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ABSTRACT. In this paper rational operator functions of type

n m 1
L) :=1- X4 — H

are considered. With the aid of a linearization of L results on the complete-
ness of the eigenvectors and associated vectors, and spectral asymptotics are
given. The results are extended to certain meromorphic operator functions.
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1. INTRODUCTION

In the first part of this paper we consider rational operator functions of type

n m 1
1.1 L) :=1— kA —H, \eQ
(1.1) (== 3N+ Y S H Ae
k=0 k=1
Q:=C\{a1,as,...,an}, where the coeflicients A;, and Hj, act on a Banach space

X and satisfy some further conditions. In Section 2 we linearize the operator
function in the sense of [10] by using a linearization of [14] for the polynomial part
of (1.1), and by using a refinement of a linearization of the rational part of (1.1)
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given in [19]. This means that there exist operator functions &,§ : Q — B(XK)

with invertible values such that
LN @Txx—1=EN)(Txx =T —AN)F(N), AeQ.

From this representation basic spectral properties of L in € are derived. Fur-
thermore with the aid of a further linearization of the same type for an operator
function connected with L we prove that the eigenvalues A € {ay,aq,...,am} of
L and £()) := Txx — T — A$), their geometric multiplicities, their partial null
multiplicities, and their null multiplicities coincide; the connections between the
eigenvectors and Jordan chains of L and £ (which are used in the subsequent sec-
tion) are described in detail. In Section 3 we use the results of Section 2 to prove
in the Hilbert space case that the eigenvectors and associated vectors correspond-
ing to eigenvalues A € C of L are complete, and we give some asymptotics of the

eigenvalues. In Section 4 we consider meromorphic operator functions of type

n o0 1
(1.2) Loo(N) =T MA,+3° Hy, XeQ>,
k=0 k=1

— /\—ak

0% := C\ {a1,as, ...}, where the coefficients A; and Hj, again act on a Banach
space X and additionally satisfy some further conditions. We extend the lineariza-
tion of the rational operator function L of Section 2 to the meromorphic operator
function L., under certain convergence conditions, and we establish analogous re-
sults for Lo, which correspond to the results for L in Section 2. In Section 5 by
using the results of Section 4 also the completeness of the eigenvectors and asso-
ciated vectors corresponding to eigenvalues A € C of L., is shown under certain
convergence conditions. Furthermore we give some asymptotics of the eigenvalues.

Starting with the paper of Keldysh ([13]) there are many contributions to
the completeness of eigenvectors and associated vectors and spectral asymptotics
of operator polynomials (especially Keldysh pencils) and other operator functions
(cf. [18]). Also rational and meromorphic operator functions are considered (cf.
(11, [2], [3], [4], [5], [6], [7], [17], [19], [20], [21], [22], [23]). But our results differ from
the others by our method of linearization and the consideration of the eigenvalues
a; in the sense of [12], [8], [9] under the poles of the rational and meromorphic
operator functions. We also extend a result in [19] on rational operator functions
of type (1.1).
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2. LINEARIZATION (THE RATIONAL CASE)

Let X be a (complex) Banach space with norm || - ||. We denote by B(X) the
Banach space of all linear and bounded operators on X. The identity operator
on X is denoted by I. Furthermore we denote by By, (X) the Banach space of
all linear and compact operators on X. For A € B(X) let N(A) denote the null
space, and let R(A) denote the range of A. The resolvent set of A is defined by
p(A) :={\ € C: A—\I has an inverse in B(X)}, and the spectrum o(A) is defined
by o(A) := C\ p(A). X € C is called an eigenvalue of A, if there is f # 0 such that
Af = Af. For an operator function L : Q ¢ C — B(X) we denote by p(f) the
resolvent set of L defined by p(L) := {\ € Q| L()) has an inverse in B(X)}, and
we denote by o(L) the spectrum of L defined by o(L) := Q \ p(L). Furthermore
the notions eigenvalue, null multiplicity, pole multiplicity and multiplicity of an
eigenvalue of L are used as in [9], [12], [8].

Let integers n € NU {0}, m € N be given. Let A, € B(X), k=0,1,...,n,
0# H, € B(X),k=1,2,...,m, and let 0 # a € C, ay # q; for k # j, k,j =
1,2,...,m, be given. Then the operator function L : Q& — B(X) is considered,
defined by (1.1). We assume that with Ty := Ay, T,, := I, there exist operators
Ty,...,Tpn—1, B1,...,B, € B(X) such that

(2.1) AkZTkBk-”Bl, ]{::1,2,...,71.

Such decompositions exist always by taking By := I, Ty := Ag, k=1,...,n — 1,
and B, := A,. Under the assumption that the polynomial part of L is a Keldysh
pencil, such decompositions are assumed, where all By, are equal (cf. [18]).

Furthermore we assume that for £ = 1,...,m there exist closed subspaces
N and Z;, of X such that

(2.2) X = N P Zg, NkCN(Hk).

There exist always such decompositions under the assumption that the operators
Hj. are of finite rank, where in addition the subspaces Z; are finite dimensional,
and N}, can be chosen equal to N(Hy). Let Py be the continuous projection from
X onto Zj, along Ni. Then we have HpPr, = Hy, and the operator I — aP; is
bijective for each o € C\ {1}.

Let K:=n+mforn>1, and let K :=1+m for n =0. Let

XK::X@---®X@Z1®--~EBZm
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the Banach space of the direct sum of n copies of X and of Z1,..., Z,, endowed
with the norm .
K 3
”(flv"'va)TH = (Z fk||2> ’
k=1
We define linear operators T, : X% — XK by the following operator matrices
T, T - T,., Hy - H,
0
(2.3) T = 0 ., n=2,
1
ah
1
TO Hl Hm,
a2
T = , n=01,
1
o o - 0 B,
By 0 0 0
By
(24) $:= Bn1 0 . n>=2,
0 1P 0 0
ay
0
0 0 - 0 a{n P,
. 1 1
9 := diag | By, —P1,....,—Pn |, n=01,
aq A

where By = 0 if n = 0, respectively (cf. [14] for this type of linearization of the
polynomial part of L, and also [18] for the case that all By, are equal, and cf. [19]

for a similar type of linearization of the rational part of L).

