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ABSTRACT. Let F be a free group and let C*(F) be the (full) C”-algebra
of F. We give a simple proof of Kirchberg’s theorem that there is only one
C*-norm on the algebraic tensor product C*(F)® B(H), or equivalently that
C*(F) ®@min B(H) = C*(F) ®max B(H). More gererally, let A be the (unital)
free product of a family {Ai)ier of (unital) C*-algebras. We show that if
Ai ®min B(H) = A; ®max B(H) holds for all i in I, then A @min B(H) =
A Qmax B(H).
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0. INTRODUCTION, MAIN RESULTS

Recently, E. Kirchberg ([14], [15]) revived the study of pairs of C*-algebras A, B
such that there is only one C*-norm on the algebraic tensor product A ® B,
or equivalently such that A ®min B = A ®max B. Recall that a C*-algebra is
called nuclear, cf. [17], [6] if this happens for any C*-algebra B. Kirchberg ([14])
constructed the first example of a non-nuclear C*-algebra such that A @uin A°° =
A @max A°P. He also proved the following striking result [15] for which we give a
very simple proof and which we extend.

THEOREM 0.1. (Kirchberg [15]) Let F' be any free group and let C*(F) be
the (full) C*-algebra of F, then

C*(F) ®min B(H) = C*(F) ®max B(H).
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Here, and throughout the paper (unless specified otherwise) H is a separable
infinite dimensional Hilbert space and B(H) is the space of all bounded operators
on H.

More generally, we will prove:

THEOREM 0.2. Lel (A;)ier be a family of unital C*-algebras such thatVie I
A; Pmin B(H) = A; Omax B(H)
Then the free product A = _é:f A; (in the category of unital C*-algebras) satisfies
1

A ®min B(H) = A®max B(H)

CoroLLARY 0.3. Let (Gi)ics be a family of discrele amenable groups and
let G = X G; be their free product. Then

C*(G) @min B(H) = C*(G) ®max B(H).

Our method strongly uses the theory of operator spaces, recently developed
in a series of papers by Effros-Ruan ({7], [8]) and Blecher-Paulsen ([1]). A key
observation is that when a C*-algebra is generated by a finite set of unitaries, then
the operator space structure of the linear span of these generators (up to complete
isometry) is enough to encode some important properties of the C*-algebra they
generate.

NoTaTiON. Our notation is standard, except perhaps that we denote by
E) ® E, the algebraic tensor product of two vector spaces.

1. PROOFS

The main idea of our proof of Theorem 0.1 is that if £ is the linear span of 1 and
the free unitary generators of C*(F), then it suffices to check that the min- and
max-norms coincide on £ ® B(H). More generally, we will prove

THEOREM 1.1. Let Ay, Ay be unital C*-algebras. Let (u;)ies (resp. (vj)jes)
be a family of unitary operators which generate A; (resp. Az). Let Ey (resp. Ey)
be the closed span of (u)ier (resp. (vj)jes). Assume 1 € Ey and 1 € Ey. Then
the following assertions are equivalent:

(1) The inclusion map Ey ®@min E2 — A1 @max Az s complelely isometric;

(1i) A1 @min A2 = A1 Omax Az.

We will use several elementary facts, as follows. The first one is a well known
property of unitary dilations.
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LemMmA 1.2, Letu EAB(’H), i € B(H) be unitaries and let S : H — H be an
tsometry with range K C H, such that
u=S*us.
Then K = S(H) ts invariant under U and U*, so that 4 commutes with Px.
Proof. Note that Px = SS*. We have ||PxuSh|| = ||S*uShf|, Vh € H, hence
ESR)I1* = 15" ASAI® + (1 — Px)Eshl)?

hence
(I(1 — Px)aSh||? = |aShl|? — ||S*@Sh|)®
so that if $*uS is isometric this is = 0. Taking adjoints we obtain the same for

P

u". 1

LEMMA 1.3. Let (ai)ier and (b;)icr be finitely supporied families of operators
in B(H). We have

(1.1) DR D %"Zb;“b,-
i€l

Proof. This is an easy consequence of the Cauchy-Schwarz inequality and is
left to the reader. 8

i
2

REMARK 1.4. For any unitary u;, the norm ” Y aiugb; ﬂ is € the right side
of (1.1). However, the norm of 3 a:b;u; can be larger in general.

sel
The next result is known, I personally learned this kind of result from Paulsen
(see e.g. [20]).

