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A DECOMPOSITION THEOREM FOR OPERATORS ON L!
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ABSTRACT. The operator space £(L1), as a Banach lattice, can be decom-
posed into four bands: the Radon-Nikodym band, the Dunford-Pettis band,
the Rosenthal band, and the Enflo band. Thus, each operator in £(L') can
be decomposed uniquely into the sum of four operators, so that each mem-
ber of the decomposition has a characterization in terms of natural videly
discussed operator-theoretic invariants in Banach space theory.
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This paper is based on work by Kalton ([12]), Bourgain ([3], [4]), Rosenthal (]14]),
and Enflo-Starbird ([8]). Section 1 mainly states the required notation and known
results, and Section 2 gives the results of this paper.

The main result of this paper is that each operator T € L(L') can be
uniquely written as a sum of operators which are respectively Radon-Nikodym,
non-representable Dunford-Pettis (we will describe this in more detail later), Rosen-
thal and Enflo. In fact, there exists a unique decomposition of £(L")

L(LY) = Lrx @ Lspp @ Lr & Li

with the following properties:

(a) each subspace on the right is a band;
(b) T € Lgn iff T is Radon-Nikodym;
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(¢) T € Lspp iff T = 0 or T is Dunford-Pettis and for any 0 # S € L(L')
with |S| < |T, S is not Radon-Nikodym;

(d) T € Lg iff T = 0 or T is Rosenthal, and for any 0 # S € £(L') with
|S] < |T, S is Rosenthal;

(e) T € Lg iff T =0 or T is Enflo and for any 0 # S € £(L') with |S| < |T],
S is Enflo.

In particular, we are going to show that the Enflo part of an operator in
L(L') has a similar form to that given in Corollary 1.6.

1. PRELIMINARIES

Throughout this paper, ¥y denotes the Lebesgue o-algebra on [0, 1] and B denotes
the Borel o-algebra on [0, 1]. For an arbitrary topological space K, B(K) is the
Borel o-algebra on K, and U(K) is the o-algebra of universally measurable sets.

In what follows, A is the Lebesgue measure on [0,1] and L' = L1([0,1], \) is
the space of all equivalence classes of Lebesgue integrable functions on [0, 1]. Each
measure space (X, ¥, v) in this paper will be taken to be a measure space with v
purely non-atomic unless specially indicated. A purely non-atomic o-subalgebra
A of ¥ is a o-subalgebra with v|.A purely non-atomic.

As usual, L = L>®(\) = (L')* is the space of all bounded Lebesgue mea-
surable functions with the uniform convergence norm.

For a compact metric space K, C(K) is the space of bounded continuous
functions, and M(K) = C(K)*, the space of regular Borel measures on K. B*
is the weak* Borel o-algebra on M0, 1], and U* = U(M(K)). The subspace of
atomic measures in M0, 1] is denoted by M,, and the subspace of continuous
measures is denoted by M.. Recall that

MI0,1] = M, & M..

As usual, £(X,Y) is the space of all bounded operators from a Banach space
X to a Banach space Y. If X =Y, then we denote L(X,Y) by L(X).

For E C [0,1], xg is the characteristic function of E. If T is an operator on
some space of functions on [0, 1], we denote Txg by TE.

The operator T|E on a space X of functions on [0, 1] is defined by

(T|E)(f) = T(f|E), forall f € X.

If T is an operator on a space X of measurable functions with respect to some
o-algebra 3 on [0,1], and A is a o-subalgebra of ¥, then T'|A is the restriction of
T to the space of all A-measurable functions that lie in X.
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A bush is a sequence of finite measurable partitions (E,;), ¢ = 1,..., My,
n=1,2,..., of a measurable subset Fy; of [0,1], such that:

(a) mog =1, A(Eo1) > 0;
my,
(b) for each n, |J E,; = Eo1;

i=1
(c) for each n, E, ;N E, ; =0 if i # j;
(d) for each n and each j, 1 < j < mp41, there is an 4, 1 < ¢ < m,, with

Eny1 C Eny;
e) max 1(E,; 0 as n — oo.
()1<i<§n (En,i) — —
A tree is a bush (E,;), 1 < i < my,, n = 1,2,..., in which m, = 2"

and En; = Epy126-1) U Eny1,2i- A binary tree is a tree (E, ;) with M(E, ;) =
(1/2")A(Ep,1) for all n and . (A,;) denotes the usual binary tree on [0,1), i.e.
B = ({6 1)/2%,i/27).

