We thus obtain

Wf‘;'x,n(a: 7,8, q’) = Z um(q': Q)Wm,n(a’: » 08, Q)Eﬂ(p’;p)

p.g

(3 — - .
and Wy, . = unWpn nu;, as claimed.
We also have

A, ¢) = (8'() @ S'(¢')")" 00 = 3 (S'(#)*S(p) @ (S'(¢)" S(6))°YAmon(p, q) =

.
= um(@,P)Amn(p, )8 (g’ 9),
Py
where we have used ¢ = Z(S(p) ® S(g)°)Am,n(p,q) on Dy, ., cf. [11, 12], which
P
concludes the proof. [ ]

The interested reader may continue to adapt the results of (11, 12] on equivalence
etc. to phased connections.

3. EXAMPLES

Throughout, G is a compact group, and p a finite dimensional unitary repre-
sentation of G on V. We use the notation Gp, E(a) etc. as developed in example
1.1. .

Recall we showed there that there is a natural isomorphism of P(G,) with °0,.
However °0,, carries a canonical endomorphism & (see [4]) constructed as follows. For
each m, n the map

t € Homg(V™, V") 5 1y @ t € Homg (V™ y7t1)
is compatible with the maps defining the inductive limit °0% = lim(Homg (V"+*, V"),

n
®1v), and hence defines a unital +-endomorphism o of °0, = @ S0, We may thus
k
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view o as an endomorphism of P{G,), evidently 6(Pmn{Gs)) € Pm+1,n+1(Gp), s0
that if G, is the graph obtained from G, by adding a single vertex * (the new base
point) and a single edge joining * to ¢, we may view & as a filtered unital *-inclusion
¢ of P(G,) in P(G,). To describe a phased connection (W, A) with & = ("'*) we let
$y:VQV — VQYV be the flip, and record.

PRrRoOPOSITION 3.1. With the notation above

a) cells in (G ,,T,G,) may viewed as quadruples (z,q,y,p) with ¢,y,p,z € E(G,)

b) W(z,q,y,p) = E(qy)*(1s(z) ® $2)E(zp)

¢} Amn P, 2) = 6pq-

Proof. Observe that if im 5, m,» denote the inclusions iy o (t) = @1y, omn(t) =
=1y @1t of Homg(V™, V™) in Homg(V™+!, V2+1}, then

Tmnlt) = Pmi1tmn(t)Phq
where @ : V¥ — V¥ is the unitary defined by $:(v1®@---® ) = v, QU1 Q- @ Vg1
Thus the Bratteli diagram for the ¢y, is the same as that for ¢y m. Moreover, if we
@
define unitaries B, : ZV,, @ L£2(02Y(G)) = V™ by
ved

Em('u ® 5&) = E(Q{)'U, veEV,,a € Qé(gﬂ)

then E* Homg(V™,V™)Em = @ 1, @ B(£2(122,(G,))). Thus we may define actions
veG
k. (v € @) of Homg(V™, V™) on £2(£2%(G,)) via the identity

EptEm = (D1, @kL(1), t € Homg(V™, V™).
ved

With T'(z) as defined in Section 2, we have
T()ki(t) = ki (¢ @ 1v)T(2),

it follows from observation that omm = Ad®m4i1 © imm that, if T(z) =
= k:,fi)l( @41)T(z) then we also have that

T(2)k{(t) = B, (1y ® )T (=)

for t € Homg(V™, V™).

Thus a cell in (G ,,7,G,) may be viewed as a quadruple (z,¢,y, p) in E(G,) with
s(z) = 5(a), r(¥) = *(p), 7(9) = 5(y), (=) = s(p). Choosing a € L")(G,) with
r(a) = s(x), we may now calculate

W(z, 4,9, p) = (T(p)T(2)ea, TW)T(9)ew) = (Frp S Dazp, T(W)kn s (Prs)eag) =
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= (k,’;fi)z(@mﬂ ® 1v) ™ Pmy2)easps Eagy) = (k;(ﬁ-)z(lft? ® P2)Eanp; Eagy)-

Choosing any unit vector vy € Vy(p), we define this is
(17 ® 62)Epmy2(v0 ® €azp), Em+2(vo ® Eagy)) = {(1V @ P2)Eazpvo, E(agy)ve) =

