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ABSTRACT. A bounded linear operator T on Hilbert space H is strongly
irreducible if T does not commute with any non-trivial idempotent. T is said
to have nice property if either A'(T) or A'(T*) is a commutative strictly cyclic
operator algebra. This paper uses the multiplication operators on Sobolev
space to construct a class of strongly irreducible operators with nice property
and proves that the set of operators similar to orthogonal direct sums of
finitely many strongly irreducible operators with nice property is dense in
L(H). The paper also proves that for each essentially normal operator T
with connected 0.(T) and ind(T — ) = 0 (A € ps—p(T)), there exists a
compact operator K such that 7'+ K is strongly irreducible.
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1. INTRODUCTION

It is well known that in finite dimensions, and n x n matrix 7" is similar to a block
diagonal matrix, i.e.

L=

J
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where W is an invertible matrix and J; is a Jordan block

What is the analogue of the Jordan block in infinite-dimensional Hilbert
space? C. Apostol, R. Douglas and C. Foiag ([2]) showed that nilpotent operators
can be classified up to quasisimilarity by their “Jordan forms”. K.R. Davidson and
D.A. Herrero ([8]) extended this result to bitriangular operators. The “Jordan
operators” they considered are all operators which are direct sums of the basic
building blocks Al + J,, where J, is the n x n Jordan nilpotent matrix.

Recall that a bounded linear operator T acting on Hilbert space H is said
to be strongly irreducible if T does not commute with any non-trivial idempotent
({13], [21]). Z.J. Jiang ([21]) thinks that the strongly irreducible operator can be
considered as the natural generalization of Jordan blocks in infinite dimensional
Hilbert space. D.A. Herrero (personal communication) believed that in order for
a class of operators to be considered as the analogue of Jordan blocks, the class
needs to include all strongly irreducible operators which have an additional “nice
property” in the following sense.

An operator T is said to have the nice property if either A'(T’), the commutant
of T, or A"(T*), the commutant of the adjoint of T, is a commutative strictly cyclic
operator algebra.

A weakly closed operator algebra .4 on Hilbert space H is said to be strictly
cyclic if there exists a vector ¢ € H such that

Ae:={Ae: A€ A} = H.

The aim of this paper is to vindicate Herrero’s belief by showing that sim-
ilarities of direct sums of strongly irreducible operators with a nice property can
be used to model arbitrary Hilbert space operators up to small norm or compact
perturbation.

Recall that each k x k Jordan block

A 0
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has the following properties:
(i) J is strongly irreducible on C*;
(ii) A'(J) is strictly cyclic;

(iii)

ay 0
A'(J) - as .'_ . ,
ag ads a3

where a; € C,i=1,2,...,k.
(iv) A%(J), the algebra generated by the rational functions of J with poles
outside o(J) = {A}, is an algebra of strict multiplicity .

An operator algebra A on Hilbert space H is an algebra of strict multiplicity
k if there exist k vectors ey, ..., €; in H such that

k
Z.Ae,- =H,
i=1

and there are no k — 1 vectors satisfying this property ([17], [18]).

In the second section of this paper we use the multiplication operators on
some Sobolev space to construct a class of operators {My(Q)}. Each {My(Q)} is
associate with a Cauchy region Q with the cone property in the complex plane
and satisfies:

(i) {Mi(Q)} is strongly irreducible;
(ii) A'(My(R2)) is strictly cyclic;

(iii)
My, (Q) 0
M Q)  Mp@) M9

where My, (Q) is “multiplication by function f;” on a subspace of Sobolev space.
(iv) A%(M(R)) is an operator algebra of strict multiplicity .

Mainly using this class of operators, and by also using a result about Apostol-
Morrel simple models ({4]) and the Similarity Orbit Theorem ([3]), we prove that
the operators similar to orthogonal direct sums of finitely many strongly irreducible
operators with nice property are dense in L{H), the algebra of all bounded linear
operators acting on Hilbert space H.
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In the third section, for an arbitrary compact subset T of C, we construct
a strongly irreducible operator with the nice property, whose spectrum is I'. We
also prove that if 7' is an essentially normal operator such that o.(T") is connected
and ind(T — 2) = 0, for all A € ps_p(T), then T unitarily equivalent to a compact
perturbation of some strongly irreducible operator with the nice property.