Let T € £(L', X). Then T is Radon-Nikodym if there is a g € L°°(X) such
that for each f € L!

Tf:/fgd)\.

T is Dunford-Pettis if T maps weakly compact subsets to relatively compact sub-
sets.

If T € L(LY), then T is Enflo if it fixes a subspace which is isomorphic to L*;
T is Rosenthal if T is neither Enflo nor Dunford-Pettis. We will call an operator
T € L(L') which satisfies the condition (d) (resp. (e)) in the beginning of the
paper a pure Rosenthal (resp. Enflo) operator.

It is well known that the spaces L£(L'), £(L*®), L(M(K)) and L(C(K)**)
are order complete Banach lattices (see, e.g. [16] or [1]). We will use these facts
without mentioning them. Throughout this paper, 7T and T~ denote the positive
part and the negative part of an operator T respectively, and |T| denotes the total
variation of T'.

The following are some known results that we need. First, we state a repre-
sentation theorem by Kalton ([12]).

THEOREM 1.1. Let K be a compact metric space, i a probability measure
on K, and (X,%,v) a measure space. Then

T:LYK,B(K),u) — LYX,%,v)

is a bounded linear operator iff it has the form

(1.1) Tf(x) = /f(t) dps(t) v-ae z€ X
K
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where & — p, is a S-B* measurable map of X into M(K), satisfying

(1.2) /|uw Ydv(z) = M < oo.
;L(B)>0 w(B

In this case, |T|| = M. The map © — p, is unique up to sets of p-measure zero.

REMARK 1.2. Given a map = — pu, satisfying (1.2), the operator in (1.1)
is well-defined, i.e. its definition is independent of the member chosen from an
equivalent class in L'(u). In fact, for a y-null set E and any n € N, one can
choose an open set U with E C U and u(U) < 1/n, and then

/|uw ) dv(z /|Mw )dv(z) < M/n — 0,
and so f |pz|(E) dv(x) = 0. Thus, if \(EAF) = 0, one has

e (E) = p(F), Mae.

Since the measurable simple functions are dense in L' (K, B(K), u1), it easily follows

that if f = g, A-a.e., then
/fd,um :/gd,uw A-a.e.

This is very important for later discussions.

THEOREM 1.3. ([12]) Let K be a compact metric space. Then there exist U*
measurable mappings b, : M(K) — R, (n € N), U*-B(K) measurable mappings
hyn: M(K) — K, (n € N), and a U*-B* measurable mapping ¢ : M(K) — M.(K)
such that

b ()] 2 [brsr ()], n €N, pe M(K);

ho(p) # hin(p), n#m, p € M(K);
and

p=> bu()on, () +o(n), peM(K).
n=1

THEOREM 1.4. ([12]) Let K be an infinite Polish space, v a probability mea-
sure on K, and (X,%,v) a measure space. Then

T:LYK,B(K),u) — LYX,%,v)
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is a bounded linear operator iff it has the form

(1.3) TH@) = 3 an(@) flon(z)) + / £(5)dpa(s)

K

(i) an : X — R is Borel measurable with |a,(z)| > |ans1(z)| v-a.e.;
(i) oy : X — K is -8B measurable with o, () # om(z), m#n, v € X;
) & — pg is -B* measurable from X into M (K) with p, € M.(K) v-a.e.;
) ow [ 5] Jan(@)ldv(@) + [ sl (B)dv(w)] = M < oo
n=l 71(B>
In this case, ||T|| =

(iii

(iv

REMARK 1.5. By Kalton ([12]), one also has

T f(x) Za oula)) + [ 1(6)dp2()
K

and

e Z\an )| (on(a /f ) dlp.|(s

On the right side of (1.3), we denote the first part by T, and the second part
by T., and call them the purely atomic part and the purely continuous part of T,
respectively. If T has only purely atomic part (resp. purely continuous part), then
we say that T is purely atomic (resp. purely continuous).