PROPOSITION 2.1. Let %,9 be given by (2.3), (2.4), respectively. Then we

have:

(i) T,9 € B(XX).
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(ii) Let Ty, € Boo(X),0 <k <n—1, By € Boo(X), 1 <k <, and let the
operators Hy, be of finite rank, 1 < k < m. Then T, 9 € Boo(XK).

Now we define operator functions &,§ : Q — B(X¥) by

(2.5)
I
AB; I
A2By B, ABy I
3’()\): )\n_anfl"'Bl /\an1 I ’
)\:il P1 )\_:1;1 Pl
a o P
(2.6) "
I NI By By - T4+ A\B, s H o Ze-Hy
k:1 m
I
E(\):= I
Py
P,

Let X%~ denote the space
)(K*1 =X - - XPZL1---DZ,

with n — 1 copies of X, and let Jxx-1,Jxx denote the identity operators in
XE-1 XX respectively.

THEOREM 2.2. Let L, %, 9, €, § be given by (2.3), (2.4), (2.5), (2.6) respec-
tively. Then for each X € Q the operators E(N), F(A) are invertible, and we have

(2.7) LN ®Txr—1=EN)(Txx —T—AD)F(N), Ae.

Let £: C — B(X¥) be the operator function defined by
(2.8) L) =T0xxr —F—AH, IeC.

Then from Theorem 2.2 it follows:
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COROLLARY 2.3. p(L) =p(£)NQ, (L) =0o(L) N

We denote by 7 : XX — X the canonical projection of X¥ onto its first
coordinate space

(2.9) w(f1, far- o f)T = f1,
and we denote by 7 the canonical projection of X* onto X%~1
(2.10) T(f1ofor oo s f)T = (foroo s fx)T
PROPOSITION 2.4. (i) Let Ay € Q be an eigenvalue of L, and let 0 # f € X be
a corresponding eigenvector. Then g is an eigenvalue of £, and F(X\o)(f,0,...,0)T

# 0 is a corresponding eigenvector.

(i) Let A\g € Q be an eigenvalue of £, and let 0 # f = (f1, fa,..., fx)T be a
corresponding eigenvector. Then f1 # 0 and A\g is an eigenvalue of L. Furthermore
7F(Xo) "1 = f1 # 0 is a corresponding eigenvector.

(iii) The (geometric) multiplicities of the eigenvalues A\g € Q of L and £
coincide.

(iv) Let fo, f1,..., [r € X, fo # 0, be a Jordan chain of L corresponding to
the eigenvalue \g € Q of L. Then the vectors go, g1, -..,8, € XX,

‘ Ji—k
~ 1w 0 ;
g]:ZE'S ()‘0) : ) _7:0,...,7",
k=0 ’

0
are a Jordan chain of £ corresponding to the eigenvalue \g of £.
(v) Let go, 91, --.,8- € X5 g0 # 0, be a Jordan chain of £ corresponding to
the eigenvalue Ay € Q of £, and let
fo :=F(Xo) " g0,

j—1

fi=80) " o — >

(j_y)'g(j_y)()\o)fl/ ) .7 = 1,.--,7“-
v=0 ’

Then we have
w; =0, j=0,...,m
Furthermore the vectors
o = 91,0,7f1 = 91,1, -, Tfr = G1r
are a Jordan chain of L corresponding to the eigenvalue Ao of L.

(vi) The partial null multiplicities and the null multiplicities of the eigenval-
ues A\g € Q0 of L and £ coincide.

Proof. Using formula (2.7) the proof is analogous to a corresponding proof
in [19] and therefore is omitted. &
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Now we prove that the results of the Proposition 2.4 (iii), (vi) are also true
for the eigenvalues A € {ay,...,a,} of L and £. We proceed in a similar way as
in [16], [15].

For j € {1,...,m} we define operator functions L; : QU {a;} — B(X) and
G, :QU{a;} - B(X & Z;) by

n n 1
2.11 Li(\):=1-— kA —H
(211) SO == Mkt 3 H
- ke
and
L;(\)  —H
(2.12) G =" ).
—%ij 2P
Let

X =X0Z;0X0  0X®L1® - DZi10XDZj1® D Zp.

We denote by 7; : XjK — X @ Z; the canonical projection from XjK onto the first

two coordinate spaces

mi(f1, 0 fr)T = (f1, f2)7,

and we denote by 7; the canonical projection of X ]K onto

Xf?2=X0 - 0X021 0 02, 10X0Zj11® D Znm.

THEOREM 2.5. Let j € {1,...,m} be given. There exist operator functions
@j QU {g;} — B(XK,XjK),%j : QU {a;} — B(X[, X*) such that for each
A€ QuU{a;} the operators /E‘\Ej ()\),§j (N\) are invertible, and we have
(2.13) Gi(N) & Tyx—2 = &N (Txx —T—AD)F;(N), A€ QU{a;}.