LEMMA 1.5, Let F be a free group. Let (U;)ier be the free unitary generators
of C*(F) (i.e. these are the unilaries corresponding to the free generators of F
in the universal unitary representation of F'). Let (z;)icsr be a finitely supported
family in B(H). Then the following are equivalent:
(i) The linear map T : £oo(I) — B(H) defined by T((as)ier) = ) s
el

satisfies
IT(leb < 1.

"z Ui ® z;
iel

(iii) There are operators a;, b; in B(H) such that z; = a;b; and

| Sl [

(ii) We have

I <
C*(F)®minB(H)

<l

Moreover, the same remains irue if we add the unit element to the family (U;)ier.
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Proof. 1t is easy to check, going back to the definitions of both sides, that

(Tles = || D Ui @ i -

We leave this as an exercise for the reader. This shows the equivalence of (i) and
(ii).

Now assume (i). By the factorization of ¢.b. maps we can write T(a) =
V*m(a)W where 7 : £o,(I) — B(H) is a representation and where V, W are in
B(H, H) with ||V|||W[] = ||T||co. We can assume I finite and & = H. Let (e:)ier

be the canonical basis of £, (1), we set
a; =V*n(e;) and b; = w(e;)W.

It is then easy to check (iii). Finally, the implication (iii) = (ii) follows from
Lemma 1.3 (applied to U; ® a; and 1 ® b;). The last assertion follows from the
next remark. #

REMARK 1.6. Let A be a C*-algebra and let (a;)ies be a finitely supported
family of elements of A. Let F be a free group freely generated by a family (¢:)ier
and let U; be the associated unitaries in C*(F). Fix ig € I and let I' = I'\ {#g}.
We wish to verify here that if « is either the minimal or the maximal C*-norm on
C*(F)® A we have

(1.2) a(l@a.‘u-f-ZU;@a,')=01(ZU"®G,').

i€l’ ied

This can be justified as follows. (This kind of result was also pointed out to me
by Vern Paulsen.})
Consider the family (v;)ier in F defined as follows

Y =gitg, Viel and 7y, = g,

We claim that (v;)icr are again free in F and generate F. This is easy and left
to the reader. It follows that the map which takes each g; to v; extends to an
automorphism h : F — F. This automorphism % induces an isometric unital
representation = : C*(F) — C*(F) which takes U; to U U; for all i in I'. Now
let L : C*(F) — C*(F) be the operation of left multiplication by U;,. Then
the composition L7 ® I4 clearly is isometric with respect to the minimal or the
maximal C*-norm but it preserves U; ® a; for all i in I’ and takes 1 ® a;, to
Ui, ® 6i,. This yields (1.2). 2

The following simple fact is essential in our argument.
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ProrosiTioN 1.7. Let A, B be two unital C*-algebras. Let (u;)ier be a fam-
ily of unilary elements of A generating A as a unital C*-algebra (i.e. the smallest
unital C*-subalgebra of A containing them is A itself). Let E C A be the linear
span of (u;)icr and 14. Let T : E — B be ¢ linear operator such that T(14) = 1p
and taking each u; o a unitary in B. Then, |T||cp < 1 suffices to ensure that T
extends to a (completely) contractive representation ( = *-homomorphism) from
A to B.

Proof. Consider B as embedded into B(H). Then, it ¢learly suffices to prove
this statement for B = B(H), which we now assume. By the Arveson-Wittstock
extension theorem (cf. [18], p. 100), 7" extends to a complete contraction T:A—
B(H). Since T is assumed unital, 7 is unital, hence by a well known result (<f.
e.g. [18]) 7 must be completely positive, and more precisely (cf. [18]) we can write

-~

where 7 : A — B(H) is a unital representation ( = *-homomorphism)and S : H —
H is an isometry. Now for any unitary U in the family (ws)ier, we have T(U) =
T(U) = S*F(U)S, hence by Lemma 1.2, since T(U) is unitary by assumption, if
K = S(H) then Pg commutes with 7(U). Now since these operators U generate A,
this implies that Px commmtes with 7(A), so that Tis actually a *-homomorphism.
Thus, T is an extension of ' and a (contractive) *-homomorphism. This completes
the proof. [Note that, a posteriori, the Arveson-Wittstock completely contractive
extension T is unique. In short, the proof reduces to this: the multiplicative
domain of T is a unital C*-algebra (cf. [2]) and contains (u;);er, hence it is equal
to A] 1