By Theorem 1.4, if x — v, represents T,, then for almost all x € X, v, has

the form

Conversely, if x — v, represents an operator T' € L(LY(K,B(K),u), L*(X,3,v))
such that v, has the form (1.4) for almost all € X, then by the proof of Theo-

rem 1.4 in [12], T is purely atomic.
We thus have the following corollary (cf. [15]).

COROLLARY 1.6. With the notation of Theorem 1.4, every bounded linear
operator
T LNK,B(K), 1) — LM(X, 5, v)
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can be uniquely written as
T=T,+T..

Moreover, one has

‘T| = |Ta| + ‘TC| = |T|a + ‘T|c

where T, has the form

Ta:ZAn

with
Anf(2) = an(2) f(on()).

In Corollary 1.6, > A,, is the strong £*-sum. This means that there exists a

K < oo, such that for all f € L*(u), Y ||Anf|| < K| f|| and Tof = > Anf. Tt is
known that
K< |,

and each A,, maps disjoint functions to disjoint functions, i.e. if |f| A|g| =0, a.e.,
then |A, f| A |Ang] =0, a.e. ([15]). We call such operators atoms.
We can also write T, as )
T,=> A,
n

where Z’ denotes the pointwise sum of operators, which is defined as follows.
Forl1<p< oo, fp € LP,n=1,2,... wesay that E/fn exists if the pointwise
n

sum > | fn ()| belongs to LP; then 3 f, denotes the pointwise (a.e.) sum of f’s,
n

which of course belongs to LP. For a sequence of operators (T,,) C L(LP), we say
that Z/T n exists if Z/ T, f exists for all f € LP. In this case, it follows easily from

the clgsed graph theorem that
!/
f=> Tuf

defines a bounded linear operator on LP.
We note that:

(i) if T, € L(LP), n = 1,2,..., are such that 37T}, exists, then also ST
exists, and (Z’Tn) =T
n n
(ii) given T;, € L(LY), n = 1,2,..., then if > T, is a strong ¢*-sum, then

Z/Tn exists, and if the T},’s are all positive, the converse is true.
n
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Let £, = L.(LY(K,B(K),u), L*(X,%,v)) denote the set of all purely atomic
operators, and L. = L.(L'(K,B(K), ), L} (X, X, v)) the set of all purely continu-
ous operators. Then by Corollary 1.6, both £, and L. are 1-complemented closed
ideals (and so are projection bands) of £(L'), and

(1.5) L(LNK,B(K),p), L"(X,%,v)) = L, @ L.

(see [9]).

DEFINITION 1.7. Let T : L' — L' be a bounded linear operator, and B =
(En,;) be a bush of subsets of [0,1]. Define

Ar(B) = limmax |TE, ;|.
n 7

In particular, if B = (A, ;) we denote Ap(B) by Ar.

If A is the o-algebra generated by B = (E, ;) we also denote Ap(B) by
Ar(A).

The function Ar(B) is called the Enflo-Starbird mazimal function with re-
spect to the bush B, and At is simply called the Enflo-Starbird mazimal function.
The existence of the limit in the definition was proved in [8]. Later, we will show
that Ar is exactly the function |a;| with a; as in Theorem 1.4, and thus Ay (A) is
independent of the choice of the generating bush.

T is said to be sign-preserving if there exists a set S of positive measure and
a d > 0, so that

177 > 8

for all f with
/fdu:O and |f] = xs a.e.

This definition was initially given by Rosenthal ([15]).

THEOREM 1.8. ([15]) Let T € L(L'). Then the following are equivalent:
(i) T has an atomic part;

(ii) Ar is a non-zero element in L*;

(i) T is sign preserving;

(iv) there is a set S with A(S) > 0 so that T'|S is an isomorphism.

THEOREM 1.9. ([8]) T € L(LY) is Enflo iff \r(B) # 0 for some bush B.

THEOREM 1.10. ([14]) There exists an operator in L(L') which is neither
Dunford-Pettis nor Enflo. In other words, the Rosenthal operators exist.