J

Proof. Let §; : QU {a;} — B(X*) be defined by

E N )T,

k=1
Z)‘k_RBk—l"'BKfn—’—fka kzl,"'a”ﬂ
k=1
T P b 2P fi, k=nt 1. ntmk£n+ ],

Pk—nfka k:n+]7
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and let €;(\) : QU {a;} — B(X¥) be defined by

(&N (froen fr)T),

n n n+m a
fl + E Z )\V_R+1TVBV U Bmfn + Z )\,;N:nn Hw—nfm k= 1:
_ f f@kl=2 v=rk—1 :;Zi;
k> = 2a sy T

P nfx, kE=n+1,....n+m.
Then we have

¢ N (Txx —F = A9)F;(\)

Li(A) —H;
1
1
Py
Pj,1
—o P LU=
Pji1
P,
K K
Let 1 € B(X™, X;*) be defined by
I
0 P,
I
I
Py
P =
Pj,1
I 0
Pji1

P,

B, originates from the identity operator in X* by changing the second row with
the (n+j7)-th row. We set €;()) := B1€;()). Furthermore let Po € B(X, X ) be
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defined by PBs := BT . P, originates from the identity operator in X* by changing
the second column with the (n+7)-th column. We set §j()\) = F;(A)P2. Then the
assertion follows from the formula for €;(A\)(Txx — % — AH)F,; () just proved. 1

Theorem 2.5 implies that a; € {a1,...,an} is an eigenvalue of G, if and
only if a; is an eigenvalue of £. Moreover the geometric multiplicities, partial
null multiplicities, and null multiplicities coincide. In detail we have the following
proposition.

PROPOSITION 2.6. (i) Let a; € {a1,...,am} be an eigenvalue of G;, and let
0 # (f1,f2)' € X ® Z; be a corresponding eigenvector. Then a; is an eigenvalue
of £ and §j(aj)(f1, f2,0,...,0)T £ 0 is a corresponding eigenvector.

(ii) Let a; € {a1,...,am} be an eigenvalue of £, and let 0 # § = (f1, ..., fx)*
be a corresponding eigenvector. Then a; is an eigenvalue of G, and ﬂ'1§j(aj)_1f =
(f1.Pi f;)T # 0 is a corresponding eigenvector.

(iil) The (geometric) multiplicities of the eigenvalues a; of G; and £ coincide.

(iv) Let (f1,0, f2,0), (f1,1, f21),- -, (fie for) € X @ Z;, (10, f20) # 0, be
a Jordan chain of G; corresponding to the eigenvalue a; of G;. Then the vectors
80,01, --,0r € XK,

Jik Jip-1 f1,0
fok fo -1 f2.0
3 0 1z 0 =0 0
gk == §j(ay) ' +ﬂsj(aj) ' ot S (aj) e
0 0 0
k=0,1,...,r, are a Jordan chain of £ corresponding to the eigenvalue a; of £.

(v) Let go,91,---,8- € XX(go # 0) be a Jordan chain of £ corresponding

to the eigenvalue a; of £, and let

fo := 3 (a;) " "go,

k—1
fi == §j(a;) " gk—;(kw!)gg’“”(aj)fy L k=17

Then we have
Tifk =0, k=0,1,...,7

Furthermore

7ij077rjfla---777jfr

is a Jordan chain of G; corresponding to the eigenvalue a; of G;.
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(vi) The partial null multiplicities and the null multiplicities of the eigenval-
ues a; of G and £ coincide.

Proof. Using formula (2.13) the proof is analogous to the proof of Proposi-
tion 2.4 and therefore is omitted. 1

In the following proposition we characterize eigenvalues a; and corresponding
Jordan chains of L. These conditions are used in the proof of the theorem which
then follows.

PROPOSITION 2.7. (i) aj € {a1,...,am} is an eigenvalue of L and fo # 0 a
corresponding eigenvector if and only if there exists a vector f1 € Z; such that

Hjfo =0,
n m 1
(I— ZalfAk- + Z — Hk)fo =H;fi.
k=0 k=1 0 Ok
k#j

(ii) Let aj € {a1,...,am} be an eigenvalue of L. Then the vectors fo, fi,...,
fr € X, fo #0, are a Jordan chain of L of length r + 1 corresponding to the
eigenvalue a; of L if and only if there exists a vector fry1 € Z; such that

Hj;fo =0,

k

1 _
> o @ = Hi(fe), k=01
=0 :

Proof. The proof is analogous to the proof of Lemma 2 in [16], and therefore
is omitted. 1

The proof of the next proposition is similar to the proof of Theorem 3 in [16].
We use the characterization of Proposition 2.7. First we prove that the geometric
multiplicities of the eigenvalues a; of L and G coincide, then we prove that the
null multiplicities of the eigenvalues a; of L and G; coincide.

PROPOSITION 2.8. Let a; € {as,...,an}. Assume that N; = N(H;).

(i) Let aj be an eigenvalue of L, and let fo # 0 be a corresponding eigenvec-
tor. Then aj is an eigenvalue of G; and 0 # (fo, f1)T € X ® Z; is a corresponding
eigenvector, where f1 € Z; is the vector which exists according to Proposition
2.7 (i) corresponding to fo.

(ii) Let a; be an eigenvalue of G;, and let 0 # (fo,g0)7 € X & Z; be a
corresponding eigenvector. Then fo # 0, and a; is an eigenvalue of L and fy is a

corresponding eigenvector.
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(ili) The geometric multiplicities of the eigenvalues a; of G; and L coincide.

iv) Le 0, f1,-- - fr be a Jordan chain of L corresponding to the eigen-

iv) Let 0 be a Jord hai L ding to the ei
value a; of L. Then there exist vectors go, g1, ..,9r € Z; such that

0 7é (anQO)Ta (flagl)Ta ceey (.fragr)T

is a Jordan chain of G; corresponding to the eigenvalue a; of G;.

(v) Let 0 # (fo,90), (f1,91)%, ..., (fr,9-)F € X & Z; be a Jordan chain of
G; corresponding to the eigenvalue a; of Gj. Then 0 # fo, f1,..., fr is a Jordan
chain of L corresponding to the eigenvalue a; of L.

(vi) The partial null multiplicities and the null multiplicities of the eigenval-
ues a; of L and G coincide.

