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ABSTRACT. An operator T on H is called strongly irreducible if T does not
commute with any nontrivial idempotent operator. In this paper we obtain
a characterization of the strongly irreducibility of Cowen-Douglas operators.
For an analytic connected Cauchy domain and a positive integer n, we can
find a strongly irreducible nice operator A in B,(£?) — the class of Cowen-
Douglas operators with index n. An operator A is called nice, if the commu-
tant of either T" or T is a strictly cyclic Abelian algebra. Finally, we obtain
a characterization of operators which can be uniquely written as an algebraic
direct sum of strongly irreducible nice operators.
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1. INTRODUCTION

Let H be a complex separable Hilbert space and L(H) the collection of all bounded
linear operators on H.

For §2 a connected open subset of the complex plane C and n a positive
integer, let B,(2) denote the set of operators B in L(H) satisfying

(a) 2 C o(B) = {we C: B - w is not invertible},

(b) ran (B — w) = H for every w in 2,

(c) \/ ker (B ~ w) = H (spanning property) and

(d) dlmker (B —w) =n for every w € Q.
We call an operator in B, () a Cowen-Douglas operator.
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M.J. Cowen and R.G. Douglas studied the operators in B, () from the view
point of complex geometry. They proved that if f and f are the curves in Gr (n, H)
(the Grassmannian of n-dimensional subspaces of €2*) induced by T and T in
B,(Q),T and T are similar if and only if f and f are similar. In Section 2, we
reduce the problem of similarity of the operators in B,{£2) to that of equivalence
of two families of vectors by using operator theory rather than complex geometry.

In Section 3 and Section 4, we consider a general problem concerning re-
ducibility and approximation of Cewen-Douglas operators, independently sug- .
gested by Domingo A. Herrero and Ze Jian Jiang. It can be described as follows.

An operator T on H is called strongly irreductble if T does not commute with
any nontrivial idempotent operator. Otherwise, T is called strongly reducible (see
[6], (8], [14]).

Strongly irreducible operators keep their strong irreducibility under similarity
transformations; this is quite different from irreducible operators. In the past more
than ten years, a lot of work on strongly irreducible operators has been done by
the functional analysis seminar of Jilin University. D.A. Herrero, C.K. Fong and
C.L. Jiang confirmed Ze Jian Jiang’s Conjecture: A strongly irreducible operator
is a rather suitable analogue of Jordan blocks in £(H) (see [7}, [13], [15], [16]).

In this paper we obtain a characterization of the strongly irreducibility
of Cowen-Douglas operators (see Section 2). In [9], L.J. Gray proved that a
quasinilpotent operator can be approximated by “Jordan type” nilpotent oper-
ators which can be uniquely written as algebraic direct sum of countably many
nilpotent Jordan blocks. Therefore, D.A. Herrero thought that the operators of
the form A + uS, 1 # 0, or their adjoint () + uS)*, are more suitable as ”Jordan
blocks” of L(H) than strongly irreducible operators (S denotes the forward shift of
multiplicity 1). But C.K. Fong and C.L. Jiang proved that the class of operators
which are similar to a direct sum of finitely or countably many operators of the
form X + uS or (A + uS)* is not dense in L{H) (see [6], [17]).

Therefore, following Herrero’s suggestion, we consider the strongly irreducible
operators with a “nice” property.

An operator T in L(H) is called nice, if the commutant of either T or T*,
denoted by A'(T) and A'(T*) respectively, is a strictly cyclic Abelian algebra.
(Recall that a subalgebra A of £(H) is called strictly cyclic if Azo = H for some
zo in H, where Azg def {Azg, A € A}). It is obvious that each Jordan block is
nice. In [11], D.A. Herrero gave an example of a nice operator T in B;(§2). By
Theorem 2.2 in [7], T is also strongly irreducible. In a private communication,
D.A. Herrero posed the following question:
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QuesTioN H. For a connected Cauchy domain 9 and a positive integer n,
can we find a strongly irreducible nice operator A in B,(2)?