REMARK 1.8. We will apply Proposition 1.7 in the following particular sit-
uation. Let .A C A be the (dense) unital *-algebra generated by E. Consider a
unital *-homomorphism u : A — B. Then ||u|E||cx € 1 suffices to ensure that u
extends to a (completely) contractive representation ( = *-homomorphism) from
the whole of A to B.

REMARK 1.9. In the same situation as in Proposition 1.7, note that, if T
is a complete isometry, then T is a faithful representation onto the C*-algebra
B generated by the range of T Indeed, by Proposition 1.7 applied to 771,
T : A — By is left invertible. This can be used to give a very simple proof of the
fact due to Choi ({3]) that the full C*-algebra of any free group admits a faithful
representation into a direct sum of matrix algebras. By Proposition 1.7, it suffices

to check this on the free generators and this is quite easy.
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Proof of Theorem 1.1. The implication (ii) = (i) is trivial, so we prove only
the converse. Assume (i). Let £ = E; ®min £2. We view E as a subspace of
A= A; @min A2. By (i), we have an inclusion map T : £} @min £2 — A1 @max A2
with ||T)ler < 1. By Proposition 1.7, 7" extends to a (contractive) representation
T from Al Bmin A2 to A] Qmax Az. Clearly T must preserve the algebraic tensor
products A; ® 1 and 1 ® Ay, hence also A; ® A;. Thus we obtain (ii). 8

REMARK 1.10. Let us denote by E; ®1+1® £ the linear subspace spanned
by elements of A; ® A, of the form {e¢; ® 1 + 1 ® a»}. Then, in the situation of
Theorem 1.1, F; ® 1 + 1 ® F, generates A; @min A2, so that it suffices for the
conclusion of Theorem 1.1 to assume that the operator space structures induced
on £ ®@1+1® £y by the min and max norms coincide.

Proof of Kirchberg’s Theorem 0.1. Let A, = C*(F), A, = B(H). We take
Fq = B(H) and let E; be the linear span of the unit and the free unitary generators
(Ui i € I) of C*(F) (i.e. associated to the free generators of F).

Consider z € Ey @ E,, with ||z{jmin < 1. By Lemma 1.5 we can write z =
S Ui ® x; with z; € B(H), (z;)ies finitely supported, admitting a decomposition
i€l
as z; = a;b; with | T asaf]| < 1, | Sbibf| < 1, ai,b € B(H). Now, let = :
A) ®max Az — B(H) be any faithful representation. Let m = wj4; @ 1 and
7y = 7|1 ® Az. We have

m(z) =D m(Uima(z:) = ) ma(Us)ma(as)ma(b:)
i€l iel
hence, since 7, and w; have commuting ranges we have 7(z} = y with
Y= Z 7r2(a,-)7r1(U,-)1r2(b,-).
ied

Now by Lemma 1.3 (and the remark following it) we have

%I > ma(bi)

fzllmax = |7 ()] < 1.

This shows that the min and max norms coincide on E; ® B(H), but since
M, (B(H)) = B(H) for any n, this implies “antomatically” that the inclusion

il < |32 maai)ma(as)*
iel

Hence we conclude that

El ®min B(H) d Al Bmax B(hr)

is completely isometric. In other words, the operator space structures associated
to the min and max norms coincide. Thus, we conclude by Theorem 1.1. 0
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We can prove the following extension of Kirchberg’s theorem.

THEOREM 1.11. Let (Ai)ier be a family of C*-algebras (resp. unital C”-
algebras). Assume that for each i in I
{(1.3) Ai ®min B(H) = A; @max B(H).
We will denote by «"eiIA‘ (resp. by l.zclA,-) thetr free product in the category of
C*-algebras (resp. in the category of unital C*-algebras). Then we have

(1:4) (ié! A;‘) ®min B(H) - (z’é] Ai) ®max B(H)’
and tn the unilal case
(1.4) (z‘e*l A,‘) Qmin B(H) = (igI A;’) @max B(H)

REMARK 1.12. Kirchberg’s theorem for F' = F; corresponds to A; = C*(Z)
for all z in I (in the unital case).

