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ABSTRACT. We are interested in remainder estimates in the Weyl formula
for the asymptotic number of eigenvalues of certain elliptic operators on R?
and on a smooth compact manifold without boundary. The main aim of
this paper is to compare spectral asymptotics of operators with irregular
coefficients and certain classes of smoothed operators for which the Weyl
formula is derived by means of elementary pseudodifferential calculus.

The remainder estimates are obtained here essentially with an exponent
less than one half of the optimal exponent known in the case of smooth coef-
ficients. The presentation is self-contained (we do not require any knowledge
of the subject) and will be continued in a subsequent paper, where sharper
remainder estimates will be proved.
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1. INTRODUCTION

The aim of this paper is to present a very simple approach of studying the asymp-
totic behaviour of some elliptic differential operators with coefficients which are
not necessarily smooth. The main tool we use in the proof is the formula for
the symbol of the composition of two pseudodifferential operators (exposed e.g.
in Chapter 1 of the book of M.A. Shubin ([37]) or in Chapter 2 of the book of
H. Kumano-Go ([24])) and moreover, concerning the operators on a manifold, the
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fact that the Hormander class of pseudodifferential operators of type 4, p is well
defined if 0<d<p<1l, p+d>1.

Let us note here that the asymptotic distribution of eigenvalues is one of
the important problems of the spectral theory of partial differential operators and
since the pioneer work of H. Weyl (cf. [43]) concerning vibrations of membranes and
elastic bodies, a lot of papers have investigated various questions concerning the
accuracy of the remainder estimates in the asymptotic formulas and their validity
for diverse classes of differential operators in various situations, e.g. differential
operators with irregular coefficients.

Consider a differential operator A on R? of degree m € 2N, of the form

(1.1) A= Y D%aag(x)D?)

e, 1B]<m /2

where the coefficients a, 3 are measurable, locally bounded on R? and the notation

(1.1) means that A is a sesquilinear form on C§°(R%) given by

(1.17) Alpd]= Y (aas(@)D’p, D)

lel, 18] <m /2

for 1) € C§(RY), where (¢1,12) = [11(2)12(x)dz is the scalar product of
L?(RY).

Further on we assume ag () = aq g(z) for every |al, |8] < m/2, i.e. Ais a
quadratic form. We say that A is globally elliptic of degree m if there are constants
C, ¢ > 0 such that

(1.2) c(lzl + €)™ = C < ao(x, §) < C(L+ [z +[£)™

where

a(w,§)= Y, aap@)E
lexl, 1Bl <m /2
If A is globally elliptic of degree m, then the closed, bounded from below
quadratic form being the extension of A, defines a self-adjoint operator in L?(R?)
which will be denoted also by the letter A. The resolvent of A is compact and
its spectrum is formed by a sequence of eigenvalues of finite multiplicities with no
finite accumulation point. If A\ < Ay < A3 < --- is the sequence of eigenvalues
of A where each multiple eigenvalue is repeated as many times as its multiplicity,

then Na(A) = max{n € N : A, < A} denotes the corresponding counting function.



ASYMPTOTIC DISTRIBUTION OF EIGENVALUES FOR SOME ELLIPTIC OPERATORS 251

To describe the regularity properties of coefficients we fix 0 < r < 1 and
define
AT(RY) = {a € L®(RY) :
(1.3)

3C >0, sup la(z+y) —a(z)] < Clz)"" forall x € Rd}
lyl<1

where (x) = (1 + |z]?)"/2. We make the following
REGULARITY HYPOTHESES. Let 0 < r < 1. We assume that for |a + §] <

m — 1 the coefficient a, g may be written in the following way

(1.4) aap(z) = (@)™ 1al y(@) + (@)™ ()

«,
with
ah.g € A"(RY)  and al g € L>®(RY),

and for |a + ] = m the coeflicients a,, g are constant.

We have

THEOREM 1.1. Let A be globally elliptic of degree m € 2N and the regularity
hypotheses hold for a given 0 <r < 1. If u <r/m and C > 0, then
(1.5) Na(A) = Nay(A) + O(Ngy (A + CAH) = Ngy (A = CATH)) + O(1)

where ag is as in (1.2) and

Noy (V) = (2m)~¢ / dade.
ao(z,£) <A

REMARK 1.2. Tt is easy to see that under our hypotheses c; \24/™ < N, (\) <
C1224/™ Zolds for certain constants Cy, ¢; > 0. If we assume moreover that Oz, 00,3
are LllOC and

(1.6) Vagao(a,€)| > ea(lz] + €)™ = Cy
for certain Co, ¢y > 0, then it can be easily shown (cf. [37], Proposition 28.3) that

NogA+CXTH) = Ny (A = CAYH) = O(AH)N,, () = O()\—/H—Qd/m).

Consider now differential operators on a smooth manifold M of dimension d.
We shall say that a quadratic form A on C§°(M) is local if A[p, 1] = 0 for every
©, 1 € C§°(M) with supp¢ Nsuppy = 0. For 0 < r < 1 we denote

B"(RY) = {a € L®(R?) :

(1.7) d
3C >0, |a(z) — a(y)| < Clz —y|” for all z,y € R*}.
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Further on we assume that M is compact and dy is a smooth density defining
the scalar product of L?(M). We say that Z is an atlas of M if every x € =
is a smooth diffeomorphism of an open set U, C R? onto its image in M and
{x(Uy)}, ez 18 a covering of M.

We say that A is elliptic of degree m € 2N on M if A is a local quadratic form
on C*°(M) and there is an atlas = such that every x € E gives the density dy on
X (U, ) as the image of the Lebesgue measure dz on U, and Ay, ] = A, [pox, Yox]
for o, v € C§°(x(Uy)) with

(1.8) A=Y Daapy(z)D?)
la, |B]<m/2

where an 5, € L°(R?) and A, is elliptic of degree m € 2N, i.e. there is ¢, > 0
such that

(1.27) A (2, §) = Z aa,@x(x)fa—m 2 oy €™
lor|=|Bl=m/2

If A is elliptic of degree m on M, then the closed, bounded from below
quadratic form being the extension of A, defines a self-adjoint operator in L?(M).
Since the embedding of H*(M) into L?(M) is compact for every s > 0, the re-
solvent of A is compact and as before N4(\) denotes the corresponding counting
function. We have

THEOREM 1.3. Let A be elliptic of degree m € 2N on a compact manifold of
dimension d. Let 0 < r < 1 and assume that the coefficients a5, € B"(RY) if

|a| = |8| = m/2. Then there is a constant cq such that for p < we have

(1.9) Na(A) = eaAY™ (1 + O(A7H)).

Since our intention is a self-contained, easy and detailed presentation, we
have formulated our statements in a simple way and without looking for possible
generalisations. In particular, the statement of regularity hypotheses has been
chosen to make extremely simple the idea of replacing the study of A by the study
of a smooth differential or pseudodifferential operator A obtained from A by a
very simple smoothing procedure. Afterwards, the asymptotic formula for the
smoothed operator is obtained using the Tauberian idea of [15], based on a study
of the counting function Np(\) for the power P = A* via its Fourier transform

(1.10) u(t) :/e*itA dNp(N).
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The paper is organized as follows. In Section 2 we consider the properties
of the differential operator A obtained from A by smoothing the coefficients. In
particular, the powers AH are described as elements of suitable classes of pseu-
dodifferential operators. In Section 3 we check that the asymptotic formula for A
follows from the analogous formula for A. In Section 4 we describe an approxi-
mation of e ¥ allowing to obtain the asymptotic behaviour of u(t) [defined by
(1.10)] and to complete the proof of Theorem 1.1 by applying a version of the
Tauberian theorem described in Section 5.

Further on, we consider the case of irregular top order coefficients. In this
case the smoothing procedure is more complicated: every irregular coefficient
should be replaced by a suitable pseudodifferential operator from Hoérmander’s
class of type 1, §. In Section 6 we describe the suitable classes of operators in R?
and show the asymptotic formula for the spectral function with a simple remainder
estimate. To be self-contained, we complete the proof of Theorem 1.3 in Section 7
describing how the statements from Section 6 may be translated in the language
of local coordinates.