In [14], Z. J. Jiang proved the following fact:

THEOREM J. Let A be a selfadjoint operator with the point spectrum op(A)
empty. Then A cannot be expressed as an algebraic direct sum of finitely or count-

ably many strongly trreducible operators.

Based on the above theorem and Gray’s result (see [9]), Z. J. Jiang posed

the following conjecture:

CONJECTURE J. Let B be the set of operators which can be uniquely ex-
pressed as an algebraic direct sum of strongly irreducible operators. Then B is

dense in L(H).

In Section 3 and Section 4 we shall give an affirmative answer to the above
Question and Conjecture and obtain a characterization of operators which can be

uniquely written as an algebraic direct sum of strongly irreducible nice operators.
2. SIMILARITY OF COWEN-DOUGLAS OPERATORS

For an operator B in B.(Q2), we denote by (Eg, r) the sub-bundle of the trivial
bundle © x H defined by

Ep ={(w,z) |w € N,z € ker (B — w);n(w, z2) = w}.

Subin in [18] proved that Ep is a complex bundle over 2. By Proposition 1.1
in [4], we know that, for B in B,(f2), the mapping w — ker (B — w) defines a
holomorphic Hermitian vector bundle over €.

PROPOSITION A. (see [4]). For Ay in  and B in Bn(S2), let P be the
orthogonal projection onio ker (Ao — B) while A in L(H) satisfies A(B — Ag) =
I— P and (B— X)A = I. Then A and B determine holomorphic H-valued
functions Tg()) = {ef(k)};-‘=1 defined on some neighborhood A of Ay such that
{eB(N),e8(N),...,eB(A)} forms a basis of ker (B — X) for A € A.

The following proposition is due to Cowen and Douglas. Now we give it a

new constructive proof.
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PROPOSITION 2.1. Let B be in B,(R?) and D a connected open subset of Q2.

Then \/ ker (M- B)="H.
»eD

Proof. Let M be a normal operator on . Assume that the spectrum (M)
of M satisfies o(M) = {0\ D}. Then o(M) = aie(M) & {X : M — X is not
semi-Fredholm} and oy(B & M) = (Q\_ﬁ) Hence, D C pr(B® M) & {\;B®
M — X is Fredholm}.

Let

H, = \/ kert() - Bo M).
A€eD
Then (B® M )|’h!,- = BI'Hr = B,. Let HL be the orthogonal complement of H,
in H. Then H & H = H, ®H; ®H, so that

BeM=|0 By, 0| Hf.

0 0 Ml H

B, x O} H,

Applying Apostol’s triangular representation theorem (see [12], Theorem 3.38), it
is easy to see that

DC ps-r(B®M)Np(Bo ® M)N p.(B,), and op,(B;) =0,

where we denote by p,(-) the right resolvent domain of the operator (see [12, p.43)).
Since D C p(Bo ® M), we deduce that D C p(Bg). @ C p,(Bo) is completely
apparent from  C p,(B). It is easy to see from D C p(By) that  C p(By). This
shows that € C op(B)) because Q C o,(B). Since ker (A — B,) = ker (A — B) for
all A in Q, we get that ).VD ker (A — B) = H and complete the proof. B

€

PROPOSITION 2.2. Let B be in B,(Q2) and {A+} a sequence of complez num-
bers in Q satisfying klim Ar = A1. Then
—00

{7 ker (Ax — B) = M.

k=1
Proof. Without loss of generality, we may assume that A\; = 0. Let H; =
o«
V ker (Ax — B). Then H, is invariant under B, so that
k=1