Bourgain ([4]) shows that the space of all Dunford-Pettis operators in £(L)
is a solid sublattice. To prove this, he gives the following:
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PROPOSITION 1.11. For T : L' — L%, the following are equivalent:
(i) T is a Dunford-Pettis operator;

(i) T1, is compact for 1 < p < oo;

(iil) Tl is compact.

(1, : LP — L', 1 < p < oo, are the canonical maps.)

To show that all Dunford-Pettis operators form a band, we need some results
from the theory of Banach lattices.

Let X,Y be vector spaces and B(X,Y) be the vector space of all bilinear
forms on X x Y. Define the bilinear form z ® y on B(X,Y) by

z@y(f) = f(,y).

Then, the canonical map

X:(r,y) —r®y

is a bilinear map from X x Y into B(X,Y)*. The linear span of x(X x Y) in
B(X,Y)* is called the tensor product of X and Y, and is denoted by X @ Y.
If X and Y are Banach spaces, one can define different norms on X ® Y.

What we need here is the so-called e-norm, which is defined as
[ulle = sup{[(z* @ y*)(u)| : (%, y") € Ba(X") x Ba(Y)}.
In this paper, a bounded linear operator T : L™ — L' is called integral if
br € (L™ ®. L™)",
where by is defined by
br(f,9) =(Tf.9), fgel™.
The integral norm ||T; of T is defined by
IT[l; = [loz -

Recall that an operator T : L™ — L' is regular if T has the form T = T+ — T~
with both TF and T~ positive. The space of all such operators is denoted by
LF(L*, LY).
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THEOREM 1.12. ([16])
(i) LT(L>°, L) is an AL-space with the integral norm.
(ii) If T is positive, then |T|; = ||T.

Since £(L') is a Banach lattice, if we define i, : L> — L! to be the canonical
map, then for each T € L(L'),
Tico =T oo — T o,
i.e., any operator of the form 7', is a member of £L(L>, L'). In order to apply
the lattice property of Theorem 1.12, we need the following facts about AL-spaces.

THEOREM 1.13. Let X be an AL-space. Then:

(i) X is order complete, that is, for each non-empty majorized set M C X,
sup M exists in X.

(ii) Each upward directed (<) norm bounded family in X converges in norm.

2. THE RESULTS OF THIS PAPER

LEMMA 2.1. Let K be a compact metriz space, p € M(K) and B(u) be the
band generated by p. Then

B(p) = LYK, p) ={v e M(K) : v < p},

and both B(p) and B(u)* are weak*-Borel subsets of M(K).

Proof. Let O be a countable base of the topology on K consisting of balls.
For each m, k and disjoint Uy, ...,U, € O with

(U v) <t

1<j<n

write

V(U1,....Uy,m, k) = {u € M(K): |V|< U Uj) < %}
1< <n

Then V(Uy,...,U,,m, k) is a weak*-Borel set, and so is the set

A=AU N VO.....Usm.k).

m k (U1,...,Un)

We claim that
A=DB(p).
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In fact, if v € B(u), then v < p. Thus for each m, there exists a k such that
for any open sets Uy, ..., U,, with

W U o)< —

1<i<n

one has

|u\( U Uj)<%.

1<G<n

This implies v € A.
Conversely, if v € A, let v = vy + 15, where |11| < |u| and |vo] L |p|. Assume
|2| # 0; then there exists a Borel set E such that

val(B) > 0, [ul(E) = 0.

Choose m such that 1
— E).
< |v2l(E)

Then, by the definition of A, there exists a k such that

ve () V(Ui,....Upmk).
Uty Un)
Since vo L u, we can choose Uy, ...,U, € O, such that
W U o)<
1<j<n

and

wi(Ea( U 0)) < hal(®) - -

1jsn
Then, by the definition of V(Uy,...,U,,m,k), one has
1
wl( U o) <m( U u) <.
1isn 1<isn

and so

al(B) < ol (BA( U ;) el (U 05) < el B,

1<j<n 1<5<n

which is a contradiction. Hence v2 = 0 and v = vy € B(v). This proves that B(u)
is a weak*-Borel set.
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For the second part, let Oq,...,0, € O with