The next result is well known, by now. It is a corollary of the Paulsen-
Smith extension of the Christensen-Sinclair factorization of bilinear maps. We
only sketch the standard argument. We denote by (¥,y2) — y1 ® y2 the natural
bilinear map from A; ® B(H) x A @ B(H) to (A; ® A2) ® B(H) which takes

(a1 @b1,a2Qbs) to a1 Q@ax @ bibs.

LEMMA 1.13. Let Ay, Ay be two operator spaces and let y € A; @ A3 ®
B(H), with H infinite dimensional. Then ||yll(a,0, 42)0mmBH) < 1 iff there is a
factorization

y=uy1 0y
with y; € A; @ B(H) such that ||yillmin < 1 fori=1,2.

Proof. (Sketch) We may assume A;, Ay both finite dimensional. Then, by
the self duality (and other properties) of the Haagerup tensor product (cf. [8] and
[1]), ¥ can be identified with a linear map § : A} ® A% — B(H) with {|F]je» < 1.

By the factorization theorem (cf. [21]) we have maps o; : A} — B(H) with
loelles < 1 and operators V, W in the unit ball of B(H, H) such that §(é, ® &) =
W*o1(€1)02(€2)V. But since H is infinite dimensional, we can assume H=H
and (incorporating W* and V into o7 and o3) we can get rid of W* and V. Thus
we obtain § : A} — B(H) with ||#]|c» < 1 such that
(1.5) 461 ® &2) = n(61)92(€2), V& € A7
Returning to the tensor products, §; corresponds to y; € A; @ B(H) with {|g;||min <
1 and (1.5) means that

Yy=4% 0.
This yields the desired factorization. &
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The key point is the following important observation concerning the Haagerup
tensor product (part (i) in Lemma 1.14 is perhaps the main new idea of this pa-
per).

LEMMA 1.14. Let A,, Ay be two C*-algebras (resp. unital) satisfying (1.3).
Let AyxAg (resp. A1xAj) be their free product (resp. free product as unital C*-
algebras) and let E C Aj%Ay (resp. E C Ay * Az) be the linear span in Aj*A,
(resp. Ay x Az) of all elements of the form ayas with a; € A;. Then:

(i) The mapping p: a; ® az — 416 is a complete isomelry of A; @y Ay onto
the closure of E in A1+Ay (resp. AixAsz);

(i) The min and maz norms of (A1*A2) @ B(H) (resp. (A1 * A3) ® B(H))
coincide on E ® B(H).

Proof. The assertion (i} is essentially known. It is proved in [4] for the non-
unital free product, and nothing is said there about the unital case. However,
when A;, A; are unital, the argument of [4] can be pursued to yield (i) as stated
above. A similar argument is used in [13]. As far as we know, this question is
nowhere considered (except for [13]). Therefore, we decided to include the details:
we will now verify (i) in the unital case, starting from the non-unital case, which
is treated in [4].

Consider z = )" a! ® a? in A; ® Ay. By [4] we have

(1.6) HEIS :sup{uzo’l(a})az(“?)”}

where the supremum runs over all pairs o; : A; — B(H) of (not necessarily unital)
*-homomorphisms, with H an arbitrary Hilbert space. Now assume A;, A, unital.
Note that (by considering e.g. A; ®min A2) we know that there exists a pair
7 : Ai — B(H) of unital faithful representations on the same Hilbert space #.

Consider 01, 03 and z as above. We need to show that (1.6) can be rewritten
with unital representations. Let p = ¢1(1) and ¢ = o2(1). Note that by aug-
menting H if necessary we can assume that (1- p)(ﬁ ) and (1 — Q)(f? ) are of the
same Hilbertian dimension, and that they are both isometric to some direct sum
of copies of H.

This allows us to define (using 7y and 72) *-homomorphisms 7; : A; — B(I:f )
such that

m(l)=1—p and m(l)=1-g¢.