B= By Bp\ Ha
0 By) ML’
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where B; = B|H,. Since 0 € p,(B), we see that 0 € p,(Bz). Since dimker B = n,
we deduce that there exists an orthogonal projection P onto ker B with ran P =
ker B and A in £(H) such that AB = I~ P. By astraightforward computation, we
see that there exists A1 on A, such that A; B; = Ix, + K, where K is an operator
with finite rank. Hence 0 € pr(B;) and ran By is closed. By using Lemma 3.14 in
{12], we see that, for z; in ker B, there exist zy € ker(Ax — B),k > 1, such that
kl_iglo zy = 1. Hence ran B, is dense in H; and 0 € p,(B1). Since B, is onto, it
is easy to see that Bj is injective (otherwise, dimker B 2> n + 1). By 0 € pr(B2),
we deduce that 0 € p(B2). Since p(B;) is an open set, we see that there exists
an open subset D of Q such that 0 € D C QN p(Bz). So D C op(B1) and
ker (A — Bi) = ker (A = B) for A in D. By Proposition 2.1, we complete the proof
of Proposition 2.2. 1

From Proposition 2.2 and its proof, we immediately obtain that

PROPOSITION 2.3. For B in B,(Q), V ker(A —~ B) = H is equivalent to
reQ
o
\ ker (A — B)t = H, for some X in Q (see [4]).
k=1

DEFINITION 2.4. Let {Zn}n3>1 and {gn}ap1 be two sequences of vectors in
H. We call {z,} and {yn} equivalent if there exist two positive numbers M; and

M3y such that
k E k
M| asu] <[ ase| < M o asui]
j=1 j=1 i=1

for any integer k and any complex numbers ag, a3, ..., ax.

THEOREM 2.5. Suppose that By and By are in B,(2) and {Ar}xpo s a se-
quence of complezx numbers in Q satisfying klim Ak = do. LetTg,ay and Tpy(ay be

—0

given by Proposition A. Then By and B are similar if and only if {ef‘(/\k); k=
0,1,2,...,i=1,2,...,n} and {e?’()\k);k =0,1,2,...,5=1,2,...,n} are equiv-
alent.

Proof. »<=" Let X be defined by Xe7*(\) = /?(M),k=0,1,2,...,5 =
1,2,...,n. By Proposition 1.2 and the equivalence property, it is not difficult to
deduce that X is invertible and X By = By X.

»==%" Since B; and B, are similar and by Proposition 4.29 in [4], we see
that I'p,(a) = I'p,(r). Hence

X{ellal(’\k)’ 6.28‘ (Ae)s <, efl (M)} = {efa (Ar), 6232()”9)’ RS efn (Ax)}

for j = 0,1,2,.... Therefore the equivalence property is immediately obtained.
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Using the definition of a nice operator, we obtain immediately that

THEOREM 2.6. If By and By are similar, then By @ B> is not a nice operator.

3. STRONGLY IRREDUCIBLE COWEN-DOUGLAS OPERATORS

In [7] and (12], C.K. Fong and C.L. Jiang proved that if B is in B;(£2), then the
operators quasisimilar to B are strongly irreducible. By Proposition 1.21 in [4], we
see that A’(B) can be always identified with a subalgebra of H™(Q). This shows
that A’'(B) is commutative.

THEOREM 3.1. Suppose that B is in By (), { M }e>1 5 a sequence of complex
numbers in ) salisfying hm A = Ay and Tpay = {e1(}),. en(A)} is given by
Proposition A. Then B is st(::mgiy reducible if and only if there exists an invertible
operator X in L(H) such that

XI‘B(Ak) = {Xe,-l()\k), cany Xe,-m()\k)} 57 {Xe.'l()uc), ey Xei,,()\k)};

where m+p=n;k=1,2,... and we denole by “®” the orthogonal direct sum.

Proof. “=" Assume that B is strongly reducible. Then there exists an
operator T in L(H) with T =T & T5, T} in B,(R2) and T in By(2) such that B
and T are similar, i.e., there exists an invertible operator X such that XBX ! =
T, @T;. It is clear that Pp()) = {Xei(A),..., Xeq(A)} is a holomorphic H-valued
function determined by T'. By Proposition 1.18 in [4], I'r(}) is reducible. Hence

