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ABSTRACT. We study the structure of the equivariant Brauer group Bra(T)
of a principal G/N-bundle by exhibiting a filtration of Brg(T) predicted by
a spectral sequence of Grothendieck’s in the case of finite G. The first ingre-
dient M (A, a) is the Mackey obstruction to implementing «|N by a unitary

group. The kernel of M can be identified with an equivariant cohomol-

ogy group HZ(T,S), and our main theorem makes four nontrivial assertions

about this group. Our constructions extend to higher dimensional groups
HE(T, 8), and we show that there is a long exact sequence involving these
groups generalizing the usual Gysin sequence associated to a principal circle
bundle.
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The previous article ([2]) introduced and studied an equivariant Brauer group
Brg(T) associated to an action of a locally compact group G on a locally com-
pact space T. The objects in Brg(T') are Morita equivalence classes of dynamical
systems (A, G, «) in which A is a continuous-trace C*-algebra with spectrum T
and o is an action of G on A inducing the given action on 7' = A. It was
proved in [2], Theorem 3.6 that Brg(T) is a group with respect to the operation
[A,a] - [B,f] .= [A®¢(z) B, ®c(r) B]. For discrete G, Kumjian ([9]) had previ-
ously studied Brg(T'), and had shown it to be isomorphic to the equivariant sheaf



74 JuDITH A. PACKER, IaIN RAEBURN AND DAna P, WiLLIAMS

cohomology group H*(T, G; §) of Grothendieck ([7]), where S is the sheaf of germs
of continuous circle-valued functions.

The main result of [2] is a structure theorem for Brg(T'), which was motivated
by Kumjian’s theorem. Grothendieck had proved that there is a spectral sequence
with E5? = HP(G,H¥(T,S)) (the group cohomology of G with coefficients in
the sheaf cohomology of T') converging to H?+9(T,G;S). Although for technical
reasons we do not expect to have a similar spectral sequence for locally compact
G, Theorem 5.1 of [2] provides all the information about Brg(T) one could hope
to get from such a spectral sequence converging to H%(T, G; S) = Brg(T).

There is another spectral sequence F in [7) which converges to H?+(T, G; §).
At least for finite G, Grothendieck identifies F5'? in terms of the cohomology of a
sheaf H?(G,, T) over T'/G, in which the stalk over G -t is the group cohomology
HI(G:, T) of the stabiliser Gy of t. This construction is not obviously available
to us, because both the orbit space 7//G and the stabiliser map ¢ =+ Gy are noto-
riously badly-behaved for general locally compact transformation groups (T, G).
Nevertheless, these problems do not arise when G is abelian and T is a principal
bundle for some quotient G/N of G: the stabiliser of every point is N, and the
orbit space Z = T/G is locally compact and Hausdorff. Our present main theorem
gives a filtration for Brg(T') in this case, in terms of cohomology groups of the
form H?(T/G,H?(N,T)), which gives the sort of information one would expect
from a full spectral sequence converging to H%(T, G; S).

Quite a bit is already known about dynamical systems (A4, G, &) in which A
Z/G is a principal bundle: they have various topological and algebraic invariants
which interact in fascinating and nontrivial ways. One key topological invariant
is the generalized Dixmier-Douady class studied in [24], which takes values in a
cocycle-based cohomology group HZ(T,S). (For lack of a better name, this was
called an equivariant cohomology group, though it can be strictly smaller than
Grothendieck’s when they both make sense; crudely speaking, it does not admit
classes coming from the cohomology of the fibre.) We have observed before that
some of the cocycle calculations in [24] and [25] help establish an exact sequence
relating this group to ordinary sheaf cohomology, which reduces in the case of
a circle bundle and G = R to the usual Gysin sequence of the bundle. Similar
calculations are involved in the proof of our main theorem, so we have included a
quick discussion of these groups, and go on to derive the general Gysin sequence.

We begin with a detailed statement of our main theorem, which describes the
equivariant Brauer group Brg(T) of a principal G/N-bundle. The first ingredient
M(A, ) is the Mackey obstruction to implementing «|N by a unitary group. The
Dixmier-Douady invariant of [24] identifies the kernel of M with the equivariant
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cohomology group HZ(T,S), and the theorem makes four nontrivial assertions
about this group. Two of these have effectively been dealt with in [23] and [24].
For the remaining two, the arguments work in any dimension. Hence we shall
digress in Section 2 to introduce the higher-dimensional equivariant analogues of
HZ, and then prove the main theorem in Section 3, giving the new arguments in
full generality. In Section 4, we complete the proof of the general Gysin sequence,

Our last section contains some examples and applications. Our theorem gives
a complete description of Brg(T') when G acts trivially, and more generally when
G is a direct product. It is then tempting to relate Brg(T) to Bry(T), where the
group acts trivially, and Brg/n (T'), which we know from [2] is isomorphic to Br(Z).
Our result is most striking for G = RF and N = Z*, when the filtration of the
Brauer group Brgx(T) of a principal T*-bundle over Z involves only Bryx(T') and
the ordinary Brauer group Br{Z) = H?*(Z,S). We close by showing that in the
case G =R, N = Z, our general Gysin sequence reduces to the usual one. This is
surprisingly tricky, and amounts to proving that the equivariant groups Hg (T, S)
of a circle bundle are naturally isomorphic to the usual sheaf cohomology groups
H™(T,S).

NoTATION. We shall use the notation of [2] without comment, and we shall try
to be consistent with it. In particular, we shall try to distinguish between systems
(A, o) in the set Brg(T) and their classes [4, a] in Brg(T). We shall sometimes
use the notation HZ(G, M) or Z%(G, M) to stress that we are considering Moore
cohémology groups as topological groups; Z2 is actually different as a set from
Z? (cocycles equal almost everywhere have been identified), but H?(G, M) has
H?*(G, M) as underlying set ([14], Theorem 5). Many of our results require that
the natural map G — G/N has local sections, which is equivalent to asking that
G — G/N is a locally trivial principal N-bundle. This holds in most cases of
interest, and is automatic if G is discrete, or if N is a Lie group (cf. [24] ,‘ Section 1).
For example, if G is an elementary group — that is, G has the form REx T™ xZ" x F
for some finite group F — then G — G/N and G — N have local sections for any
closed subgroup N. Therefore our main Theorem 1.2 holds for any elementary
G. If G is a locally compact abelian group, we denote by G the sheaf of germs of
continuous (G-valued functions; the underlying space should be clear by context.
This convention also applies to the dual group G yielding a sheaf G
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1. THE MAIN THEOREM

Suppose G is a second countable compactly generated abelian group, N is a closed
subgroup of G, and p : T — Z is a (locally trivial) principal G/N-bundle over
a second countable locally compact space Z. Let HZ(N,T) denote the Moore
cohomology group H2(N, T) with the topology inherited from the Polish topology
on Z2(N, T) as in [14]. For (4, @) € Brg(T) we define u(4,a) : T — H*(N, T) by
taking u(A, a)(z) to be the Mackey obstruction to implementing a|N by a unitary
representation in a representation m; of A corresponding to x € T = A. Notice
that u(4, ) is a continuous function of T into HZ(N, T) by [17], Lemma 3.3. If
7z : A — B(H,) is a representative for z € T, then = oa;! is a representative for
s-z € T, and because G is abelian, any multiplier representation U : N — U(Hy)
which implements a|N in the representation 7, also implements a|N in 7z 0 a7l
Because the Mackey obstruction (i.e., the class in H2(N, T)) is independent of the
choice of representative 7, and multiplier representation U, u(A, o) gives a well-
defined continuous function of Z = T/G into H*(N,T), and it similarly follows
from [2], 3.1 that this function depends only on the class of (4, a) in Bre(T). We
write M (for Mackey) for the resulting homomorphism

M : Brg(T) — C(Z,H*(N,T)).

A class [A, a] is in the kernel of M precisely when a|N is pointwise unitary,
and hence locally unitary by [27], Theorem 2.1. Thus such a system (4,a) is N-
principal ([24], Definition 4.4), and (A%4G)" is a principal N-bundle over Z with
respect to the dual action of N=¢G /Nt and the quasi-orbit map ¢ : (A)d,,G')'\ —
A/G = Z ([21], Theorem 2.2). Since Morita equivalent systems have Morita
equivalent dual systems, the class [g] depends only on [4, ], and gives a well-
defined map S (for Spectrum)

S :ker M — HY(Z,N).

(If (X,u) is an (A, a)—(B, B)-imprimitivity bimodule, then Uy(z)(s) = 7(5)2(s)
defines an action of G on C.(G, X) which extends to an action of G on the bimodule
Xx,G implementing the equivalence of Ax,G and BxG.)

We defer the proof of the following lemma till the end of the section.
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LEMMA 1.1. For any transformation group (G,T) as above, S is a homo-
morphism of ker M into H(Z, N).