2. APPROXIMATE JORDAN THEOREM

Recall that a Cauchy domain € is a non-empty bounded open set of C whose
boundary consists of finitely many pairwise disjoint rectifiable Jordan curves. A
connected Cauchy domain is called a Cauchy region.

Let 2 denote a Cauchy region with the cone property (see [1]) and let W22(Q)
denote the Sobolev space:

W22(Q) = {f € L}(Q, dm) : the distributional partial derivatives
of first and second order of f belong to L?(£2, dm)},

where dm denotes the planar Lebesgue measure.
It is well-known from the Sobolev embedding theorem ([1]) that W22(R) is
the Hilbert space of continuous functions on @, the closure of £, under the norm

1= ([ 3 1o siam)’,

o lels2

where o is a 2-index and D® is one of the differential operators of order |af.
Furthermore, W22(Q) is a regular Banach algebra with identity (under pointwise
multiplication and an equivalent norm) whose maximal ideal space can be naturally
identified with § via “point evaluation”.
Set
W) = {M; : f € W)},

where M; = “multiplication by f” on W%2(Q), i.e., My € L(W?*(Q)) and M;g =
fg for each g € W22(Q). It is obvious that W(Q) is a strictly cyclic operator
algebra with strictly cyclic vector e (e(s,t) = 1).

PROPOSITION 2.1. Let My be the multiplication by the independent variable
A on W22(Q), then
(i) o(M)) = 0o(M)) = Q, where g.(T) denotes the essential spectrum of
T, nul(My — Xo) =0 end nul(My — Ap)* =1 for all Ag € Q;
(ii) A'(M») = W(Q), i.e. A(M)) is strictly eyclic;
(ii1) M) is strongly irreducible.
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Proof. (i) It is easy to see that o(M,) = Q, nul(M) — Xo) = 0 and nul(M), —
AoY =1forall A € Q.
Set
Flo,t) = [(s = 50)” + (¢ = to)’]¥ = A = ],

where Ag = so+ito € Q. Calculations indicate that f € W22(Q) and (A—Ao)~1f ¢
W2Q),i.e. f ¢ Im(Mx—2Xo). Since f(Ao) = 0, f is in the closure of Im{ M) —Xo),
i.e. Im(M) — Xo) is not closed and Ag € oe(M). Therefore oe(M,) = Q.

(i1) Since W () is a strictly cyclic algebra,

W*(Q) = {k* 1 k*(M}) = (£, E)waa), & in WHA(Q)},

where W* () denotes the dual of Banach space W () ([23]). For each p € Q, if
k}, denotes the multiplication functional on W(2) : k;(My) = f(u), then there
exists a k, € W22(Q) such that f(u) = (f, k).

Given T € A'(M,), we have M}T*k, = T* M3k, = FT*k,. Since nul(M) —
p)* =1, T*k, = t(p)k, for some t{z) € C. Therefore, for each A €  and each
fe W),

(THR) = (Tf, k) = (£, T* k) = (£, 1(0)k,) = tAYF(A).

This implies that t(A) = (Te)(A) € W2%(Q) and T = M, € W(9).

(iii) Assume that P is an idempotent and commutes with M. From (ii),
P = M, for some g € W%(Q). Since § is connected, g? = g implies that g = 0
org=ce, ie P =0or P =1. Thus M, is strongly irreducible and the proof is
complete. 1

Let A%(M)) be the algebra generated by rational functions of M), with poles
outside  and denote R(2) = A*(M,)e. Then it is obvious that R(Q) is the
subspace of W%2(Q) generated by rational functions with poles outside Q and
each f in R(©?) has an analytic continuation to —QO, the interior of 0, and R(2)
is invariant under M. Denote Mx(Q) = Mi|pq)- Then M,(R) is a rationally
strictly cyclic operator on Hilbert space R() with strictly cyclic vector e.

