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ABSTRACT. We extend the recent stability results of Ambrozie for Fredholm
essential complexes to the semi-Fredholm case.
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Let X,Y be Banach spaces. By an operator we always mean a bounded linear
operator. The set of all operators from X to Y will be denoted by £(X,Y).
Denote by N(T) and R(T) the kernel and range of an operator T € £L{X,Y).
Recall that an operator T : X — Y is called semi-Fredholm if it has
closed range and at least one of the defect numbers o(T) = dim N(T), B(T) =
codim R(T’) is finite. If both of them are finite then 7" is called Fredholm.
The index of a semi-Fredholm operator is defined by ind (T} = o(7T) — B(T).
We list the most important classical stability results for semi-Fredholm op-

erators:

Let T : X — Y be a semi-Fredholm operator. Then:

(1) There exists € > 0 such that ind7" = ind T for every (semi-Fredholm)
operator T € L(X,Y) with ||TV - T|| < .

(2) There exists € > 0 such that «(T') < o(T) and §(T") < B(T) for every
(semi-Fredholm) operator TV € £{X,Y) with ||TV - T|| < €.

(3) ind (T") = ind (T') for every (semi-Fredholm) operator 7" € L(X,Y’) such
that 7' — 7" is compact.
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(the condition that 7" is semi-Fredholm is satisfied automatically for operators

close enough to 7'; this will not be the case in more general situations).

These results were generalized for Banach space complexes. By a complex it
1s meant an object of the following type:

é [} bpe Snot
K: 0— Xg—2 X —5 - 23 X, = Xy —0

where X; are Banach spaces and §; operators such that &,;6; = 0 for every i.
The complex K is semi-Fredholm if the operators §; have closed ranges and
the index of K,

ind(lC):Z(—.i)"ai(}C), where o;(K) = dim(N(&)/R(6;-1))

is well-defined.

It was shown in [1], [14] that the index and the defect numbers a; of semi-
Fredholm complexes exhibit properties (1) and (2). Property (3) proved to be
surprisingly difficult. Some partial results were obtained in [11] and for Fred-
holm complexes (or better to say for Fredholm essential complexes) it was proved
recently by Ambrozie ([2], [3]).

The aim of this paper is to extend the above mentioned results to semi-
Fredholm chains (for the definition see below).

We are going to use frequently the following elementary isomorphism result.

LEMMA 1. Let U,V be subspaces of a Banach space X. Then
dim(U + V)/V =dimU/(U 0 V).
Proof. The required isomorphism U/{U N V) — (U + V)/V is induced by
the natural embedding U - U+ V. 8

If U and V are subspaces of a Banach space X then we write for short U Ev
(U is essentially contained in V) if dim U/(U NV) < 0o. U CV and V C U then
we write U = V.

Let X be a Banach space. For closed subspaces My, M, of X denote

8(My, M2) = sup dist {m, My}
meEMy
Il <
and the gap between M; and M; by
8(My, M3) = max{8(M;, My), §(Ma, M1)},

see [9]. Clearly 6(My, M) = 0 if and only if M; C M,.
For convenience we recall the following result of Fainshtein ([7]).
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THEOREM 2. Lel R, Ry, N, N; be closed subspaces of a Banach space X and
let RC N.
(1) If6(R, R1) < % and 6(N1,N) < % then

dim N, /(Ry N N1) € dim N/R + dim R, /(R1 0 Ny).
(i) If (R, Ry} < L and §(Ny, N) < & then

dimN1/(R1 N Nl) = dim N/R-l— dile/(Rl N Nl).
Wé start with the following generalization of the previous result.

THEOREM 3. Let R, N be closed subspaces of a Banach space X, let RCN.
Then there exists € > 0 such that, for all closed subspaces Ry and Ny of X with
§(R, R1) < ¢ and §(N, N) < €, we have

dim R/(RN N) + dim Ny /(Ry 1 Ny) € dim Ry /(R 0 M)+ dim N/(RN N).