Proof. (i) Let a; be an eigenvalue of L and fo # 0 a corresponding eigenvec-
tor. Proposition 2.7 (i) implies that there exists a vector fi € Z; such that
H;fo =0,
Lj(a;) fo = Hjfr;
this implies

1
ijo =0 and — ;ijo = O,
J

Li(az)fo— Hjfi =0

(Lj(aj) —Hj> (fo) .
—aiij 0 f
That is, the vector 0 # (fo, f1)T € X @ Z; is an eigenvector of G; corresponding

to the eigenvalue a; of G.
(ii) Let a; be an eigenvalue of G; and 0 # (fo, g0)? € X ®Z; a corresponding

Lj(ag) —Hj\ (fo) 0
_a%Pj 0 go B
Lj(a;)fo— Hjgo =0,

1
—*ijo =0.
aj

or

eigenvector:

or

The assumption fo = 0 implies H;go = 0 or go € N(H;). Since gy € Z; this implies
go = 0. Thus we have a contradiction to 0 # (fo, go)”. Therefore fo # 0 and

H;fo=0 (since Pjfo =0),
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Lj(ay)fo = Hjgo.

From Proposition 2.7 (i) then it follows that a; is an eigenvalue of G;, and fo # 0
is a corresponding eigenvector.

(iii) This follows from (i) and (ii).

(v) The assumption is equivalent to

Sl e fi
Z(kil)!Gj (%‘)( ):07 k=0,1,...,r

=0 g

Since go, 1, -- -, gr € Z; this is equivalent to

51 kD
l;)WLj (a;)fi = Hjgr, k=0,1,...,m;

0# fo € N(H;);
fr +gr—1 € N(Hjy), k=1,2,...,7.

(2.14)

We have considered the case 7 = 0 in (i)—(iii). Thus we can assume that r > 1.
Then from (2.14) it follows for £k =0,1,...r — 1 that

(2.15) Hjge = Hj(—frs1)-
Furthermore we define a vector f,41 € Z; by

_fr+1 = Jr.
Thus
Hjgr = Hj(—frt1),

and equation (2.15) is valid for £k = 0,1,...,r. From Proposition 2.7 (ii) now it
follows that fo, f1,..., fr is a Jordan chain of L corresponding to the eigenvalue
a;j of L.

(iv) Let fr41 € Z; be the vector described in Proposition 2.7 (ii). Then we
can determine successively vectors go, g1 ..., g, € Z; such that

Hjgr = Hj(—frs1)
for k =0,1,...,r. For this we set
ho == —f1,

(2.16) k-l k
hii==> =3 fix1, k=1,...,m
=0 1=0
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and then
ng:PjthZj, k=0,1,...,r.

Now we show that we have f +gx—1 € N(H;), k =1,...,r. For this it suffices to
show that

(2.17) fo+ hi_1 € N(H;)

for k=1,...,r. For k =1 we have fi + ho =0 € N(H;), and for any 1 < k < r
thus we have successively from (2.16) that

fu+he—1=0€ N(Hj)

fork =1,...,r and therefore (2.17) is satisfied. In conclusion the vectors fo, ..., fr,
9o, - - - » gr satisfy (2.14), and a; is an eigenvalue of G; with (fo,g0)7, (f1,91)%,. ..,
(fr,9-)T as corresponding Jordan chain.

(vi) This follows from (iv) and (v). 1

Combining Proposition 2.6 (i)—(iii) and Proposition 2.8 (i)-(iii), and combin-
ing Proposition 2.6 (iv)—(vi) and Proposition 2.8 (iv)—(vi) we now can prove that
the (geometric) multiplicities of the eigenvalues a; of L and £ coincide.

THEOREM 2.9. Let a; € {a1,...,an}. Assume that N; = N(H;).

(i) Let a; be an eigenvalue of L, and let fo # 0 be a corresponding eigen-
vector. Then a; is an eigenvalue of £ and there exists a vector f1 € Z; (according
to Proposition 2.7 (1)) such that §j(aj)(fo,f1,0, ..., 00T £ 0 is a corresponding
etgenvector.

(ii) Let a; be an eigenvalue of £, and let 0 # f = (f1, f2,..., fx)T be a corre-
sponding eigenvector. Then a; is an eigenvalue of L and fi # 0 is a corresponding
etgenvector.

(ili) The geometric multiplicities of the eigenvalues aj of L and £ coincide.

(iv) Let 0 # fo, f1,..., fr be a Jordan chain of L corresponding to the eigen-

value a; of L. Then there exist vectors go,gi,...,9r € Z; such that the vectors
90,01, ..., 8, € XX defined by
Ik fo
9k 90
3 L 2(k)
gk—g](a.]) O ++E3j (G’J) O 9 kZOa 3 Ty
0 0

are a Jordan chain of £ corresponding to the eigenvalue a; of £.
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(v) Let go,91,---,8- € XX(go # 0) be a Jordan chain of £ corresponding
to the eigenvalue a; of £. Then g1,0,911,---,91,r € X(g1,0 # 0) is a Jordan chain
of L corresponding to the eigenvalue a; of L.

(vi) The partial null multiplicities and the null multiplicities of the eigenval-

ues a; of L and £ coincide.
Now we describe the spectrum of L under the conditions of Proposition 2.1 (ii).

THEOREM 2.10. Let Ty € Boo(X),0< k< n—1,Br € Boo(X),1 < k < n,
and let the operators Hy be of finite rank, 1 < k < m. Let p(L) # 0. Then the
spectrum o(L) of L consists of eigenvalues of finite multiplicity with infinity as
their only possible limit point. Furthermore the eigenvalues a; € {a1,a2,...,am}
of L have (finite null multiplicity and finite pole multiplicity and consequently)
finite multiplicity.