(U Oj)>|u\—%-

1<G<n

Define
1

V(O 0pm ) = {v: Wl | 0)) < o

1<G<n

B=() U V©r....,0nmk).

m k (O1,0,00)

and

Then, since for each v € B(u)* there is a Borel set E such that
|ulE = [lull and |v|E =0,

one has that for fixed k, m there exist open sets Oq,...,O,, such that

W U 05) >l -

1<<n
1
wi( U o) <=
m

1sn

Thus
ve |J V(Oi...,00m k).
(01,...,04)

Fix an m. Then, since for each k there exists a V(Oy,...,O,, m, k) which

contains v, we have

ve(l U V(Ou,....00m k)

k (O1,...,0.)

and since this holds for each m, we have v € B. So B(u)* C B.
On the other hand, if v ¢ B(u)*, then |v| A |u| # 0, and so there exists a
Borel set F with |u|(F) # 0 such that

[ul(E) # 0 < ([v| A |u)(E) # 0
for all Borel subset £ C F. Choose m such that

(W Al (F) > -
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Since |v| A |p| < |p|, there exists a k such that for all Borel sets G
1 1
ul(G) < o = [V Aul(G) <[y Apl(E) - —.

It follows that
1 1
(U 05)>lul-7=w( U o)>-
1<isn 1isn
for O1,...,0, € O. Thus v ¢ U V(O4,...,0,,m,k) for all k, and so
(O1,...,0m)

v ¢ B. This shows that B C B(u)*. 1

LEMMA 2.2. Let K be a compact metric space, and let ¢ be as in Theorem
1.3. Then for any Borel measure i on K, there exist U*-B* measurable mappings
@1 : M(K) — B(p) and o3 : M(K) — B(u)* such that ¢ = @1 + pa.

Proof. Let M(K) x L'(u) take the product weak*-topology on M (K) x
M(K). Consider the map 7 : M(K) x L'(u) — M(K) defined by

T(v, f) —v— fdpu.
It is w*-continuous and so is a Borel map. Let
A= (2Ba(M(K)) x 2Ba(L*(p)) N7 *(Ba (M (K))
and let 7 = 7| A. Then since Ba (M (K)) x {0} C A,
7 A— Ba(M(K))

is a surjection. By Lemma 2.1, B = 7/~1(Ba (B(u)")) is a Borel subset of A, and
so is a Suslin space.
Define 0 : B — Ba (M (K)) by

o(v, f)=wv;

then o is a weak*-continuous surjection. Thus, by Theorem 2.2 in [12] (a conse-
quence of Kuratowski-Ryll-Nardzewski selection theorem), there is a U*~B* mea-

surable map
h:Ba(M(K)) — B,

such that
o(h(v)) = .
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Let h(v) = (v, f), and
() =7"(h(v)) = v — fdu;
thus
(v—fdp) L p
Then ¢ : Ba (M (K)) — B(u)* is U*~B* measurable. Since

M(K) = B(pn) ® B(pu)™*,

if Q is the band projection of M (K) onto B(u)*, then 1 is in fact the restriction
of @ to Ba(M(K)). Thus @ is U*-B* measurable. Let p; = (I — Q)p, p2 = Qp,
and the conclusion follows. 1

The next result is the first step of the proof of the main theorems in this
paper.

ProprosITION 2.3. With the same hypothesis as in Theorem 1.4, T is a
bounded linear operator iff it has the form

Tf(x) =Y an(x)f(on(@)) +/f(5) dpm(5)+/f(8)9m(5) du(s), a.e.
n=1 K K

where for all n, a, and o, are as in Theorem 1.4, and

(i) ¢ — gy dp is T-B* measurable from [0,1] to M(K) with g, € L*=(u),
a.e.;

(ii) x — py is Z-B* measurable from [0,1] to M.(K) with p, L p, a.e.