ProPOSITION 2.2. (i) For all Ao € o’

o(Mx()) =
oe(MA(Q)) = D\ T,
nul(M;\(Q) - 4\0) =0

and
ind(M)\(Q) - /\o) = 1.
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(i) A'(MA(Q)) = A%(MA(Q)) = {My(Q) : f € R(Q)}, where M;(Q) =
My |r@a)- Thus A'(MA(R)) is strictly cyclic.

(iii) MA(Q) ts a strongly irreducible operator.

Proof. (i) It is obvious that o(Mx(2)) C Q. For each )¢ € @, assume

that [My(2) — Ao)fn = Fa WA F, where f, € R(2). By Sobolev’s imbedding
theorem, F, and F are analytic in @° and continuous to 89. Since F {X) =0,
there exist a number § > 0 and a function :f, analyticinT' = {d € C: |A=Xo| < 6§}
such that T = {/\ €C:|A-X| <8} C 0° and FX) = (A =X)f;(0)if A el
Denote T = (" ViT = Q\{) € C: |A = Xo| < &}; then F()) is analytic in T.

Define 7.0, A
f1(A), A€eT;
f(»\)={ 1

F(A .
;\é;);, XET;

then f(}) is an analytic extension of f, satisfying F(A) = (A= Xo)f(}) for X € .
Note that
9
Jin = 1 am < 55 [10:= 20} - FONP dm
b T

< “Fn ~— FHWZ?(Q) —0, (n— oc0)

and
S Fa) = Fa0) + (= 20)fa ),

?_F(,\) = fA) + (A= 2)F'(A).

From 8F,,L{E) aF nd f, L f,weget

L(z)

(A= 20)fa(A) =" (A= A)f".
These convergences mean that the restrictions of the functions to £ converge
in L?(X). Thus

[it=1am< 5 (10201~ 1P dm 0 (n o)
pH z

L (3) a’

Similarily, from 3—;F 25 F and f} gl ! f’ we have

L*(%)

(A =20)fa(A) =" (3 = h)f”,



A CLASS OF STRONGLY IRREDUCIBLE OPERATORS WITH NICE PROPERTY 9

2 w22
therefore, f/(2) ® f". Finally we get f, w2 f. From Sobolev’s imbedding
theorem, f, converge to f uniformly on r = §T. Then for A€ %I‘ and 0 €< k £ 2,

1 " k41
158909 - 10 < g [T aie <« T maxis) - @0
Therefore, f, “(2— ) f. Note that f, W——Sz) and f, v 2(5 ) f lmply.

In W f and f € R(2). Thus the range of M ()~ Ao is closed. The remainder
of (i) is obvious.

(ii), (iii). By the same arguments used in the proof of Proposition 2.1 (ii)
and (iii), we can prove (ii) and (iii). @

Given A, B in L(H), the mapping ap : L(H) — L(H) is defined by
ra.8(X) = AX — X B for all X € L(H).

LEMMA 2.3. [Im7ag, (), a,(o)] D [Ker Tag, (@), Ma ()] = {0}, i.e. if there exists

X € L(R(S})) satisfying
XMAQ) = My (D)X

and M)(Q)Y — YM\(Q) = X for someY = L(R(R)), then X =0.

Proof. Without loss of generality, we can assume that Q C S = {A € C:
IA| < 1}. Otherwise, consider Mj(Q'), where ' = {% tAE Q}, Ap is a fixed
point in £ and 0 < a = diameter of 2. ‘

From Proposition 2.2, X = Mg(Q) for some g in R(2). Thus Mx(Q)Y f —
YMA(QQ)f = gf for all f € R(2); f = e implies

AY(e)-Y(N) =y,

or
Y (M) = Ah—g, where h =Y{(e) € R(Q).

Now, f = A implies
AY (X)) —Y(A%) = ag,

or

Y{(A2) = A(Ah — g) — Ag = Ah — 2}g, - -.