Proof. From Corollary 2.3 we have o(L) = o(£)NQ and p(L) = p(£)NQ # .
Thus the assertion follows from Theorem 12.9 in [18] (since T, 9 € Boo(XX)) and
Corollary 2.3, Proposition 2.4, Theorem 2.9, since the pole multiplicities of the

eigenvalues a; € {a1,...,a,} are equal to dim R(H;). 1

3. COMPLETENESS AND SPECTRAL ASYMPTOTICS (THE RATIONAL CASE)

In this section we use the results from Section 2 to prove in the case of a Hilbert
space some asymptotic results for the eigenvalues and the completeness of the
eigenvectors and associated vectors of the rational operator function L.

Throughout this section let X be a (complex, separable) Hilbert space with
inner product (-,-). The inner product in XX then is defined by

K
(fa g) = Z(fkngk)'
k=1
In this case we have

X = N(Hy) @ N(Hy)"

for each k € 1,...,m, and we choose P, to be the orthogonal projection onto
N(Hg)*. We denote by B,(X), 0 < p < oo, the von Neumann-Schatten classes.
We suppose throughout this section that n > 1.
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PROPOSITION 3.1. (i) Assumeker By = {0},k =1,...,n. Thenker $§ = {0}.
(ii) Let for n =1 the operator By be normal, and let for n > 2

BB} = BiB,,...,B,_1B’_, = B*B,, B,B* = B:B,.

Then $) is normal.
(iii) Let for n =1 the operator By = A; be selfadjoint, and let for n > 2 the
operator A,, and the operators

B\B,B,_1 B,
B;B1B,B,_1 --- DBs,
anan72 e Ban

be selfadjoint. Furthermore let a} € R,j =1,...,m. Then " is selfadjoint.
(iv) Let By € By(X) for some p €]0,00[ for k = 1,...,n, and let Hg,
k=1,...,m, be of finite rank. Then $ € B,(X¥).

Proof. This follows from the definition of . 1

Assume that B; = --- = B,, =: B, and that B is normal. Then the assump-
tions of Proposition 3.1 (ii) are satisfied, and thus $ is normal. Assume that all By,
commute, that A, is selfadjoint, and that a7 € R, j = 1,..., m. Then the assump-
tions of Proposition 3.1 (iii) are satisfied, and thus $™ is selfadjoint. Therefore
it follows that under the assumption that the polynomial part of L is a Keldysh
pencil all conditions of Proposition 3.1 (i), (ii), (iii) are satisfied if additionally
af €ER, j=1,...,m.

Now we have the following theorem.

THEOREM 3.2. Let Ty, T1,...,Tn_1,B1,...,B, € Bs(X), and let the oper-
ators Hy, ..., H,, be of finite rank.

(i) Let the operators By, ..., B, satisfy the assumptions of Proposition 3.1
(i), (ii) with By = Ay selfadjoint (for n =1), and A,, and the operators

BanBn,1 B27
BQBananl T B37
Bn—an—Q te Ban

selfadjoint (for n > 2), respectively. Then for any § > 0 there are only finitely
many eigenvalues of L outside the angles

[

k
arg/\—ﬂn‘<5}, k=0,1,...,2n—1.
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(ii) Let the assumptions of (i) be satisfied, and let By, € B,(X) for some
p €]0,00[ for k =1,...,n. Then the system of eigenvectors and associated vectors

corresponding to the eigenvalues A € C of L is complete in X.

Proof. We consider only the cases n > 2, since a similar reasoning is valid
for the case n = 1. (i) For the operator function £()\) := Txx — T — A9 the
operators T and §) are compact with ker $ = {0} and $ normal. Let & := $~1
and B := TH~!. Then the operator & is normal with compact resolvent, while
B is compact relative to &. Furthermore the eigenvalues of L, £, and & — ‘B
coincide and have the same null multiplicities. This follows from Proposition 2.4,

Theorem 2.9, and Lemmma 15.2 in [18]. For the spectrum o () we have

o --- 0 B,
By "ol
o(9) =0 UU{%}.
k=1
B,.1 0
o - 0 B, n
By
Since . is selfadjoint in the Hilbert space X™, () lies

B,-1 O
on the rays

k
argA=7—, k=0,1,....2n—1,
n

1
arg)\:arga, k=1,...,m.

Then it follows from Lemma 15.3 in [18], Proposition 2.4, and Theorem 2.9 that

for any § > 0 there are only finitely many eigenvalues of L outside the angles

[

{\:|arg X —argag| <6}, k=1,...,m.

k
arg\ — m— <5}, k=0,1,...,2n—1,
n

If all the values ag, k = 1,...,m, liec on the rays arg A = kn/n, k=0,...,2n — 1,
the assertion is obviously true. Thus let ky,...,k; € {1,...,m} be such that

argay, = --- = argay,,
arga; # argag,, Jj#ki,...,ki, j€{1,...,m},

k
argag, #n—, k=0,...,2n—1.
n
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For 0 # a € Cand § > 0 denote by Q(a, §) the angle Q(a,0) := {\ : |arg A\—arga| <
0}. Let 65, > 0 be such that a; ¢ Q(ak,,0k,), j # k1,..., ki, j =1,...,m, and
that
™
Q(akl,ékl)ﬂ{)\.arg)\:kﬁ}:Q], k=0,...,2n— 1.

Let 0 < d2 < g, . Then the spectrum of L in Q(ay,, d2) is finite. This follows from

Theorem 8.2 and Remarks 8.6 and 8.7 in [18], since ay,, ..., a, are eigenvalues of

1
finite multiplicity of the operator & = $~!. This argument can be applied to all
ay. From this the assertion follows.