Proof. Consider L'(K,B(K), 1) as a band in M(K). Then the conclusion
follows by Theorem 1.4 and Lemma 2.2. 1

REMARK 2.4. Let
LrN = Lrn (LMK, B(K), 1), LY(X, %, v))
be the space of all representable operators, and
Ly = L(LNK,B(K),p), L' (X, %,v))

be the space of all operators T satisfying that, if X — pu, is the Kalton repre-
sentation for T as in Theorem 1.1, then p, L X for almost all z € [0,1]. By [9],
both L5 and Lrn are 1-complemented closed ideals (and so are projection bands)
in L(LY(K,B(K), u), L*(X,X,v)), and

(2.1) L(LY(K,B(K), ), L'(X,%,v)) = Lan & Ls.
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Thus, each T' € L(L*(K,B(K), ), L' (X,%,v)) can be uniquely written as
T ="TgrN + Ty

with Ty € Lrn and Ty € L. Moreover,

(2.2) IT| = |Tan| + |Ts| = |T|rx + [ Ts.

By Proposition 2.3, the related band projections are weak*-Borel maps.

We call Try the Radon-Nikodym part (or representable part) of T and Ty the
singular part of T'. Tt is easy to see that Ty is exactly the sum of the first two parts
in the equations of Proposition 2.3, and Tgry is the third part. Lrn and Lg are
called the Radon-Nikodym band and the singular band of L(L'), respectively.

The next several lemmas are used to split off a non-Enflo part from the
singular part of the operators in £(L'), which we do in Proposition 2.13.

LEMMA 2.5. Suppose T € L(L'). Let B = (E, ;) be a bush on [0,1]. For
fixed n, 1, let

B,,=BnE,,={E,;NE,;:m,j are arbitrary}.

Then for every m,
Ar(B) = mjax Ar(Bm,j)

where Ap(+) is the Enflo-Starbird mazimal function.

Proof. Since for n > m,
gn(B) = max |TE, ;| > mzax{|TEn7i| 2 Eni CEni} =gn(Bmi),
by the definition of Ap(+), we have
Ar(E) = m]ax)\T(Bm’j) a.e.

On the other hand, for almost all ¢ and every § > 0, if n is large enough, then

M (B)(1) < 6 (B)(D) + 5

and 5

9n(Binj) < Ar(Bmj)(t) + 5.
Thus

)
Ar(B)(t) < max |TE, ;(t)] + 5 = max max{|TE,;(t)|: En; C Ep ;}
i j i
< max Ap(By, ;) (¢) + 4.
j

Since ¢ is arbitrary,

Ar(E)(t) < max Az (B ;)(2).

The lemma is proved. 1
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LEMMA 2.6. Suppose T € L(L'). Then
)\T = |(L1|7 a.e.,
where a1 is as in Theorem 1.4 (i), and

AT = )‘\T| = max()\T+, )\T—).

Proof. Let a,,0,, n =1,2,..., be as in Theorem 1.4, and T' = T, + T, be
as in Corollary 1.6. Then

max |TA, ;| < max|TaA, ;| + max |TcA, 4|
K3 2 7
By the definition of T, and Theorem 1.4 (iii), we obtain
max [TcA, ;| — 0, ae.
7

Thus Ar < A, a.e.
Now by Corollary 1.6, there exists a K < oo, such that

Y A < K| f]l, forall fe L.

So by the definition of A,,’s and by the bounded convergence theorem,
Z |an (x)] < 0o
for almost all z € [0, 1]. Fix such an z € [0, 1] with
Ar(z) < A, (2),
and let F,, ; = {k : ox(x) € A, ;}. Then since by Theorem 1.4 (ii),
on(@) # ;@) itk #J,

one has

Z ag(x)

keFy, ;

max |T, Ay ;|(x) = max
(2 K3

< .
<max Y o)

keFy, ;

But since for k # j, there exists an n, such that

O'k(ﬂj) E An,ik) O-_] (1‘) 6 An,ij and An,ik m An,ij = ®7
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one has
max Y lan(@)] — max|an(2)] = ar ()],
kEF,,;
and so
Ar(z) < fay ()]
On the other hand, let o1(z) € A, ;,, i =1,2,... . Then

Ar(z) = liTan max |TA, ()] > @|TAM” ()]

Z ag(x)

i#keF, i,

—lm|TcA,, 4, (x)] = |a1(x)].