Next we define a map P (for Pull-back)
P:H*(Z,8) — Brg(T)

by P([A]) := [p" A, p*id], where we use the Dixmier-Douady Theorem to identify
H?*(Z,S) with the Brauer group Br(Z). Then

P*AXpeia G = (Co(T) ®c(z) A) M1@o(zyidCG = (Co(T)%:G) Bc(z) A-

Since the spectrum of Co(T")%,G is known to be N-homeomorphic to T/G x N =
Zx N ([31]), and A = Z, this implies that (p* AXp+1aG)" =2 Z x N, and we have
S o P =0. That the converse also holds is part of our main Theorem.

THEOREM 1.2. Let G be a second countable compactly generated locally
compact abelian group such that G — G/N and G- N = @/Nl have local
sections, and let p : T — Z be a locally trivial principal G/N-bundle over a
Polish space Z. Let M : Brg(T) — C(Z,HX(N,T)), S : ke M — HY(Z,N)
and P : H*(Z,8) — Brg(T) be the homomorphisms discussed above. Then
imP = ker S, and there are homomorphisms

dy: HY(2,N) — H3(Z,8)
& : C(2,N) — H%(Z,5)
such that im S = ker d, and ker P = imdy.

Even though this theorem has substantially stronger hypotheses than the
structure theorem of [2], and in some situations gives substantially more informa-
tion, it is not as complete as one would like. The spectral sequence for finite G on
which it is modeled suggests that there should also be homomorphisms

dy : C(2,HX(N,T)) — H2(Z, N),

and

ds : kerdy — H3(Z,8)/imd},

such that im M = ker d5. We have so far been unable to find such homomorphisms.
On the other hand, the homomorphisms d} and d¥ are both easy to define.
Since G — G/N has local sections, there is a short exact sequence of sheaves

0— N —G—G/N—0,
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and an associated long exact sequence
o — H(Z,N) — H™(2,G) — H"(Z,G/N) 2% B+ (Z N) — -

in sheaf cohomology. Then both d} and d4 are given by taking cup product with
the class dg([p]) in H2(Z, N) (recall that C(Z, N) = HY(Z, ).

To prove this theorem, we shall want to convert everything to statements in
sheaf cohomology. We showed in {24] that N-principal systems (A, a) € Bre(T)
are characterized by a Dixmier-Douady class 6(A, a) which lies in an equivariant
sheaf cohomology group H %(T, S) (whose precise definition is in the next section).
We begin by checking that the map (A, &) — 6(A, o) induces an isomorphism of
ker M onto HZ(T, S).

LEMMA 1.3. Suppose that G is a locally compact abelian group, and N is
a closed subgroup such that G — @/N"‘ = N has local sections. Ifp: T — 2
is a locally trivial principal G/N-bundle over a paracompact space Z, then the
Dizmier-Douady invariant of [24], Section 6, induces an isomorphism of ket M

onto H(T,S).

Proof. Proposition 4.9 of [24] implies that equivariant line bundles over
(T, G) are locally trivial, so Theorem 6.3 of [24] applies. Corollary 4.5 of [24] identi-
fies the systems considered there as the N-principal systems, i.e. as those in ker M,
and hence we can deduce from [24], Theorem 6.3 that § induces a bijection of ker M
onto H%(T,§). To see that 6(A ®c¢(r) B, @ ®c(1y B) = §(A, @)é(B, ), one has to
go into the construction of [24]), Lemmas 6.1 and 6.2. But since we know the classes
are independent of the choices made there {[24], Lemma 6.2 (4)), we can choose lo-
cal equivalences (X;,u') and (Y, v') of (4, &) and (B, ) with (Co(T), 7) relative to
the same G-invariant cover {F;} of T, and then (X;®c(r,) Yi, ¥ ®c(r;)v*) are local
equivalences of (A ®c(r) B, @ ®c(r) B) with (Co(T), ) (cf.[2], Lemma 3.2). Now
one can compute that the resulting cocycle representing 6(A ®c(t) B, @ ®c(1) f)
is the product of those representing 6(A,«) and 6(B, ). (One just has to keep
track of the actions in the argument of [2], Proposition 2.2.) &

Proof of Lemma 1.1. By [24], Lemma 7.2, the map S is the composition of the
homomorphisms & : ker M — HZ(G,S) from Lemma 1.3 and the homomorphism
b: HE(T,S) — H'(Z,N) of [24] Lemma 7.1.
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2. THE EQUIVARIANT COHOMOLOGY GROUPS

Throughout this section, G will be a locally compact group and T alocally compact
G-space with orbit map p: T — T/G. For the moment, fix an open cover 2 =
{Ni}ica of T/G and let M; = p~!(N;) for each i € A. (Equivalently, {M;} is an
arbitrary cover of T' by G-invariant open sets.)

For each r 2 1, C™(2, 8) will denote the group consisting of pairs (v, A) in
which v is an r-cochain in CT({M;}ic4,S) and A € C™"1{{Mi xG}ica, S) satisfies

(2.1) As(z,st) = As(z,8)As(s7" - z,t)

for each multi-index J = (jg,...,Jr—1), € € M, and s,t € G. It will be convenient
to let C(2U,S) be the collection of pairs (v,1) where v is a standard 0-cochain
and 1 denotes the function which is identically 1 on T x G.
Our coboundary homomorphism A" : C4(%, §) — CLH1 (%, S) will be given
by
ATy, A) = (8" v, 6(n, N)),

where 9" is the usual Cech coboundary operator, and § is defined in terms of
61-—1 . Cr—l — O by

22) . 6N s) = ve(@) uk(sT -2} (0 (M-, ) ()

for each (r + 1)-multi-index K. Since it will be crucial in our calculations, we note
that if L is the (r + 2)-multi-index (lp, ..., lr4+1), and L; is the (r + 1)-multi-index
obtained by deleting /;, then

r41
(2.3) (8 V)L(z) = yLr-}-l(w)VLr(z)“l = H VLr-i-l—i(x)(—l)x‘

=0
{The formula in (2.3) differs slightly from that in [30], Section 5.33 and [24], [25] —
the two definitions are intertwined 'by sending {(lo, l1, . .-, &, 1) t0 (legr, bry oo,
l1,15). The above definition avoids some powers of —1 in our formulas.) Of course,
we know that 82 = 0, and a quick calculation using (2.2) and (2.3) shows that
§(8p,6(;t,0)) = 1. Thus A% = 0, and we can define the groups Hg (2, S} in the

standard way:
ker A" Z5L(%,S)
mAr-1 B (%, S)

for all 7 > 1. (We bothered to define C3(%, S) so that Im A is defined in the case
r=1)

HE,5) = ;
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As usual, the crunch comes when we consider refinements of 2. Let B =
{Njs}pen be arefinement of 2, with refining map « : B — A such that Ny C Nyg.
Then we obtain a map ¢ : Z5(2%,8) — Z%('B,S) by setting u(r, }) = (:(v),e(}))
where

(W) (z) = vyky(z) and o(A)s(z,5) = An)(z, 8)-

(If K = (ko,... k), then «(K) = (i(ko),...,t(kr}).) Note that ¢«(BL(%,S8)) C
B;(%,5). We claim that the induced map +* on H is independent of the choice
of refining map ¢.

Let 7 be another refining map, and put (7,)) = (s(v), () (T(V),T()\))—l.
Following [30], Section 5.33, we define h, : C"(2,8) — C"1(B,S) by

he@)(e) = [T w5, (&,
i=0

where J = (jo,...,j4r-1) is a r-multi-index and Ji is the (r + 1)-multi-index
(¢(do), - - s ¢(Gi)s 7(G)s - - -, 7(jr=1)). The crucial observation is that h is a homo-
topy operator: for any ¢ € C"(, ), we have

(2.4) hr41(8(0)) 8 (he(a)) = ¢(o)r(0) "

(cf. equation (10) of {30}, Section 5.33). Notice that if « is in Z7(%, S), so that
dx = 1, then g (hr(x)) = ¢(x)7(x)~'. This suggests that we define (u,0) €
Cg'(B,5) by

(")‘7) = (hr(u)z hr‘—l()‘)—l)'

Then A(p,0) = (8u,6(u,0)) = (#,6(u,0)). Moreover

6(1,0)s(2,8) = pa (@) s (v - 2) [ (o( -, 5)), (=)
= he(v ™15 1)1(@)[0 (he-a (A, 9))), (2)] ™
= he (v 1) () [ (8 (M-, 5))), (&) M) (2)r (V) (2) 7]
= (Vs (2)r(N)s(2),

where the third equation holds because of (2.4) and the last equation because h,
is a homomorphism and (v, A) is a cocycle. This shows that (7, ) is in B3 (%8, S),
and hence that * = 7* as claimed.

We may now regard { HZ(2, S)}a, where 2 runs over all open covers of T/G,
as a system of abelian groups directed by refinement. We define H%(T,S) to be
the direct limit.
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The group HL(T,S) is an interesting special case: it classifies certain equiv-
ariant line bundles over 7. To explain, we need to recall some ideas from [24],
Section 4. An equivariant line bundle over a transformation group (T,G) is
a Hermitian line bundle # : L — T with a unitary action u of G satisfying
m(u,(€)) = s - m(£). The equivariant line bundle L is locally trivial over T/G
if each point of T has a G-invariant neighborhood F' such that L is trivial over
F as a line bundle. An equivariant line bundle can fail to be locally trival over
T/G: see Example 4.12 in [24]. (Note that the trivialization is not required to be
equivariant. On the other hand, when we say that two equivariant line bundles
over (T, G) are isomorphic we mean there is a G-equivariant isomorphism between
them.)