At the end of this introduction we would like to give an indication about
the place of results presented here against the background of known results in the
subject. In particular, we would like to mention here L. Hérmander’s development
of the theory of Fourier integral operators in [15] allowing to prove that in the
case of smooth coefficients (1.9) holds with = 1/m, which is in general the best
possible value of the exponent p (if no hypotheses on the Hamiltonian flow are
considered). The best possible value of the exponent p in (1.5) is 4 = 2/m, and in
the case of smooth coefficients A. Mohamed ([30]) proved this estimate under very
weak additional hypotheses. Therefore, in the case of smooth coefficients, using
the results of Theorem 1.1 and 1.3 we obtain remainder estimates with any value
of 1 between 0 and one half of the best possible value.

In the subsequent paper [46] we show that the approximation of u(t) by ux (t)
described below in Section 4 allows to obtain in fact the remainder estimates with
any value of p between 0 and the best possible value. In particular, (1.9) holds
with p < r/m if the coeflicients are Holder continuous with exponent r, where
0 <r <1 (cf also [44], [45]).

More detailed comments and references to other papers and results in the

area of spectral asymptotics are given in Section 8.
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2. CLASSES OF SYMBOLS AND OPERATORS

If X, X' are Banach spaces, then B(X,X’) denotes the Banach space of bounded
linear operators X — X’ and B(X,X) = B(X). Let S(R™) denote the Schwartz
space of rapidly decreasing functions on R™ and define \Ilg_l°o as the set of integral
operators with a kernel belonging to S(R? x R%), i.e. the operators which can be
extended to linear continuous operators S'(R%) — S(R?). Further on, we write
simply S, L2, A", instead of S(R?), L2(R%), A"(R?), denoting by || - || the norm
of L? or B(L?).

If p € C°(R? x R?) is polynomially bounded, then p(z, D) is the associated
pseudo-differential operator defined as a linear operator on S given by

(2.1) (e D)p = (2m)* [ e p(a p(€) de.
For s € R, the global Sobolev space is the completion of S in the norm
(2.2) lellms = [A*(z,D)g||  where A*(z,8) = (1+ |z|* + [¢*)*/2.

Clearly P € \I/g_lOo if and only if P extends to a bounded operator H-; — H?
for every s € R. Using all the time the notation A(z,&) = (1 + |z|2 + [£]?)Y/2,
introduce the metric

(2.3) g = |da|* + A(z,§)7?|dg]”
on R% x Rg and denote by S the class of functions p € C*°(R$ x Rg) such that
(2.4) |p(a,)(x,€)\ < C'%O,/A(a:,f)m*'“l for every o, o € N,

where pgz,)) (z,€) = 8?8;’,]9(3:,5). We denote by Wi the class of linear operators
P on § such that P —p(z,D) € ¥, with p € 57" called a symbol of P.

Note that if p(z,D) € ¥, then p(z,§) = el p(x, D)(e™*¢) belongs to
S(RY x Rg). Alsop € S, q € Sg"b/ = pq € S;”*’”, and there is po g € nger’
satisfying

i)led

(a)q (@)

(2.5) p(z,D)g(x,D) — (poq)(z,D) € ¥,;> with pog= Z

[where p(®) (2, &) = 0¢p(2,€), p(a)(x,€) = 8gp(x,€)], ie. p(z,D)g(z,D) € Uyt
If p € S7* then A®*(z,D)p(x, D)A~™"%(z,D) € ¥} extends to a bounded operator

on L?, ie. every P € U extends to a bounded operator H)'f? — H for every



ASYMPTOTIC DISTRIBUTION OF EIGENVALUES FOR SOME ELLIPTIC OPERATORS 255

s € R, hence extends to a continuous operator on S&’. The adjoint of P € e

belongs to ¥i" and has the symbol

* AU (_i)‘al «
(2.6) PEY )

Identifying (P*)* and P we get (p*)* —p € S(RZ x Rg). If P—p(z,D) € ¥ ;™
then P may be chosen symmetric [i.e. (P, ) = (¢, Pv) for ¢, € S] if and only
if p* —p € S(R x RY).

If m < 0 then A™(z,D) is compact on L? and consequently every P € v
is compact if m < 0. A symbol p € 5" is called globally elliptic of degree m > 0
if there are constants Cp,co > 0 such that |p(x,&)| = coA(z,§)™ — Cpy and the
operator P € W' is called globally elliptic of degree m if P — p(z,D) € \D;lw with
p globally elliptic of degree m.

DEFINITION 2.1. (i) If m € R, then S" denotes the set of functions a €
C>(RY) satisfying [0%a(z)| < Cq(z)™ for every a € N? and for 0 < r < 1 we set

(2.7) SOl ={a € S§: 0% € S5 if o] =1}
(ii) If m € R, 0 < r < 1, then we set
(2.8) Sg'lrl ={p € Sg" : p(ay € Sg' " if [a] = 1}

and denote by W'[r] the class of operators P € Wi such that P —p(z,D) € ¥~
with p € Sg*[r]. We note that

(2.9) m' <m—r= Sy Sy, ST C ST

and using 0, (pq) = (0zp)q + pOzq we check easily that

(2.10) peSrl,qe Sg‘,[r] =pq € Sg”'ml [r], poqg—pg€E Sg”'ml_l_r,

i.e. p(x,D)q(z,D) € \I/g”‘m/ [7], p(x,D)q(x,D) — (pq)(z,D) € \I'g”‘m/_l_’”. Ifpe
Sg*[r] is real, then p* —p € Sy*~'=". If P — p(x,D) € P> and P € Vp[r] is

symmetric, then Imp € Sg‘l_r and when P is moreover globally elliptic of degree

m > 0, then Rep is globally elliptic and we can always choose p such that Rep > 1.
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PROPOSITION 2.2. (i) If P € W'[r] is symmetric and globally elliptic of
degree m > 0, then P is bounded from below, its extension to H] is self-adjoint
and its resolvent is compact.

(ii) Assume moreover that the least eigenvalue of P is greater than 1, i.e.
P > 1. Using the same letter P to denote the associated self-adjoint operator, we
have P? € \I/g”e[r] if 0 =j/2™ with j,n € Z. If P — p(x,D) € \Ifg_l‘x’ and Rep > 1,
then (Rep)? € S7°[r] and P? — (Rep)?(x,D) € ¥¥-1-r.

The proof of (i) follows the standard construction of a parametrix for an
elliptic operator (cf. e.g. [37], Chapter 1 or [24] Chapter 2). Due to the composition
properties (2.10), it suffices to prove (ii) for 6 = —1 and 6 = 1/2. In Appendix we
check that the construction of the parametrix gives P~" € S, ™[r] and the standard
construction of the square root (cf. e.g. [37], Section 1.6.2) gives P/ € ‘I/gl/z[r].
We note that it is possible to show (ii) for every § € R using the representation of
P? by Cauchy integrals as described e.g. in [24], Chapter 8.

LEMMA 2.3. Let v € C§°(R?) be such that [~ =1 and suppy C {|y| < 1}.
If a € A", then the convolution a *~y € SJ[r] and |(a —axv)(z)] < C{z)™".

Proof. Indeed, since suppy C {|y| < 1} we get the desired estimate of
(x5 - a)a) = [(alz =) - al@)r(w) dy

from the definition of A" and a * v € SJ[r] follows by using [~(®)(y)dy = 0 for
o] >1in

(@59 @@) = [ at@ - 510 dy = [ (ale =) = a@) @ ) dy.
Let A be the quadratic form (1.1) satisfying the hypotheses of Theorem 1.1.