Proof. For R C N this is the first statement of the previocus theorem. We
reduce the general situation to this case.
Choose a finite dimensional subspace F' C R such that (RN N)@® F = R.
Let dim I = k < co and let fi,..., fi be a basisin F with ||fi||=---={lfil| = 1.
Clearly F N = {0}.
k

For f = Y. a;f; € F (a; € C) consider three norms: ||}, dist {f, N} and

i=1

k
3 |a;|. Since thesc three norms are equivalent, there exists ¢ > 0 such that
i=1

k k k
e lasl < dist {3 iti, N < D s
i=1 =1 i=1

for all &q,...,ar € C. Clearly ¢ £ 1.

Set ¢ = ¢/20. Let Ry and N; be closed subspaces of X such that §(R, R1) <&
and 6(N1, N) < ¢.

For i = 1,...,k find elements g; € Ry such that [|f; — gs|] < €. Then
llg:ll < 14+¢ (i =1,...,k). Denote by G the subspace of R; generated by
91, -- -5 9k-

k
We prove that dim G = k. Indeed, if 3 a;g; = 0 for some o; € C then

i=1

k
<l
i=1

= ”gai!}i‘ > ”j;wﬁ‘ —Hgai(’gi"fi) | > Cg}ail—Eg]ail = };)—C?;Mil
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so that a1 = -+ = o3 = 0.

k
Further GN Ny = {0}. Indeed, if )" ajg; € N; for some o; € C then
i=1

i|a,| 1dlst{2azfz,N} [iai|1fi"W“-{*diSt{Zk:aigz‘,N}jl
\c‘leZIa,H-c Hzﬂf:gz” 6(Ny,N) < (‘ 6(1+6> Zl il
2OZIO"

i=1

sothat ;=0 (i=1,... k).
DenoteN’ N+Fand]\’1 N+ G Clear]yN' N+ RDR.

We prove that §(N{,N’) < 1/3. Let ny + Eoz,gz € N{ where ny € Ny,
i=1

o; €C(i=1,...,k) and ||n; + Z ;9] = L. Then {nq|| < L+ (1 +¢) Z ;|
i=1 i=1

k
There exists n € N such that ||n; — n}| < ¢||ni1]| € e + (1 +¢) ) Jay|. We have
i=1

cﬁ: |os| < dist {Xk:aifi;N} < “i&;fi + n”
i=1 i :
"Eaz(fe 91)" + “Z @;g; + 711“ + {ln — nq]

SZIa,I+1+e+e(l+e)Z|a,| l+s+352|az|

(131
Thus

1+e 4
Ziazl 3¢

and

k k
dist {nl + Zm—g,-,N’} < [lny —nlf + “Z ai(fi — gi)“
i=1 i=1

k k
1
Sete(l+e)) lul+e ) foil < 3
i=1 i=1 "
Hence 6(N{, N’} < 1/3 and, by Theorem 2,

(1) dim N!/(R; N N} € dim N’/ R + dim R, /(R; N N{).
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We have

@) dim N1 /(Ry 0 Ny) = dim(Ny + Ry)/Rq1 = dim(N} + R1)/ R,
= dim N{/(Ry N N7)

and

(3) dimN/(RN N) = dim(N + R)/R = dimN'/R.

Further

(4) dimR/(RNN)=k

and

dim Rl/(Rl M Nl) = din'l(Nl + Rl)/Nl
(5) :dim(N1 +R1)/(N1+G)+dim(N1 +G)/N1
= dim(N| + R1)/N{+ k = dim Ry /(R " N{) + k.