PROPOSITION 2.1. The set HL(T,S) is in one-to-one correspondence with
the isomorphism classes of equivariani line bundles over (T, G) which are locally
trivial over T/G.

Proof. 1t is well-known that the isomorphism classes of Hermitian line bun-
dles over T are in one-to-one correspondence with the elements of the Cech group
HY(T,8): the extra structure is exactly what is needed to keep track of the group
action. If # : L — T a locally trivial equivariant line bundle over (T, G), then
there are an open cover {N;} of T/G, Hermitian line bundle isomorphisms

wi 7 pT (V) — p7 (i) x C,
and continuous functions v;; : p~1(N;;) — T such that

(2.5) o7z, w) = i (2, ww5(2))

for all ¢ € p~1(Ni;) and w € C. If 1, denotes the unitary action on the trivial
bundle given by 7,(2,w) = (5 - &,w), then 7, 0 p; ou; ' 0 ;" is an isomorphism of
p~}(N;) x C, and so there are continuous functions A; : p~*(N;) x G — T satisfying

(2.6) u;l(‘l"i—l(%w)) = ‘P;l(s_l -z, whi(2,5)).

A straightforward calculation using (2.5) and (2.6) shows that (v, ) € ZL({N;}, S).
Routine arguments show that the class of (v, ) in H:(T, S) depends only on the
G-isomorphism class [L] of L.

On the other hand, if (v,A) € ZL(%,S) for some open cover A = {N;} of
T/G, we can form a Hermitian line bundle

Hp"l(N,-) x € /n



82 JUDITH A. PACKER, IaiN RAEBURN AND Dana P. WiLLIAMS
where ~ identifies (i, z,w) with (j, z,wr;;(z)), and the formula
u, ([i, 5,0]) = [1,5- z,whi(z, s™1)]

gives a well-defined unitary action of G on L. Another routine argument shows
that cohomologous cocycles give G-isomorphic bundles, and the result follows. 1

REMARK 2.2. If (T, G) is such that equivariant line bundles are automati-
cally locally trivial over T/G (cf. Definition 4.5 in [24]), then H(T,S) parame-
terizes the G-isomorphism classes of all equivariant line bundles over (T, G). We
showed in [24], Proposition 4.8 and Lemma 4.9 that this is the case if G is compact
and abelian, or if p : T — T/@G is a principal G/N-bundle for some quotient G/N
of G.

3. THE PROOF OF THEOREM 1.2

Suppose first that [A, o) € Brg(T) belongs to ker M, so that (A, a) is N-principal,
and that [A,a] € ker S, so that the N-bundle q : (Ax4G)" — Z is trivial. The-
orem 7.2 of [23] implies that o is given on N by a Green twisting map, and the
stabilisation trick (as in, for example, [8] or [4]) that (A, ) is Morita equivalent
to a system (B, Inf 8) inflated from some (B, 8) € Brgn(T). Because the pull-
back construction gives an isomorphism of Br{T') onto Brg n(T") ([2], Section 6.2),
(B, B) ~ (p*C, p*id) for some C € Br(T), and we then have P{[C]) = [A, a]. Since
we have already seen that im P C ker S, this proves that im P = ker S.

That im S = kerd) is precisely the content of [25], Theorem 3.1: for [q] €
HI(Z,ﬁ), the cup product [g] U d¢([p]) € H3(Z,S) coincides with the pairing
([p), [2]} used in [25] (cf. [25], Definition 1.1). (If we use Lemma 1.3 to identify
ker M with HZ(T,S), then S is carried into the homomorphism b : HZ(T,S) —
HY(Z,N); in the next section we shall give a direct proof of the statement imb =
ker (U 8g([p])) based on the proof of Proposition 3.3 in {25].)

It remains to show that ker P = imdj. In view of Lemma 1.3, and the usual
identification of Br(Z) with H2(Z,S), it is enough to prove that

c(z, M) = B2, " =9 g (z,5) £ HY(T, S)

is exact, where p* is defined on cocycles u € Z2(Z,S) by p*(1) := (pop,1). We
shall prove that

(3.1 Bz, ) VD (z,8) 25 HGT,8)
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is exact for all » > 1. Recall that if s;; : N;jj — G are continuous functions
such that s;; N are transition functions for p : T — Z defined relative to a cover
{N:}, then 8g([p]) is the class of the cocycle {n;;x} defined by sixnijr = si555%. If
{y} € 2"=1(Z, N') is defined relative to the same cover, then [y] U §¢ ([p]) is the
class of the cocycle o € Z"+({N;}, §) defined by

(3.2) or(2) = Mgeedooy (2) (1, _y1,0,4,(2)) for z € Np and L] =1+ 2.

Asin [25], Lemma 1.2, one can show that [y]Udg ([p]) = 85 ([7]) U[p], so we could
equally well define a representative for [y]Udg ([p]) by pushing {7} € 27~(Z, N')
forward to Z7(Z, Q//TV) and pairing with {s;; N}.

To prove the exactness of (3.1), we first have to show that p*o{Udgs([p])) = 0.
Since the cup product is natural, we have

p* (v v 8 (v ))"P( 1)U p* (8¢ (7)) = »* (1)) U bc (2" [p))-

Now the bundle p*(p) : p*T — T is trivial (¢ — (%,t) is a global section), and
hence if u represents [y] U 8 ([p]), then [p*u] = 0 in H?(T,S). But we need to
show p*u = 9 n for some cochain € C*~}(T, §) which is defined on a G-invariant
cover {p~1(N;)}, and which extends to an element (5, o) of Cli '(T, S) satisfying
A(n, o) = (p*p, 1). Thus we shall need to look more closely at the above reasoning.

For our present purposes, we use a representative for § ([y]) U [p] rather
than [y] U 6(1([1)]) So we assume 7 : Ny — N has the form v7 = £7|N for some
&r : N — G, let 77 = (8€)s, and observe that {75} is a (r — 1)-cocycle with
values in N+ which represents 9 ([7]). Thus, if {t;;} are transition functions for
p:T — Z, our cocycle i is given by

pE(2) = Thy o koey (2) (Er,_rk,(2)) -

If ki : p~Y(N;) — N; x G/N are local trivializations such that {(z,sN) = h; o

hi'(z,stij(2)), then a cochain trivializing p*({t;;}) = {ti; o p} is given by the

corresponding G-equivariant projections w; : p~*(N;) — G/N: since

Ry (p(z), wi(z)) = & = b7 (p(2), wil=)) = b5 (p(=), wi(z)ti; (p(2))),

we have t;; o p = w;  w;. It is now routine to check that

N3(2) = Tjoiumy (p()) (wi,_y (2)) 7
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defines a cochain in C™"}({p~1}(N;)},8) with 3n = p*(ps). Further, if we define
or :p‘l(NI) xG—Thy

or(z,8) = & (p()) ()7,

then (n,0) € CL}({N:},S), and another calculation shows A(n, o) = (p*p, 1).
Thus p* o (U 86 ([p])) ([7]) = [p*4,1] vanishes in HL(T,S), and we have shown
that p* o (U dc ([p])) =0.

Now suppose that (4] € H"(Z,S) and p*([u]) = 0 in H5(T,S): we have to
find ¥ € Z"~%(Z, N) such that [y] U g ([p]) = [1). Saying p*([s]) = 0 means
(after possibly refining the cover {N;}) that there are n; : p~}(N;) — T and
or : p~Y(Nr) x G — T such that

(3.3) o1(z,st) = or(z, s)or(s™! - z,t)
(34) #x (p(z)) = (9n)x (2)
(3.5) L=n5()ma(s™" - 2)H(80(,9)),(2)7".

We define vy : Ny — N by v1(z)(n) = o1(z,n)~! for any z € p~1(2); (3.3) implies
that o7 is well-defined with values in N, and (3.5) that {7} is a cocycle. We have
to show there are maps ;5 : N; — T such that

'rkon-k,_,(‘)(nk,-,kr-lkr(')) (00)k = pk-

We use the local trivializations kg : p~!(Nx) — N x G/N to define sections
¢k : Ny — T by ck(z) = hy'(2, N), so that ¢;(2) = s;j(2)¢;(2). By (3.4) applied
to £ = ¢ (2),

(3.6) px(2) = (3n)x (ex,(2)-

For each multi-index J = (jo,...,Jr—1), define p; := ns{cj,_,(z)). Then by
expanding the right-hand side of (3.6) using (2.3), we compute that

K (2) = g komy (€60 (2)) Mo koy (s (2) T (00K (2),
= gty s (€1 (2)) Mooy (koo (D), (2) T (B 90D (2),
which by (3.5)

= (3 U( : ’s))ko~“kr_1 (ckr (z)) ' a=sn, ik (2)70 (6 (P)K (Z)



THE EQUIVARIANT BRAUER GROUPS OF PRINCIPAL BUNDLES 85

Again expanding the right-hand side using (2.3), we obtain

[AK(Z) = [Uko“‘kr-z (ckr(z), Sk,_lk,(z)_l)o'ko---kf_akr-r. (ckr(z)1 skr—xkr(z)al)—l e
 Ghykos (8.(2)s 80k (D)) T (0 0)k (2):

Thus if J = (jo, - . ., dr—1) and $3(2) := 05505, _,(€j,_1(2), 8§, 252 (2)71) 7L, then

K (2) = Okgekena (€0, (2), Skems b0 (2) 1) Okgrrkpms (b (2), S0,y (2) 1)
kg (08, (2), 81,k (2) ) T (0 ) ()8 0)x (2)

Chgekrma (Ch (2), 851k, (2) " Sk sty (2) 1)
Tk (08, (2), 88,k (2)71) T B($0)k (2)

Tt kroz (k. (2), (58, oy ()M _atrrk, (2)) )
Chorkya (b, (2), 51, ak (2)71) T B(0) K (2)

= Ok kyon (Ch, (2), Py gk (2)) T O (2),
which, by our definition of v; above, is

= Veokroa(2) (Mky_akrst, (2)) B(¥P)K (2).