DEFINITION OF THE SMOOTHED OPERATOR A. For a given sesquilinear form

@, its symmetrization is denoted @ +hc, i.e. (Q+hc)[p,¥] = 5(Q[p, Y]+ Qv ¢]).
Set

(2.11) A= > D@l 4(z)D”) + he
], 18] <m/2
with
~ m—|a+
o 5(2) = ()" ag 5+ ) (@),
where 7 is as in Lemma 2.3 [note that @), ; = aa,3 = const if |+ (3] = m]. Setting

(2.12) ao(z, &)= Y agpla)et?

loe],|Bl<m /2
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~ m—|a+ ~ e . .
we have @), ; € Sg kAl [r] and ag € S*[r]. Clearly A is a differential operator

A= Z ao(z)D* =a(z,D) € U],
|| <m

because a(x, &) = Y Ga(x)E™ satisfies a —ag € Sy*~' 7", hence @ € SF*[r].
ol <m

3. COMPARISON OF A AND A

We keep the notations of Section 2 concerning the smooth operator A associated
with the quadratic form A which satisfies the hypotheses of Theorem 1.1. The
proof of Theorem 1.1 is based on the fact that the asymptotic behaviour of N4 ()
and N7()) are similar as well as the asymptotic behaviour of Ng, (A) and N = (A).
Here Np()\) denotes always the counting function of a self-adjoint, bounded from
below operator P with compact resolvent, and, for a given real function py on R??,
we denote

(3.1) Ny () = (2m) 7 / dz dé.

po(z,§)<A
More precisely we are going to show

PROPOSITION 3.1. In order to prove Theorem 1.1, it suffices to prove that
(1.5) holds with A and ag replaced by A and Reayg.

To compare Ny, (A) and Np ~ (A) we note that Lemma 2.3 and the definition
of ag give

(32) (a0 —ao)(@.O)<C Y (x)" gt < oA ()

|at-B|<m—1

hence aq is globally elliptic, i.e. the quadratic form A is bounded from below,

closed on H™?

)2 and defines a self-adjoint operator with compact resolvent in L?2.

Since replacing A by A + ¢l does not change the form of (1.5), we may assume
further on that A > 1, A> 1, ap > 1 and Reay > 1. Then (3.2) implies

(3.3) lat — (Red@o)"| < C
if 4 < r/m, hence

(3.4) Nys (M = Co) < N M) < Ny (W + Co),

(ReEO)u(
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and using Ny (M) = Npy (X), (M + Co)/# = A1+ CoA™ )1 = A+ O(N ™), we
obtain

(3.5) Nog(A = CIAH) <N

peiy () < Nog (A CuAM4),
A similar comparison of N4 () and N4(A) results from

PROPOSITION 3.2. If u < r/m, then A* — AP extends to a bounded operator

on L?.

Clearly, if Proposition 3.2 holds, then AR — Col < A* K A + Col and

(3.6) NX# ()\” — Co) < Naw ()\“) < NZH ()\“ + Co)

due to the min-max principle (cf. [33]). Then using Npu (M) = Np(X) as before
we find
(3.7) N7z (A= CiX™#) < Na(A) < Ny (A + CiA ).

i.e. Proposition 3.2 implies Proposition 3.1.
The end of this section is devoted to the proof of Proposition 3.2. We have
LEMMA 3.3. The self-adjoint operator (qu N2 s bounded L? — H::Ll//;
for every X\ > 0 and denote by B(\) the bounded form on L* given by

(3.8) B[, 9] = (A = A[(A+ N2, (A+ 1)y,

Then |BO)|| < C(1+N)"?if0 <r/m.

Proof. For |a+ (3] = m we have @), ; = a5 = const and for [a 4 ] <m—1

the functions

ba,ﬁ(x) = (aaﬁ — 6376)(1.)<1,>—(7n—r—|a+ﬁ‘)

are bounded on R?. If |a| < m/2, |B| <m/2 —1 and ¢ € H;n//s, then
|(ba s () ()™ 271D, ()™ 27~ IFIDAy))
< C|(z)™ Doy ||y 2By

hence assuming § < r/m we may write

(39) 1A= D)W, < Colldl oo 18] g 20 < Co A2 A2
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where the last inequality is a consequence of Proposition 2.2 that guarantees
(3.10) CO”‘P”H;;;g <A%< CO”SDHH;;;g»
with certain constants Cp,cg > 0 and 6 = j/2™, j,n € Z. Since

A2 (A4 272 = sup VIO 4 )T < Go(1 40
N1

for 0 < 0 < 1/2, using ¢ = (A + A)71/2<p in (3.9), for 0 < r/m we have

1B, @l < O AYV2(A+ X)) A2 (A + 020 < 1+ Al

LEMMA 3.4. If B()\) is given by (3.8) and ||[B\)|| < C(1+A)~%, 6 > 0, then

(3.11) A+ = A+ <Ca+N0" foraxo.
Proof. Setting 1 = (A + )\)1/230 in

(A+AD[(A+ N2, (A+ N3] = (I + BO\)w,9)

we have
A+ N = A+ N1+ BO) A+ N2

and
(312) (A+ N ' — A+ =A+ N2 I +BN) T DA+ NV

To complete the proof we estimate the norm of (3.12) using ||(4A + /\)_1/2|| <
(1+ )\)71/2 and the fact that for A > g one has |B(\)|| < 1/2 and

-1 B -
I+ BON™ — 1l < 75057 <200+ Y) o

To complete the proof of Proposition 3.2 it remains to show

LEMMA 3.5. Assume that (3.11) holds for a certain 6 < 1/2. Then A* — Ak
extends to a bounded operator on L? if u < 6.

Proof. f0 < p<1,a>1, then Y, = [dAN"ta(a+ A7 =Tiam
0

If 1 < 1/2 and g € H)")3 = D(AY?) C D(A*), then u—3/2 < —1 and

MTHAMA N ol S M AV A+ ) T IAY o] < O AV
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is integrable on [1; oo[ with respect to A, allowing to write
T At = /dA MTLAA+ ) e
0

and an analogous formula holds with A instead of A. Using (3.11) and the equality
AA+ M) — A(A+ )\)71 = A(A+ )\)71 —(A+ N7, we have for ¢ € H;Z//;
the estimate

(oo}

Toll(4" — A*)p| < /d/\ MHAMA+N) e - AA+ N gl
0

1 oo
<Oy (/dA)\”l + /d/\(l +)\)“10> lloll

0 1
<Collell. m

4. CONSTRUCTION OF A PARAMETRIX FOR e~ #F

In this section we consider a self-adjoint operator P € \I!gl/ [r] such that P —
p(z,D) € ¥ ;> and

(4.1) po(x,&) = Rep(z,€) = coA(x,6)®  with ¢ > 0.

Assuming m’ < r we construct an approximation of e #” for t € C, Imt¢ < 0, by
operators

(4.2) Qn(t) = (gn(t)e™ ™) (2, D), qn(t) € Sg,

chosen such that Qn(0) = I and £ Qn(t) + Qn(t)iP has a sufficiently regular
integral kernel for NV large enough. We start by
PROPOSITION 4.1. Let N € N and define Py : C°° (R ng) — O (R4 ng)
by
(4.3) Py :a+— Pya= Z (_i)‘al(_ a)@
. N - N& = ol D(a) )

lo| <N

If m’" < r then there are qn,; € Séj_l)(m,_” for1 < j <N, E]?w» € Sg;(m,_r) for
n < j < N+ n, such that

(44) (5 +17x ) () = 220
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with

W) =1+ Y tavg, @)= Y t4q;

1<<n nLj<n+N
Proof. 1f ¢ € Sg", then

. d : P
(4.5) o' (dt‘i‘iPN) (ge )= Y ¥,

0<iSN
where
—j)lel+1
~ : . o i _ o
do = —ipog +1Png =i(p — po)q — Z (T(P(a)Q)( ),
1<|al<N '
46) = > Capmna, Blagtotan®) @Ops™ o py for 1< < N.

agtto KN
ap#£0 if 1<k<

Since P is symmetric we have p — pg € Sg”lfr’l and qg € Sg*mlfr’l. It is easy
to check that g; € Sg”‘*m/*’””(m'*” for 1 < j < N, hence setting ¢o(t) = 1 we
can see that the statement of Proposition 4.1 holds for n = 0 [because r < 1 =
j(m' —1) < j(m’ —r)]. Assume now that we have found ¢y ; for 1 < j < n, such

that the statement of Proposition 4.1 holds for a certain n < N and we are going
to find ¢n ,n+1 such that the statement holds for n + 1. Since

. d .
eltpo <dt + ipr> ((Qn(t) + tn+1(JN,n+1)e_ltp0)

. d . .
=G0+ (04 D + 0 (dlt i ”’N) (avns1077),

we have
it d . —it
| g TIPN | (gnra(t)e™?)
= tn@gn +(n+1)gnmny1) + Z tn+j+1§2+1,n+j+1
0iSN
and to cancel the term with ¢" we take ¢y n41 = —¢3,,/(n + 1), which belongs

to Sg(m/_T) due to the hypothesis concerning ¢ (¢). Hence, setting ¢ = gy n+1 in
(4.5)-(4.6), we can see that (n + 1)(m' —r)+j(m' — 1) < (n+j+ D(m' — 1)
implies (}2_‘_17,C S Sg(m ) forn+1<k<N+n+1. 1
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LEMMA 4.2. Assume m' < 1+ r. Then for every s € R there is a constant
Cy > 0 such that
(4.7) e peasy < 2+ [¢) for Imt < 0.