(ii) We use the notations of the proof of (i). The operator ¥ is compact and
the operator $ € BP(XK) with ker $ = {0} is normal. In view of Proposition 2.4
and Theorem 2.9 it suffices to establish that the eigenvectors and associated vectors
of £ are complete in XX. The operator & is normal and ! = § € B,(XX),

while B is compact relative to &. Since the spectrum o($)) of $ lies on the rays
k
argA\=7—, k=0,1,...,2n—1,
n
1
argA=arg—, k=1,...,m,

ar
the spectrum of & lies on the rays
k
arg\=7—, k=0,1,...,2n—1,
n
arg\ = argag, k=1,...,m,
Thus, by Theorem 4.3 in [18], the system of root vectors of & — B is complete in
XX Thus, the set N of all vectors of the form $g, where g is a root vector of & —B,
is complete in R($)). Since ker $* = {0} (since $ is normal and ker $) = {0}), R($)

is dense in X and thus 91 is complete in X*. According to Lemma 15.1 in [18],

N coincides with the set of all eigenvectors and associated vectors of £. 1

Denote by Ny(r,L) for r > 0 and k£ = 0,...,2n — 1 the sum of the null
multiplicities of the eigenvalues of L in the sector

Ag(r) = {)\ : ‘arg)\ —W%‘ <m/2n, |\ < r},

denote by Nt (r) (respectively, N~ (7)) the sum of the null multiplicities of the
eigenvalues of A, in |r~", oo (respectively, | —co, —r~"[), denote by N (r, (ax)) the
sum of dim R(H},) for which ay, is in {\ : arg A = wk/n, |\ <r}, k=0,...,2n—1,
and let N7 (r) := N*(r) + Ng(r, (ag)), k = 0,...,2n — 1. In the next theorem
we compare the functions Nog(r, L) with N (1), and Nog1(r, L) with Ny, (7).
The results are formulated only for Nax(r, L), since the formulations are anal-
ogous for Nogy1(r, L). For functions ¢, :]0,00[— R we write ¢(r) ~ (r) if
Jim p(r)/¢(r) = 1.
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THEOREM 3.3. Let the assumptions of Theorem 3.2. (i) be satisfied.
(i) Assume that the positive spectrum of A,, is finite. Then the spectrum of
L in the angles

k
Qop 1= {)\: argA—Zﬂﬁ‘<%}, k=0,....,n—1,

s also finite.

(ii) Assume that the positive spectrum of A, is infinite and

log N,
lim inf L%(T) < 00.
r—00 logr
Then
, L)

N.
hmm%%y—qu k=0,...,n—1.
NQk(

7—00 7’)

(iii) Assume that the positive spectrum of A, is infinite and

Ny (r(1+¢))

=1.
r—o00,e—0 N;Z:(r)

Then
NQk(TaL)NN;C(r)y k:07'..,n_1.

(iv) Assume that NJi(r) ~ ar? for a,y > 0. Then Noy(r,L) ~ ar?, k =
0,...,n—1.

Proof. We use the notations of the proof of Theorem 3.2 (i). The eigenvalues
of Lo(A) := I — A"A,, are eigenvalues of & with the same null multiplicities. The
remaining eigenvalues of & are the values ay, k = 1,...,m, with finite null multi-
plicity (equal to dim R(Hy)). Thus (i) follows from Theorem 8.2 (and Remarks 8.6
and 8.7) in [18], (ii) follows from Theorem 8.3 (and Remarks 8.6 and 8.7) in [18],
(iii) follows from Theorem 8.4 (and Remarks 8.6 and 8.7) in [18]. (iv) is a corollary
to (iii).

Thus we have for L similar results as for a Keldysh pencil (cf. [18], Sec-
tion 15.3).
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4. LINEARIZATION (THE MEROMORPHIC CASE)

In this section first let X be a (complex) Banach space. Let Ay € B(X), k =
0,1,...,n, 0 # H, e B(X), k=1,2,...,and 0 # a, € C, k = 1,2,..., ar # a;
for k # j, with

(4.1) klim lak| = oo

be given. Then the operator function L : Q2 — B(X) is considered, defined by

Loc(\) =1 — Z)\’“AkJrZ%Hk, A€ 0>,
k=0

where

o)
Z_a
e k

is compact convergent in C. In this section we extend the results of Section 2 on
rational operator functions to this type of meromorphic operator functions. But
we only sketch the procedure. We assume that (2.1) and (2.2) (for k = 1,2,...)

are satisfied. Let

oo
X :{(f17f2a"')T | 1y fn € X, foi1 € 20, frgn € Zayo Y IklP < 00}-
k=1

Then X*° endowed with the norm

flloc = lI(frs for - ) oo = (lefk||2>

is a Banach space. We consider for n > 2 the infinite operator matrices

T T --- T,—1 Hy Hp
0

1
ay

az
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0 0 0 B,
By 0 0 0
By
(4.3) Noo 1= B.. 0 ,
1
a1
1
az 2

and with the corresponding modifications for the cases n = 0,1 as in Section 2.

PROPOSITION 4.1. Assume that

oo

1
4.4 ? < 0,
(4.4) kZ:l PAE |
(4.5) > I Hi|? < o
k=1

(i) Then for Too, Neo given by (4.2), (4.3), respectively, we have Too, Hoo €
B(X®).

(ii) Let Ty, € Boo(X), 0 < k< n—1, By € Bo(X), 1 < k < n, and let the
operators Hy, be of finite rank, k =1,2,.... Then Too, Hoo € Boo (X ).