= {(Ls(z) ® P2)(E(z) @ 1v)E(p)vo, (E(q) ® 1v)E(y)vo) = E(qy)" (Ls(z) ® $2)E(zp)

where we have used the stucture of E(azp), i.e.
E(azp) = (E(a) ® 13)E(zp)

and the evident fact that the last line of the calculation is an intertwiner for the
irreducible action of G on V().
To compute Am (2, ), observe that for appropriate e, o/, p and ¢

(T(p) ® T(2)°)(ea ® 55') = km+1(¢m+1)5ap ® (kn+1(¢n+l)5a'9) )

8O

]
A, (P, 0)(Omn(Ea ® £ar); k:rsﬁ-l(@mﬂ)fap ® ‘(kfrq(ﬂ(@n-o-l)sa'q) )=
= (k;slﬂi,n(a))(ém.'.l)im‘n(ea ® 32,)k;E;T w{e’ ))(@ -H)‘:

rm(il(ém‘ﬂ)eap QFk (_f_%(én-*-l)sgl'q) -
= <z krm(:.)l(@m+l)€az ® k:l(‘:'?(Q"*'l)ga z)) m+1(§m+1)5ap ® kn+1(@n+1)5a q>
T

= Z(eaz ® 5(,1,;; Eap @ Ea'q) P g3

as claimed. [

The formulae of Proposition 3.1 have the great benefit of showing how to compute
the phased connection (W, A) entirely in terms of data associated intrinsically to the
group G and its representation theory (in relation to the base representation p.) The
reader with a sufficiently large set of character tables, and sufficient patience, may
now generate an unlimited number of examples, such as the one given in Section 4
below.

Before looking at explicit examples, we record a further general example. Re-
call from [4] that if p is a unitary representation of G in dimension d, then G acts
canonically on the Cuntz algebra Oy in such a way that 0§ = 0,. The inclusion
O, C Oy is evidently filtered, given at the level of intertwiners by the inclusions
Homg(V™, V™) C Hom(V™, V™).
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Of course, Og ~ P(Ga), where G, is the directed graph with one vertex x and
d edges. We take V™ as the only irreducible module for Hom(V™, V™), so that the
Bratteli diagram 7;, for Homg(V™,V™) C Hom(V™, V™) has vertices r(2n(G,))
and *, with dimV, edges joining v € r{£2n(G,)) to . Choosing orthonormal bases
{v*(q) : 1 € ¢ < dimw} for the irreducible G-modules V,, we obtain isometries
T¥(q) : £2(0245(G)) — V™ defined by T%(¢)ea = E(a)v”(g), satisfying T"(¢)t =
= tT%(q) for t € Homg(V™, V™). Similarly, if {v(y) : 1 < ¥ < d} is an orthonormal
basis of V, we obtain isometris T'(y) : V™ — V™¥! given by T(j)v = v ® v(j) and
satisfying T(j)t = (¢t ® 1)T(j) for t € Hom(V™, V™). Thus for any cell (z,¢,y,p) in
(G, T, Ga), we have (with & € 2n2(G,))

W(z,q,4,p) = (T"(p)T(2)ea, THT* (9)ca) =

= (B(az)v"®(p), B(a)v*®)(q) ® v(y)) = {E(z)v"®)(p), v (g) ® v(y)).

Thus, W(-,, -, z) is the matrix of E(z) with respect to appropriate bases.
To compute the phases Ay n(p,p’), observe that if we identify Home(V™, V")
)

with the space 3 £2(24(G,)) ® £(24(G,))", and Bom(V™, V") with V™ ® (v")°

in the standard Wuay, the inclusion Homg (V™, V") C Hom(V™, V") is given by €4 ®
®e% Y TN g)ea ®T" @)(g)%4r, 50 Amn (0,07} = bp -

g
We record the conclusion as

ProprosITION 3.2. With the notation above,

a.) cells in (G,,T,Ga) may be viewed as quadruples (z,4,¥,p),1 € ¢ € dims(z),
1< p<<dimr(z), 1<y d;

b) W(z,q,9,p) = (E(z)v"®(p),v**)(g) ® v(y)} where {v*(p) : 1< p < dimV,}
and {v(y) : 1 € y < d} are orthonormal bases for V,, and V respectively;