It follows that 8; = 1y have the required property.
This completes the proof of exactness of (3.1), and hence also of Theorem 1.2.

Il

4. THE GENERAL GYSIN SEQUENCE

THEOREM 4.1. Let G be a locally compact abelian group, and N a closed
subgroup such that G — G/N and G — @/Nl have local sections. Then for any
principal G/N bundle p: T — Z, there is an ezact sequence

s H(2,8) 28 HE(T,8) 2 BT (2,0 V28D prei(z,s) 28,

The sequence staris with H1(Z,8), and then we claim p}, is one-lo-one.

We begin by defining the homomorphisms in the sequence. For u €
Z"({Ni},S), the class p([u]) is represented by the pair (o p,1) = (p*(p),1)
in ZZ({N:},8); we have added the subscript G to stress that this is not just the
usual pull-back homomorphism p* : H"(Z) — H"(T). If (v,X) € ZL({N:},S),
then the cocycle identity (2.1) for Ay : p~}(N;) x G — T implies that, for n € N,
Aj(+,n) is constant on G-orbits and multiplicative in n; ([, A]) is by definition
the class of the cocycle v5 : Ny — N such that

v1{p(2))(n) = As(z,n) forne N,z e€p 1(N;).
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The homomorphism U g ([p]) is the operation of cup product with the fixed class
i el ([p]), and was described in the previous section, where we also showed exactness
at H™(Z,8) provided r > 2 (see the discussion following (3.1)).

Since it is clear that b o pf; = 0, to show exactness at Hg (T, §) for r 2 1,
we need to see that if (v,A) € Z5(T,S) and ([, A]) = 0 in H™=Y(Z,N), then
there exists u € Z"(Z,S) such that (v, A) is equivalent to (p*(u), 1) in Z%. Saying
b([(v,A)]) = 0 means that we can refine the cover and find & : N; — N such
that (8€)s = vs in all J with |J| = r; by the argument of [3], 10.7.11, we may
also suppose there are maps E; : N; — G such that & = fle. (In case r = 1,
b([»,A]) = 0 means 77 = 1 and we can take £r = 1.} For each J, we define
(r:p~H(Ns) x G/N — T by

Ca(z,sN) = (9€)s (p(2)) (5)" P hs(z, 5);

the right-hand side is well-defined on p~}(N;) x G/N because

(65)1 (p(z)) =75 (P(-’l?)) =As;(z,-) onN.

Note that since (af),, takes values in G and Ar(z,s) is a cocycle in s, (s is also a
cocycle: i.e.,
Ci(z, stN) = (2, sNY (s~ -z, tN).

As usual, we let w; : p~}(N;) — G/N be the G-equivariant projections on the
fibres, and define

ny:p {(Ny) > T by ni(z) = (2, wj,_,(2)) for [J|=r,
or:p Y (NI)x G =T byoi(z,s)= fl(p(x))(s)"l for [I|=r—1.

Since o7 is a homomorphism in the second variable, the pair (n, o) is a cochain
belonging to C5 ' ({N:},S). We claim there is a cocycle u € Z"({N;},S) such
that

(v, A) = A(n,0)(pop,1).

We first prove that »~!(dn) is constant on G-orbits, and hence has the form pop
for some cocycle p € Z7({N;},S). Suppose |K|=r+1 and =z € p~!(Nk). Then

(6K (=) =<ko~~~k.-_1(13» wk,_,(z))(kn..‘k,_l(a:, wk,(z‘))_l(3C( o SN))K(I)lsNzwk,(x).
Now since (v, ) € Z%,

(8¢, sN)) (=) = 38 E)k (p(2))(5) (3 A(+, 5)) ()

=1-vg(z)vg(s™t-z)7L
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For any cocycle ¢, ((,t)¢{(2,9)~! = ((t™! - z,t71g)"L, s0

(@mx(2) = Crorr by (Wepoy (@) 2, i, (2) " wr, (2) ™) vk (2 vk (i, (2) 71 2)
= vk (@) (p(2))

where ptg ¢ Ng — T is defined by

px (p(2) = vic(wi, (2) ™ 2oty (W, y (@) 71 - 2wk, (2) g, ().

Note that since each wi(x) is G-equivariant, the right-hand side of this last equa-
tion is constant on G-orbits, so g is well defined on N ; it is a cocycle because v
and 9 are.

We have chosen u so that v = (§75)(u o p), and to verify (v, A) = A(n, o) (uo
p, 1), we also have to check the second coordinates agree:

ni(z)ns (s~ 2) " (9 0(",5)),(2)7"
= (2 wj,_, (@) (7 3,570 wy,, (2) T8 E)s (p(2)) (5)
= (s(2,5N)(0€)s (p(2)) () = As (2, 5).

This justifies our claim, and we have proved exactness at H.

Next we consider exactness at H™~1(Z, ]V) for » 2 1. We present the main
construction in a separate lemma, which will apply also to certain nonabelian
groups G. A special case was also a key ingredient in [25}, Proposition 3.3.

LEMMA 4.2. Suppose N is a closed ceniral subgroup of a locally compact
(possibly nonabelian) group G, p: T — Z is a principal G/N-bundle, and {N;}
ts an open cover of Z for which there are continuous G/N -equivariant maps w; :
p~Y(Ni) = G/N, and si; : N;j — G satisfying wi(z)si; (p(z)) N = w;(z). Define
nijk : Nijp — N by sijs;: = signijp. Suppose that for each multi-inder J with
|J| = r, there is a continuous funclion Ay : Ny x G — T satisfying

(a) As(z,st) = As(z,8)As(s7 1 -z, ),

(b) (8X(-,n)), =1forn€N, |K[=r+1.

We define xx : Nk x G/N — T by xx(-,5) = (8M(+,8)), and v5 : Ny —
N by 5 (p(2))(n) = As(z,n).

(i) If u € CT({N;},S) satisfies

(4.1) @H)L() = Yoty s () st1,00 (2),

and we define vg : p~Y(N;) — T by

VK(:E) = XK (:E, wkr(w))AkO‘“kr—l (wkr—l(z)_l “L, Sk, 1k, (p(m)))_liuK (p(a:)),
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then v is a cocycle such that (v, ) € ZL({N:},S).
(i1) Conversely, if {vk} is a cocycle such that (v,)) € Z%, then

(4.2) pr (P(:B)) = XK (za wkr(z))—l)‘komqu (wkrux(m)—l Ty Sk sk, (p(a:)))llK(x)

defines a cochain p such that (4.1) holds.

Proof. We begin by observing that, because Aj(x,sn) = As(z, s)As(x, n),
and (9 A(- ,n))K = 1, xk is indeed well-defined on Nx x G /N rather than Ng xG;
further, each xx satisfies the cocycle identity

(4.3) xk(z,5tN) = xx(z,sN)xx (s~ 1 - z,tN).
Next, we set px(z) = xx (=, ws.(2)), and compute g p using (4.3)

(8p)L(x)
(4.4) = Xto-d, (&, W1,(2)) Xto-1, (2, w1, (2)) 710 (x( -, SN (@) | sz, (=)

= x'o"'lr(w’r(z)_l ", wlr(x)_lwlrﬂ (x))—l'

We now define

0k (p(2)) = Aoy (W, (2) 71 - 2, 58,1k, ()

and compute
(4.5)
(36)z(p(=))

= NMoodpes (W1, (&) 2, 50,00, (@) Moty (w1, (2)70 2,81, 1, (2) T
gty (1, (2) 71 - 2, 80,0,4, (@) [(0A(-, 8)), .y (wi,(2) 7 - )
= Moedyey (W, (2)1 - 2, 81,414, (2)) 7
Ngetees (Wi, (2)7F 2,51, _1,(2)81,1,4 (2)) Ko, (w1, (2), 51,0, (2)
= Moty (W1, (2) 7 - 2,10, _41,0,4,(2))(8 P)L(2).

s=81,l,+1($)]

It follows immediately that (8v)r = 1. Also, using (4.3),

vr(z)vg(t™!-z)"! = xk (z, we, (z))xx (171 - z,t7! -wkr(x))_1
= XK(x:t) = (a’\( ’ :t))}{(z)’

so that (v, A) € Z;({N:},S). This gives (i).
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To establish (ii), we notice that, since v is a cocycle, the calculations (4.4)
and (4.5) immediately give (4.1), and the problem is to show that the right-hand
side of (4.2) is constant on orbits. But

xx (™t w71 2)) ok (7 o)
= xxc(t70 2,70 g (2)) 7 (9A(, )k (2) vk ()
= xu (2, t7 e (2)) T xx (e t) vk (o)
= xx (z,wr, (2)) vk (z),

by (4.3). Multiplying this by the expression 0 (p(z)), which is obviously constant
on orbits, gives (ii), and the lemma is proved. 8

Since the right-hand side of (4.1) represents [v] U 8¢ ([p]), part (ii) of the
Lemma 4.2 immediately implies that (Udg ([p])) ob = 0; that is, im (b) C ker(Udc)-
To see the reverse containment, we need to verify that if y € Z"~1(Z, N) satisfies

7]Udg ([p]) = 0, then there exists (v A} € Z% (T, 8) such that v represents b(v, A}.
Because the map G- G/N L = N has local sections, we can by refining the cover
{N;} suppose there are functions ¥; : Ny — G such that v; = %;|N, and define
Arip H(Nj)xG—Thy

(4.6) iz, s) = 71 (p(2))(s).