Thus, by (1)-(5), we have

dimR/(RN N) + dim Ny /(R1 N Nq) = k4 dim N{ /(Ry N NY)
<k+dimN'/R+dimR;/(R) N N})
=dimR;/(RyNN) +dim N/(RAN). 1

Let X,Y be Banach spaces and let T € £(X,Y). Denote by y(T) the Kato
reduced minimum modulus ([9]),

v(T) = inf{||T=|| :bdist {e, N(T)} = 1}

(if T = 0 then y(7") = c0). 1t is well-known that T has closed range if and only if
¥(T) > 0. Further, if 0 < s < y(T) and y € R(T) then therc exists z € X with
Tz = y and [z} < 5~ lyl.

The following lemma is well-known, cf. [7]. For convenience we include the
proof.

LEMMA 4. Let X,Y be Banach spaces and let T, 71 € L{X,Y) be operators
with closed ranges. Then:

(i) (N (Th), N(T)) < (T)"1IT = Tl

(it) $(R(T), R(T1)) < »(T)~HIT - Tal-

Proof. Let 0 < s < y(T).
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(i) Suppose z € N(T1) and |jz|| € 1. Then Tz € R(T) and ||Tz|| = [|(T -
Ti)z|| € [|T — Ti]| so that there exists z' € X with T2’ = Tz and |Jz']| < s™Y|T -
Ti|]. Since z — &’ € N(T) we have dist {z, N(T)} < ||'|| € s T - T1|l-

Thus §(N(T1), N(T)) € s7Y|T — Ti||. Since s was an arbitrary positive
number, s < y(T), we have (i).

(1) Let y € R(T), |lyl] € 1. Then there exists z € X with Tz = y and
lal] < 57 Thus dist {3, R(T)} < lly - Tizll = (T - T)ell < s 1T = Tafl. As
in (1) we get the statement. 8

We are going to use the construction introduced by Sadovskii/Buoni, Harte
and Wickstead ([12], [5], [8]). For a Banach space X denote by £°(X) the Banach
space of all bounded sequences of elements of X (with the sup-norm). Let m(X)
be the set of all sequences {2;}?2; € £°(X) such that the closure of the set
{z;:i=1,2,...} is compact. Then m(X) is a closed subspace of £~°(X). Denote
X = °(X)/m(X).

T € £(X,Y) then T defines pointwise an operator T : £2°(X) — £>(Y)
by T°°({z:}2,) = {Tz:}{2,. Clearly T®*m(X) C m(Y). Denote by T:X-Y
the operator induced by 7.

We summarize the basic properties of the mappings X — X and T — T, see
(5], (6], [8], [10], [12].
THEOREM 5. Let X,Y,Z be Banach spaces, let 5,5 € L(X,Y), T € L(Y, Z)
and o € C. Then:
(i) S=0S is compact;
(1) S+5=8+5,a5=af;
(i) TS = T'S;
@) 1S < [1Sl1; _
(v) if M C X is a subspace of a finite codimension, then ||S|| < 2(|S|M|[;
(vi) of R(T) is closed then R(f’) is closed;
(vii) Suppose that S and T have closed ranges. Then:

R(S) C N(T) = R(S) c N(D),
N(T)C R(S) = N(T) C R(5),

and, if either R(S) & N(T) or N(T) ¢ R(S), then

R(S) £ N(T) & R(5) £ N(T) @ R(5) = N(T).
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THEOREM 6. Let X,Y,Z be Banach spaces, let Yy be a closed subspace of
Yandlet S: X — Y and T : Yy — Z be operators with closed ranges such that
R(S) CYo. Then there ezists 7 > 0 such that

dim R(S)/(R(S) N N(T)) + dim N (T3)/(R(S1) O N(T1))
< dim R(S1)/(R(51) N N(T1)) + dim N(T)/(R(S) N N(T))

for all operators S : X — Y, Ty : Yo — Z with closed ranges such that ||T1 —T}| <
n and [|51 = S| < 7.

Proof. (i) Suppose dim R(S5)/(R(S) N N(T}) < oo. Set R = R(T) and
N = N(T) and let € be the number constructed in Theorem 3. Set 7 = ¢ -
min{y(T), 7(S)}. If T3 =T} < n and ||S1 = S|| < % then §(N(T1), N(T)) < € and
§(R(T), R(T1)) < € so that Theorem 3 for Ny = N(7) and R; = R(S;) gives the
required inequality.