¢) Ama(P,9) = bp,g-

It is of some interest to contrast Propositions 3.1 and 3.2, remembering that both
(0,,0) and O, C Oy determine p(G) (at least in the case where p(G) is either finite
or p(G) C SU(d)). Proposition 3.2 is the Tannaka-Krein Duality Theorem in the
sense that giving the inclusion O, C Oy is equivalent to the spaces of intertwiners
between arbitrary representations of G. Proposition 3.1 appears to be demanding
considerably less- we need only know how the flip &; on V, ® V2 behaves with respect
to its irreducible decomposition- and in addition manifestly displays the “permutation
symmetry” possessed by o (see [4, p. 110]).

ExaMpPLE 3.3. Let C, = {0,1,...,2 — 1} be the cyclic group, and let G; =
= CsxaCs, G2 = CsxpC,, where the actions of the non-trivial element of C; on
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Cs are determined by a(1) = 3 and (1) = 7. The groups G; and G, have distinct
character tables (see [9]). Nonetheless if p; is the representation of G; on £2(G;/C>)
given by left translation, the corresponding graphs G,; each have 7 vertices and the

same incidence matrix

1010111
lo 1011 11
1010111

A’1111222
111122 2
111122 2

(The first 4 entries correspond to irreducible 1-dimensional representations of Gy, and
the remainig 3 to the irreducible 2-dimensional representations). We conclude that in
general, the graph G, does not determine the character table of the underlying group.

4. APPENDIX: A4 EXAMPLE

Consider A4 as a subgroup of the permutation group Sy, then Ay = C;UCp U
UC3 U Cy, where

C]_ = {6}, Cg = {(123),(142),(134),(243)},
Cs = {(132),(124),(143),(234)},  Ca = {(12)(34), (13)(24), (14)(23)},

are the conjugacy classes. The character table, and unitary representation theory of
the group A4 are well known:

Representation Character C, G C;3 €4
Ty X1 1 1 1 1
T ‘ X2 1 w w? 1
3 X3 1 w W 1
T Xa 3 0 0 -1

where w is the primitive cube root of unity. (See [9, p. 61] for example).

The 3-dimensional irreducible unitary representation, p(= 74), of A4 arises from
its action on the vertices of a tetrahedron in V, = C%, whose centroid is at the origin.
Since A4 is generated by the cycles m = (14)(23) and = = (123), we may specify this
representation by defining

1 23 LB

;0 2 Tz 0
pmy=| 8 -1 8 | edam=|v3 1 ]

2V/2 0 1 2 2

3 0 3 0 0 1
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with respect to the orthonormal basis {e1,es,e3} of ¥V = V,.
Examining the character table above, and using [9, p. 83], we see that if p = 7y,
we have
m®p=p, i=1,...,3 and TR p=T;1 D T B T3 D 2my,

up to unitary equivalence. The bipartite graph associated to p is thus

If we identify C @ C3 with C? in the usual way, then we may view each of the
isometries E(a), E(b), E(c) as unitaries on C?, in fact, they give the first three of the
above-mentioned unitary equivalences. Evidently E(a) = 1y, whilst E(b) satisfies
x2(9) - p(g) o E(b) = E(b) o p(g) for all ¢ € A4; a similar relation holds for E(c)
involving x3. Explicity, we may take these maps to have the following matrices

I —i V2 1 i V2
E(b):% i -1 ivZ| and E(c):% P -1 -3
vZ W2 0 VI -iv2Z 0

To calculate the intertwiners for the other edges of the above graph, recall that
the projection o, i = 1,...,4 on the subspace of V, ® V, supporting a multiple of =;
in p? = p® p, is given by the formula

G 5™ X)),

gEA,

i =

With {e;; = e, ®¢j : i,j = 1,...,3} as an orthonormal basis for V? = V, ®
®V,, direct calculation show that the subspaces o1V?, 52V 2, 03V, are spanned by the
vectors

/
p = €11 + ez + ess,

¢ = —ieny + €12 — iV3e1s + €a1 + iezs — V2e33 — iV2ea1 — V232,
= —iey; — eyg — i\/§613 — eg1 + 1e29 + \/'2-823 -— i\/§631 —+ \/5832,
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respectively. Hence we may define isometric intertwiners corresponding to these edges
to be

EMA=x-p, E(wr=Xr-q, BE(z)r=x-r,

where we denote by p, g, r, etc. the unit vectors in the directions of p’, ¢/, r’. The six
dimensional subspace of sz orthogonal to {p,¢,r} supports two copies of 74. These
subspaces are spanned by the vectors

§] = ea3 — €32, ) = =v2e11 + e13 + Vg + eay,
'

Sy =e31 —e1s, and t,= V2e12 + V221 + €23 + €33,
'3

§3 = €12 — €31, té = ey1 + €22 — 2es3.