Proof. (i) We have for f € X

n—1 oo 2 n—1 [e%S)
Z Tk fre+1 + Zkan+k < (Z 1T ll* + Z |Hk||2> 1112
— — k=0 —
and - -
> - Pkfl Z |2\|Pk|\ [ilbe
=117k =

From this it follows that o, € B(X ).
We have for § € X*°

Z 1By fxl?

k=1

Pkfn+k

..... —

2
1
<<kgaxn|3k||2+ wp ol k|2> 151

2

From this it follows that $., € B(X ).
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(ii) We approximate T, Hoo by finite sections in the following way: Let
m € N be given, then let

Ty T - Ty.1 Hy - H, 0
0
0
(4.6) Toon = | @b ,
1
0
0 0 0 B,
By 0 0 0
B,
B,.1 0
(47) Noom 1= 1 X
1
Qo ~
0
Thus we have for f € X
e} e} 1
|Toof—‘loo,mﬂl2<< PR EAEEDY WnPkn?) 1% =0
k=m+1 k=m+1 k

for m — oco. Since Too m € Boo(X°), this implies Too € Boo (X ). Furthermore
we have for f € X

1
1900f = HoomflI* < sup W\ka\\zllﬂlio — 0 for m — oo.

k=m+1,... |

Since Hoo.m € Boo(X ), this implies oo € Boo(X>°). 1
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Now we define operator functions €., Foo : 2° — B(X ) by

(4.8)
I

AB; 1
2By By ABy I

goo()‘) = )\n_anfl"'Bl v ABy_q I )
)\:il Pl /\:aall Pl
)\:212 P Py

Iy )\kilTkBk --+By - T, 14+ AB, )\:aall H, A:atfz Hp
k=1
I

Py
Py

We denote by 7y, the canonical projection from X onto its first coordinate space

wo(fiy for )T = f1.

THEOREM 4.2. Let Loo, Toos Noos ooy Soo as above and let (4.4), (4.5) be
fulfilled. Then for each A € Q> we have €x(N),Foo(A) € B(X ), the operators
€0 (A), Foo(A) are invertible, and

Loo(N) @ Tker e, = Coo( M) (Txo — Too — ADoo)Too(A), A€ Q™.

Proof. For f € X*° we have

oo

2|5

k=

2 0o 1
< Z TM”PkH%HHz <00
k=1

Pkfl B

o0
since the series m” Pyi||? converges. Furthermore we have Pi|Zy = Iz,.
k=1

Thus

2 00 1

-5

k=1 ‘1 - =
ag

— Qg 1
J Pkfn-i—k 5 ka-f—n“Q < . Sug 72”ﬂ|2 <0

k=1
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since |ay| — oo. From this it follows that Foo(A) € B(X°°). Furthermore §oo () is
injective with

I
—-AB; I

SW(A)_l = —ABn_l I
1 P _)\;1041 Pl

1 P. _A—as Pg
asz

Since for f € X we have (Pk|Zk = IZk and |ak| — 00 )

k= k=
oS} ax o) A 2
Bt =301 2| 1ent? < s |1 - 214z < o,
=1 =12,

thus it follows that Foo(N) ™! € B(X ™).

For f € X*° we have
2

oo
— QL 1
——Hifarr|| < sup ——— > [ HlP[If]% < oo,
k=1

k=1,2,... ‘1 _ A‘
ag

and since Py|Zy = Iz, it follows that €(\) € B(X ). &(\) is injective with
Eoo(N)7!
I =Y MW TBy---By -+ =T, 1 —AB, %-Hi %-H,
k=1
I

P
Py

and therefore €., (\)~! € B(X>). 1
In the following we assume that the conditions (4.4), (4.5) are fulfilled. Let
L : C — B(X*) be the operator function defined by
Loo(A) i=Tx00 —Foo = Ao, A €C.
For L, and £, there are valid the analogues of Corollary 2.3, Propositions 2.4,
2.6, 2.7, 2.8, and Theorems 2.5, 2.9, 2.10, which we do not formulate explicitly.
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5. COMPLETENESS AND SPECTRAL ASYMPTOTICS (THE MEROMORPHIC CASE)

In this section we use the results from Section 4 to prove in the case of a Hilbert
space some asymptotic results for the eigenvalues and the completeness of the
eigenvectors and associated vectors which extend those of Section 3 for the rational
operator function L to the meromorphic operator function L.,

Throughout this section let X be a (complex, separable) Hilbert space with
inner product (-,-). The inner product in X is defined by

e}
=Y (frr95)-
k=1

In this case again we have X = N(H}) ® N(Hj)* for each k € N, and we choose
Py, to be the orthogonal projection onto N(Hj):. We suppose throughout this
section that n > 1.

Under the condition (4.4) for ., there is also valid the analogue of Propo-
sition 3.1 (i), (i), (iii) if a} € R, j = 1,2,.... Only Proposition 3.1 (iv) must be
modified.

PROPOSITION 5.1. Let By, € By(X) for some p € [1,00[ for k = 1,2,....
Furthermore let Hy, k € N, be of finite rank, and let

Z dim R(H,,)? < oo.
Iak|

Then $Hoo € Bp(X ™).

Proof. The operator o m given by (4.7) is an element of B, (X >°) for each
m € N. Furthermore

00
Z 1. 1
||57Joo - Sf)oo,m”oo,p < dlm R(Hk):) - 0
k=m+1 ‘ak‘

for m — oo. From this the assertion follows. 1

THEOREM 5.2. Let for the polynomial part of Lo the assumptions of Theo-
rem 3.2 (i) be satisfied. Furthermore let

f: ;
2
i low

< 00.
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Assume that (without loss of generality) the numbers 1/ay, k = 1,2,..., lie on the
finitely many rays

1 1
arg A = arg —,...,arg A = arg —,
ai Qm

where arg1/ag, k =1,...,m, are pairwise distinct.
(i) For any § > 0 there are only finitely many eigenvalues of Lo, outside
the angles

k
(5.1) {A:|argh—7m—| < ¢}, k=0,1,...,2n—1,
n

(5.2) {A:]arg A —argag| <46}, k=1,...,m.
(ii) Assume additionally that on the ray
arg A\ = argag,, ko€ {l,...,m},

there are only finitely many ay, and argay, # wk/n,k = 0,...,2n — 1. Then the
assertion of (1) is valid with k # ko in (5.2).
(iii) Let additionally be assumed that the positive spectrum of A, is finite,

and that only finitely many ay, are on the rays
k
arg\=2nr—, k=0,...,n—1.
n

Then the assertion of (i) is wvalid with k # 2I, 1 = 0,...,n — 1 in (5.1). An
analogous result is valid if the negative spectrum of A, is finite, and only finitely
many ay are on the rays
2k +1
arg\ = M, k=0,....,n—1.
n

(iv) Let additionally By, € B,(X) for some p € [1,00[ for k =1,...,n, and

let

— 1
Z —dimR(Hk)% < 00.
it loxl

Then the system of eigenvectors and associated vectors corresponding to the eigen-
values A € C of Lo is complete in X*°.