LPr(Ae) = {Xej (M), -, Xej (M)} ® { X e, (Ak), - .., Xei, (M) }-

?¢=" Without loss of generality, we may asssume that j; = 1,...,jm =
m;éip = m+1,...,i, = n. Then I'(A) = {Xeg;(A);1 € j € m} determines an
operator T in B,(R),T1(A) = {Xe;(A);1 € § € m} and Ta(A) = {Xe;(D),
m+1 € j € n} determine T} in B,,,(2) and T3 in Bp(Q) respectively (see [4],
Section 1). It is clear that XBX~! = T. To show that B is strongly reducible,
it is enough to show that T is reducible. Hence, we need only to show that
k\>/ {Xey(Me),..., Xem(As)} and \>/{Xem+1()«k),...,Xe,,(/\k)} are orthogonal

21 k21

since the span of these two subspaces is H by Proposition 1.2. We have (X ei(A),
Xej(M)) = 0for 1 €i <€ m < j < n, and differentiating with respect to A, we
deduce that

o5 (Xei(A), Xej(A)) = (Xer(2), Xej(A)) = 0.
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Similarly we have
o?
e
for @ = 1,2,.... Therefore, there exists a § > 0 such that
m
Xei(A) = }: XL%)!(—)-\}—)-(A;C - A;)Q
Q=1 )
for |A\e = M| < 6. Hence, (Xe;(Ar), Xe;(A1)) = 0 for |Ag — A1 < 8. Since
(Xei(M), Xej(Ar)) = (Xei(Me), Xej(A1)) = 0, similarly, we have (Xe;(M1),
, Xej(Ae)) = 0 for [N ~ M| < 6 and |Ax — M| < 8. Using Proposition 1.2 again,
we complete the proof of the Theorem 3.1. 3

(Xes(X), Xe; () = (XefP (), Xej (1) = 0

For B in B,(§2) we have a unique decomposition theorem similar to L.J.
Gray’s result [9]. In fact, we obtain a stronger result:

THEOREM 3.2. If B € L(H) can be wrilten as an algebraic direct sum (de-
noted by +) of counlably many strongly irreducible operators and A'(B) is com-
mutative, then B can be uniquely written in the following form:

k
B= .—i-lBj, k€ +oo,
=

where B; (j = 1,2,...,k) are strongly irreducible operators and each B; is uniquely
determined by B.

Proof. It is enough to show that if p; and p; are idempotent operators in
A’(B) such that B|p1’H and Bng'H are strongly irreducible, then either py = py
orp;-p2=0.

Assume that p; # ps and p; - pa # 0, then we can deduce that p; - p2 is an
idempotent operator which is commutes with B|p1’H and B|p2'H respectively. It
is clear that p;p; either in £(pyH) or in L(p2N) is nontrivial. This contradicts to
our assumption that B|p1’H and Bng'H are strongly irreducible. 10

ProrosITION 3.3. Let A%(T) be the weak closure of rational functions of
T with poles outside o(T) for T in L(M). If A%(T) is strictly cyclic, then T is
strongly irreducible if and only if o(T) is connected.

Proof. Let U be the maximal ideal space of A*(T). Since A%(T) is strictly
cyclic, it is obvious that A*(T) = A'(T) = A”(T) (the double commutant of
T). Following Shilov’s idempotent theorem (see {11]), each idempotent operator
in A%(T) is a characteristic function in Cy where Cy is the space of all continuous
functions on &/. Hence, it is enough to show that I/ is homeomorphic to o(T"). By
the proof of Corollary 2.36 in [5], we can complete the proof. 1
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4, THE NICE PROPERTY AND THE APPROXIMATION THEOREM
OF COWEN-DOUGLAS OPERATORS

Let Q be an analytic connected Cauchy domain and let £2(9) be the Hilbert
space of complex functions on 8§ which are square integrable with respect to
(1/27)-times arc-length measure on 8Q. M.(9Q) will stand for the operator of
multiplication by z acting on £2(8Q). H?(99) is the subspace spanned by the
rational functions with poles outsider Q in the norm || - ||s of £?(8Q). Then
H2(A9) is invariant under M,(9Q). Let A = {X,)2,...,Am} be a finite subset
of C\ © having exactly one point in every component of this last set and let
Wh%(5Q) be the Sobolev space consisting of all distributions g on 89 which have
the distribution derivative in £2(8Q) (with respect to arc lenght measure dm on
0Q2) with the norm of || - ||2, where

Az = {(}/(lf(Z)l2 + ldf/dmlz)dm} ‘
1]

We denote by A; the subspace of W12(dQ) spanned by the rational functions
¢

with poles in a subset of A. By the above definition, W2 can be continuously

imbedded into £2(6R). Hence, A; can be continuously imbeded into H?(9%).