In general, f = A"~! implies

AY (AP =Y (A") = A~ lg,
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or
Y(O") = X*h—nX*"lg (n=1,2,..).

Since |A2* < PP~V (AeQandn=1,2,..)),

n2 f l/\lZ(n—l) dm
(1]

[P~ dm — 00 (n— o).
o

Let @, and b, denote n? [{A2("~1dm and [|A|>®dm respectively (n =
0 9]

1,2,...), then for each positive number M there exists N such that a, /b, > M if
n > N. Therefore, when n > N + 2,
_ n2lx 2(n—1)+2 2(n — 1)21A 2(n-21 dm
”n/\n 1“%2.2(0) _ r{[ |A] n ( ) I I ]
sy JIV + 20D 4 3n2(n — DPAPC—] dm
a

[[3n2(n = 1)2(n — 2)?A|X"=9)] dm
[1]

T TIAP® + 22\ Z 1) + 3n2(n — DAEC-D] dm
o

_an+2n%an_1 +3n%(n — 1)%an_2
" ba 4 2n2b,_y + 3n%(n — 1)2b, s
Mby, + 2n2Mb,_) + 3n%(n — 1)2Mb,_»
by + 2n2b,_;1 + 3n2(n — 1)2b,_»

=M,

i.e.
”"'\n_llhzyz.a(n)

00 n OQ ).
DBy ")

This implies that if g # 0, Y is unbounded. &

For each n, 1 < n < 0o, we define

My (Q) 0
Ma(Q) = me
0 o MA(Q)
with respect to the orthogonal direct sum R(Q){") of n copies of R(S).

PROPOSITION 2.4. Let M,(Q2) be defined as above, then
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(i)

My, (9) 0
M (Q) M (Q
aaay = | MO M@ _
M;, () My, (2) Mfl(‘Q)
where f; € R(Q), i = 1,2,...,n. Furthermore, A'(M,(R)) is strictly cyclic and
its cyclic vector ise @ ed-- - Pe;
(i) Mn(R) is strongly irreducible;
(ili) o(Ma(Q)) = T, 0e(Ma(Q) = T\ T, nul(Ma(Q) — Xo) = 0 and
ind(M, () — M) = —n for Ao € X'
(iv) A%(M,.(Q)) is an operator algebra of strict multiplicity n.
Proof. (i) Assume that

A11 Aln
A:(... ...)EAI(Mn(Q))’

Anl ““Ann
ie.
M,(Q) 0
(’.1.1.1 N ’.1.“7) 1
Anl Ann '
0 I M)
M(R2) 0
. (Au Aln)
= I - PR PN [P .
- K Anl Ann
0 I M)

At (1,n), (1,n — 1) entries,
A MA(Q) = MA(R) A1

and
A1n-1MA(Q) + A1 = MA(Q) A1 -1

By Lemma 2.3, A;, = 0 and A;,_; € A'(M,(€2)). Similarly, we can conclude
that

Aij=0, (I<i<j<gn)

The (1, ¢) entry indicates that

A € .A’(M)‘(Q)), 1€i< n.
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At (i+1,d)entry (1 €i<n-1),
Aip1,i Mo () + Aig141 = A + Ma(Q)Aigrie

By Lemma 2.3, Aig1,i+1 = Ay and Ajpc € A(M(Q)). At‘ (2 + 2,7) entry
(1€£i<n-2),

Aiga, i Ma(Q) + Aigaisr = Aipri + Ma(Q)Aig2,.

Thus Aiyz,i41 = Aig1,i and Ajpq; € A'(M(R)). Using this argument repeatedly,
we get the general form of A.

(i) Take an idempotent P commuting with M,(€2). From (i), P has the
form indicated in (i), since PZ = P, fZ = f;. Since 0 is connected, either fy =1
or fi = 0. In the either cases, fo = fa=---= f, =0, i.e. either P=J or P=0.