Then we define for a; € A;

g1(a1) = por{ar)p + (1 = p)T1{a1)(1 - p)
d2(az) = goa(az)g + (1 — ¢)7a(az)(1 ~ g).
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We have (note o1(a;)p = poi(a1) = o1(ar)...)

Y oi(al)oa(al) = p ) 7:(a})da(af)g

hence

DIEACHEAE] B PIEACHEAC]
but now Gy, & are unital representations ( = *-homomorphisms), hence this yields
lzlla < ll2llasn45-

Since the converse is clear (using (1.6)), this shows that p : £y @y Ey — Ap * Ay
is isometric.

The proof that it is completely isometric is the same with “operator coeffi-
cients” instead of scalars, we leave this to the reader.

We now turn to part (ii). Consider z in £ ® B(H) with [|z||min < 1. By (i),
z corresponds (via p) to an element y in A; ® Az with ||y|(a, 84 42)8mmBE) < 1.
By Lemma 1.13, we have y = y; ® y2 with

Yi € Ai® B(H) and {|#i]|min < 1.

We can write
Yi = Z af ® bf
k

with af € A4;,bf € B(H) and

z= Zai‘ag ® bEbs,
kL

Now consider an isometric representation
™. (.Al * AZ) ®max B(H) — B(H)

and let oy, o and p be its restrictions respectively to A; ®1, A2 ®1 and 1@ B(H).
We have (since the ranges of p and o2 commute)

w(z) =Y o1(af)o2(ad)p(b])p(45)
kL

= (Z al(a'f)p(b’f)) (Z crz(aé)p(b%))
k L

= w(y1)7(y2).
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Hence we conclude that

I ()l i ()l

"xumax = [|r(z) < |
& ”m”max“yzumax

hence by our assumption on A; and A

< ”yl”min”y2”min < 1.

This shows by homogeneity that ||z|lmax € ||Z{jmin-

Finally, to prove (ii) in the non-unital case, we simply replace Ay, Az by their
unitizations, which clearly still satisfy (1.3). Then, by the unital case, A %A,
appears (see the next remark) as an ideal in a unital C*-algebra A such that
A @min B(H) = A ®max B(H). But, as is classical, this property is inherited by
closed ideals (since if 1 is an ideal in A and B is any other C*-algebra, then the
inclusion I ®max B C A ®max B is isometric). 1

REMARK 1.15. Let us denote by A the unitization of a C*-algebra A. Let
(Ai)ier be a family of C*-algebras. Then it is easy to check that the unitization
of »é‘, A; can be identified canonically with X A;, in short we have

1 1

* A.' o o%x Ji,‘.
il tel

Nevertheless, we do not see how to deduce from this the passage from the non-
unital case (treated in [4]) to the unital one, in the first part of the preceding
lemma.

Proof of Theorem 1.11. It clearly suffices to prove (1.4) in case [ is fi-
nite, hence by iteration we may as well assume that I = {1,2}. Let E be
as in Lemma 1.14. We will apply Theorem 1.1 to the subspace E @ B(H) C
(A1 * A3) ® B(H). By Lemma 1.14, the assertion (i) in Theorem 1.1 is satisfied
in this case (with £y, E; now replaced by E, B(H)). Hence, by Theorem 1.1, we
have (1.4). 8

Let C, A be C*-algebras. We will denote by CP(C, A} the set of all com-
pletely positive (in short c.p.) maps from C to A. A linear map u : C' — A is
called decomposable if it is a linear combination of completely positive maps, i.e.
it can be written as u = u; — ug + 1(ug — u4) with all u;’s completely positive. We
denote by D(C, A} the set of all such maps. This set could be normed by defining

4
for instance {|uf| = inf{z [Iu,[l} but such a definition is not consistent with the
i=1

algebraic context. Instead, we will use the following definition due to Haagerup:
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we define ||ullqec as the smallest A > 0 such that there exist S, S; in CP(C, A)
such that ||S;]| € A, i = 1,2, and such that

Si(z) u(z*)*
xr —
u(z) Saz)
is a completely positive map from C to M{A). If u is not decomposable, we set
llulldec = oo.
Haagerup ([12]) proved that, equipped with this norm, D(C, A) becomes a

Banach space. Moreover, he proved jjuljct € |[t}jdaec with equality when u is c.p.
Also, if u is self-adjoint, then

lellgec = inf{}ju; + ua| !U = uy — ug, u; € CP(C, A)}.