Proof. Due to the duality of HZ] and H?, it suffices to consider s > 0.
Clearly (4.7) holds for s = 0. Assume now that (4.7) holds for a given s > 0, fix
0<k<1+7r—m and denote [0; ] = {At € C:0 < A < 1}. Then for p € H? it
is easy to estimate the HZ-norm of

A*(2,D)e A" (2,D)p = e A" (2, D)A ™" (x, D)
- / dr e IE=DPAR (2 D), iPle P ATR (2, D),
0; ¢]
because [A*(z,D), iP] € Sg.’*'m/_l_’" C B(H?) when k < 1+ 1 —m’. Therefore

el pgazess) < Co A (2, D)e™ A" (&, D) | g,

and assuming (4.7) for a given s > 0 we obtain (4.7) with s + « instead of s. &

PROPOSITION 4.3. Let m’ < r andn € N. If N € N is large enough then
there exists Cy, v > 0 such that for Imt <0, 0 <k < n,

dr .
4.8 H— —itP _ t H < (24 [E)C .
(4.8) I (e Qn(1)) BH=" ) (2+t])

Proof. For Imt < 0 and ¢(t) € C*(R3%) polynomially bounded we denote

(4.9) Ki(g.x,a) = (2m) " / =m0 .0) (1) (1, €, ') .

If aN(t)(Q?,f, .%'/) = QN(t)(mvg)p(x/>€) then
(4.10) (Qu(Dp(z. D)) (z) = / Ki(an, z,2')p(z') da’

and standard integrations by parts associated with Taylor expansion of p(z/,€) in
' = x give

(@10)  [(§On () +1Qu(Op(. D))o (@) = [ Kuldh + .ol &

with g% given by (4.4) and

1

@1 GO (@€ a) = @O (N 4 1) / dr (1= VRt 1) (@, €, 2)
0
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with
(-1) i _
a?\/'(t77-)(x7£7x/) = Z Taga((QN(t)e 1tp0)(£7£)p(a)(x+7-(x,_'r)7€))'
la|=N+1 ’

Since

o itP Qn(t) = / dr %(QN(T)e—i(t—‘r)P)

[0;¢]

/ dr (;TQN(T) + QN(T)1P> e it=m)P

[0;¢]

it remains to prove that for every ng € N there is N € N large enough to guarantee
that for a € N2+ gatisfying |a| < ng one has

(4.12) 10 0.0 Kt (@ + iy . 2”)] < (24 [E) (1 + || + |2') 7"
Since m’ < r < 1, for every Ny € N there is N € N such that

(4.13) () (., 2)] < (24 [H) 0 (1 + |2 )™ A, ) 7>,

Ki(q,2,2") /|q (&, 2')| de

2+ )+ [2/)™ (14 fa >N

(4.14)

if ¢ = @ + G- Replacing ¢ by ¢} of the form
n (4.9), we estimate easily
(4.16) Ke(q, 2, 2)| < 2+ )T (1 + [2/)™ (1 + [y 272N,

Since ¢ given by (4.15) satisfies i0¢, (q(t)e™¢ = Po(®:8)) = ¢¥(t)e*E = tro(®:8) and we
have m;-ei“'/5 = —iagjeiw'f, the integration by parts in (4.9) gives 2K;(q,z,2") =
ICt(q?, x,x’), hence due to the estimates (4.16) for j = 1,...,d, we obtain

(4.17) IKi(q,z,2")| < (2+ |t|)él(1 + |x’|)m/_1(1 + |z])d+2=2No,
If 0 < k < Ny then we may repeat the above reasoning k times and obtain
(4.18) Ce(gy @, ') < (24 [¢)CF (1 + |2/ )™ ~F(1 + | )4 1HR—2No,

Calculating g, such that 0, .. Ki(q,7,2") = Ki(qa,z,2’) we find similar decay
estimates if only Ny is large enough. 1
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5. END OF THE PROOF OF THEOREM 1.1

Setting P = A and using Proposition 2.2, we can see that P satisfies the hy-
potheses from the beginning of Section 4 with m’ = mpu. Our aim is to prove
Theorem 1.1 with A instead of A (cf. Proposition 3.1) and it suffices to prove

(5.1) Np(A) = Npy(A) + O(Np, (A + Co) = Np, (A = Cp)) + O(1),

where as in Section 4, P — p(x,D) € \Ilgloo and pg = Rep > 1. Indeed, we may
interchange ag and Redag in (3.5), replace ap by @ in (3.2) and by pé/” in (3.3) due
to Proposition 2.2. Hence replacing A by A* in (5.1) and using Nz(A) = Np(AH),
(M + Co)YH = X+ O(NTH), Ny (M) = Npl/#()\) as in Section 2, we get (1.5)

. 0
with A and Reag instead of A and ag.

Since p < r/m implies m’ = mu < r, it remains to prove

THEOREM 5.1. If P is as at the beginning of Section 4 and m’ < r, then
(5.1) holds.

To prove Theorem 5.1 we introduce x € C§°(R) such that supp x C [—¢; ],
Jx =1, x >0 and y is strictly positive on [—c/2; ¢/2], where ¢ > 0 is fixed. We
shall show that

(5.2) Np(3) — (x * Np)(A) = O(v(A, 26)) + O(1),

(5-3) Npy (A) = (X * Npg )(A) = O(w(A; ) + O(1),

where we have denoted v(\, C) = N,y (A + C) — Ny (A = C) for C > 0.
Due to the hypothesis (4.1) for every n € N there exists C,, such that

(5.4) Az, &)™ |e™ @O | < (24 [Imt|~ " for Imt < 0,
and a reasoning analogous to the proof of Proposition 4.3 allows to estimate
(5.5) ||QN(t)||B(H::,H;;) < (24 [Imt|~! + |¢))¥»  for Imt < 0.

Due to Proposition 4.3, estimates (5.5) still hold if @y (¢) is replaced by e~1F. If
A1 € Ay < A3 < -+ is the sequence of eigenvalues (counted with multiplicities) of
P, then setting

(5.6) u(t) = et = TreitP = / = ANp(N)

izl



ASYMPTOTIC DISTRIBUTION OF EIGENVALUES FOR SOME ELLIPTIC OPERATORS 265

and using the fact that the embedding of Hf into H_; is of trace class if s > d,
we obtain

(5.7) lu(t)] < (24 [Imt|~t + [¢))¢  for Imt < 0.

Therefore (cf. e.g. [17], Theorem 3.1.11), it is possible to define the boundary value
of u on R, being a distribution S&’'(R) such that

(5.8) u(t) = §'(R)-limu(t —ic) for t € R.

el0

Defining on {Im¢ < 0} the holomorphic function

-, dyd
(5.9 () = TrQu () = [y (0.6 5.
we obtain as before the existence of the boundary value on R in §’(R),
(5.10) un(t) = §'(R)- lifgluN(t —ig) forteR,
g

and Proposition 4.3 implies
(5.11) ‘dtk(u—uN)(t)’ <@2+gh)"vx for 0K k<K, teR.

