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AN EQUIVALENT DESCRIPTION
OF NON-QUASIANALYTICITY
THROUGH SPECTRAL THEORY OF C,-GROUPS
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ABSTRACT. Consider a weight w on R. with the following property.
(ne) For any Co-group 7 := (T(t))ier on a Banach space E satisfying
HT()|] € w(t) for all ¢ € R, there holds 0(A) # 0 for the generator A

of T
It is well-known that a non-quasianalytic weight w (i.e., f_'f;" lgff’gldt <

+00) shares (ne). Assuming that w is not a non-quasianalytic weight, we
construct a Co-group T := (T(t))ier of translations on some weighted Hardy
space such that ||T(t)]] € w(t) for all ¢ € R, but o(A) = § for the generator
A of T. This shown that (ne) is equivalent to the non-quasianalyticity of the
weight.
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1. INTRODUCTION

By a weight we mean a measurable function w on R such that
1 €w(s+1) €w(s)+w(t) forall s,teR.

Following A. Beurling a weight w is said to be non-quasianalytic if fj:: lgfﬁ(})-dt <
+00. There are many equivalent characterizations of non-quasianalyticity in Har-
monic Analysis (see the Introduction in [10}).

Recently, some new applications of non-quasianalyticity to spectral theory

of Cy-groups have been obtained (see [7] and [9] for example). Let T := (T'(f))ien
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be a Cp-group with generator A on a Banach space E which is dominated by some
non-quasianalytic weight w, i.e.,

(*) 1Tl € w(t) forall te€R.
It is shown in [9] that (*) implies the following Weak Spectral Mapping Theorem,
i.e.,
(WSMT) o(T(t)) = exp(t - 0(A)) forall teR.
Concerning this result we have asked whether the condition (*) is optimal, i.e., we
have the following question (see [9], Problem 4.1).

PROBLEM. Lelw be a weight on R such thal

+na
w(t)‘ —1 as t—Xoo and -[ %Zldt +oo0.

Is there a Cy-group T := (T(t))ier on Some Banack space E satisfying ||T(2)|| <
w(t) for allt € R for which the WSMT fails?

In this paper we will solve this problem and thus give an equivalent descrip-
tion of non-quasianalyticity through spectral theory of Cyp-groups. The crucial
difficulty in solving the problem is the lack of sufficiently many examples of
Co-groups whose generator has empty spectrum. The Hille-Phillips example ([6],
Section 23.16) seems to be unique. But there the growth bound is greater than
zero, while we will construct an example haﬁng growth bound zero.

2. THE CONSTRUCTION

Our construction is heavily based on some new properties of the following variant
of the classical Poisson integral. A particular case is considered in ({1 0], Section
3).

LEMMAl. Let p be a measurable function on R such that |p(t)] € K(1+[t|%)
for some constants K > 0,a > 2 and allt € R. For z =z +iy,y > 0, define

(1) qx+my=%j:j(a_z;+y ﬁil)(o&

Then u is harmonic in the upﬁer half-plane Imz > 0 and

) lir% u(z +iy) = p(z) almost everywhere.
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If, in additional, p is conlinuous, then

zliril u(z) = p(xo) for all zo € R.
—&o

Proof. For fixed R > 1, let pr(t) := p(t) for [t| £ R;pr(t) := p(—R) for

—R and pgr(t) := p(R) for t 2 R. Define up by (1) using pr instead of
p. By ([6], Lemma 19.2.1) ug is harmonic in y > 0 and li_rf(l) ugr(z +iy) = pr(z)
almost everywhere. Moreover, if p is continuous, then pg ig a bounded, continuous
function and hence lim ur(z) = pr(zo) for all zg € R. For 22 + 3 < r* we
estimate (see [10], Sectic?n 3)

lu(z) — ur(z)| € Ky / (tré _::‘[It + 2;’|t| It[® dt

SKy(1+r)2- / (t_—::)2—+y?dt_'0

uniformly for 2 4+ y? € 2. Lemma 1 follows from these facts. @

Now let p(-) be a measurable, non-negative, subadditive function on R such that
for some constant M > 0

(3) p(t) £ M(Jt|+1) forall t€R.

Let u be the harmonic function defined by (1) and let v be any harmonic conjugate
of u. Define

(4) G(2) := exp(—u(z) —iv(z)), Imz>0.