Then A; satisfies condition (a) in Lemma 4.2, because each F;(z) is a homomor-
phism, and condition (b) because {7} is a cocycle. Since the cocycle on the right
of (4.1) represents [v] U 8¢ ([p]), the hypothesis on y means we can find a cochain
u satisfying (4.1). Thus the Lemma gives us a cocycle v € Z"({N;}, §) such that
(v, X)) € Z5({N:},S), and (4.6) then says that {y;} represents b([»,A]). This
proves the exactness at H™~1(Z, N).

Proof of Theorem 4.1. We have now proved everything except the last com-
ment in the theorem. If [u] € H*(Z,S) is in the kernel of p;, there exist 2 and
(»v1) e Co(ﬂ, S) such that A(v,1) = (p*(p),1). But §(v,1) = 1 says precisely
that each v : p~*(N;) — T is constant on orbits, hence has the form 7; o p for
some 7; : Ny — T. Now §(p*r) = p*(p) implies that [u] = 0 in H(Z,S). This
completes the proof of the theorem. #



90 JUDITH A. PackeRr, Iain RAEBURN AND Dana P. WILLIAMS

5. EXAMPLES AND APPLICATIONS

5.1. DIRECT PRODUCT GROUPS. When the extension 0 — N — G — G/N —
0 splits, G is isomorphic to the direct product of N and @ := G/N, and the
coboundary map 0g is zero. Thus 8¢([p]) = 0 for any Q-bundle p : T — Z, and
the Gysin sequence of Theorem 4.1 gives a short exact sequence

0 — HX(Z,8) L5 HLT,S) = HY(Z, A1) — 0.

This sequence is also split: if {v;} € Z'({N;},N), then Aij(z,(n,q)) =
T35 (p(z))(n) defines a cocycle (1, ) € ZZ({p~"(N:)}, S) satisfying b([1, A]) = [yi5]-
Thus we can deduce from Lemma 1.3 that

ker M = H?(Z,8) ® HY(Z, N)).

If N is discrete, then the canonical map of Z!(N,T) onto HY(N,T) has
a splitting ¢ ([12], p. 82), which induces a splitting 6, for the natural map of
H*(N,C(2,T)) into C(2Z, H¥(N, T)) (see the proof of [18], Theorem 1.1). Since
there is a natural homomorphism & of H2(N,C(Z, T)) into Bry(Z2) (as in [2]), we
obtain a splitting {08, for M : Bry(Z) — C(Z, H*(N, T)) such that each £08,(f)
is realized by a system (Co(Z,K), /). We can use this to define a splitting ¢ for
M : Brg(Z) — C(Z,H*(N,T)): realize Co(T,K) as Co(T) ®¢(z) Co(Z,K), and
take ¢(f) to be [Co(T, k), o] where o .\ := (id ®c(z) B]) o (1, ®c(zy id). We
conclude from this and the previous paragraph that, for any Q-bundle p : T' — Z,

(5.1) Bryxo(T) = HX(Z,8)® H'(2,N)® C(Z,H%(N, T)).

This generalizes Corollary 2.6 of [18], at least for compactly generated N and Q.

To extend this analysis to nondiscrete N, we need a splitting of Z2 — H?Z.
Our approach to this problem uses structure theory, so we first consider some
special cases. The following description of H %(G,T) is essentially known (for
example, in [13], Section 10, much of it is stated without proof).

For d 2> 2, let LT4(R) denote the set of strictly lower triangular real matrices;
as an additive group, LT4(R) = RY4-1)/2_ For 4 € LT4(R) definew, :RxR— T
by wa(z,y) := exp(27i-z'Ay). Then A — wy is a continuous horﬁomorphism
of RY4-1)/2 = LT,(R) into x(R?, T), the group of bicharacters on R¢ with the
compact-open topology. Since x(R?, T) embeds continuously in Z2(R¢, T) (conver-
gence in the compact-open topology certainly implies convergence in measure), we
have a continuous map A — [w4] of R¥4=1)/2 ingo H2(R?, T), which is bijective by,
for example [29], Theorem 10.38. We know from [15], Theorem 7 that H2(R%, T) is
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Polish, so by the Open Mapping Theorem A — [w4] is an isomorphism of topolog-
ical groups. Similar arguments and the results of [1] show that A — [ws |Z¢ x 7¢]
induces a topological isomorphism of T4(4-1)/2 onto H?(Z4, T), for d > 2. In
both cases, w4 gives an explicit parametrisation of H? by bicharacters, which is
continuous in the compact-open topology. (Note that w4 is unchanged on 29 x Z4

if we add an integer to any entry in A, so the parametrisation is continuous on
Td(d—l)/2.)

LEMMA 5.1. Suppoese G1, G, are second countable locally compact abelian
groups such that there are continuous homomorphisms ¢; : H(G;, T) — x{(Gi, T)
which split the canonical map (i.e., which satisfy [pi([w])] = [w]). Then there
is a continuous homomorphism ¢ : H2(Gy x G2, T) — x(G1 x G2, T) such that

[e(lw))] = [w]-

Proof. We define a continuous homomorphism % : Hom(Gy, Ga) — x(G1 x
G2, T) by
Tl)(')’)((Sl, '52)! (tls t2)) = 7(31)(t2)

Let Res; denote the restriction map of H?(Gy x G2, T) into H*(G;, T). Then
there is an isomorphism d : ker(Res; x Resp) — Hom(G;,@z): this result goes
back to Mackey, but is an easy special case of the discussion in [19], Appendix 2,
which also makes it clear that - splits d. We know that H2(G; x G, T) is Polish
([15], Theorem 7), and ker(Res; x Ress) is a closed subgroup because Res; is
continuous ([14], Proposition 27). Since 4 is continuous for the compact-open
topology on Hom(G;,ag) and the Polish topology on Z*(G; x G,,T), it is a
continuous isomorphism of Hom(G1, 6-’2) onto the Polish group ker(Res; x Resy).
Thus the Open Mapping Theorem implies that the inverse d is continuous. We
now define ¢ by

o([w]) = [ (Res1 ([w]))

5.2
(5-2) x @3 (Resz([w]))] [ o d{[w]Inf; o Resi([w])~'Inf; o Resy([w]) )],

where Inf; : H3(G;, T) — H*(Gy x G, T) are the inflation maps. 1

COROLLARY 5.2. For any elementary locally compact abelian group G there
is @ homomorphism ¢ of HX(G,T) into x(G,T) which is continuous for the
compact-open topology on the group x of bicharacters, and satisfies [p([w])] = (w].

Proof. We may suppose G = R* x 2™ x T" x F', with F finite. Since we have
verified the hypotheses of the Lemma 4.2 for R¥ and Z™, H*(T", T) = 0 ([11],
Proposition 2.1), and H2(F,T) is finite, the Lemma 4.2 applies. 1
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Now suppose p : T — Z is a principal @-bundle, and N is an elementary
locally compact abelian group. Given f € C(T,H*(N,T)), the Corollary gives
a lifting g : T — x(N,T) which is continuous for the compact-open topology
on x(N,T) C C(N x N,T). If we give everything the compact-open topology,
C(T,C(N x N,T)) is naturally topologically isomorphic to C(N x N,C(T,T)).
Thus the lifting gives a continuous map of N x N into C(T, T) which is multi-
plicative in either variable, and hence is a cocycle in Z*(N, C(T, T)). Thus we can
extend the above aualysis for discrete N to obtain:

THEOREM 5.3. Suppose that N and Q are second countable locally compact
abelian groups, and that N is elementary. Then for any principal Q-bundle p :
T — Z, we have

Brvxo(T) = H*(2,8)® H'(2,N) ® C(Z, HX(N,T)).