(i1) If dim R(S)/(R{S) N N(T)) = oo and dim N(T)/(R(S} N N(T)) = oo
then the statement is clearly true.

(iii) Suppose dim R(S)/(R(S)NN(T)) = o0 and dim N(T)/(R(S’)ﬂN(T)) <
00, i.e. N(T) ¢ R(S). Denote Y/ = R(S) + Y. Let 7” be any extension of T' to
a bounded operator 77 : Y/ — Z (since Y' = Yo @ M for some finite dimensional
subspace M, we can define T'|M = 0).

We show first that the range of 7/S is closed. We have N{T") = N(T) c R(S).
Let F be a finite dimensional subspace of N(7") such that N(T') C R(S) + F. It
is sufficient to show that R(T"S) + T'F is closed.

Let z, € X, fr € F (k = 1,2,...) and let T'Szy + T f; — z for some
z € Z. Since R(T') is closed we have z = Ty for some y € Yy + R(S). Thus
T'(Szp + fx —y) — 0. Consider the operator T7 . (Yo+ R(S))/N(T’) — Z induced
by T’. Clearly R('j‘\’) = R(T") and T is injective, hence bounded below. Thus
Szr + fr —y+ N(T') — 0 in Y/N(T'). So there are elements y € N(T") such
that Sz + fx +yx — y (inY). Thusy € R(S)+ F and z =T'y € R(T'S)+T'F
Consequently R(7"S) is closed.

Further dim R(T"S) = oo (otherwise R(S) & N(T")£ N(T) which contra-
dicts to the assurnptlon that dim R(S)/(R (S) N N(T)) = o0), so that TS is not
compact ¥5:X >Y and T’ : Y’ — Z are the operators defined above then
T'S # 0. -

Set n = min{”SH,ﬁ%}. Let S1 : X - Y and 7% : Yo — Z be
operators with closed ranges such that ||S; — S|| <  and ||T1 — T[] < 5. To prove
(6) it is sufficient to show

(7) dim R(S1)/(R(S1) N N(T1)} = o0
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We may assume R(S57) ¢ Yo; otherwise
dim R(Sl)/(R(Sl) N N(Tl)) P dimR(Sﬂ/(R(SO N Yo) = o0
and (7) is satisfied.
Denote ¥y = Y/ + R(S1) = Yo + R(S) + R(S1). Then Y’ is a subspace of
Y1 of a finite codimension. Let J : Y’ — ¥, be the natural embedding and let
P Y1, — Y’ be a projection onto Y’. Let T} be e any ¢ extension of 7] to an operator
T - Yl — Z. Consider operators 51 X = Yl, T Y1 - Z J: Y — Y1 and
P Yl —Y’. We have
T1S1 = (T'PYJS)Y + (T"PYS; — JS) +(T] = T'P)$;
=T'S+(T'P)(S1 — JS) + (T = T'P) Sy,
151 = TSI < n, 1T = TP < 2073 = 7| < 20 and [T7P)) < [T - (1P| < 2T
Thus
IT{ Sl > TS 1 = 200171 = 2nl1S2 )l > TS ]| = 20((1S]) + ) = 20)1T1] > 0
so that 7.5 is not compact.
Consequently we have (7) (otherwise R(S;) EN ()£ N(T}) and
dim R(T{S1) < o0)}. This finishes the proof of Theorem 6. &
Fredholm pairs of operators were defined in [2].
DEFINITION 7. A Fredholm pair in (X,Y) is a pair (S,T) of operators S :
Xo = Y and T : Yy — X where Xy and Yy are closed subspaces of X and Y,

respectively, such that R(S) < N(T) and R(T)= N(S). The index of a Fredholm
pair is defined by

®) ind (8, T) =dim N(S)/(R(T) N N(5)) — dim R(T)/(R(T) N N(S))

— dim N('T)/(R(S) N N{(TY) + dim R{S)/{R(S) n N(T)).