THEOREM 4.1. (see [11]). Consider M, as acting on W12, Then A, is
tnvariant under M;, and A; = M, |A1 satisfies:

(i) A"(A.) = A'(A;) = {M, : g € A1} is a mazimal Abelian strictly cyclic
subalgebra of L(A),,

(ii) 0(4,) = Q and ind (A — 4,) = —1,ker (A — 4;) = {0} for X in 2, where
M, stands for the operator of multiplication by g acting on A;.

PROPOSITION 4.2. (see [6]). A* is in By(T), where @ & {X;1 € Q).

THEOGREM 4.3. For each integer n, there ezxists a strongly irreducible nice
operator B in B, ().

This theorem gives an affirmative answer to Question II for a connected
analytic Cauchy domain.

Before proving this theorem we need the following result.
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LEMMA 4.4. Let b4, be the mapping defined by
64, (Y)=AY -YA,, for'Y € L(Ay).

Then
A'(A;)Nrané,, = {0}.

Proof. Clearly, ker§,, = A'(A;). Assume that there exist A and A; in
L(A,;) such that

(1) A, Ay -~ A1A;, = A,

(2) A.A = AA,.

If A # 0, then there exists g in 4 with g # 0 such that A, 4 — 4,4, = M,.
Let ep = l,e, = A", n=1,2,3,...,) € Q and Aj(eo) = h. It is clear that A is in
Aj. By asimple calculation, we now get that

A (A™) = APA(X) + nA""1g(A).

It is clear that

AN
el

which would show that A; is an unbounded operator. This is a contradiction.

Proof of Theorem 4.3. For n = 1, we take B = A;. By Proposition 3.2 and
Theorem 3.1, B is in B1(f2) and B is a strongly irreducible nice operator.
Supposing 1 < n < 0o, we define

A, 1 A

4, 1 Ax
B = A, 7 :
I :

Al A

Assume in addition that T = (T; ;)?; is an n x n operator-valued matrix satisfying
TB = BT; then

0=BT-TB
[As,T11)+Ta1 (A5, T12)4+T22-T1a v [As Tin]+Tan—T1,n-1
[As,T21)+Ts1 [As\T22)4Tsa~Ta1 vee [A¢ Tan]+Tsn—Ta,n-1
- . . . ,
[Ae,Ta1,14Tn,1  [As,Tn-1,5H4Tna=Ta-1,1 2o [As,Tac1,n]4Ta-1,a=Tnac1,n-1

[As yTn.l] [AnTn.Z]-Tn,l L [AuTnn]‘Tu,u—l
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where [A;,C] = A,C — CA, and, for 1 € ¢ < n;1 < j € n, the (3, j)th-entry is
equal to [A;, Ti;] + Tiq15 — Tij-1. The (n — 1)th-entry indicates that 75, is in
A’(A;) and the (n,2)th-entry shows that

Tap =[A:,Th3) =64, (Ta2) Eranéy,.

Therefore T,;; = 0 by Lemma 3.4. Now the (n — 1,1)th-entry and (n,2)th-
-entry show that T,_; and T, > commute with A,. By induction, we deduce
that

Thi=Tao1i=--=Thy=Tho=-=Thp-1=0

and T} ; and Ty » are in A’(A;). Similarly, we infer that
Ti;j=0 for 1€<j<ign

and that Tj;,i = 1,2,...,n, are in A’(A;). The (1,2)th-, (2,3)th-, ..., (n -1, n)th-

entries show that 7 = T3 = Tag = - - - = T = M, where go isin A; and T; 544
in A'(A;) for i = 1,2,...,n — 1. By induction, we deduce that T; ;41 € A'(A;)
and T1 146 = T4k = --» = Tpopn = My, for 1 < k < n, where g; is in A;.

