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ABSTRACT. Let T'= (T1,1%) be a commuting pair of operators on a Hilbert
space H, and let 73 = Vi, 1 = 1,2, be the polar decompositions of 77 and
T,. The pair T is called canenically Koszul invertible if the Koszul complex
K(T,H) admits a C*-split, i.e., if [(D°)*D°]~1(D°)}* and (DY) [D*(D*)"]!
are the boundary maps of a Koszul complex, where 2° and D! are the
boundaries of K(T,H). We find a parametrization of canonically Koszul
mvertible pairs in terms of the factors Vi, P, Vo and 5. In addition, we
obtain a new characterization of the commutant spectruin of 7.

KEYWORDS: Operators on Hilbert space, Koszul complex, commutant spec-
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Let H be a Hilbert space and let 7' = (71, 72) be a commuting pair of operators
on H.
Let K(T,H) be the Koszul complex associated to 7" on H, given by

()
D =
Ty pi=(-T» T1)
0—H s HpH

— (.

DeriNniTion 1. We say that the pair (11,73} is invertible if there exist op-
erators 51, 52,57 and 5% on H such that

S]?‘] + ‘5-2712 =/= TlSS + TZSIZ
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Ty 5
(,.1)(51 5'2)+( ,52 (=T» T)=1
T st

REMARK 2. Definition I implies trivially that K(T",’H) is an exact complex.

Conversely, if K(7',H) is exact, then T is invertible. For, using the Open
Mapping Theorem, it can be shown that (2°)"12° and D'(D')" are invertible
and therefore, if H := [(D°)*D°]~! and if K := [DY(DY)")7!, then S; := HTY
and S} = T7 K (i = 1,2) satisfy the equations in Definition 1 (cf. [1], p. 664,
Remarks).

Now if the pair (11, T3) is invertible, then one can ask whether the operators
Si, 5! (i = 1,2) can be chosen to come from the Koszul complex of another
commuting pair of operators; in other words, whether one can have S; = 59,

Sy = 55, and 5 commuting with Ss.

Derinition 3. The invertible pair (T3, T%) is Koszul invertible (denoted K.i.)
if in Definition 1, 5y = 57, S; = 5% and 5152 = 535;. The corresponding joint
spectrum is

ok (T):={AeC®:T - Xisnot K.i}.

REMARK 4. The pair (T3, 7T3) is K.i. if and only if there exist operators Sy,
Sy on M such that
ST+ 58Ty =1

and the 4-tuple (T, Ty, Sy, S2) is commuting.

From this it follows at once that if T is I{.1. then T is invertible with respect
to its commutant (T')'; that is, o'(T") C ok ;i (7T"). The following result shows that
this containment is actually an equality and, in particular, that oy ; (T) is always

conipact.

THEOREM 5. Let T = (T1,T%) be a commuting pair of operators on H. Then

U'(T) =ox.;.(T).

Proof. By Remark 4, it suffices to prove that ok ; (T") C ¢/(7"). Assuine now
that 0 ¢ o'(T"). Then there exist S;,S> € (7") such that 5177 + S»7% = /. Hence

S1715152 + 52135152 = 51 55,
But 5171515, = 5251715;. For Sy commutes with §;7) since

SZSITI = 52(1 - SQTQ) = ([ - SQTQ)SQ = 5'1T1 Sg,
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thus
SiT181S, = $1(S1T180) = $1(S281Th) = (S17155)S1 = S251 T3 Si.
Therefore
5185 = 82517151 + 52517282 = S35 (1151 + T65%) = 5254,

so that 0 Q 0‘[(_1_(T). [ ]

It 1s rather surprising that by assuming that Si7y + S37% = I with S;,5; €
(T'Y', one automatically gets 5152 = 5251, and this is precisely the key feature of
Theorem 5. At the same time, we now have many examples of Koszul invertible
pairs. Before we look at some of them, we need to introduce a subclass of Koszul
invertible pairs, the canonically Koszul invertible pairs.