(1ii) Given Ag € ﬁo, since ker(M,,(Q) — Ao} = 0 and since Ay € ps_r(Mr(2)),
Im(Mn () — Xo)* = R(Q). Thus, calculations show that Im(M,(Q) — Ap)" =
R™Q), i.e. Ap € ps-r(Mx(R)). It is not difficult to show that nul(M, () — Ao)* =
n and nul(M, (2) — Xo) = 0.

(iv) Computations show that

A (M (Q))E1 + A (M(Q))E2 + - -+ A (Mo ()20 = R(Q),

where €; is the vector in R(")(Q) whose i-th coordinate is e and j-th coordinate is
0 (j # i). Thus the strict multiplicity of A%(Mp(f2)) is € n. Since ind(M,(2) -
Ao) = —n for all Ay € , M,(Q) rationally n-strictly cyclic ([14], [3]). 1
Given a Cauchy region with the cone property, let L2(8Q) be the Hilbert
space of {(equivalence classes of) complex functions on 02 which are square inte-
grable with respect to (%)utimes the arc-length measure on 8§2. The subspace
H?(8Q) spanned by the rational functions with poles outside £ is invariant under
M, where M will stand for the “multiplication by A” operator acting on L?(8).
By M, (89) and M_(8Q) we shall denote the restriction of M to H?(8Q) and its
compression to L2(8Q) © H?(01), i.e.
M, (69) * H?(89)

- 0 M_(39) L2(69) © H?(0Q).
It is well-known ([5], [9], [10], [15]) that

o(M) = 0e(M) = 0e(M4(0R)) = 0.(M_(09)) = 3%,

ce(M4(00)) = o(M_(00)) = Q,

nul( M, (90) — Ag) = nul(M_(89) — Ap)" =0,

Ind(M4(99) — Ao) = ind(M_(8Q) — Ao)* = —1, for by € Q2.
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LEMMA 2.5. Given a region 2 with the cone property and given € > 0,
there ezists a sirongly irreducible operator M, (2) with the nice property such that
(Mo ()] C 2, nmul(My(R) — Ao) = 0 and ind(M(Q) — Ag)* = —oco for all
Mo € ps-p(Mao(€)), and [|M1(8Q)) — Meo(R)] < .

Proof. From Similarity Orbit Theorem ([3]),
M (892 ¢ T(M,(8Q)*) @ N),

where N is normal and o(N) = ge(N) = 89, S(A) denotes the closure of similarity
orbit S(A) of operator A, S(A) = {WAW =1 : W is.invertible}. Thus there exists
W invertible such that

_ €
142, (02)() — W(M,(60)(=) @ M)W~ < £.

Let I' be an analytic region such that I' C @ N (9Q)s and 6I' D 0Q, where
6 = £||W|[{|W~1|| and for a subset F of C, F, := {A € C : dist(), F) < ¢}. Let Q'
be a normal operator such that ¢(Q') = 6.(Q’) = T; then |[N — UQ'U~?|| < 26
for some unitary U ([15], Lemma 5.4) and

I (M4 (99)*) & NYW " = W(M,(32)) @ QW | < £,

where Q = UQ'U1.

Let ¥ be an analytic Cauchy region satisfying:

(1) L C T and OX meets each component of T,

(ii) there is a g > 0 such that | J{Z +ru:0<r< 1} CT.

Let L be the operator given by D.A. Herrero ([16], also see [19]), which
satisfies:

(i) oe(L) = {0 +rp:0< r < 1)

(ii) nul(L — Ao) = 0 and ind(L — Ag) = —oo for all Xy € T\ a1(L);

(iii) A'(L) is strictly cyelic;

(iv) L is strongly irreducible.

The Similarity Orbit Theorem implies that

ML (80)) @ Q € S(L).
Thus there exists a V invertible such that
W (M4.(09)) & QW~! — WVIW W] < %

Denote WV LV ™IW~1 = My (). Since strong irreducibility and strict cyclicity
are invariant under similarity, the proof is complete. 1
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ProrosITION 2.6. The sel of operator similar {o orthogonal direct sums of
finitely many strongly irreducible operators with the nice property is dense in L(H).