Then G is analytic on Im z > 0. Using Fatou’s theorem and property (2) we obtain
(5) sl,l_l;% |G(z)| = exp(—p(x)) . almost everywhere.

For 1 € p < oo, let H? be the classical Hardy space over the half-plane Imz > 0

(we refer to [3], Chapter 11 for more information). We define H2 to be the weighted
Hardy space consisting of all analytic functions f such that f- G € H? and take

(6) fllo.p = {sup j If(z +i9)C(z + iy)P dz}' < oo,
y>0

-0Q
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We first claim that fo(z) := (z +1)72G(z)~! € HE. Let f € HS. It follows from

((3], p-p-189-190) that the boundary function f(z) := ]in(l) f(z + iy) exists almost
y—.

everywhere and thus by (5),

o0 ’
M s = { [ 1P as”
For each f € HE we define the translations of f by
(8) T)f(2):= f(z+() for Imz>0 and Im(:0.

It is easily seen that all functions T(¢)f(Im{ > 0) are analytic on the half-plane
Imz > 0. In order to show that these functions are in H? (i.e., each T'(() is well-
defined on HY) we need some more properties of u. In what follows M denotes
the constant from (3).

LEMMA 2. Forz=z+iy withz' € R and y > 0,
9 |u(z + iy)] € 5M + M{|z| + ) + 2Mylog(l + 22 + y?).

Proof. We first assume z > 0 and estimate |u(z +iy) — u(iy)|. It follows from
(3) that '

-1 . . Yy b 1 1 ‘
M lu(x+ly)_u(ly)lg;,/;w‘(t—z)2+y2_t2+y2 ([t[+1)de

Yy 2 2 A x, z
2+ Zlog(z* +y )—210gy]+ (7r+2arctan2 —

2arctan E)
y
<2+z+ %mog(z? +y?) — %ylogy <3+z+ f’;log(x? +v7),
where we use the inequality ylogy > —e™! for all y > 0. Thus
[u(z +iy)| € 3M + Mz + Mylog(z? + y*) + |u(iy)].
A similar estimate holds for z < 0. But

My [*
)l < =2 [
J—c0

M T T
= ?|—2ylo‘gy+ 5~ Eyi <M+ My+ My[logy|

_1
t2+y2

1 |
- - t1)dt
i RUAD

< 2M + My + Mylog(1 + 2% + v?),
where we use again the inequality |ylogy| < e for 0 < y < 1. Therefore
lu(z + iy)| € 5M + M(|z] + y) + 2Mylog(1 + 22 + ¥*)

as desired. 1



SPECTRAL THEORY OF Co-GROUPS 303

LEMMA 3. The following estimate holds
(10)  u(z +iy) — u(iy) € p(z) + M -inf{jz|,y} + M for all z€R,y>0.

Proof. Fixy > 0 and consider > 0. Then the function ((t—¢;’+y2 — t?-ol-y’)
is positive for ¢ > 2/2 and negative for ¢ < z/2. Thus, from the definition of u we

have

u(z +iy) — u(ly) =

+

AN

+

<

<

+;]02 ((t—x)2+y2 T+ +y?

o0
¥ 1 1 ,
L (s w0

y % 1 1

;/? ((t-m)?ﬂ/"’_t"+y2)p(t)dIc

y [? 1 1

wj_oo ((t—ﬂs)“ry2 1f2+sf2)‘a(t)dlt

v [® 1 1

;f_;(mye (t+m)2+y2)’°(t+”)dt

{f” 1 1
= \2+y? (t+a)?+y?

)wm+mth

1 1
/—g (t—x)ﬂ+yz‘tz+y2)p(t)dt}
oo 1 .
p(z) + %_/; (t2+y2 B (t+ $)2+y2) p(t)dt

%'/—i‘ ((t ~—::)12+y2 T+ mslz +yz) p(t) dt

(ac)+~3’11oo 1 E Mt +1)dt
g ) \2+y? (t+z)P+y°

Y 1 i

)M(t+ 1) dt,

p(::)+% (g—arctan ;—y) + M (€ p(z) + Mz + M)

o0

M 2
:p(:c)+?f —i—dt+M€p(z)+My+M,

';' t21:2 + y2

where for the second inequality we use the subadditivity of p and for the fourth
the condition (3). Analogously one obtains

u(z +iy) - u(iy) € p(z) + M -inf{|z|,y} + M for =z <0.