> |ay(2)| — Tm

The first part of the lemma follows.
The second part of the lemma follows by the remark after Theorem 1.4. &

LEMMA 2.7. Let T € L(L'). Suppose that By and By are two bushes on
[0,1] that generate the same atomless o-algebra A on a subset A of [0,1]. Then

)\T(Bl) = )\T(Bg) a.e.

Hence Ap(A) is well defined.

Proof. Through a linear isometry between L'-spaces, we can suppose A = B.
Thus, we need only show that, for any bush B = (E,, ;) on [0, 1] which generates
B, the following holds:

Ar(B) = Ar =a1| aee.

But again, through a linear isometry on L' into L', we can suppose that all £, ;
are intervals. Then, replacing (A, ;) by (E,,;), we can repeat word for word the
argument in the proof of last lemma. &

We have already defined the purely atomic part T, and the purely continuous
part T.. for T € L(LY(K,B(K),pn), L' (X,%,v)) with K a compact metric space.
Generally, if (X1,X;1,v1) is a separable non-atomic probability space, it is well
known that L*(Xy,¥,v1) is linearly isometric to L!. In particular, the isometry
can be realized through an isomorphism between measure algebras (see, e.g., [11]),
which we call a reqular isometry. Such an isometry maps characteristic functions
to characteristic functions, and so is also a lattice isomorphism.

Now let S : L'(X1,%1,11) — L' be a regular isometry. For T' € £(L'(X;,
Y1,11), LY(X, %, v)), define

T, = (TS™).S and T.=(TS™').S.
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Then
T=T,+T..

Moreover, T, and T, are unique. In fact, if S : LY(Xy,¥,v1) — L' is another

linear isometry, let
T, =(TS"™1.8" and T.= (TS ").S.

Suppose T, — T2 # 0; then (T, — T7)S~! # 0 is purely atomic, and (T. — T7)S~*
is purely continuous (if it is not zero). Thus

0A(Ta TS +(T. —THS ' = (T +T. - T, TS ' =(T-T)S ' =0.

which is a contradiction. So T, = T,.. Similarly, T, = Ty.
Thus we can call T, and T, the purely atomic part and the purely continuous
part of T, respectively. By the definition of T, and Corollary 1.6, T, has the form

T, = Z/Anv

where A,, is an atom for each n and the sum is a strong ¢'-sum.

LEMMA 2.8. Let L'(X;,%;, 1;), i = 1,2, 3, be separable and atomless, and
Tp: LN(X, iy pi) = LN Xy, B, i), = 1,2

be purely atomic. Then T = T5T1 is purely atomic.

Proof. First suppose L'(X;, ¥, p;) = L', i = 1,2. Let the maps t — u,
t€10,1], and * — v, x € X3, represent 17 and T5 respectively. Then by (1.4)

Mt = Z an(t)ds, (t), A-a.e.

Vy = Z b (2)dr,, (x), ps-a.e.

(for the definitions of ay, by, opn, Tm, n,m = 1,2, ..., see Theorem 1.4). Then it is
easy to check that

2= 3 an (0 (2))bn (2)d, 7, (2)

represents 7577, and so by the note below (1.4), T'= T»T; is purely atomic.
Now suppose L'(Xs, Y9, u2) = L' and S = T is a regular isometry. Let

Sy LY(X1,%1,0) — L
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be a regular isometry; then, by definition, 705 ' is purely atomic. Let
T=STS;'=T,+ T
then, since S is a lattice isomorphism as well as a linear isometry,
ST, =0=T.=0.

Hence T is purely atomic which implies that ST is purely atomic.
Generally, let Sy : LY (X;, %, ;) — LY, i = 1,2, be regular isometries. Then
1,5, 1 i =1,2, are purely atomic, and so by the previous argument, the maps

TQSQ_1 : Ll - Ll(X37237/J“3)

and
SoTy - LN X1, %, 1) — L

are purely atomic. Hence,
(1283 1) (S:ThST) = (IeTh) Syt : LY — LN (X5, 25, 15)

is purely atomic, and so 73T} is purely atomic (by definition). &

LEMMA 2.9. Let A be an atomless o-subalgebra of ¥y on [0,1], and E € ¥
with 1 > A(E) > 0. Let 0(A, E) be the o-algebra generated by AU {E}. Then