The reader should recall (cf. [18]) that {ju|] = [jullco (resp. = |Ju(1)|}) for any c.p.
map u : C — A (resp. when C is assumed unital), and also that, if C is abelian,
then a map u : C — A is ¢.p. iff it is positive in the usual sense (= positivity
preserving).

Curiously, the dec norm admits several slightly different descriptions. We
start with the most convenient one.

LEMMA 1.16. Letzq,...,z, be elements in a C*-algebra A and letu : €2 —
A be the linear map defined by u({(o;)) = > auz;. Then
'

(1.7) [fulldec = inf{nz a;a !Zb:bi'

where the infimum runs over all the decompeositions x; = a;b; with a; € A and
beA(i=1,...,n).

1
z

Proof. If u is positive, i.e. if z; 2 0 for all ¢, this is very easy: the optimal
decomposition is simply z; = :c} / zz} 2,

Let us denote temporarily by |||(z:)||| the right side of (1.7). Assume first
that [Jujlaec < 1. Then going back to the definition of the dec-norm, we can find

¥,z 20in Awith i,z 20, | 2wl < 1, 1|3 %) < 1 and such that

v @
i = 20 foralli
Ty 2

Then we have (rectangular matrix product)

z; = (0,1)t; ((1)) .
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1
0) € M, 1(A). We have z; = %

[Sw =2 <1 [Cas]=[Su] <t

Let i = (¢i,d;) and §; = (r,) so that =; = ¢;r; + dis; with

”Zc,-c’; + d;d}'l

Assume A unital for simplicity. Let ¢ > 0 and let

Let 7% = (0,1)t}/* € My 2(A) and & = 13/2(

and

<1 and ”Zr}‘r,- +s{s,~" < 1.

a; = (cic] + did} +€1)7 and b = a] ;.
We can choose € > 0 small enough so that

[ e

We have then b; = (a{lc.-,a;'ld,v)éi, hence b}b; = 8wlw;é;, where w; = (a;‘lc,-,
a; 'd;). Note that

< 1.

wiw? = a7 (et +did} a7t € a;Had)at =1
hence
bzb,' L8 =ring +S:S,',

hence || 3" bfb:i]| < 1, so that we conclude |||(z:}||| < 1. By homogeneity, this
completes the proof. 8

As a consequence, we easily derive the following (known) fact.

LEmMMA 1.17. Letn > 1. Let A be a C*-algebra. Then we have an isometric
identify

(1.8) D(£5, A)™ = D(£5,, A™).

REMARK 1.18. The reader should be warned that the analogous identity
ch{£Z,, A)*" = cb(£L,, A*™*) fails to be isometric in general when n > 2.

REMARK 1.19. Concerning the max-norm, we will use several times the
following two known basic facts (see [17], [6]):

(i) For any C*-algebras A, C, we have a natural isometric embedding C®max
A = C ®max A** (cf. e.g. [24], p. 13).
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(i1) Let C, B, A be C*-algebras and let ¢ : A — B be a completely positive
contraction. Then Ic @ ¢ : C @max A — C @max B is a completely positive
contraction (cf. e.g. [24], p. 11).

Proof of Lemme 1.17. This statement reduces to the following fact: given an
n-tuple (x;) in A** we have {||(z:)]|] € 1 iff there is a net (zf) of n-tuples in A
with []](z#)|]] < 1 such that z¥ — z; o(A**, A*) for each i. The if part is easy
and left to the reader. To prove the only if part assume without loss of generality
that ||[(z:)]]] < 1 so that z; = a;b; with a;,b; in A** such that ||} a;af{| < 1,
Iobibi]] < 1. Let a € Mp(A*™) (resp. b € M,(A**)) be the matrix admitting
(a;) (resp. (b;)) as its first row (resp. column) and zero elsewhere. Let a® (resp.
b*) be a net in the unit ball of M, (A4) tending o(M,(A)**, Mn(A)*) to be a (resp.
b). By Kaplansky’s theorem we can even find a net for which the convergence is
in the strong sense. We define £ = a®(1,4)b%(¢,1). Clearly |||(z{)|l| < 1 and
¥ — x; in the o(A™™, A*)-sense. (The strong convergence of a*,%* implies the
weak convergence of £%; moreover on bounded sets weak and o-weak convergences
coincide.) 1

We include here the following simple observation, which is implicit in [12],
Lemma 3.5.