Note that if (S, T) is a Fredholm pair then the ranges of S and T are closed.
This suggests the definition of semi-Fredholm pairs.

DEFINITION 8. By a semi-Fredholm pair we mean a pair (S, 7T") of operators
S5:Xeg—Y and T : ¥y — X where Xy and Yy are closed subspaces of X and Y,
respectively, such that:

(i) R(S) C Yy and R(T) & Xo;
(i1) S and 7' have closed ranges;
(iii) either
dim N (S)/(R(T) N N(8)) + dim R(S)/(R(S) N N(T)) < oo
or
dim N(T)/(R(S) " N(T)) + dim R(T")/(R(T) N N(S)) < cc.
For a semi-Fredholm pair (S, T") we define the index of (S, T} by (8).
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LEMMA 9. Let X|Y be Banach spaces, lel S : X — Y and T :Y — X be
operators with closed ranges such that R(S) = N(T) and R(T) C N(S). Then
there exists € > 0 such that

dim N(S)/R(T) + dim R(Ty)/(R(Ty) 0 N($1)) = dim N(S1)/(R(T1) N N(S1))

for all operators Sy : X — Y and Ty 1 Y — X with closed ranges such that
[151 — S| <e, |Th =Tl < € and R(Sl) C N(T).

Proof. The sequence X 2,y -L, X is exact in the middle. By [14], Lemma 2.1
and [13], Corollary 2.2 there exist positive constants ¢, > 0 and ¢ such that
R(S1) = N(Th), 7(S1) 2 ¢ and y(T1) > ¢ for all operators $; : X — Y,
Ty : Y — X with closed ranges satisfying ||S) - S| < &1, ||T3 ~ T} < &; and
R(S5,) C N(Th).

Set ¢ = min{e;, ¢/9}. Let S; and T be operators with closed ranges satisfying
151 = SI| <€, [Tt = T|| < £ and R(Si) C N(T1). Then, by Lemma 4, we have
8(N(S), N{(S51)) < e HJS1 — S]] < 1/9 and S(R(T),R(Tl)) < YT - T < 1/9.
By Theorem 2 (ii), we have the required equality. &

THEOREM 10. Let X,Y be Banach spaces, Xo C X, Yo C Y closed sub-
spaces, let S : Xo — Y and T : Yy — X be operators and let (S,T) be a semi-
Fredholm pair. Then there exists € > 0 such that ind (S1,T1) = ind (S, T) for every
semi-Fredholm pair (S1,Ti) of operators Sy : Xo — Y and Ty : Yy — X satisfying
[|S1 =Sl <€ end ||T7 = T|| < &.

Proof. Denote
(S, T) = dim N(S)/(R(T) N N(S)) — dim R(T)/(R(T) 1 N(S))
and
B(S,T) = dim N(T)/(R(S) N N(T)) — dim R(S)/(R(S) N N(T)).

Then ind (S,T) = (S, T) = (S, T).

By Theorem 6, o(S1,T1) € oS, T) and f(51,T1) < B(S,T) if (51,T1) is
close enough to (S, 7).

We distinguish three cases:

(a) Let «(S,T) = —oo. Then a(Sy,T1) = —oo for every semi-Fredholm pair
(81, Th) close enough to (S, T). In particular ind ($1,71) = ind (S, T) = ~oco0.

Similar considerations can be done if 8(5,T") = —co.

In the rest of the proof we assume (S, T) # —oco and B(S,T) # —oo so that
R(S) € N(T) and R(T)C N(S).
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Denote X' = Xo + R(T) and Y’/ = Yy + R(S) and fix any pr0|echns P
p e 1\0 and @ @ Y — onee Ys. Consider O]Jf’ldfOIS s \0 — ¥ and T
YU — X’ and denote & Q’) : ,\0 — Yn and T = PT h) — ,\0 Since
R(QS) = R($) C N(T) < N(PT), we have R(S) C N(T) and similarly R(T) C
N(3).