Introducing wy € C*°(R) given by
. dyd
512 uxW= ¥ [ava OO0l 9) 2
0<h<N
we check easily that

/efit)\wN(/\) =Y /QN,k(%f)e*itpo(y,é)tk)?(t) (d;d)i

0<k<N
= X(t)un(t)

holds if Im ¢ < 0, i.e. taking the boundary value on R we have Wy = Yuy and due
to (5.11),

k dlc
(fu mxt)' _ ]fm«x « NpY —wy)| < Cu(1 41t

d
.1
(5.13) ‘ o

dtk
holds for every t € R, n € N and 0 < k < K, implying |((x * Np)' — wn)(N)] <
C(1+ |A])~2, hence

A
(5.14) / (¢ * Np) —wy)(V)dX = O(1).

— 00



266

To complete the proof of Theorem 5.1, it suffices to show

A

(5.15) [ (=m0 X = 03,0,

— 00
where

dydé
(2m)d

Indeed, (5.14) and (5.15) allow to estimate

wo(N) = / X po(3,6))

A
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= [ X=X AN (V) = (0 N ().

(5:16)  (x * (Np = Ny, ))(N) = / (Ocx Np)' = wo)(V)dX = O(r(A, ) + O(1)

—00
and the proof of Theorem 5.1 follows from (5.2) and (5.3).

Proof of (5.3). It suffices to note that
Atc

(5.17) J

=0(r(\c). 1
Proof of (5.15). The left hand side of (5.15) is equal to

(5.18) > /QNk (1, ) (=) X* D (A po(y,ﬁ))%7

1<ESN

Npo(A) — (x % Ny ) (A) = / X = XY (Npo (V) —

(V)

and using |gn k(y, &)] < C, we estimate the absolute value of (5.18) by

>0 [ R0 by )

1N (2m)¢
Atc

S c/w D(A = X)[dNpy (V) = O(v(\, ). ¥

1<k<N 2,

Proof of (5.2). Estimating |wy(\)| by

DN INCICET ORI =B DIl INCICERYIELAEY

0<k<N 0<k<N
= O0(v(A,0)),
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we obtain (x * Np)'(A) = wny(A) + O(1) = O(v(X,¢)) + O(1) and due to x(A) >
1/Cy > 0 for |A| < ¢/2,

Atec/2
Np(A+¢/2) — No(A — ¢/2) < / Cox( — XY dNp(X)
A—c/2
< Colx  NpY (3) = O(u(,)) + O(1),

Np(3) — (x * Np)(A) = / XA = ) (Np(A) — Np(X)) dN

< C1(Np(A+¢) — Np(A—0¢))
=0w(\20)+0(1). 1

6. SMOOTHING OF TOP ORDER COEFFICIENTS

For s € R, the Sobolev space H*® is the completion of S in the norm ||| gs =
{D)*p||, where (D) = (I — A)Y/? and ¥~>° denotes the set of operators which

n

can be extended to linear continuous operators H~"™ — H™ for every n € N.

DEFINITION 6.1. Let m e R,0<d < land 0 < r < 1. Then S%(r) denotes
the class of functions p € C®(RZ x Rg) satisfying

|P(a)($7§)| < C’a<€>m7|a‘ for a € N,

(6.1) _ "
P (2, )] < Cale)™ 22017 for a0 € NY, /] > 1

and W"s(r) denotes the class of linear operators P such that P — p(z,D) € U=
with p € S7%(r), called the symbol of P. For r = 0 the class S7";(0) is the usual
Hormander class denoted ST and ¥75(0) is denoted Wy";.

PROPOSITION 6.2. (i) Let P € W{'5(r) be symmetric, i.e. (Pp,v) = (¢, PY)
for o, € S and P — p(xz,D) € U=>°. Then Imp € nglw(l#).

(ii) Assume moreover that P is elliptic of degree m > 0, i.e. |p(z,&)| >
col&|™ — Cy for certain constants Cy,co > 0. Then P is bounded from below, its
extension on H™ is self-adjoint and will be denoted by the same letter P.

(iii) If moreover P > I, then P € Wi(r) for 0 = j/2", jn € Z. If
Rep > 1, then (Rep)? € S{’)‘g(r) and PP — (Rep)’q(z,D) € \I!T(?_H‘S(l_”.

The proof of Proposition 6.2 is similar to the proof of Proposition 2.2 (cf.
Appendix).
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Further on in this section we consider a quadratic form A on C§°(R?) given
by (1.1) with an 5 € L®(R?) and a5 € B"(R?) if |a + §] = m, assuming that
there is ¢g > 0 such that

(6.2) am(z,8) = Y aap(@)E > colg|™

lor|=|Bl=m/2

DEFINITION OF THE “SMOOTH” OPERATOR A. Let v € S satisfy [~y = 1.
We fix 0 < § < 1 and define

(6.3)  Tas(2.6) = (aap*ve)(x)  with yse(z) =v(x(€)°)(€)"

(6.4) A= Y Dlas(z, D)D)+ he.
la|=]B|=m/2

PROPOSITION 6.3. If anp € B"(RY) and Gnp5 is given as in (6.3), then
Gap € SY 5(r) and

(6.5) |Ga,6(2) — a,s(z,€)| < CE) .

Proof. Let a(z,£) = (a*vs5¢)(x) = [a(y)y((x — y)E)°) (€ dy with a €
B"(R%). Since there exist bounded functions ys such that

9292 (v((x — y)(€)°)(€)°)
= 37 xp()(€) 1IN ()8 (@ +0) (2 — ) (€)%Y (),

B

we obtain |EEZ?) (z,6)] < C(€)°*I71° because we may estimate |EEZ?) (x,8)| by

©6) QTS [la =yl PG (@ - ) (e)) i) .

B

and every integral in (6.6) is bounded with respect to .
If |o/| > 0 then f@;"lag('y((x — ) )E)°?) dy = 0, hence

) @) = [ (aly) - a@)a2 9 (1((x ~ (O™ d.
Using |a(x) — a(y)| < Colz — y|", we may replace (6.6) by

O (g) 11T ST [ gy 181 ()20 |y @ 4B) (1 — ) (€))7 dy
BLa
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and every integral is bounded with respect to £, completing the proof of a € Sf, 5(7).
Introducing b(z, &) = a(z, &) — a(x), we have

b (2, 6) = / (a(y) = a(@)0g V(@ = ) (©)")(€)") dy
and estimating as before we obtain
(6.7) D@, )] < Cate) 77
Therefore we check easily that A[p, ] = ((@(x,D)+ R)¢,¥) with @ € S77%(r)

and R € U™, i.e. we may treat Aasa pseudodifferential operator of class s (r)

with the symbol a. Moreover (6.5) implies |a?, — (Re@y,)"| < const for u < r§/m
if
(6:8) am(@,8) = Y dap(n,
la|=|8|=m/2
and G, —a € ngHé(l_r) implies that A is elliptic of degree m. Further on we

assume A > 1,a > 1 and show
PROPOSITION 6.4. If i < &r, then A* — A" extends to a bounded operator
on L?.

Proof. Reasoning as in Section 3 it suffices to check that ||B()\)| < C(14+X)~?
with 6 < dr and that (3.9) holds with the norms of H? replaced by the norms H?®.
The last statement follows from

PROPOSITION 6.5. If0 <7 <1, an s € B"(R?) and aq g is given as in (6.3),
then the difference aq g(x) — Go,g(x, D) extends to a bounded operator H—* — L?
for every s < dr.

