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A CLASS OF OPERATORS ASSOCIATED
WITH REPRODUCING KERNELS
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ABSTRACT. For ¢t > 0 let A, be the operator on { whose matrix under the
standard basis has as its (4, 5) entry (1 — |z|?)"/2(1 — |2;*)"/*(1 — ziz,) ™"
Here {2.)} is a sequence of peints in the open unit disk in the complex plane.
The boundedness of the operators 4;, 1 € ¢ < oo, will be characterized in
terms of the distribution of the sequence {z.} in the hyperbolic metric.
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1. INTRODUCTION

Let D be the open unit disk in the complex plane. For ¢t > 0 and {a,} C D we
consider the operator on 12 whose matrix under the standard basis is given by

Ao = ((1 ~ Ja) (1L |a,~|2)%) .

(1—aiw;)’

Such operators are important in function theory. For example, the operator

Ay = ((1 —las|?)(1 — |aj|2))

(1 — a,—Ej)z

appears in the proof of Carleson’s characterization of interpolating sequences on
the unit disk; see [1], where the boundedness of Az when {a,} satisfies

I

EZ1,k#n

ap — @
— |6, n=12...

1—aza,
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is proved by an ad hoc method.
Let p be the pseudo-hyperbolic distance on D. Thus

Z—w

plz,w) = , z,w € D.

1-Zw
Recall that a sequence {a,} C D is called separated if there exists a constant § > 0
such that p(a,,am) 2 6 for all n,m > 1 with n # m; and the sequence {a,} is
called uniformly separated if there exists a constant ¢ > 0 such that

H p(ak)an) Z20

E>1,k#En

for all » 2 1. Carleson’s characterization of interpolating sequences states that
a sequence {a,} in D is interpolating for H* if and only if {a,} is uniformly
separated; see [1}, [2].

The purpose of this note is to prove the following characterization for the
boundedness of A; when 1 < ¢ < oo.

THEOREM. Let Ay be the infinile mairiz defined earlier.

(i) Ift > 1, then A; is bounded on 1% if and only if {an} is the union of
finitely many separaied sequences.

(i) Ift = 1, then A, 1s bounded on I?> if and only if {a,} is the union of
finitely many uniformly separated sequences.

We do not have a good answer to the problem of the boundedness of A; in
the case 0 <t < 1.

2. PROOF OF THE THEOREM

The first part of the proof is quite general; it applies to any reproducing Hilbert
space. The second part will then depend on the specific Hilbert spaces. In what
follows the letter C will denote a positive constant whose value may change from
one occurance to another.

Let H be a reproducing Hilbert space of functions on a domain §§. We
denote by K, or K(z, w), the reproducing kernel of H. For a sequence {a,} in Q
we consider the operator on {? whose matrix under the standard basis is

B K(ai,a;)
AU = (\/K(ai»ai)K(aj’aj)) |
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For any finite sequence {ey, ..., ¢, } of complex numbers we have

n 2

Z K(a;, a;) o
i,j=1 \/I?(a‘i;ai)-[{(aj,aj) 2

i% Ka,
k=1 \/K(ak,ak)

where K, (2) = K(z,ax) and ||-|] is the norm in H. Therefore, the infinite matrix

A(H) defines a bounded operator on {2 if and only if there exists a constant C > 0
(independent of n) such that

sup{ >o s

for all n 2 1. Using the usual duality of Hilbert spaces, we see that the above

Z|Ck12 }

inequality is equivalent to

By the reproducing property of the kernel functions, the above inequality is equiv-
_cxflax)
Ll i<, Z el? < } ¢, n

sup { \/f(a—

Using the duality of the usual {2 spaces we conclude that the boundedness of A(H)

< L7l < 1} <C, n2l

alent to

A\

1.

on {2 is equivalent to

- {k=1 K(ay,ax) LAl < 1} <C?
or
Z IL.VEE:‘I:)J < C?IAIN?

for all n and f. This is clearly equivalent to

Afa)l?

> Kora <O 1T

for all f € H. This finishes the general part of the proof.
We now specialize to the operators A;.
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If t = 1, then it is clear that A; = A(H?), where H? is the Hardy space on
the unit disk D, whose reproducing kernel is given by

1

| ~ 2

K(z,w) =

By the first part of this proof, A; is bounded on i? if and only if
oQ
Y (1= la®)|f(ar)* € Cllfllips
k=1

for some constant C' > 0 and all f € H2. It is well known that this holds if and
only if the sequence {a,} is a finite union of uniformly separaied sequences; see
[3] for example.

When 1 < t < oo, it is easy to check that A, = A(H;), where H; is the
weighted Bergman space consisting of analytic functions f in the unit disk D with

1A = =1 [ @R - 22 d4() < oo

(1]

The reproducing kernel of H; is

K(z,w) = (1_17),.

See [6] for further information on weighted Bergman spaces. By the first part of

the proof, the matrix A,, 1 < ¢ < oo, defines a bounded operator on I? if and only
if

k=1

o0

(1 —lax Y@l < © [ 17 - 12 4A()
D

for all f € H;. Let g be the atomic measure on D defined by

#i(E) :Z{(l—— lax|®) :ax € E},E CD.

For a € D and 0 < r < 1 let E(a,r) be the pseudo-hyperbaolic disk centered at a
with radius r, namely,

E(a,r)={z€D:p(z,a) < r}.

Then combining the above with a well-known result from the theory of Carleson
measures for Bergman spaces (see [5] for example) we conclude that A; is bounded
on {2 if and only if there exists a constant C > 0 (depending on r only) such that

p (E(a,r)) € C(1 = o),
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S {1 - Jaxl?)t : i € B(a,n)} < C(1 - |af*)’

for all ¢ € D. Now for any fixed 0 < r < 1 it is easy to find a constant C' > 0 such
that

1- |2 € C(1 - [a’) € C*(1 - |)

for all z and a in D with p(z,a) < r. In particular, for every a € D we have
1 —|agl? € C(1 = |a|®) € C*(1 = |ax]?), ap € E(a,r).

Thus the operator A;, 1 < t < oo, is bounded on 2 if and only if there exists a
constant C > 0 (depending on r and t) such that

Z {(1 = |ax|})? : a, € E(a,r)} € C(1 = |a?)?

for all a € D, which in turn is equivalent to
o0
S (1 - la?If (@)l € © f ()2 dA()
k=1 4

for all f in the regular Bergman space. It is well-known (see [7] for example) that
the above holds if and only if the sequence is the union of finitely many separated
sequences. This completes the proof of the theorem. &

3. FURTHER REMARKS

As was mentioned earlier, we do not know when A; is bounded on 2 in the case
0 <t < 1. To answer this question, we need to know when the atomic measure
y; is a Carleson measure on certain Dirichlet type spaces. Such measures are
characterized in [4] in terms of certain capacities on the unit circle. We feel that
in the case of the atomic measures p; one should be able to determine more
concretely when p; is a Carleson measure on these Dirichlet type spaces.

Since our proof of the main theorem only depends on duality and Carleson
measures, one sees that A;, 1 < t < oo, is bounded on {? if and only if A; is
bounded on I[P for some (or all) p with 1 < p < co. We omit the details.

Finally, note that for 1 < ¢ < oo, the boundedness of A; on 12 is independent
of t, and depends only on the sequence {a,}.
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