Analogously, for a semi- Fredho]m palr of f operators S1 Xy — )g + R(5 )
and Ty : Yy — Xo+ R(T7) denote bl = Q1 Sy XNy — Yy and Ty = PiT, Yy — Xo
where Py @ Xg + R(T)) ankg Xo and @ @ Yy + R(51) one Yo are any (fixed)
projections. Since STH(Yy) N ST (Yg) 1s a subspace of a finite codimension in Xy,
by Theorem 5 (vii) we have “;—g\lﬂ < 2|5 =5 Similarly |[T=T1|| < 2|T-1T} [

(b) Let (S, T) = 0. Since Lhe pair (%, T) is semi-Fredholin and 8(5,7) #
—00, #(S,T) is finite, so that R(S) = N(T) and R(S) = N(T).

The equality ind (5),71) = ind (5, T) = oo is true for every semi-Fredholin
pair (S1,Th) with 8(5),71) = —oo. If B(51,T1) # —oo then R(S) ¢ N(T1) so
that R(;) C N(ﬁ) If (S1,T1) is close enough to (S, 7) then, by the previous
lemma,

0o = dim N(8)/R(T) = dim N(S1)/(R(TH)NN(S))) = dim R(TY)/(R(TDNN(S1)).

Hence dim N (5;)/(R(T)) N N(5))) = o0 so that dim N({S)/(R(TNN(S)) =
and ind (57,71) = ind (5,T) = ¢

Similar considerations can be done in case of #(5,T) = oo.

(c) It remains the case |a(S,T)| < oo and |B(S,T) < co. Then (5,T) is
a Fredholm pair, i.e. R(.g) = N(T) and R('f) = N(5). Since (51, T1) is semi-
Fredholm, either «(5,,7T1) # —oo or B(51,T1) # —oco. Without loss of generality
we can asswne 3(9;,71) # —oco so that R(;I) C N(T). By [13] or [14], for
(51,T1) close enough to (S, T, we have R(;) = N(fﬁ). Further a(5,,7)) # oo
so that N(.,S';)é R(TY), i.e. N(;;) C R(fﬁ) By Lemma 9 we have

0 = dim N(5))/(R(TY) N N(51)) = dim N(T))/(R(S1) 0 N(TY)).

Consequently N(g\l) = R(fﬁ), i.e. N(.S'1)§ R(Ty) and (S5;,T1) is also a
Fredholm pair.

The equality ind (57, 71) = ind (S, T") for Fredholm pairs (.51, T ) close enough
to (5, T) was proved in [2] and [3]. 1§

The next result — the stability of index under finite dimensional perturba-
tions — is an easy consequence of the corresponding result for Fredholm pairs, see
{3], Theorem 3.10. We give a simpler proof.
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THEOREM 1. Let X, Y be Banach spaces, Xg, Yy their subspaces and S, S :
Xo =Y, T,T1 : Yy — X operators. Suppose that (S,T) is a semi-Fredholm pair
and that S — 5y and T'—T1 are operators of finite rank. Then (S1,T1) ts a semi-
Fredholm pair and ind (S1,T1) = ind (5, 7).

Proof. Clearly N(S)=N(S1), N(T)£N(T\), R(S)=R(S:) and R(T)%
R(T1). So dimN(S)/(R(T) N N(S)) = oo if and only if dim N(S1)/(R(Ty N
N(51)) = oo. Similar equivalences are true also for the remaining terms ap-
pearing in the definition of the index (8). Thus (5y,7}) is a semi-Fredholm pair.
Further ind (5, T) = £oo if and only if ind (51, 7}) = +oo.

Thus we can assume that ind (S, 7') is finite, i.e., N(S) = R(T) and N(T) =
R(S5) and both (S, T) and (S1,7T1) are Fredholm pairs.