These bases are easily checked to be invariant under p?, and we have that

3 3
PP(9)si = pij(g)s; and P(g)ti = > pii(g)th,
=1 i=1

where g € Ay, and p(g) = [p,-j(g)]?’jﬂ. As above, we denote by s;,¢;, forz,7 = 1,2,3
the unit vectors in the directions of s;,t; respectively. Thus, if we define E(y) and
E(z) by

3 3 3 3
E(y) (Z a;e;) = Za;s; and E(z) (Z a',-e,-) = Za;ig,
s=1 i=1 =1 i=1

then we have p?(g) o E(y) = E(y) o p(g), for all ¢ € A4, and similarly for E(z).
We now wish to calculate the unitary connection for the above graph; upon
inspection, we note that there are only three types of cell to consider

I, T, T, T, , R !
|

!

} :

T, T, T, T, T, T, )

fori=1,...,3 fori,j=1,...,3 fori,j=1,...,4
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Examining the diagrams above reveals that for the first type, for each ¢ there
are precisely 4 such cells, for the second type for each fixed ¢, j there is only one cell,
and for the third type there are 49 cells. Hence, labelling our unitaries by the fixed
representations at the top left and bottom right corners of the cell, we have that
Wij, 1 <4,7 € 3isalx1matrix, Wi, 1 <7< 3isa2x2matrix,and Waa1sa 7x 7
matrix.

Observe that, from Proposition 3.1. b), in order to calculate the values of each

unitary on any cell, we only need to evaluate the inner product
(Lv,(, ® D2)E(a)v, E(B)v),

in V,(a)®V,®V,, for each pair &, 8, of paths of lenghi 2, with s(a) = (), r(e) = r(8)
and any v € V(4 of unit length. The entries of the unitary matrices W;;, are then
indexed by pairs (&, 8) with s(a) = s(8) = ¢ and r(e) = r(#) = j, for any fixed
1<€14,5K4.

Tedious but straightforward calculations, using the above formulae, yield

ay az

av aw az
-1 0
Wit=gy (1), Wia= 1 Wis = 1), W= )
( ) aw ( )’ oz ( ) az \ 0 1
by bz
bv bw bx by L V3,
W21=bv(1),W22=bw(1),W23=bm(1),W24: \2/§ 21 )
bz —Tl —-2-
cy cz
cv cw cr ey l ——\/—Ei
W31=cv(1), W32=cw(1), W33=cz(1),W34= \/23- 21 ,
“ A\t T3
yw Zw yz zx
Y w( L Y5 wf L Y5
Wa=91(" . Wi = 2 2 | W= 2 2
a=" ( 0 1) 42 B __\/Ei B 43 B _‘/_‘i 1 )
2 2 2 73
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va wh ze Yy yz 2y 2z
1 1, 1. 1 1 \

va ( 5— :-3' -gl \/g 0 0 —\/‘:'3_
1. 1 1 1. 1 1 1.

wh | —=1 = - ——] —= == —]
3 3 3 23 2 2 2/3

ol L 11 4o r o 1
Wiy = —_ —ef - > 6 0 -~=
IV TaE T 2 2
0o i 1 o L _1 4

- i 1 47

zy | O -3 3 0 -- 3 0
P N TS SRR I ST S SR S
\7Z 38 w2 5 )

Here the left border labels correspond to the indices o mentioned above and the upper

border labels correspond to the indices B in the same way.

It is worth noting that while the Doplicher-Roberts theory guarantees that the

graph G,, and the matrices W;; given above determine p(A44) (and hence A4) uniquely,

it is far from clear how to recover A4 without going through massive C*-algebraic
manipulations (see [5]).

10.

11.
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