REMARK 5.4. An amusing consequence of this Theorem and the correspond-
ing result for trivial Q is that the map (A, @) — (Co(T)®¢(z) 4, (iId®a) x (T ®id))
induces an isomorphism of Bry(Z) onto Bryxg(T). This is nonobvious, but is
known to be true for arbitrary N and @Q; it is the content of Proposition 7 of [10].

5.2. RESTRICTION AND INFLATION. Associated to any normal subgroup N of
G is a natural restriction map Res : Brg(7T) — Bry(T) such that Res([A4,]) =
[A, «|NT; if N acts trivially on T, there is also an inflation map Inf : Brgn(7") —
Brg(T) such that Inf([A, a)) = [A, Inf a], where Infe is the composition of a :
G/N — Aut A with the quotient map of G onto G/N. We trivially have ResoInf =
0, and anyone familiar with group cohomology will immediately wonder if one
can describe ker(Res)/im (Inf). First we shall apply our main theorem to this
problem, next we shall give an alternative answer in terms of a group-cohomological
invariant, and then we shall compare the two answers using the theory of [23].

COROLLARY 5.5. Suppose G, N and p : T — Z salisfy thc hypotheses of
Theorem 1.2. If (A, a) € Brg(T) and Res([A,e]) = 0 in Bry(T), then [A, o] €
ker M. The class S([A, a]) in Hl(Z,m vanishes if and only if there is a sysiem
of the form (Co(T,K), B) € Brg n(T) such that [A, o] = Inf[Co(T, K), B].

Proof. Since M(A,a) = M(A,«a|N), it is clear that M([A,a]) = 0. Next,
suppose that (Co(T, X), ﬁ) € Brgyn(T), and let 7 denote the quotient map of &
onto G/N, so that Inf(C'g(T,K,),ﬁ) = (Co(T,K),f o 7). Then by a theorem of
Olesen and Pedersen ([16]),

ColT, K) % por G = IndS., (Co(T, K) %G/ N, B).
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Since G/N acts freely and properly on T = Co(T, K)', Co(T,KY=G/N is a
continuous-trace algebra with spectrum Z = T'/(G/N) ([6]), and the induced alge-
bra has spectrum G-homeomorphic to G/N+ x Z = N x Z because N+ = (G/N)"
acts trivially on (Co(T,K)¥G/N)" (e.g., [22], Proposition 3.1). (Alternatively,
we could use the isomorphism of Brg,n(T") with Br(Z) to write [Co(T, K), 8] =
[p* B, p*id] for some B € Br(Z), and then compute

p* BpriaG = (Co(T) ®c(z) B) ¥r@o(5idG = (Co(T)®G) ®c(z) B.)

Conversely, if S([4, o}) = 0, then our main theorem says there exists B € Bt(Z)
such that [4,a] = P([B]) = [p*B,p"id]. However, [A,a|N] = Res([4,a]) = 0
implies 6(A) = 0, so that p*B must be stably Co(T")-isomorphic to Co(T,K).
Since the action p*id of G on p*B is inflated from G/N, so is the corresponding
action on Co(T,K). @

REMARK 5.6. Because pulling-back induces an isomorphism of Br(Z) onto
Brg;n(T), we can alternatively say that S{[A,e]) = 0 if and only if there exists
B € Bt(Z) such that p*(§(B)) = 0 and [4, o] = [p* B, p*id].

PROPOSITION 5.7. Suppese G, N and p : T — Z salisfy the hypotheses of
Theorem 1.2. If (A, a) € Brg(T') and Res([4, o]} = 0 in Bry(T), then there is a
class dy(a) in H*(G/N,Hom(N, C(T,T))) which vanishes if and only if there is a
system of the form (Co(T,K), B) € Brg/n(T) such that (A, o] = Inf[Co(T', K), B].

Proof. Tt follows from (2], Lemma 3.1 that Res(A, a) is trivial if and only if
A is stably Cp(T)-isomorphic to Co(T,K) and the action a|N ®id of N on A®K
is outer conjugate over T to the trivial action; equivalently, o|N ® id = Adu for
some strictly continuous homomorphism v : N — UM(A ® K). So we may as
well suppose that (A, a|N) = (Co(T,K), Adu). In the notation of [23], Section 5,
comparing a,(u,) with u,, gives a cocycle (A, p) € Z(G, N;C(T, T)) which is triv-
ial in the relative cohomology group A(G, N;C(T,T)) if and only if we can adjust
u by scalars to obtain a Green twisting map for & on N ([23], Proposition 5.4).
Since u is already a homomorphism, the 2-cocycle u in Z2(N,C(T,T)) is iden-
tically 1, and the first component A belongs to Z1(G/N,Hom(N,C(T, T))) (see
formulas (5.7), (5.8) and (5.9) in [23]). An arbitrary cocycle (A, u) € Z(G,N; M)
is trivial if and only if there is a Borel map p : N — M such that p = 0p and
A(s,n) = s - p(n)p(n)~1. If p =1, p has to be a homomorphism, and hence our
(X, 1) is trivial if and only if there is a (Borel, hence continuous) homomorphism
p: N — C(T,T) such that A(s,n) = s p(n)p(n)~!, i.e., if and only if the co-
cycle X in 21 (G/N,Hom(N, C(T, T))) is a coboundary. Thus A — (A, 1) embeds
HY(G/N,Hom(N,C(7,T))) in A(G, N;C(T,T)), and we can define di(e) := [A].
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If o is inflated from an action of G/N, then we can take u = 1 in the
construction of the previous paragraph; since the class [}, u] is independent of the
choice of u, it follows that [A, 1] = 0 and d;(a) = 0. Conversely, if d;{a) = 0, then
o is implemented by a Green twisting map over N. From the stabilization trick
(the version of (8] or [4]) we deduce that (Co(T,K), @) is Morita equivalent to a
system in which the action of G is inflated from an action of G/N. Since every
stable algebra which is Morita equivalent over 7" to Co(T, K) is Co(T')-isomorphic
to Co(T,K) (cf., the end of the proof of Lemma 2.3, [25]) we can deduce that
(Co(T,K), &) ~ (Co(T, K), Inf B} for some action 8 of G/N on Co(T,K). Finally,
because this equivalence respects the actions of Cg{T"), £ must induce the given
action of G/N on T, so that {Co(T,K), ) € Brgun(T). 1

The theory of [23] connects these two viewpoints. Associated to each cocycle
(A p) € Z2(G,N,;C(T,T)) is a commutative diamond

Ey
Fou) T
z

of principal bundles, in which the southeast arrows are N-bundles and the south-
west arrows are G/ N-bundles ([23], Proposition 6.3). If [, y] is the obstruction to
realizing @ : G — Aut A by a Green twist on N {[23], Section 5} and the cocycle

S Zz(N C(T, T)) is pointwise trivial, then the system (A, &) is N-principal and
}"(,\ u) is N-isomorphic to (A% ,G)" ([23], Proposition 7.1). When Res([4, a]) = 0,
p is trivial, so E, = p" F(, , is trivial. From Theorem 7.3 of (23] we deduce that
(A, 1) & F(a,1) induces a bijection between [A] € HY(G/N,Hom(N,C(T, T))) and
the (classes of) N-bundles F over Z such that p” F' is trivial.

It is interesting to note that, even though the group-theoretic invariant d;(«)
is ostensibly more tractable than the topological invariant S(A, «), our topological
theory currently yields more information. Thus, for example, it seems hard to see
directly what the range of d, is, whereas we have an explicit criterion [g]Udc([p]) =
0 for the realizability of an N-bundle ¢ : F — Z as S(A, a).

ExaMPLE 5.8. (Showing that d; is not in general surjective) First note
that since p*[p] = 0, p : T — Z is realisable as F(; 1) for some A € Z! (G/N,
Hom(N, C(T, T))) Thus we just need to see that p : T — Z is not necessarily
realisable as S(A, a) for soine N-principal system (A, &) € ket M C Breg(T). For
a concrete example, we take G = R, N = Z, and p : §2**! — P,(C) to be the
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canonical circle bundle over complex projective space P,(C) for n 2 2. The image
of [q] U dr(lp)) € H*(Z,8) in H*(Z,Z) is 8r([q]) U 8a([p]), which is the product
of dr([¢]) and da([p]) in the cohomology ring H*(Z,Z). Since H*(P,(C),Z) is a
truncated polynomial ring with generator dg([p]) (e.g., [28], Theorem 5.8.5), we
certainly have dg([p])? # 0 in H*(P,(C),Z) = Z. Thus the class [p] is not realis-
able as S({4, a]), and the corresponding [A] € H'(G/N, Hom(N, C(T, T))) is not
realisable as dy(a).

5.3. THE CASE G = R*, N = Z* We shall show that the natural map of
Hgi(T,8) into H"(T,§) is injective (Proposition 5.10 below). This will lead to
the following striking improvement of Corollary 5.5.

COROLLARY 5.9. Suppose p: T — Z is a principal T*-bundle. If (A, a) €
Brgx (T) salisfies Res([A, a]) = 0 in Brgx (T), then there is a system of the form
(Co(T,K), B) € Bryx(T) such that [A, o] = Inf[Co(T, K), A].