DErFINITION 6. (i) The complex K(T,H) splils as a Koszul complez if there
exist operators 57 and S; on H, Sy comunuting with Sz, such that the complexes

<§;) H("Tz 1)

0—H ——H®

~ T
s (D)

are exact. The complex K(S,H) is called a co-Koszul complez.

H — 0,

(ii) The complex K{T, ") C*-splitsif it splits as a Koszul complex and more-
over
($1 S1)=[(D°) D) ()"
and
=52 Iyernly plyxy—1
) = @y Oy
(1)) We say that T is canonically Koszul invertible (abbreviated ¢ K.i.) if
K(T,H) C*-splits.

REMARK 7. (i) Let T = (71, T%) be an invertible pair. Since (D°)*D° and
DYDYy are invertible (see Remark 2), then

[(D%) D)1 (D%)" = (HTy  HTy)

and (DY [DH(D')]? = (»T51{> .

T K
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Therefore T is ¢.K.i. if and only if /17 = Ty K and HT} = T, K. In other words,
an invertible pair T 1s ¢.K.1. if in Definition 1,

Si= HT!, Si=1}K and $;=5 for i=1,2.

(i1) We had previously announced that ¢.K.i. pairs would form a subclass of
the K.i. pairs, but this is not explicitly formulated in Definition 6 (ii). However,
if Tis ¢.K.i. and S; = 5! = AT (i = 1,2}, then

$1Sy = HT;HT; = HTI T} K = HTT K = HTJHT) = 555,

Therefore, T is K.i.. Incidentally, notice how easily the commutativity of
S1 and Sy can be established in this case (as compared with the K.i. situation,
described by Theorem 5).

Our main result, Theorem 13, establishes that a corrunuting pair T s ¢. K.
if and only if 7" can be written as a direct sum {A1,0) & (0, B2) & (Vi P1, Vo)
with respect to the orthogonal decomposition N(77) € N(T3) & M where A, and
By are invertible operators, V4 and V, are unitary operators, P; commutes with
Py, P} + P? is invertible, V5 Vi commutes with P; and Pa, and Vo commutes with
ViP\P,H.

Also we will see later in Example 9 (ii) that {4;,0) and (0, By) are trivially
¢.K.i. and therefore the interesting subspace in the decomposition is M.

The proof of Theorem 13 rests on a lemma, a proposition, and some examples.

The following proposition gives an alternative characterization of c. K.i. pairs.

ProrosiTioN 8. Let T = (T1,T3) be an tnvertible pair of operators on M.
Then T is c.K.i. if and only if

TlT;Tz = TZT;Tl and TQT;T] = T] T;Tg

Proof. 1f K(T,H) admits a splitting Koszul complex given by
(HT? HTY) = (T7 K, TS K),
then TyH = K711, so
(T + T3 = T (T + 1313),

thus o751 = YTy Ty. Similarly, To H = KT, implies 11771y = TyITTy.

For the sufficiency, just reverse the previous argument. @
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IEXAMPLES 9. (1) Let A be an operator on H, and let [ and g be two functions
analytic in « neighborhood of the spectrum of A, a(A). Assume that {(f(}), g(N)) :
A € o(A)} docs not contain the origin. Then (f(A),g(A)) s K.i..

(ii) Let A be an invertible operator on H. Then (A,0) end (0, A) are ¢ K.i..

(iii) Let (T, Ty) be K.i. (respectively ¢ K.i.). Then (17,73) is K.i. (respec-
levely ¢ K1),

(iv) Let T and S be invertible pairs. Then T & S is K.i. (respectively ¢.K.i.)
of and only of 1" and S are K.i. (repsectively ¢ Ji.).