This yields (10). 1
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LEMMA 4. For allzo € R, € R and 2> 0 there holds

liﬂzup(u(z + &) — u(2)) < 8M + p(£)

and
limsup(u(z + in) — u(z)) < 8M(1+ ) + u(in).
F=rTq
Proof. By [1], p.306 we can choose a continuous function p; such that
(11) (1) —p1(t) € 2M forall teR.

For pi let u; be the harmonic function on Imz > 0 given by (1). Since p; is
continuous, by Lemma 1 we have

zlir? u1(2) = p1(zqe) forall zo€R.
—+Lp

Moreover, by (11} we obtain that |u(z) — u;(2)] < 2M(1 + y). Combining these
estimates with Lemma 3 one can easily derive Lemma 4. 1

Now the main lemma goes as follows.
LEMMA 5. ForIm( 2= 0 there holds
(12) L¢ :=sup{u(z+¢) - u(z) : Imz > 0} < co.

Moreover Liy < u(in) + 8Mn+8M for alln 2 0.

Proof. We only need to show L; < +00(£ € R) and L;y < 400 (7 2 0). Let
1 2 0 and consider

Hyp(z) = G(z +i9)"'G(z) forall Imz> 0.

Then H,(-) is an analytic function and by Lemma 2 we obtain

+
limsup log” |H,(2)] = 0.

lsl~to0  |2[3
For 2o € R it follows from Lemma 4 that

(13) limsup |Hy(2)| € exp(u(in) + 8Mn + 8M).
E 2l )

Let y > 0. By the definition of u one can easily see that u(iy + in) — u(iy) € 0
whenever y + 77 2 1. So

u(iy +in) — u(iy) < 2sup{|u(it)| : 0 < £t < 1}.
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The later is finite by Lemma 2. Therefore
sup |Hy(iy)| = exp[sup(uliy + in) — u(iy))] < +o0.
y>0 y>0

By applying the famous Phragmen-Lindelof theorem (see [2], Corollary 4.2) to the
functions of H, restricted to sectors {z:0 < argz < 7/2} and {z: 7/2 < argz <
7} respectively, we conclude first from the above estimates that Hy, is bounded.
Using the above Phragmen-Lindeldf theorem for the bounded function H, again,
by (13) we find that Li, < u(in) + 8Mn + 8M. The proof of L¢ < +0o goes
similarly by using the estimate in Lemma 3. 1

We show that each T(() is well-defined. In fact, for f € H? we have

IT(O)f(2)G(2)] = |f(z + )Gz + ()] - exp(ulz + ) — u(2)).

By Lemma 5 we see that T(¢)f € H} and thus {T(() : Im¢ > 0} is a semigroup
of bounded operators on HY with norms

1T € exp(L¢) forall ¢>0. -
In particular, by Lemma 5 again,

(14) 1Tl < ex;;(u(in) +8Mn+8M) forall g20.

Moreover, it follows from (7) that
IT(E)|| < e”© forall €cR.

To show the strong continuity we need a lemma whose proof is similar to the one
of Lemma 1 in ([3], p.p. 21-22). Here we omit the details.

LEMMA 6. Let p be given as above and 1 € p < oco. Suppose @, pn
(n = 1,2,...) to be measurable functions on R such that pu(x) — (z) a.c.
and :

o0 oQ
/|mmwwwwj1www@u
—00

Then - .
| on(@) - pl)Pe ez —0.

—00
Now, by using (7) and Lemma 6 one can easily verify that (T(€))¢er is a
. Co-group on HJ with generator 4 = 50?' Moreover, (T(i7))20 is a Co-semigroup
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on H} with generator B = 5"; = iA. This implies further that {T(¢) : Im¢ > 0}
is a holomorphic semigroup on HJ.

Until now we made no restriction on the integral f; 0o f_&;},—dt To reach

our goal we assume that the weight w(t) := e?()(t € R) does not satisfy the
non-quasianalytic growth condition, i.e.,

< 1)
(16) / Lrgdt=
Then

t24y? 2+1
as y — +oo. Thus by (14) we obtain

Lo logl TG _
n—+oa n

M ( ! )p(t)dt—»—oo

This immediately implies that o(A) = @ So we have the following main result.