Proof. Let q(x,&) = (aa.5(7) — Ga (7, £))(E)", let x € C$°(R?) be such that
x(z) =11if |[z] <1 and for € > 0 set g:(z,&) = q(z,&)x(¢f). Then

K.(z,2') = (2m) / g (2,€)de

is the integral kernel of ¢.(z,D) and integrating by parts we have, for |a| > 1,
@2m)(z — ") K. (x,2") = /ei(’”_zl)f(iag)“qa(w,f) d¢

- / (=28 _ 1)(10¢) g, (x, ) de

due to [(i0e)*q-(x,€)de = 0. Using [e@=#)¢ — 1| < |z — 2/|F|¢]* with 0 <
k < 0r —s < 1 and |a| = d we estimate the absolute value of (6.9) by C [ |z —
2/|7(€)" T 79707 ¢ where the integral is convergent due to s+s—dr < 0. Therefore
|K.(x,2')] < C'|x—2'|~4+" and moreover |K.(z,2')| < Cn|z—2'|"N forall N € N

large enough, which completes the proof due to the Schwartz lemma. 1

(6.9)
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If E+(\) denotes the spectral projector of A, then /NX"EX()\) is bounded for
all n € N, hence E4(\) € ¥~°° and we denote by ez(-, -, A) the smooth integral
kernel of E. We have

THEOREM 6.6. If0 < r < 1, Ae Wis(r) is elliptic, self-adjoint and p <
(1 =29)/m < (6r)/m, then

ex(x,z,\) =

A eReZm (ZC, )\)

(6.10) .
+O(eg,z (T, A+ CNTH) —e

res, (A = CATTH)) +0(1)

holds uniformly with respect to x € R%, where

(6.10') enes. (3,)) = (27)~° / de.
Re am (z,&)<A

Reasoning as at the beginning of Section 5 we may reduce Theorem 6.6 to

THEOREM 6.7. Let 0 < r < 1, let P be self-adjoint, P —p(xz,D) € U™ with
p € Sﬂ;(r) and |p(z,&)| = (&) with co > 0. Then (6.10) holds with p = 1 if
m' <1—03<dr and ﬁ, apy, are replaced by P and po = Rep.

We note first that following the construction of the parametrix of e ¥ from

Section 4 we obtain

PropPOSITION 6.8. If P satisfies the hypotheses of Theorem 6.7, N € N
and 0 < n < N, then we can find qn; € S&;l)(m,*l%) for 1 < 57 < n and
Q€ S{’(gnlflw) for n < j < N +n, such that (4.4) holds with q,(t), ¢\ (t)
expressed as in Proposition 4.1.

Proof. 1t suffices to follow the proof of Proposition 4.1. If ¢ € ST, then
(4.5), (4.6) hold with q; € S} T 0 for 1 < j < N and 16 < 6r =
G+1m' =ér—jl-6)<(@G+1)(m —(1-5). 1

Now to complete the proof of Theorem 6.7, it remains to follow the Tauberian

reasoning from Section 5, where instead of u(t) and uy(t), we compare u(t, z) and

un(t,x) given by

u<t7 gj) = /e_itk d)\ep (J?, x, )\)’ un (ta x) = /e_itp()(x7§)qN (t) (.17, 5) (2ij)d

using pointwise uniform estimates with respect to 2 € R instead of the integration
with respect to = used in Section 5.
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7. PROOF OF THEOREM 1.3

Let X, Y be smooth differential manifolds. If x : X — Y is a smooth diffeomor-
phism and y = x(z), then dx(z) : T, X — T,Y has the dual dx(z)* : ;Y — Ty X
and we define the coderivative dx* : T*Y — T*X by the equality dx*(y,n) =
(x Hy),dx(x"*(y))*n). If A: C(X) — C®(X), then A denotes the opera-
tor C5°(Y) — C>=(Y) acting according to the formula ¢ +— (A(p o x)) o x~! for
peCFY).

Assume now that x is a diffeomorphism of R¢ such that [0%x(z)| < C, for
lal > 1 and the Jacobian |det(dy, xx(z))[ = co > 0. If p € S{"(r), then the well

known formula for the symbol of x.(p(z, D)) € U5 (cf. e.g. [37], [24] or [17]) gives
(7.1) X+ (p(@. D)) = (po dy")(a, D) € w0,

Since S}”(; C Sy%s(r) if m" < m — 70 and it is easy to check that podx* € S{"%(r)
if p € S7%(r), (7.1) gives x.P € V{'s(r) if P € U"s(r), allowing to define the
corresponding classes of symbols and operators on a manifold as follows

DEFINITION 7.1. (i) Let M be a smooth manifold with a smooth density
dy and denote by ¥~°°(M) the class of smoothing operators on M, i.e. linear
integral operators with a smooth kernel or in other words, the linear operators
C§°(M) — C*°(M) having a continuous extension &'(M) — C>®(M) [E'(M) is
the space of distributions with compact support].

(ii) A linear operator P : C§°(M) — C°°(M) is called pseudolocal if supp 1 N
supp ¥ = 0 = ¥ P¥y € U~°°(M), where 9J; denotes here the operator of multi-
plication by ¥; € C§°(M).

(iii) We define ST"%(r)(T*M) as the class of p € C°°(T* M) such that there
is an atlas = and a family {p, },c= of symbols p, € ST (r) satisfying p, odx™ =p
on T*x(U,). We say that p is elliptic of degree m if it is possible to choose every
Dy elliptic of degree m.

(iv) We define W"s(r)(M) as the class of pseudolocal operators P such that
there is an atlas = and a family {Py}yecz of operators P, € W";(r) satisfying
P, (pox) = (Py)ox onlU, for every ¢ € C5°(x(Uy)). We say that P is elliptic of
degree m if it is possible to choose every Py elliptic of degree m. If P € W{;(r)(M),
then o(P) is called a principal symbol of P if o(P) € S{"(r)(T*M) and there is
an atlas 2 such that P, — o(P)y(z,D) € \IIT(;H&(PT), where o(P), is associated
with the symbol ¢(P) as in (iii) and P, with P as above.

PROPOSITION 7.2. (i) The operator P € WYs(r)(M) is elliptic of degree m if
and only if o(P) is elliptic of degree m. If P is symmetric, i.e. (Pp, ) = (v, PY)
for ¢, € C (M), then we may choose o(P) real.
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(i) Assume that M is compact, P € V's(r)(M) is symmetric and elliptic of
degree m > 0. Then P is bounded from below, its extension to the Sobolev space
H™(M) is self-adjoint and the resolvent is compact.

(iii) Assume moreover P > I, using the same letter P for the associated
self-adjoint operator. Then P? \Ilfg(r)(M) if 0 =35/2", j,n € Z and assuming
o(P) = 1, we may take o(P?) = o(P)’.

The proof is similar to the proof of Proposition 6.2 (cf. Appendix).

Further on we consider the situation assumed in Theorem 1.2, i.e. A is a local
quadratic form on the compact manifold M with the density dy, expressed in local
coordinates by A, for x € E. If 6(A) € C(T*M) is such that 0(A) = @ o dx*
on T*x(U,y), then o(A) is homogeneous of degree m and strictly positive outside
the section of zero cotangent vectors. Let {¥;}1<;<s be a partition of unity of
smooth functions on M satisfying
(7.2) suppd; Nsupp ¥y # 0 = Ix(Jj, k) € E,

supp ¥ Usupp Ui, C x(j, k) Uy (k)
for all 1 < j,k < J and assume moreover that x(j,k) = x(k, 7). Since A is local,
we have

(7.3) Alp,y] = > Ayml950) o x(4, k), (93) 0 X (3, k)]

supp ¥ Nsupp 95 #0

DEFINITION OF THE SMOOTH OPERATOR A. Let ﬁx(j,k) be the quadratic
form on C§°(R?) associated with A, ; ) according to the procedure described in
Section 6 and set

(7.4)  Alp,y] = > Ay [(950) o x (G, k), (9xb) 0 x(4, k)]

supp ¥, Nsupp 9 #0

Then A € UP(r)(M) and

(7.5) |0(A) — o(A)] < C(1 + a(A)"/m,

hence o(A) is elliptic of degree m. Further on we assume A > I, A>1,0(A4) > 1
and show

PROPOSITION 7.3. If u < or/m, then AH— AP extends to a bounded operator
on L?.