LEMMA 1.20. Let F be a free group and let (U;)ier be the family of free
unitary operators in C*(F) associated to the generators, to which we add the unit
element. Let (a;)ier be o finitely supported family in a C*-algebra A and let a :
Loo(I) — A be the mapping defined by a((0i)icr) = Y a;a;. Then we have

icl

(1.9) nz U; ®a;i

iel

= [la .
CHP)Bmard “ ”dec

Proof. Let A be a o-finite (= countably decomposable) von Neumann al-
gebra. By classical facts (cf. e.g. [9]) we may assume A realized as a concrete
subalgebra N C B(H) and admitting a (cyclic and) separating vector. Then by
[12], Lemma 3.5 we have

(1.10) lallace = sup { |3 veas | }

where the supremum runs over all unitaries vy, ...,v, in N’. Equivalently, if we
introduce the representation

n:C*(F)@ N - N' QN CB(H®H)
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defined by 7(U; ® a) = v;a, Va € N then we have

(1.11) flalldec = “w (Z Uv;® ai) ”

This immediately implies

(1.12) |a|lgec < ”2 Ui @ a;

max

This proves (1.12) in the o-finite von Neumann case. By a standard direct sum
argument, it is easy to extend (1.12) to the case of general von Neumann algebras.
But, since the inclusion C @max A C C ®max A" is isometric (see Remark 1.19)
and since (1.8) holds we obtain (1.12) for a general C*-algebra as a consequence
of Lemma 1.17. The converse inequality

(1.13) "Z Ui ® ai "max < flafldec,

is actually proved in [12], Lemma 3.5. Indeed, the same argument used there shows
{(without any restriction on A) that for any representation p: A — B(H) and for
any v; in p(A) with [Ju]] € 1 we have

|32 (e < Halaee
This implies in particular (1.13). This completes the proof. 1

An alternate proof of (1.13) can also be deduced from (1.7), as in the above
proof of Theorem 0.1.

The following fact is due to Kirchberg in [15] (and I believe the simple proof
which follows was known to Kirchberg).

LEMMA 1.21. Let A be a C*-algebra. Assume that
(1'14) C*(Foo) ®min A= C‘(Foo) ®max A.

Then A 1s WEP.

Proof. By Lance’s results ([17]), we know that A has WEP iff for any em-
bedding A — B of A into a C*-algebra B and for any C*-algebra C we have an
injective (= isometric) morphism

C®max A— C@max B.

Note that this is obvious for the min-norms, therefore if C ®max A = C ®@min A,
this is certainly true. Hence, by assumption, this holds whenever C = C*(F) with
F a free (discrete) group.
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Now consider C arbitrary. Let F be a free group large enough so that there
is a surjective representation ¢ : C*(F) — C. Let J be the kernel of g. Then by
the exactness properties of the max-tensor product (see e.g. [24]), we have exact
sequences

0 — JQ®maxA — C*(F)@?maxA — CQ®maxA —— 0

0 — J®maxB — C*(F)®maxB ~— CQ®max B — (.

By the first part of the proof we have an injective (= isometric} inclusion
W . C*(F) ®max A -t C*(F) ®max B.

Moreover, using an approximate unit in J, it is rather easy to check that if we view
J ®max A (resp. J Qmax B) as included in C*(F) ®max A (resp. C*(F) @max B)
then we have

(1.15) (P-l(J B max B) = J @max A.

Now using (1.15) and chasing diagrams it is easy to see that the injectivity of ¢
implies that of the natural map C ®max A — C' ®max B. Thus, by Lance’s criterion
(as mentioned above) A is WEP. 1

LEMMa 1.22. Let C be a C*-algebra. If
C @min B(H) = C ®max B(H)
then for any WEP C*-algebra A

(1.16) C & min A= C®max A

Proof. 1f Ais WEP, by definition we have a factorization A 2 B(H) —2» A**
of the canonical inclusion map, with completely positive contractions ¢, ¥. By
Theorem 0.1, we have a contraction

Ic® ¢ : C ®min A = C Bmin B(H) = C @max B(H).