It is sufficient to show that ind (5,T) = ind (S|, T). Indeed, from the sym-
metry we have also ind (.51, T) = ind (51, 7}).

Denote

M =NS)NNSONRT), M = N(S)+ N(Sy) + R(T),
L = R(S) N R(S1) N N(T), L' = R(S) + R(Sy) + N(T).

Clearly M C Xo, L C Yy, dimM'/M < co and dim L'/L < oo. Then

ind (S, 7) = dim N{S)/(N(S) N R(T)) — dim R(T)/(N(S) N R(T))
= dim N(T)/(N(T) 0 R(S5)) + dim R(S)/(N(T) N R(S))
=dimN(S)/M — dim R(T)/M ~ dim N(T}/L + dim R(S)/L

and similarly
ind (51, 7) = dim N(S1)/M — dim R(T)/M — dim N(T)/L + dim R($)/L.

Thus
ind (S, T) —ind ($1,T) = dim N(S)}/M ~ dim N(S$,)/M

+ dim R(S)/ L — dim R(S1)/L.

Define operators S, Sy : Xo/M — L' by S(z+M) = Sz, S1(z+M) = Siz (z+M €
Xo/M). Clearly R(S) = R(S), R(S1) = R(%), dlmN(b) = dim N($)/M <
co and dim N(S;) = dim N(S1)/M < oo. Thus §,3; are upper semi-Fredholm
operators and S — S has finite rank.

Further

dimL'/L = dim L' /R(S) + dim R(S)/L = dim L'/ R($1) + dim R(S;)/ L.
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Hence

ind (5, T) —ind ($5,T)
= dim N(S)/M — dim N(5,)/M — dim L'/ R(S) + dim L' /R(S})
= dim N($) — codim R(S) — dim N () + codim R(S})
=ind(S) —ind ($1) = 0. 1
THEOREM 12. Let X,Y be Banach spaces, let S\ K : X — Y and T, L :

Y — X be operators, let K and L be compact and let (S, T) and (S+ K, T + L)
be semi-Fredholm pairs. Then ind (S + K, T+ L) = ind (S, T).

Proof. We use the approach of Ambrozie, see [3] or [4]. Set C = C(0, 1).
Since R(K) and mj are separable Banach spaces, there exist isometric embed-
dings i : R(K) — C and j : R(L) — C. Consider the spaces X & and Y C with
£'-norms and let (/(—i) = {y & (—iy),y € R(K)} and G(—j) = {z & (—jz),z €
R(L)} be the graphs of —i and ~J, respectively. Let £ = (X & C)/G(—j)
and F = (Y & C)/G(—i). Let « : X — E and 8 : Y — F be defined by
ar = (2@ 0) + G(—j) and By = (y & 0) + G(—i). Since i and j are isome-
tries, 1t is easy to check that o and f are isometries. Denote X/ = R(«a) C E and
Y’ = R(B) C F. Thus X’ and Y’ are “copies” of X and Y. Denote by &', T", K' L'
copies of S, T, K, L. More precisely, let $' K': X' > V' and 77, L' : Y’ — X' be
defined by 5" = BSa~!, K' = BKa~}, T" = aTB ! and L' = aLB™!.

Clearly ind (5, 7") = ind ($,T) and ind ($'+ K', T+ L') = ind (S+ K, T+L).
Since operators i : X — C and jL : Y — ( are compact and C has the
approximation property, there exist finite dimensional operators U,, : X — (' and
VoY = C(n=1,2,...)such that ||U, — iK|| — 0 and {|V,, — jL|| — 0.

Define operators v : C — F and § : C — E by v¢ = (0 & ¢) + G(—i) and
bc = (0hc)+G(—j) (c € O). It is easy to check that v and 8 are isometries. Define
Up: X' — Fand V] .Y - Eby U}, = yUpa~'and V] = §V,, 87! (n=1,2,..)).