Proof. Reasoning as in Section 3 it suffices to check that || B(A)|| < C(1+\)~?
with @ < dr and that (3.9) holds with the norms of H? replaced by the norms
H?(M). Due to (7.3), (7.4), the last statement follows from the corresponding

estimate for A, ;1) — Ay(j,k) proved in Section 6. 1
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As in Section 6, the spectral projection E+(\) € W=°°(M) has a smooth
kernel e (-, -, A) and we have

THEOREM 7.4. IfA € UTs(r) (M) is elliptic, self-adjoint and p < (1 —3d)/m
< (6r)/m, then

~ — ~ . 1—p
eA(yaya)‘) - eU(A)(ya )‘) +O<60(A)(yv>‘+0)‘ )

(7.6) 1
y, A\ — CA7H)) 4+ 0(1),

- ea(Z)(

holds uniformly with respect to y € M, where

(7.6) eg(;‘v)(x(az:)7 \) = (2m) ¢ / d¢  for x € Uy.
o (A)((dx") 7 (@€)<
Due to N4(A) = Tr E4()) = Aj/; e5(Y,y,A) dy, Theorem 7.4 implies

1—p 1—
N3N = N, 3 (3) + O(N, 3 (A + CAI#) = N_ 3 (A~ A1) + 0(1)

with

NU(X) ()‘> = /eg(g) (y7 )‘) dy7
M

and as in Section 2, Proposition 7.3 and (7.5) allow to replace N(A) and Na(Z) N
by Na(A) and Ny(4y()), which gives Theorem 1.2 because

NG’(A) ()‘) = NO'(A) (1))\d/m7

Noay(A+ CA' ) = Nyay(A = CAFH) = O(A—HFd/m)

with g < r/(r+1) if we take § = 1/(r + 1). As in Section 5, due to Proposition
7.2, it suffices to prove that (7.6) holds with y = 1 and with A, o(A) replaced by P,
o(P), where P € \I”lné(r)(M) is self-adjoint and elliptic of degree m’ < 1—¢ < dr.
Let Z be an atlas and {P, },c= the family of associated operators P, € \I/’I”;(r)
We fix x € E defined on U, C R? and we are going to check that for any compact
set Cy, C Uy, it is possible to find constants C}, satisfying

(7.7) D} (u(t, x(x)) — ux(t, )| < 2+ [t)*  for z €Cy,
where

u(t,y) = /efit/\ dep(y,y,A), uy(t,z)= /efit/\ dep, (z,7,N).
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If (7.7) holds, then it still holds with wu,(t,«) replaced by the approximation
Uy, N (t, &) constructed as in Section 6 (where P is replaced by P,), hence one
may follow the same Tauberian reasoning as before with wu(t, x(x)) instead of
uy (¢, z), obtaining the same asymptotic formula for ep(x(z), x(x), A) as obtained
for ep, (z, 7, ).

Thus, to complete the proof of Theorem 7.4, it remains to prove (7.7). Let
U’y C R be an open set containing C,, such that the closure of U’, is a compact
subset of U, and let ¥ € C§°(U,) be such that ¥ = 1 on a neighbourhood of the
closure of U’,. Then we have

LEMMA 7.5. For p € C§°(U') denote o = e 'Pxp and ¢y = Vp;. Then
for every k,n € N,

(7.8) ID (0 = Gl < (2 + ) @l -

Proof. Tt suffices to show that for every ¥; € C§°(Uy) such that J = 1 on
supp 1 and ¥; = 1 on a neighbourhood of the closure of U, , we have

(7.9) 11 = 90)@ellro—n < (24 L) ol sz

for every n € N and s > 0. Indeed, (1 — 19)P>’§191 € U= and (—Dy)*(¢r — @1) =
(1=9)PEd1py+(1—09) PE(1—11 )¢y, hence (7.9) implies (7.8). However (7.9) holds
for s = 0, beacause e~ *Fx is uniformly bounded H~™ — H~" for every n € N. To
prove (7.9) for a given s > 0 we may assume that (7.9) holds with s+m’—1 instead
of s for every ¥y € C§° (U, ) such that ¥ = 1 on a neighbourhood of the closure of

U’y and 91 =1 on supp 2. Now to obtain (7.9) we estimate the H*~"-norm of
1
(1—91)p = e (1 — 1)y + it/dTe’“TPX [1 =1, Ploia—r)s
0

using (1 —91)p =0and [1 -0, P] € \I/T(;*l with [1 — 1, PyJ¥s € ¥~ which
guarantee
I[L =71, Pdera—rllma— < [ =01, PJ(1 = 92)r1—r)llpre—n
+I[L =31, Pld2pia—rllae—n
CllA = 92)eta-m) lzotm—1-n + Cllel =

<
SO+ [t =2rllplg-n + Cllollg-n.

Let ¢, ¢, ¢ be as in Lemma 7.5 and denote ¢ = ¢ o X717 Py = e*itpq/}’
ty = @pox 1. Then for every k,n € N,

(7.10) IDF (e — Gl rmary < 2+ [E) 5[] o
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Now (7.10) follows from (7.8) and (D; + Py)@r = (Dt + Py) (¢ — ¢¢) in
t
e — = i/dT e IP(D, 4 Py,
0

because (Dy + P)iby = (D, + P,)$-) o x~* holds on x(Uy). Finally (7.7) follows
from (7.10) and (7.8), because using a sequence of functions ¢,. € C§°U’y)

converging in H-%2?~1 to §, (the delta of Dirac in z) uniformly with respect

to x € C, when ¢ — 0, we get the convergence of e iFx

—itP(

Ve tO uy(t,z) and

e Yreox ') tou(t,x(x)) whene — 0.

8. COMMENTS

To begin this discussion we would like to cite the review [3] presenting the historical
development of the theory (with over 300 references), the books [37], [25], and,
concerning the connections with semiclassical approximations, cf. [20], [21], [36].

Concerning the formula (1.5) with the optimal value y = 2/m, we refer to the
developments of Fourier integral operators in the analysis of u(t) [given by (1.10)]
for the operators with polynomial coefficients in [11], quasi-homogeneous symbols
in [13], [12] and more general situations considered in [18], [8], [38], [39], [30].

We note that the paper of Weyl [43] was based on the Laplace transform and
many papers used Tauberian theorems associated with Laplace-Fourier transform
(cf. e.g. [4], [5], [6]), but we should mention also the Stieltjes transform (used
mainly to get results for boundary value problems cited below), the method of
complex powers of Seeley (cf. [35], [37]) and the method of approximate spectral
projectors of Tulovski-Shubin (cf. [37], [16], [25]). The estimates for operators
in R? given in [35], [37] give essentially (1.6) with u < 1/m (similarly as our
Theorem 1.1 with r = 1), while the development of [16] allows to get (1.5) with
w<4/(3m).

However, all these results concern only differential operators with smooth
coefficients (or pseudodifferential operators with smooth symbols) and except
[39], [18], [20], [21], [30], the considered symbols satisfy estimates of the form
|0ap| < Culp|*~1el/™ ie. every derivative in x decreases the order of the symbol
in all directions of R¢ x R¢, which is not the case of the operator considered in
Theorem 1.1 even if the coefficients ao g are symbols of degree m — | + 3. In a
subsequent paper we shall develop our approach to obtain better values of y un-
der stronger hypotheses on the regularity of coefficients and under the additional
“microhyperbolic hypothesis” which may be expressed e.g. by (1.6). A similar
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“microhyperbolic hypothesis” is considered in [18], [20], [21], [38], [39] and [8],
[30], where the considered condition is described in a more general form, being
satisfied e.g. by quasi-homogeneous symbols. Concerning the operators with ir-
regular coefficients on R? we refer to [4], [5], [6] (and contained references), [9],
[10] (where new interesting results have been recently obtained by developing the
bracketing idea of [1]) and [7] (where new results are compared with historical ones
for Schrodinger operators with irregular potentials).

The remainder estimates in the case of a compact manifold are similar as for
boundary value problems, cf. [19], [28], [29] and concerning the historical progress
in the theory we refer to [1], [26], [34], [27], [41], [42].

We note that the approximation of e ~** from Section 4 uses a representation
with pseudodifferential operators conjugate with respect to the standard one (cf.
e.g. [24], Chapter 7, Section 4). The reason for this will appear in [46].

We note that the definition of classes of symbols S7"s(r) and the proof of
Proposition 6.5 follow [22] (cf. also [23], [40], concerning the theory of Fourier
integral operators and the propagation of singularities for r = 2).