Proof. GivenT € L(H) and £ > 0, from a result of C. Apostol and B.B. Mor-
rel ([4], [15], Theorem 6.1), there exist operator T, Sy, S_ and N satisfying:

(i)
m n
Sy = P ML )*), 5.~ P M_(89:)™),
i=1 i=1
where {Q:}72; (m < o) and {®;}7_; (n < o) are two families of disjoint analytic

Cauchy regions andﬁ? =Q;, 6? =®;, (i=1,...,m;j=1,...,n) and

m

Ui oz c (Usa),

i=1 i=1 €

Q ®; C pS-—F(T) C (LHJ @;)

i=1 " °

and each k; (or h;) equals to the index of T — Ao when X € ©; (or ®;);

(ii) N is normal with finite spectrum and ¢(N) C o(T),;

(i) 7" ~S, ®N@ Sand |T-T'|| <e.

The Similarity Orbit Theorem implies that when k; < oo (or h; < o0),
M, (09)*) € S(My(S%)) (or M_(0®;)R) € S(My,(®7)*), where @] := {A e C:
de ‘I)j}.

When k; = co (or h;j = 0o), from Lemma 2.5, we can find an Mg, () (or
MZ,(®})) to approximate My (8Q;)*° (or M_(89Q;)*).

Assume that N = }k: ©Xil;, where I; is the identity on subspace H; (i =

=1

1,2,...,k). If H; is infinite dimensional, X;I; € §(A+)t|'), where A is the (forward)
weighted shift with weight sequence {1}, ie., Ae, = Lleny; if {en}32, is the
orthonormal basis of H;. It is well-known ([24]) that A’(A + X;) is strictly cyclic
and A is compact, and it is not difficult to show that A+ J; is strongly irreducible.
Thus N can be approximated by orthogonal direct sums of finitely many strongly
irreducible operators with the nice property. The proof of the proposition is now
complete. 1
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3. STRONGLY IRREDUCIBLE OPERATORS
WITH THE NICE PROPERTY AND ARBITRARY SPECTRUM

Given a compact subset I' of C and assume that I' C (a,b)? = D. Set
ma(I) = {f € Wg"*(D) : flr =0},

where W2(D) = {f € W23(D) : flep = 0}. It is clear that W2*(D) is a
subspace of W2%(D). For each f € W22(D), denote

M} = “multiplication by f” on W@*(D).

MO = (M}’|mo(I‘) * )
I= 0 MY(T)

with respect to the decomposition Wi**(D) = mo(I) @ [W2*(D)©mo(T)]. Denote
Wo(T') = {MJ(T) : f € W2%(D)}; then it is easy to see that Wy(T') is a strictly

cyclic operator algebra with stricty cyclic vector e(I') = orthogonal projection of
e onto WZ*(D) © mo(T).

Then

PROPOSITION 3.1. (i) o(MY(T)) = oe(MI(T)) = T, nul(MI(T) — X¢) = 0
and nul(MY(T) — Xo)* =1 for Ag € T;

(ii) A'(MJ(T)) = Wo(T), thus A'(M(T)) s strictly cyclic;

(iii) If T 4s connected and consists of more than one point, then MY(T) is a
strongly irreducible operator.

The proof is similar to that of Proposition 2.1, therefore it is omitted.
Define a mapping A : W?(D) — L2(D, dm) by

9* a2 2,2
ar=(gatgm)fo TEWED)

Since W¢'?(D) contains no non-zero harmonic function, A is injective. Further-
more, for each g € L%(D, dm), assume that

o0
. .
9(s,t) = Z Conn sin Im(s —a)sin —n(t — a),
{ i
mmn=1
where [ = b — a, Cypn’s are the Fourier coefficients of ¢ and

00
D 1Cmnl? < co.

mn=1
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Set

2 2
m n
m+ngk +

2
up(s,t) = (%) Z _—Comn_ sin z{—m(s — a)sin 3;»n(t - a).