Since ind (8, 7”) = ind (5" + U, T" + V;!) for every n, by Theorem 10 it is
sufficient to show that ||K'—Uy[| = [|(5"+K')=(S'+ Ul — 0 and ||L' = V|| — 0.
Let 2’ be an element of X’ with ||z’[| = 1. Let 2’ = ez = (z&0)+ G(—3) for some
z € X, ||zl = L. Then

(K" = UR)a'l| = [HBK — yUn)zll = [{[(K2 & 0) + G(=i)] — [(0& Unz) + G(—3)]|
= [(Kz & (~Upn2)) + G(=)[]| = [|0 ® (iK — Up)z + G(—1)|]
= IV (K = U)z)|| = [(GK = Un)=|} < {JiK — Uyg|)-

Thus ||K' — U [| — 0 and similarly ||L’ — V|| — 0. This finishes the proof.
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DEFINITION 13. A chainisasequence K = {X;, 6;}'_; where Xo, X1,..., Xn
are Banach spaces and é; : X; — X;4; operators. Formally we set X; = 0fori < 0
ori>nand § =0(i<0orizn)

Thus a chain is an object of the following type:

K: o 0—Xo-22x . oy, o,
We say that K is a semi-Fredholm chain if:

(i) the operators &g, ..., 6,_; have closed ranges,
(ii) either

> dim N(&)/(R(&-1) NN (&) + Y dim R(6;_1)/(R(8i—1) N N(6:)) < 00

i even 7 odd

or

> dim N(&)/(R(6i-1) O N(8:)) + D dim R(8i_1)/(R(6i-1) O N(8;)) < 0.

1 odd i even

For a semi-Fredholm chain and for 0 € 7 € n define
@;(K) = dim N(8;)/(R{6;—1) N N(8;)) — dim R(8;—1)/(R(6i-1) N N(6;))

and the index of I,

n

ind (K) = ) (—1)es(K).

=0
(Simply, a chain K is semi-Fredholm if the operators é; have closed ranges and the

index 1s well-defined.)

REMARK 14. A semi-Fredholm chain £ with |ind (K)| < oo was called a
Fredholm essential complex in [4] and [11]. In the present notation it would be

logical to call it a Fredholm chain.
For a chain K = {X;, &}, denote

X=FP xi, Y=PX:, $=P& ad T=P6.

i even i odd i even i odd

It is easy to see that the chain K is semi-Fredholm if and only if the corresponding
pair (5,T) is semi-Fredholm and ind () = ind (5, 7). Thus we get the following
perturbation properties of semi-Fredholm chains.
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THEOREM 15. Let K = {X;, 6}, be a semi-Fredholm chain. Then there
eztsis € > 0 such that, for every semi-Fredholm chain K' = {X;, 6{}1_, with ||6] —
§ill <e (:=0,....,n~ 1) we have:

(1) (K< ei(K) (5=0,...,n);

(i1) ind (K') = ind (K').

THEOREM 16. Lel K = {X;,8: )1y and K' = {X], 6/}, be semi-Fredholn
complezes such that 6 — &; are compact for i = 0,....,n— 1. Then ind (K') =

ind (K).

REMARK 17. [t is necessary Lo assume that K’ is semi-Fredholm.

Let H be a separable infinite dimensional Hilbert space and consider the
following complex:

K: 0—Hger meg L 0

where the mappings 6; are defined by doh = 150, 81 (hérg) = 0eby, a(hdby) = h.
It is easy to check that K is exact.
(1) Let A: H — H be an operator with a sinall norm and non-closed range.
Then & : H & H — H & H defined by 8{(h ¢ g) = Ah & ¢ has not closed range.
(ii) Let € be a small positive number. Define 6/ : H 8 H — H & H by
61(h b g) = eh & g. Then 8/ has closed range hut the chain

K —H I HeH S e g

1s not semi-Fredholn.
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