Proof. We consider only the cases n > 2, since a similar reasoning is valid
for the case n = 1. (i) For the operator function £o,(A\) = Txe — Too — Ao the
operator %o, is compact, and $) is compact and normal with ker ., = {0}. Let
B = N3 and B, := TN Then the operator B, is normal with compact
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resolvent, while B, is compact relative to &.,. Furthermore the eigenvalues of
Ly, £o0, and &, — B, coincide and have the same null multiplicities. This follows
from the analogues of Proposition 2.4, Theorem 2.9 for L., and £, and Lemma
15.2 in [18]. For the spectrum o () we have

0 ... 0 B,

B (1
o(9:c) = 0 ol {k}
B,-1 0

Therefore from our assumptions it follows that the spectrum of )., lies on the
finitely many rays

k
arg\=argnm—, k=0,...2n—1,
n
1
argA\=arg—, k=1,...,m.
ag

Thus the assertion of (i) follows from Lemma 15.3 in [18].

To prove (ii) and (iii) the same procedure as in the second part of the proof
of Theorem 3.2 (i) give the assertions.

(iv) The proof is analogous to the proof of Theorem 3.2 (iii). 1

Now we consider the asymptotics of the eigenvalues of L., in one of the
angles given by (5.2) in more detail.

THEOREM 5.3. Let the assumptions of Theorem 5.2 (i) be satisfied. Let
ko € {1,...,m} be given. Assume that on the ray arg\ = argay, there are
infinitely many numbers ay, where argay, # wk/n, k=0,...,2n — 1. Let 0y, > 0
be such that ap & Qak,,0k,), k= 1,...,m,k # ko, and that

Q(ako,éko)ﬂ{/\:argA:ﬂS}:(D, k=0,...,2n—1.

Let 0 < 81 < Op,. Denote by N(r,01, Loo) the sum of the null multiplicities of the
eigenvalues of Lo, lying in the sector

Alag,,01,7) :={X: Jarg\ — argag,| < 01, |\ < r},

and denote by N(r,ak,) the sum of dim R(Hy) for which ap € {\ : arg\ =
arg ak,, |A\| < r}.
(i) Assume that
i inf 128V (T 0k0)
T—00 log r
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Then Nir 5 L
liming | Y200 L)
r—o0 N(T, ako)
(ii) Assume that

lim inf —N(r(l +¢), ano)

=1.
r—o00,e—0 N(’I’, a‘ko)

Then
N(r,61,Loo) ~ N(r,ag,).

(iii) Assume that N(r,ay,) ~ ar¥(a,y > 0). Then N(r,01,Loo) ~ ar?.

Proof. We use the notations of Theorem 5.2 (i). The eigenvalues of Lo(\) :=
I — A\"A,, are eigenvalues of &, with the same null multiplicities. The remaining
eigenvalues of &, are the values ag,k = 1,2,..., with finite null multiplicity
(equal to dim R(Hy)). Thus (i) follows from Theorem 8.3 (and Remarks 8.6 and
8.7) in [18], (ii) follows from Theorem 8.4 (and Remarks 8.6 and 8.7) in [18]. (iii)
is a corollary to (ii). 1

Note that N(r,ag,) is equal to the sum of the pole multiplicities of the
poles ay of Ly in the sector A(ag,,d1,7). Thus Theorem 5.3 shows that a certain
asymptotic behavior of the sums of the pole multiplicities of the poles of L., on
the ray arg A = argay, implies a certain asymptotic behavior of the sums of the
null multiplicities of the eigenvalues of Ly, in the angle Q(ag,, d1).

In the next theorem, which can be proved analogous to Theorem 5.3, we
consider the asymptotics of the eigenvalues of L., in one of the angles given by
(5.1) in more detail.

THEOREM 5.4. Let the assumptions of Theorem 5.2 (i) be satisfied. Let
ko € {0,...,n — 1} be given. Assume that for the ray arg A\ = 2wkg/n, one of the
following three conditions holds:

(i) The positive spectrum of A,, is finite, and the number of ay, lying on this
ray is infinite.

(ii) The positive spectrum of A, is infinite, and the number of ay, lying on
this ray is finite.

(iii) The positive spectrum of A, is infinite, and the number of ay lying on
this ray is infinite.

Denote by NT(r) the sum of the null multiplicities of the eigenvalues of the
eigenvalues of Ay, in Jr~—™, 00[, denote by N(r, 2k, (ar)) the sum of the dim R(Hy,)
for which ay, is in

{/\ carg\ = QWZ—O, |A] < r},
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and let N (r,2ko) :== NT(r) + N(r,2ko, (ax)). Let 0 < o, < m/2n be such that
for at most one ly € {1,...,m} we have arga;, = 2wko/n, and no other ray
arg\ = argay, k # lo,k=1,...,m, lies in the angle {\ : |arg A — 27ko/n| < O, }-
Let 0 < 01 < Op,. Denote by N(r,61, Loo) the sum of the null multiplicities of Lo
lying in the sector

A2k, 01,7) = {)\ :larg A — 27r@
n

<517)\|<r}.

Then the assertions of Theorem 5.3 (i), (ii), (i) are wvalid with N(r,ak,),
N(r,d1, L) replaced by N (r,2kg), N(r,81, Lo ), respectively.

An analogous result is valid for a ray arg A = (2kg + 1)7/n.
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