Since {D%ur}%,; (la| £ 2) is a Cauchy sequence in L%(D,dm), there is a
function f in WZ?(D) such that

f(s,0) = i - (-1-)2 —EmLsin %m(s — a)sin %(t —a),

7/ m?24n?
mn

and Af = g. Thus A is surjective. It is easy to see that the W2%(D)-norm,
restricted to W2#(D) is actually equivalent to norm

1o = | [ 18517 am]
D

Thus A is an isometric isomorphism from the Hilbert space Woz'z(D) onto the
Hilbert space L3(D,dm)

PROPOSITION 3.2. (i) M) ~ my + K, where m, is the normal operator
“multiplication by X" on L?(D,dm) and K is compact in Schatten 3-class C3.

(ii) MQ(T) ~ Normal + Compact and [MX(T)*, M}(D)] € C® where [A, B] =
AB ~ BA for operators A and B.

Proof. (i) Consider the orthonormal basis

o«

{emn(s,t) = -?—sin gm(s - a)sin ?n(t - a)}

mmn=1

of L¥(D,dm) and the corresponding basis

A o
-] . —_ e e
{A bmn = (‘n’) mEtnzomn }m,nzl

of W&?*(D). Note that

m

2
AMPA lepmn = = (’) (m? + n?)"'AMepn,

_ (1)"’ (m? +n?)1A Gs.sm ‘715"‘(5 - a)sin -Iﬂ:n(t - a))

T

l
= Semp — ;T-’Zm(m2 +0)  fan, mn=12,...,
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where

{fmm = % cos %m(s

is another orthonormal basis of L?(D,dm)
Thus

mmn=1

)sin n(t - a)}

~m, + Z =2lm

7r(m2 n n2) fmn ® e:nn =m, + I{a;
where m, is the self-adjoint operator “multiplication by s” on L*(D,dm) and
computation shows that K, is in €3

A similar argument shows that

~2in - :
~ oy +Z ) +n2)gmn @emn =My + Ky,
where m; is the self-adjoint operator “multiplication by t” on L3(D,dm) { Gmn =
Zsin 2m(s — a) cos In(t- a)} n—; is another orthogonal basis of L?(D, dm) and
Kt I c3 .

Thus M ~my\ + K, K € C3.

(ii) Since M) and M{ have compact imaginary parts, M?(T') and M2(T") also
have compact imaginary parts. A simple computation shows that

[M(T)", MR(T)] € C*.

From Proposition 3.1 (i) and Brown-Douglas-Fillmore Theorem ([6]), M2(I)
Normal + Compact. 1

CoroLLARY 3.3. If T is an essentially normal operator on H such that
0o(T) 1s connected and ind(T — X) = 0 for all A € ps_p(T), then T~ M + K
where M is a strongly irreducible operator with the nice property and K is compact

Proof. After a compact perturbation, oo(7 + X)) = 0. By Brown-Douglas—
Fillmore Theorem there is a compact operator K such that
T+ K1 + K2 ~ M)(D),

if I' = 0.(T) has more than one point
T+K +Ko=Xg+ A

if 6e(T) = {Ao}
where A is the weighted shift used in the proof of Proposition 2.6

|
Similar to analytic Cauchy region with the cone property case, we can con-

sider MJ(R,T) := MJ(T')|ro(T) on subspace ro(I') of W2 (D) © mo(T'), where
ro(I') = A*(M)(T))eo(T), and we have
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ProPosITION 3.4. (i) o(MY(R,T)) = T, mu(M(R,T) — X) = 0 and

nul(MY(R,T) = Ao)* = =1 for g €T

(i1)

A%(M(R,T)) = A'(M}(R,T)) = {M}(T)Iro(T) : £ € ro(T)},

A (MY(R,T)) is strictly cyclic with cyclic vector eo(T);

10.

11.

12.

13.

(iii) MY(R,T) is strongly irreducible if T is connected.
The proof of Proposition 3.4 is omitted.

This research was supported by NNSFC.
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