We follow this by Ic ® which is contractive from C ®max B(H) to C ®@max A™ by
Remark 1.19 (ii). Thus we have a contractive inclusion C ®min A — C ®max A™
which (using Remark 1.19 (1)) implies (1.16). This shows that if (1.16) holds with
A = B(H), then it holds whenever A is WEP. 1
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REMARK 1.23. In his paper [15], Kirchberg shows that
C‘(Foo) ®min A = C‘(Fco) ®Omax A

iff Ais WEP. It also follows from Theorem 0.1 and the last two lemmas.

In [15], Kirchberg also proves a general result on the tensor products C @ N
when N is an arbitrary von Neumann algebra. In that case, (but with C an
arbitrary C*-algebra) we can define a C*~norm || - {|nor on C @ N as follows

[Secon]., = (el

where the supremum runs over all pairs of representations ¢ : C — B(H), 7 :
N — B(HM) with commuting ranges and with 7 normal. We denote by C @por N
the completion of C'® N for this norm. (See [6] for more information.)

Our method also allows to prove Kirchberg’s theorem on this tensor norm.

THEOREM 1.24. Let F be any free group and let C = C*(F). Let N be any
von Neumann algebra. Then

C@norN = G@max N.

Proof. Replacing N by M,(N) and using Theorem 1.1, it clearly suffices to
prove that the norms || - ||nor and || - [|max are equal on E ® N when E is the
linear span of the unit and the free unitary generators of C. Then, we argue as in
Lemma. 1.20 {first assuming N o-finite, then passing to the general case): so that
by [12], Lemma 3.5 we find, by (1.10) and (1.11), that for any ¢ in E ® N with
associated linear map 7 : E* — N, we have

”T”dec S “t”nor

hence (see Lemma 1.20), [[¢|lmax < [|¢|lnor-

We conclude this paper with an application to the notion of exactness for
C*-algebras. Recall that a C*-algebra (or more generally an operator space) A is
called exact (see [16]) if for any (closed 2-sided) ideal I C B in C*-algebra B, we

have an isomorphism
B ®min A

I ®min A ’
In [22], some of Kirchberg’s results on exactness are transferred to the operator
space setting. Let E be a finite dimensional operator space, and let

B/I Qmin A=

B Smin E

ug : B/ @min E — Ton &
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be the canonical isomorphism.
Let F be another finite dimensional operator space. Recall the notation

deo(E, F) = inf{{fullesllu™"lln}

where the infimum runs over all possible isomorphisms u : £ — F. By convention
we set dcp(E, F) = oo if £, F are not isomorphic.
We denote
dsk(E) = inf{dw(E, F) | F C K(£2)}.

(Here K (£;) denotes the algebra of all compact operators on £3.)
When £ is an infinite dimensional operator space, we define

dsi(E) = sup{dsk(F) |EC E, dim(E) < oo}.

In [22], by a simple adaptation of an argument of Kirchberg in [16], we show that
for any exact operator space &

(1.17) dsk(E) = sup{|jugl|} = sup{|luellcs}

where the supremum runs over all possible pairs (I, B) with I C B. (Actually, it
suffices to consider I = K(£2) and B = B({;)). In [16], Kirchberg showed that a
C*-algebra A is exact iff dsg (A) = 1. The point of the next result is that it suffices
for the exactness of A to be able to embed (almost completely isometrically) the
linear span of the unitary generators of A and the unit into K (£3) (or into a nuclear
C*-algebra).

THEOREM 1.25. Let E ¢ A be a closed subspace of a unital C*-algebra A.
We assume that 14 € E and that E is the closed linear span of ¢ family of unitary

elements of A. Moreover, we assume thai E generates A {i.e. that the smallest
C*-subalgebra of A conlaining E is A itself). Then, if dsx(E} =1, A is exact.

Proof. Let (I, B) be as above with B unital. By (1.17), if dsx(E) = 1, the
unital *-homomorphism

B ®@min A

T:B/I®A
/ _)I®minA

becomes completely contractive when restricted to (B/I) ®min £. By Proposi-
tion 1.7, 7 extends to a continuous (= contractive) *-homomorphism on (B/I)®min
A. Hence A is exact. B
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