(v) Let (T, Tw) be a pair of Toeplitz operators on H*(T), ¢, € H™(T).
Then:

(1) (T, Ty) s K. of and only if there exisis € > 0 such that |o| +

[¥| 2 € on D. For op(Ty,Ty) = (o, ¥}(D)~, see [3], Corollary 2.13, and since

or(Ty, Ty) = o' (T, Ty) we get (T, Ty) = (@, ¥)(D)~, end therefore by Theo-

=4

rem 9,

ox.i(Ty, Ty) = (¢, ¥)(D)”.

Thus the pair (T,,Ty) s K. if and only if 0 & (p, ¥)(D)™.
(2) (Ty,Ty) is ¢ K. if and only if there exist € > 0 and A,y € C such
that ||+ || 2 € on D and dp = pp.

Proof. Sufliciency follows from Proposition 8 and (v) (1). To prove necessity,
we assune that (T, 7y) 1s c.K.i.. Then
T 13Ty = 1315 T,,

by Proposition 8, thus

T,Tg, = Ty1 To
It follows that PoPyip = PPy, where P is the projection from L%(T) onto
H*(T). Therefore

WPPtp = Py,
and then

P(0)(P¥)(0) = 9(0)(Pype)(0),

hence

©(0)(, %) = ¥(0){p, ).

Similarly, by using the other equality in Proposition 8, we get

YO}, ) = @(0) (3, ¢).
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Let A = 4(0) and g = ¢(0). Then pu(, ) = M, ¥) and A, ©) = p{¥, ).
It follows that

1A — 13p||? = (A, Ap) + {psth, juab) — (A, i) — {peh, Ap)
= AP, @) + (12, ) — M, %) — A (%, o)

=2, ) + FA (i, $) — Malp, ) — A (¥, )
=0.

This shows that A = p3. The remaining condition follows from the example

given above. &

A trivial consequence of the above examples is that the class of c.K.i. pairs
is properly contained in that of K.i. pairs. Our main result provides a complete

parametrization of c¢.K.i. pairs. First, we need two leminas and a proposition.

LEMMA 10. Let T = (T1,T%) be a c.K.i. pair of operators on H. Then
(i) N(T}) = N(T7) for i = 1,2,

(ii) N(T;) reduces T fori=1,2, and

(i) N(Tv) and N(T3) are orthogonal.

Proof. (i} Let @ € N(T7), then 0 = Ty T2 = NIy Thx by Proposition 8,
thus Ty € N(T177), hence Tox € N(T7) and therefore

T,N(Th) € N(TY').

Now, let y € N(7}), then 0 = Ty = 130, so that (0,y) € N(=T, T1). It follows
T .
that (0,y) € R <T] ) by the exactness of K(7T,H) at the middle stage, so that
2
there exists & € H such that Tyz = 0 and Tox = y; thus y € ToN(T), showing
that N(71) C 75N(77). Therefore N(7)) C N(77). Since 7™ is also ¢.K.i., we get
N(77) € N(771). In a completely analogous manner one shows that N(7%) = N(T3).
(if) The proof follows from (i} together with the fact that the kernel of an
operator is an hyperinvariant subspace.
(iii) Let z € N(T) and y € N(7%); then, since 712 = Thy = 0, it follows that
T
(y,2) € N(=T3 Ty), so that (y,z) € R (r ]) by the exactness of (7", H) at the

Ty
middle stage. Thus, there exists = € H such that T\z = y and T4z = x, hence

(z,y) ={z,Thz) = {T7z,z}) =0

by using part (i). #
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LEMMA 11. Let T' = (11, T%) be a c.K.i. pair of operators on H. Assume
that Ty is injective for i = 1,2, and let T; = V; P; be the lefl polar decomposition
of 1y, for i = 1,2. Then Vi and Vy are unitary, PyP; = PyPy and P? + P} is
invertible,

Proof. Since 1" is ¢.K.i.,, N(T;) = N(7*) and therefore N(T}*) = 0 because 7}
is injective (i = 1,2). Thus R(T}) = M, hence T} is a quasiaffinity (¢ = 1,2). Now,
since R(T3) € R(V) and N(T3) = N(V;), it follows that V; is unitary (i = 1,2).