Hence supposing T = (T} ;)7 =1, we have that

-Myo Mm Mya M:.-n A
Mﬂo Mm M:: T M:-—z
T= )
Myx
L ..' Mgo J

where gg, g1, . - ., gn-1 are in A;. Therefore A'(B) is strictly cyclic. Now we assume
that 7' is an idempotent operator in A’(B). Since T = T? implies T;; = T2 for all
1 € {< nand A, isstrongly irreducible, we deducethat Ty = Too = =Tpp =1
or 0. Therefore T' = I or 0. It follows that B is strongly irreducible. Furthermore,
B* is a strongly irreducible nice operator. Since A} is B,(f2), we deduce that B”
belongs to B,(§?) by straightforward computation. This completes the proof of
Theorem 4.3. 1

If the definition of B, () admits n = +o0, we have that
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THEOREM 4.5. (see [11]). There ezists a strongly irreducible nice operator
B in B ().

THEOREM 4.6. Let T be ‘a nice operator in L(H). Then T can be uniquely
written as an algebraic direct sum of finitely or countably many strongly irreducible
operators,

Proof. Without loss of generality, suppose that A'(T) is strictly cyclic. We
denote by U the maximal ideal space of A'(T). Since U is a compact Hausdorff
space, it is easy to see that I/ has at most countably many components. Us-
ing Shilov’s idempotent theorem, we deduce that there exist only ! idempotent
operators p; = Xq,,i = 1,2,...,1,1 € 1 € 400 such that T|p;H is strongly irre-

1
ducible and 3~ p; = I, where Y consists of | compotents £;,85, ..., and Xgq,
=l
is the characteristic function of €, i.e.,, Xq, is 1 in ©; and 0 in & \ ©;. Then
T= -H=1T|p,~')i is the unique strongly irreducible decomposition. 1

THEOREM 4.7. Suppose that T is in L(H) such that ind(T — A) 2 0, for
A € psp(T). Then, for given € > 0, there exists a nice operator T, salisfying:
WIT-Tli<e,
(2) each strongly irreducible direct summand Ty, of T, belongs to By, (),
l 1< n € o0

Proof. By Lemma 8 in [13], Theorem 6.2 in [12], Theorem 9.2 in {2}, Theo-
rem 3.3 and 3.5, we can complete the proof of Theorem 4.7. 1

Applying Theorem 4.7 to T*, we can easily derive the following consequence:

COROLLARY 4.8. Let T be in L(H) such that ind(T — A) < 0 for X in
ps-r(T). For a given € > 0, there ezists a nice operator T, satisfying
(@) IT. - Tl <e,
(b) each strongly irreducible direct summand T, of T, belongs to By, (),
1< ng < +o0.

By combining Theorem 4.6 and 4.7, Corollary 4.8, Theorem 6.2 in [12] and
the proof of the Theorem 4.6, we obtain that

THEOREM 4.9. Suppose that T € L{H). For a given € > 0, there exist two
nice operators Ty, and Ty, such that

(@) IT = (Tie+T2e)l < ¢,

(b) op(T1e) N op(Tae) = 0, _

(c) each strongly irreducible direct summand Ty, of (T1e+T2e) satisfies that
either Ty, or T}, is a Cowen-Douglas operator.
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The proof of Conjecture J. Let T' be in £(#) and T; = Ti,+T5. be given by

Theorem 4.9. By the conclusion (b) and (c) in Theorem 4.9, it is easy to deduce
that A'(T;) = {A+B :€ A(T1.) and B € A'(T3,)} is commutative. By Theorem
3.2, we can affitm Conjecture J.

1.
2.

10.
11.

12.

13.

14.
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