Proof. Since we certainly have M([A, «]) = 0, Corollary 5.5 says it is enough
to prove that S([A, a]) = 0, and since S([A, a]) = b(6(4, )), it is enough to prove
6(A, @) = 0. But [4, a|Z¥] = 0 also implies §(A) = 0, and because

Bra+(T,S) -2+ H2,(T,S)

Fl !
B(T) — HXL,S)

commutes, Proposition 5.10 forces 6{(A4,a)=0. #

PROPOSITION 5.10. Suppose that p : T — Z is a principal TF-bundle. If
r 20 and (1,)) € Z&tl({Ni},S) and {N;} is locally finite, then for each multi-
indez J with |J| = r there is a conlinuous function oy : p~(Ny) x RE - T such
that

c1(z,0+ ) = cs(z,0)0:(e” 2™ . 2, )

and
(8e(- ,B))K(J:) = Ag(z,0) for |K|=r+1, z€p~YNg), § € RE.

In other words, [1, A} = 0 in HRf'({N:},S), and the natural map of HZE (T, S)
into H™Y1(T, 8) is injective.

Proof. The cocycle identity for Ax implies that Ag(z,0) = 1 for all z, and
since the map f; : p~!(2) x R¥ x [0,1] — T given by fi(z,8) = Ax(z,t0) is a
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homotopy joining Ax = f1 to Ag(-,0) = fo, it follows that for each z € Ni there
is a continuous function a% : p~1(z) x R¥* — R such that a}(z,0) = 0 and

Ak (z,0) = exp (2miok(x,0)) forz e p~'(z), @ €R;

further, since the kernel of exp(2ni-) : R — T is discrete, any other lifting §
defined on a connected set of the form p~1(2) x B, and satisfying f(z,0) = 0,
must agree with a® throughout that neighborhood. The same argument applied
to the function

(e— 2mi8

ag(z, 8+ ) —ak(z,8)— ok z,p)

shows that a% is a cocycle in 8. Thus the function ag : p~!(Ng) x R* — R
defined by
ak(z,0) = off )z, 6)

is a cocycle in 0, and we claim that it is also continuous. For if 2 € Ng, we
can use the local triviality of p over Nk to extend o) to a function R} defined
on p~!(M) x R* for some neighborhood M of 2, and then Ag exp(—2miRi) is
a continuous function on p~'(M) x R¥ which is identically 1 on p~1(z) x RE. If
B is any compact neighborhood of 0 in R*, we can use a standard compactness
argument to find a smaller neighborhood N of z such that

Ik (z,8) exp (- 2miRy(2,8)) — 1| < 2 for (z,0) € p~}(N) x B,

and then take logs to find a continuous function 8 : p~'(N) x B — R such that
B(z,0) = 0 and hg = exp(27iB) throughout p~!(N) x B. The uniqueness of the
lifting on each fibre p~!(z) x B implies that ax = S throughout p~!(N) x B,
and hence ag itsellf must be continuous there. But z was an arbitrary point of
p~}(Nk) and B an arbitrary neighborhood of 0, and hence ax is continuous on
all of p~}(Ng) x RE.

Since (1,A) is in Z;ffl, we know that (3)&(-,9))‘5 = 1for all L with |L]| =
r + 2, and hence

exp (2mi{8a(-,8)),) = 8 (exp (27ia(-,0))), = (8M(-,0)), = 1;

thus (8a(-,0)),(z) is a continuous Z-valued function of (z,8) satisfying
(8af(- ,O))L(:c) =0, and is therefore identically 0. Since the sheaf R of R-valued
functions is fine, H*+1(T, R) = 0, and ax( -,0) is equivalent to a coboundary, and
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in fact can be realized as a coboundary relative to the same cover {p~1(N;)}: if
{pi} 1s a partition of unity subordinate to {N;}, just take

Bi(z,8) = Z pi (p(2)) eis (=, 8),

where iJ denotes the r 4+ 1-multi-index (7, jo,. .., fr~1). (Since p; vanishes on 9N,
extending each summand to be 0 on N; \ N;; gives a continuous function on Ny
It is easy to verify that we then have 88(-,8) = o, and ; is a cocycle in 8 since
each ax 1s. Thus if we write

oy(x,0) = exp (QWiﬁJ (3:,9)),

then we have (1,0) € CR. ({N:},8) and A(1,¢) = (1,)), as required. 8

ExaMpPLE 5.11. In view of Corollary 5.9, one might guess that
(Co(T,}C)xo,G)A is homeomorphic to Z x N whenever «|N is unitary. This is
not true: there is something special about the case G = R*, N = Z*. For an
example, take G = Z,2 := Z/n®Z, and N the subgroup isomorphic to Z,, so that
G/N = N 27, also. For p and ¢ we take the n-fold covering z — 2" : T — T.
Since H*(T,Z) = 0, the class [g) U 8g([p]) trivially vanishes, so there is a sys-
tem (A, o) € Brz_,(T) with (Ax4Z,2)" = T as principal Z,-bundles. Because
p*[g] = p*[p] = 0, we know that Res : (Ax,Z,)" — A is trivial, and « is unitary
on N = Z, by [20], Proposition 2.5. Notice that §(A) also trivially vanishes, so
we may take A = Co(T, K).

5.4. THE cASE G = R, N = Z: THE UsUAL GYSIN SEQUENCE. To recover
the usual Gysin sequence, we need to identify the equivariant groups Hg(T,S)
with H"(T',§). There is a natural homomorphism taking [v, A] to [¢], and we have
already seen that it is injective. To prove it is surjective, we have to know that
every class in H"(T, S) can be realised by a cocycle defined on T-invariant covers.
This is not true for higher-dimensional torus bundles {consider the trivial bundle
over a point), but for classes which can be realised this way our argument works.

PROPOSITION 5.12. Suppose that p: T — Z is a principal T-bundle. Then
every class in H™(T, S) can be realized by a cocycle defined on a cover of the form
{p~'(Ni)}, for some open cover {N;} of T/R.

LEMMA 5.13. Suppose thai p : T — Z is a locally irivial fibre bundle with
a paracompact basc space Z and compact fibre F. If z € Z is fized and {Mx} €
Z"({M;},8) is a cocycle such that [Ak | prynp-1(2)] is trivial in H™ (p~1(2),S),
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then there is a neighborhood N of z such that [Ag |ﬂ'fxﬂp"1(N)] is irivial in
H(p~Y(N),S).

Proof. By refining { M;}, we may assume it is locally finite, and that there are
px : Mg Np~'(z) — T such that g = A |p~!(z). We choose a neighborhood M
of z such that p~*(M) meets only finitely many M; and p~!(M) is homeomorphic
to M x F, and extend {yx} to a cochain on p~}(M) = M x F by taking it to be
constant on M-slices. Then A(§p)~! is a cocycle on p~!(M) which is identically
1 on p~!(2). Since there are only finitely many functions involved, we can find a

smaller neighborhood N of z such that

“lfay _ ™\ _ -1
|AK(z)(6u)K (z) - 1| < |exp (r+ 1) 1‘| for z € Mg Np~'(N).
Now log (AM(8 #)~!) is a cocycle with values in the fine sheaf R of R-valued func-’
tions, and hence equal to 3 v for some cochain » € C"~}{({M; Np~!(N)},R). But
then

Ak |p"1(N) =(8u)k exp(0v)r = B(uexpv)k
is a coboundary, and the result follows. B

Proof of Propesition 5.12. We apply [5], Theorem I1.4.17.1, which asserts
that if 17 is the sheaf generated by the presheaf U — H4(p~(U), ), then there
is a spectral sequence with E}? = H"(Z, H?) which converges to H"t9(T, §). By
definition, the stalks of the sheaf H? are

Hi(z) = li_n}{Hq (p~'(U),8) : U is an open neighborhood of z}.

Since p~!(z) is homeomorphic to T, and H4(T,S) = H*Y(T,2) = 0 for ¢ >
1, Lemma 5.13 implies that if U is a neighborhood of z, then every element of
HY(p~*(U),S) vanishes in HI(p~'(N),S) for some smaller neighborhood N of
z — or, equivalently, that the direct limit #%(z) is trivial. Thus for ¢ 2 1, all
sections of the sheal H? are trivial, E;'Y = H"(Z,H?) = 0, and the statement that
{E"9} converges to H™+ just says that En0 = EJ'° = H"(Z, H°) is isomorphic to
H™(T,8). But by definition H(U) = H(p~(U),S) = C{p~'(U), T), and hence
HT™(Z,H") is the subgroup of H"(T,S) consisting of cocycles which are realizable
on covers of the form {p~1(N;)}. 1



THE EQUIVARIANT BRAUER GROUPS OF PRINCIPAL BUNDLES 99

PROPOSITION 5.14. Suppose p : T — Z is a principal T*-bundle and ¢ is
a class in H™(T,S) with a representative defined with respect to a cover by Tk
invariant sels. Then there is a cover {p~}(N;)} of T for which there ezisis a
cocycle vg : p~ (Ng) — T with ¢ = [V], and functions Ay : p~'(N;) x R* — T
such that (v, X) is in 25, ({N:},S).

Suppose that vg : p~}(Ng) — T is a cocycle representing the class c. We
want to show that {vx} is equivalent to a cocycle of a standard form, and for this
we will need some notation.