Moreover,

PP =TI NT3To = Ty VT Te = Ty ToT7 T = PEPE,

from which it follows that PP, = Py P;. Finally, the invertibility of T implies
that (D°)*DO is invertible, and therefore P? + P§ is invertible. @

ProrositionN 12. Let T'= (T1,T3) be a commuting pair of operators on 'H,
and let Ty = Vi P be the lefl polar decomposition of T; (1 = 1,2). Assume that T;
15 injective fori=1,2. Then T s c.K.i. if and only if
(1) V; is unitary fori=1,2,
(ii) Py Py = PoPy and P? + PZ is invertible,
(iii) V*Vy commutes with Py and P, and
(iv) Vo commutes with Vi PP, H,

Proof. (=) By Lemma 11, we only need to show (iii) and (iv). Now,

(Vi VaP? = PRV Vo) Py = Vi Vo P, P2 — PIV Vo Py
=VPTyP? — PPVITy = VP (TRTTTh) — PRV T
= V(NI Ty) — P2VyT,  (by Proposition 8)
= VWPV Ty, — PRV T, =0,

showing that V*VaPE = PEVIV, on R(P;). Since P; is injective, it follows that
VVaoPZ = PEV]V; and, a fortiori, that V*Vo Py = V'V, In a similar way, we
show that V"V, commutes with P, thus establishing (iii). As for (iv), we recall
that TYHT3 = HT3T, (Remarks 4 and 7 (1)), so that

V1P]‘ PZHV; = V1P1H P2V2* = Tl.HT;
= HT3 T = HP,V; Vi Py
=V, VWP P, H (using (i1) and (iii)).

Therefore, VoViPiPoH = Vi Py P, HV,, as desired.
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(<) Since P2+ P is invertible, it follows that (Ty,T%) is left invertible.
Moreover, (T1,T3) is right invertible. For,

R(T]) =+ R(Tz) = VzV; V]R(Pl) + VQR(PQ) = VzR(V{V] P]v) + VQR(PZ)
= V(R(AV7W) + R(P)) = Va(R(P1) + R(P)) = X,

since (P, Py) is invertible, V| and V. are unitary, and V'V, commutes with P.
We will use [2], Theorem 6.12 to show the invertibility of (71, T2), and there-
fore we must verify the condition Ty HT5 = T3 KT7.
Since V*V, commutes with Py, we have

Plx/]*T2 = PII/]*VZP2 = ‘/]*Vzplpg = V']*TQPI)

and similarly
PVyT = VT P,

Therefore,
Ty Ty = Vi PRV Ty = T PR = T Ty T4,

and thus,
(TlT; + TQT;)TZ = Tz(frl*Tl + T;Tg)

It follows that KTy = ToH, hence T3 K = HTy, then T35 KT, = HI; . A
straight{forward calculation shows that the condition

VaViPL P H = Vi P P H WV

iplies that TYHTy = HT3T1. We then have TYHT, = T5 KTy, as desired.
Therefore (T7,Ty) is invertible, and we already proved that 177773 = 1247713, In

a similar manner we can show the other condition in Proposition 8, thus (1%, 7%
iscKi. 8

We can now state the main result.
THEOREM 13. Let T = (T1,T%) be o commuling pair of operalors on H.
Then T is ¢. K 1. if and only if
T=(A,0)&(0, Ba) & (Vi P1, ValPa)

with respect to the orthogonal decomposition H = N(T1) & N(T2) & M, where
(1) Ay and By are invertible operaiors,
(iia) Vi and V, are unitary operaiors,
(ii) Py commautes with Py and F"2 + P22 s tnveritble,
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(iic) VJ'Vi commutes with Py and P, and
(ilq) Vo commutes with VI Py Py H.

Proof. T'o prove necessity combine Proposition 12 with Lemma 10.
For the sufliciency use Proposition 12 together with Examples 9 (i1) and (iv).
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