THEOREM 1. Let p satisfy (3) and (18). For each 1 £ p < 0, the semigroup

T :={T(€) : Im{ > 0} on HY defined as above possesses the following properties:
(i) T is holomerphic on Im 2z > 0 and sirongly continuous on Imz > 0.

(i) (T < #© for € € R and |T(in)l| < exp(ulin) + 8Mn + 8M) for
n>0

(i) For the generator A of the Co-group (T(2))zer one has o(A) =

(iv) If fo 1+:, dt = 400, then the following alternalive holds: for each patr
(f, ) € HE x (H2)*

either lim sup log IT(OI1 _ ¢
f—too p(£)
or (T, =0  forall Im(20

It remains to check (iv). To this end, we need an auxiliary lemma which is
implicitly used in [4].

ProrosiTiON 1. Suppose thai f is anelytic on Imz > 0 and there are con-
stants M1 > 0 and 1 € o < 2 such that

limsup |f(z)| € My forall zo€R and

z—Zp

limsup | f(z)| exp(—[2]|*) < +o0.

|z] =0

Then hm LO&Hy_Qy.)J. = —co tmpltes f = 0.

y—+00
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Proof. For n € N we consider
Fa(2) :=e ™ f(2), TImz>0.
Then
limsup | fn(2)| = limsup |f(2)] < My
Z—Zo Z—g

for all zg € R and .
limsup | fa(2)| exp(—|2]*) < +00.

Z|—0o0
Moreover, )
i loglfal)l _
y—+400 Y

Thus f, is bounded on iR4. Applying the Phragmen-Lindelof theorem to the
functions of f, restricted to sectors {z:0 < argz < 7/2} and {z:7/2 < argz <
7} respectively, we find that f,, is bounded on Imz > 0. Applying the Phragmen-
Lindel6f theorem to f, again, we obtain |fu(2)| € M for all Imz > 0 and all
n € N. This implies f=0. @

Proof of (iv). Let (f, ) € HE x (HE)* assume that

+
lim sup log” [IT(z)f]} < 1.

gt P2
Then there exist constants L > 1 and 0 < # < 1 such that
(17) IT(2)fll € LeP® forall z 3 0.

For the continuous function logt |(T'(1)f, u)| (t € R) let U be the corresponding
harmonic function given by (1). Then

zl_i_'rgo U(z) = log* |(T(zo)f,u)| for all zo € R.
Let V' be any harmonic conjugate of I/ and consider
F(z) := exp(-U(2) —iV()(T(2)f, 1), Imz>0.
Then F' is analytic on Imz > 0 and for 2o € R,
limsup |P() = exp(~log* T(zo)f,)) - [T (@), )] < 1.
Moreover, for y > 1, by (ii) in Theorem 1, we find from the definition of U that
IF(y)l < exp(—Uliy) + u(iy) + 8My + 8M) - | fI] - |[el].

Using (17), one can easily verify that the assumption f:" ﬂ%dt = 400 implies
that lir}} ﬁlog[F(iy)I = oo. Note that limsup |F(z)|exp(—|z|) < oo. Proposi-
Y+ +00

|zf—o0

tion 1 is applicable to F and thus F =0, ie., (T({)f,p) =0forall Im¢{ 2 0. &
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REMARK 1. For the semigroup {J¢ : Re( > 0} of fractional calculus given
in ([6], p.663-670) we know that [|J|| = €317l for n € R and ||J¢|| < f—rl(?) for
& > 0. With a similar proof as the one of (iv) in Theorem 1 we find that the

Co-group (J")pen also shares a ”0-1 law”, i.e.,

+||.7in £
timsup 2T _ g g an 0# 7€ 170, 1).
oo 2 ’7"
To finish this paper we solve the Problem mentioned in the Introduction.
Consider a weight w on R with the following property.
(ne) For any Co-group (T(t))ier on a Banach space E satisfying ||T(t)|| < w(t),
t € R, there holds o(A) # 0 for the generator A of 7.

As seen in the Introduction a non-quasianalytic weight satisfies (ne). But
from the Theorem we see that the non-quastanalyticity of the weight is also nec-
essary for (ne). So the following corollary is true.

COROLLARY 1. A weightw satisfies (ne) if and only if if is non-quasianalytic.
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