We recall that there is an isomorphism

k
L N
exp (QwiC(T"’, R))

deg : [TF, T] =

which is uniquely characterized by insisting that, if m = (my,...,m;) € Z¥ and
w™ denotes the function (wy,...,wy) — Hw{"", then deg(w™) = m. If ( € T*
and f: T® — T, then the function o¢(f) gi':'en by w — f(w¢) has the same degree
as f: choose a path ¢; joining { = {; to {o = 1, and then o, is a homotopy joining
a¢(f) to f. Asin Section 2, we let h; : p~1(N;) — N; x T* be local trivializations,
so that the transition functions t;; : Ni; — T satisfy

hi o bz, w) = (2,wtij(2)).

Then the above observations about deg imply that, if z&€ N;; and f € C(p~(2), T),

we have

deg(w — f o hi'(z,w)) = deg(w — f o b7 (z,w)),

and hence we have a well-defined family of homomorphisms
deg, : [p7(2),T] = ZF forze Z.

(If ¥ = 1, we have just defined an orientation on the circle bundle p : 7' — Z.)
We now define my : Nx — Z* by mi(z) = deg, (vk |p~*(2)); note that

{mxk} isin Z"({N;},Z%) because {vk} is a cocycle and deg is a homomorphism.

The local trivializations h; define T*-equivariant maps w; : p~Y(N;) — T* by

hi(p(z), wi(z)), and we can now give our standard form for {vx}.
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LEMMA 5.15. We can refine the cover {p~1(N;)} to ensure there is a cochain
pin CT({N;},8) such that v is equivalent to the cocycle in Z7 ({p~1(N:)}, S) given
by

we, (2)™ ) e (p(z)) for z € p~'(Nk).

Proof. 1If z € Nk, the cocycle defined by
(rrewi™)(z) = vic (2w, (2™ ()

has degree 0 on the fibre p~!(2), and hence equals exp(27ifx) for some con-
tinuous function Bk : p~'(z) — R. We can extend each fx to p~!(Nk), and
then vgw, ™ exp(—2mifk) is identically 1 on p~1(2). Reasoning as in the proof
of Lemma 5.13, we can find a neighborhood N of z and a continuous function
o : p~}(N) — R satisfying

vkwy ™ = exp(27ia) throughout p~!(N).
We can now refine the cover {p~(N;)}, using the argument of [3], 10.7.11, to
ensure that there are continuous functions ax : p~}(Ng) — R such that
u;((z)wk,(z)"""‘(”(”)) = exp (2miak(z)) for z € p~1(Nk).
If |L| = r 4 2, then

xp (27i(9 @)1 (=) = wn, (2) ™ot (O, (z)rotemsrens ().

B wkr-{-l (w)_ka""‘r—z“Tkr-}l (p(:r:)) P

= (e, () o, ()] ™0 Dy ()00 (00

= Lk kg (p(z))mku...k,. (p(a:)) ’

since {mg } is a cocycle and w] 'w; = t;; o p. Since this last formula depends only
on p(z), we can average the left-hand side over T*-orbits without changing the
right-hand side. Thus we set:

1 1
MK (p(:c)) = exp [QWi (/ . ~/a1((ezﬁa -z) déy .- .dgk)] ,

1] 0

observe that the coboundary operator pulls through the combination of exponen-
tial and integral, and deduce that

(5.3) (8m)i(p(2)) = exp (27i(8 a)r(z)) = 8 (exp(2ria)), (2).
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To prove the lemma, it is enough to show that {exp(2wiag)} differs from
{1k} by a coboundary. If we set

1 1
sK(z)=aK(:c)—/-~-/cxK(e2”w -z)dé; - - - db,
0 0

then exp(2misk) = (exp(2miax))uy’, and (5.3) says that exp (27i(@s)L) = 1;
thus (8 s)r, is constant on connected components. On the other hand,

1 1
(09):() = (@a)z(@) - [ - f (9 (™ - 2)doy -~ by
0 0

vanishes at some point of each fibre, and because the fibres are connected, we
deduce that (9s)r is identically 0. Thus {sx} is a cocycle in Z"(T,R), and
is therefore equivalent to a coboundary. Thus {exp(2wisg)} is a coboundary,
{exp(2miak)} differs from {ux} by a coboundary, and the lemma is proved. 1§

Proof of Proposition 5.14. We replace {vx} by the equivalent cocycle
{w¥ux}. Although {mg} may be non-trivial as a cocycle in Z7(Z, 75), it
is equivalent in Z7(Z,R*) to a coboundary, and, by refining, we may suppose
mi = (8n)k for some cochain n € C™~1({N;},R¥). We now have

l/K(e‘—zﬂ'il? . z) = exp (_ 2,,-3(9 Mg (p(x))))wkr(x)mx (P(m)) BE (p(w))
= exp { — 27i(0 - mx (p()))) vk (2)
= exp ( — 27i(0 - (8 )k (p(2)))) vk (2).

If we define Ay(z,8) = exp { — 27i(8 - 77 (p(x)))), then the above says precisely
that 3 A(-,0) = v-(8-v)~!, and since A; is clearly a homomorphism in 6, we have
found A such that (v, ) isin Zg,(T,S). &

REMARK 5.16. Since Hy.(T,S) need not map onto H"(7,§), it is instruc-
tive to note where it was crucial to take G = RE. If we had required ); well-defined
on p~}(N;) x T* rather than p~!(N;) x R¥, we would need exp(2#if - 1) to de-
pend only on exp(27if) € T*, and hence 7y would have to take values in ZF
rather than R*. So it is because {mx} need not be a coboundary in 27(T,Z*)
that we may not be able to construct the family {A;}. If the cocycle {my} is
trivializable in Z"(T,Z* /qZ¥) for some ¢ € Z*, then A;(-, ) will be well-defined
for 8 € T* = R*/qZ*, and (v, A) will belong to Z5.(T,Z), where the action of T*
on T is defined in terms of the given action by zxz = 27 - z.
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THEOREM 5.17. Ifp: T — Z is a principal T-bundle, then the map [v, ] —
[v] is an isomorphism of Hg(T,S) onto H™(T,8) for allr 2 1.

Proof. f p : T — Z is a circle bundle, Propositions 5.12 and 5.14 imply
that [v, A] = [v] maps Hi(T,S) onto H"(T,S), and Proposition 5.10 implies that
this map is an injection. (To apply Proposition 5.10, one needs to observe that
if v, = 8(px), then (v, A) ~ (1,1) where Ax(z,s) = Ax(z, s)px(z)px (s~ - z).)
Thus the theorem is proved. 1

For higher-dimensional torus bundles, Propositions 5.14 and 5.10 immedi-
ately give

COROLLARY 5.18. Suppose that p : T — Z is a principal T*-bundle. Then
the map [v, \] — [v] is an isomorphism of Hg, (T, S) onto the subgroup of H™ (T, 5)
consisting of classes which are realizable by cocycles defined on covers by invariant
sels.

CoROLLARY 5.19. (The Gysin sequence for a circle bundle) Suppose that
p:T — Z is a principal T-bundle over a locally compact paracompact space Z.
Then there is an ezaci sequence

o BHY(2,0) 25 (T, 1) 25 B (2,0 V28 gz ) —

where § ([p]) denotes the class of the bundle in H*(Z,12).

Proof. Theorem 4.1, Theorem 5.17, and the natural isomorphism § = g of
H"(-,8) onto H™1(-,Z) give us a diagram

o~ HY(Z,8) PR HNT,S) = HT-Y(2,8) VR griyzos) -
13 _ ! 18 18
= (2D 2 T 2 HR(2,7) V2B grevzzy -

in which the vertical arrows are isomorphisms, and the top row is exact. Thus
all we have to prove is that the diagram commutes. Since pg{p) = (p*p, 1) and
the isomorphism of Theorem 5.17 takes [, A] to [v], the commutativity of the first
square follows from the naturality of §. That of the third square follows from the
realization of the cup product in Cech cohomology in terms of cocycles (3.2). It
therefore remains to identify the homomorphism & with p:.

The map pi, often known as infegration over the fibres of p, can be realized
on H*(T,8) = H™tY(T,Z) as follows. We fix an orientation for the bundle p :
T — Z — that is, a family of homomorphisms deg, : [p~!(2), T] — Z (see the
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discussion preceding Lemma 5.15). If we realize a class in H™t1(T, Z) via a cocycle
v € Z"(T,S), then p([v]) is the class of the cocycle

my (z) = deg, (vk |p7(2))

in H"(Z,Z). On the other hand, if we extend v to an element (v, A) of Zg(T,S),
then a cocycle ¢ € 27(Z,Z) representing the image of b(v, ) € H™~Y(Z,N) =
H™Y(2,8) in H"(Z,Z) is obtained by writing vs(2) = exp (277,(z)) for some
%7 : N;y — R, and taking

Ex(2) = (8%)k(z) €eZ = N.

If we examine our construction of A compatible with v (see the proof of Proposition
5.14}, we find v; has a natural extension ¥y : Ny — R satisfying (3 9)x = mk,

and hence we do have b(v, A) = pi(v), as required.
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