Finally, let us mention that the analysis presented in this paper can be
applied also in the case of degenerate elliptic operators and other situations of
“hypoelliptic type” (cf. [44], [45]). For instance the proof of the estimate of the
spectral function given in Theorem 6.7 holds for any pseudodifferential operator
from Hormander’s class of type p,d if its degree is less than (p — §)/2. Since the
powers of hypoelliptic operators of type p, ¢ are still of type p,d, we get the re-
mainder estimate with o < (p —9)/(2m) for an operator of degree m, similarly as
other methods (cf. [31], [2], [32], [37] etc.) where the “microhyperbolic hypothesis”
is not used.

APPENDIX

Proof of Proposition2.2. Let P € Wy'[r] be globally elliptic of degree m > 0. 1
LEMMA A.1. There exists P_1 € V™ [r| such that PP_y — 1 € ¥ .

Proof. Let p € Si*[r] be a symbol of P satisfying |p| > 1. Standard calcu-
lations using the ellipticity hypothesis give 1/p € S;™ and 9,(1/p) = —9.p/p* €
S;™" = qo = 1/p € Sg™[r]. Hence Ry = I — p(x,D)qo(x,D) € ¥ '~ and
I—P Y qfz,D)R) = RY*! ¢ \I/;(NH)(HT). It remains to take P_; =

0N
p—1(z,D) with p_; = > ¢; , where ¢; € Sg_m_(1+r)] € Sg™[r] for j = 1 (cf.
>0
(2.9)) are such that go(z,D)Ry — ¢;(z,D) € U, 1
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COROLLARY. If P> I, then P~ —P_, € W%, hence P~ levs

™[r] and
g
for every k € N,

(A1) Cy Hlellmsm < IIP*ell < Crllell ram-

Proof. The second inequality (A.1) follows from P* € WA™[r] and the first
one from writing ¢ = P*, P*¢ + Ry with P*, € \Ilg_km[rL Ry € ¥, which
gives

ol e < Cllc(HijPk(PHH;jgg + [[Repl| grim) < Cr (1P el + llell) < Cill P oll.

To complete the proof we note that P¥(P_; — P~!) = P*=L(PP_, — 1) € W,
implies that for every k € N, s € R,

1(P=1 = P71 gpam < Crl| PH(P-1 = P~ 1)l < Cis

|§0HH§ 1

LEMMA A.2. Assume moreover that P is symmetric. Then there exists
Py € Wg/2[r] globally elliptic of degree m/2, symmetric and satisfying P—P12/2 €
.

Proof. Since P is symmetric, there is py € SgL/Q[r] satisfying P — po(z,D) €
\I/g’_l_r[r], po = 1 and standard calculations give p(l)/2 € Sén/Q. But ampé/z =
8xp/(2p(1)/2) € S;n/z_r implies pé/z € Sglm[r] and p(l)/2 - —p(l)/2 € SQ/Q_T_I.

Setting go = (py/ > +py/> *)/2 we have go € Sy"/*[r], qo—py/* € S5/* 71"

a3 —po = (0 —y"*) (a0 +py/*) € 8777 Since go(, D) — (4f) (D) € W1,
we have Ry = P — qo(x,D)? € U717,
We shall check that for j > 1 there is ¢; € Sgnm_j_T C Sgl/z[r] such that

¢; — q; € S(R*?) and

and

(A.?.n) R, =P — (QO 4+t Qn)(l',D)Q c \I,;nfnflfr.

Let us assume that (A.2.n) holds and r, € Sy*~"~'~" is such that R, —
rn(z,D) € \I/g_loo. But g + - -+ + g, is globally elliptic and modifying ¢, with a
function S(R??) we may assume qg+---+¢, > 1, hence Gp11 = 2r,/(qo+- - +qn) €
Sénm_n_l_r. But

¢ —q e SR =Tmq; € S>> Im(qo+ - +qn) L €5,/

and

rt —r, € S(R?*) = Imr, € S;”_"_2_T

= Imgy1 € Sgb/anf2fr = G —Gus1 € Sgl/2fn727r.
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Hence setting ¢nq1 = (G, 41 + @ny1)/2, we have
Tn = 2qn1(qo + - +qn) € S5

and
P—(qo+ "+ qu1)(z,D)?
=Ru+(go+ +a@)(@D)* = (q+ + n1)(2,D)?

= Ry —2¢ny1(q0 + -+ Gn)(2,D) + Ry € \I,gn—n—z_r

with E,H_l € \I/g'_"_z_’"7 ie. (A2.n+ 1) holds. Taking py/2 = ) q; we have
J20

P12 € Sg/Q[r] (ct. (2.9)), Pijp — P12 € S(R??) and there exists P /o symmetric,

satisfying Py /s — p12(z,D) € U™, 1

COROLLARY. (i) Let P be as in Lemma A.2. Then there exists R € V>
such that P+ R > 0.
(ii) If P > I, then P'/? — P,y € U™, hence PY/2 € Wy ?[r].

Proof. (i) It suffices to use Lemma A.2 noting that 1’312/2 > 0.

(b) Since P/, — I is globally elliptic of degree m/2 > 0, the assertion (a)
holds also for P/, — I instead of P, i.e. there is a self-adjoint R € \Ilgloo such that
Pyjs+ R > 1. Setting P’ = (Pyjs + R)? we have P’ > I and P’ — Pf/2 € \I/gloo,
hence P’ — P € ¥ and PN _pN ¢ U, for every N € N. Consider now
f € C(R) such that the Fourier transform f and )\f(/\) belong to L'(R), and let

us check that f(P') — f(P) € ¥ ;™. Indeed,
1
dA ~ NN dA ~
£~ (PYo = [ SRFNE =)o = [ S2F0iA [ ar z(r g
0

where Z(1,\) = 2P (P — P)e*1=7)P and using (A.1) with P replaced by P’
and P + CI with C large enough, we have the estimate

k ~
120 Mot gy < CRl P 2 NP+ O
= G| P (P' = P)(P + O)F| < €
To complete the proof we take f € C°°(R) such that f(A) =0 for A < 1/2
and f(A) = AY27N for A > 1, where N € N is chosen large enough. Then

P2 R—PY2 = PN [(P') = PN [(P) = (P'N —PN) J(P')~ PN (f(P") - /(P)) €
\I!;f’o. |
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Proof of Proposition 6.2. Recall that

p(x,D) eV "> & pe S5 = ﬂ ST

meR
and
. " pg € ST (r),
(A.3) p € S75(r), q € S75(r) = {poq —péq c Sirfé-l-m'—l—i-é(l—?")’
i.e.
p(x. D)g(z, D) € U™ (r)
and

+m/ —14+6(1—
p(a,D)g(z,D) — (pg)(w, D) € Wy~

holds for r = 0 and using m’ < m —7rd = Sﬁ; C S7%(r) we check easily that
all the properties (A.3) hold also if 0 < r < 1. If p € S{%(r) is real, then
p*—pe€ ST{1+6(17T). If P—p(x,D) € ¥~ with P € U";(r) being symmetric,
then Imp € Sf{lw(l_r) and when P is in addition elliptic of degree m > 0,
then Rep is elliptic and we can always choose p such that Rep > 1. Following
the proof of Lemma A.1 with Sg*[r], Wi*[r], ¥, S(R2?) replaced by ST (7)),

Ts(r), W0, 575 we have go = 1/p € S;§'(r), Ro € \Iligklw(l*r) and g; €
Sl_gl_j(l_é(l_r)) C 51 5'(r). Changing similarly the proof of Lemma A.2 we have

g € ST?(;/Q_j(l_é)_ér - 517,%/2(7‘) and R,, € \Ij;rfé—(n-i-l)(l—é)—ér. 1

Proof of Proposition 7.2. It suffices to adapt the proof of Proposition 6.2 in
the standard way, i.e. instead of p, g; defined on RZ x Rg one uses o(P) and g;
defined on T* M, replacing ¢;(z, D) by a pseudodifferential operator Q; on M such
that Qj = O'(Qj). 1
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