(T|-A)a = (T|U(A7 E))aI-A'

Proof. Let A(E) = ANE ={FNE:F € A}, and define the operator
Sg: LY'(A) — LY (A(E)) by

Sef=flE, feL'A).
Then, to prove the lemma, we need only to show that
(2.3) (T A)a = (TA(E))aSE + (TA(E®))aSEe-

First we note that each of the operators T|A, (T|A(E))Sg, (T)A(E))Sge is
an operator from L'(A) into L!, and

(T|A) = (T|A(E))Sg + (T|A(E))SEe.
Let S: L'(A) — L' be a regular isometry; then

(T|A)S™! = (TIA(E))SpS™ + (T]A(E®))SEeS™"
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where (T)A)S™Y, (T)A(E))SeS™, (T|A(E®))SES™! € L(L'). By (1.5), one has
[(T]A)S™ o = (TIA(E))SES ™ a + [(TIA(E®))SE: S a,

and

[(T14)S™]aS = (TIA(E))SES™ a8 + (TIA(ES))SpS™]aS.
By definition, the last equality is the same as
(T A)a = (T|A(E))SE]a + [(T|A(E®))SEe]a-
Thus, to show that (2.3) holds, we need only to show
(TIA(E))SEla = (TA(E))aSE
(TIAE))Siels = (TIAE))uS

We are going to show the first equality, and then the second one can be similarly
obtained.
Consider the following equality

(TIA(E))SE = (T|A(E))aSE + (T|A(E))cSE-

Since Sg is purely atomic, by Lemma 2.8, so is (T'|.A(E)),Sg. On the other hand,
let B = (E,, ;) be an arbitrary bush which generates A; then By = (E,;NE) is a
bush which generates A(FE). Since

max |[(T|A(E))cSpl(En,i)| = max [(T|AE)e(E N Eny)l, 1=1,2,...,
by the definition of an Enflo-Starbird function, one has

ATAE) s (B) = Ariam). (Bo).

But, by Theorem 1.8, A(7|4(g)).(Bo) =0, A-a.e., so

AriaE).s5(B) =0,  Aae.

Again by Theorem 1.8, (T|A(E)).SE is purely continuous. By the uniqueness of
the representation in Theorem 1.4, the conclusion follows. 1

REMARK 2.10. The equation (2.3) is also true for arbitrary finite partitions
of [0,1].

For a fixed atomless o-subalgebra A, we now present a certain sub-band
L 4 contained in Lg, consisting of T with |T'| 4 purely atomic. We first define the
operation T" — T4 corresponding to the band projection, and later verify the band
properties.
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LEMMA 2.11. Let T € L(L'), and let A be an atomless o-subalgebra of .
Then there exists a T4 € L(L') such that:
(i) T4|A is purely atomic;
(i) (T —Ta)|A is purely continuous;
(iif) Ta™ = (T%) 4.
Proof. It Ar(A) = 0, this is trivial. So suppose Ar(A) # 0.
First suppose that T is positive, and let A(E) be as in Lemma 2.9. Define

Tn,z’ = (T|A(An,z))aSA

n,i®

Then T, ; € L(L'(A), L"), and
Tpi=Y ATm;: Am;j C A}
forall 1 <i<2" n=1,2,.... Define
Talp; =Ty iy .

Then T4 induces an operator in £(L'). In fact, for any function f of the form

f= > axa,, . With o, € R, define
1<ksm -

Taf = > arTaln, iy
1<km

Then, by (2.3), it is easy to see that T 4 is a linear operator on X, the linear span
of {A,,;}, with ||T.4]| < ||T||. Since X is dense in L', T4 can be extended to an
operator in £L(L').
Now since
TAAHJ <TA,,;.

one has
Ty <T.

By the definition of T4, for f € L'(A),

Ta(f) =Toa(f) = (T1A)a(f),

so T)4|A is purely atomic, i.e., T4 satisfies (i). Since (T — Ty)|A = T|A — T4l A,
(T — T4)|A is purely continuous, and (ii) is proved. Since T is positive, (iii) is
trivial.
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For the general case, consider TT and 7'~ respectively. Let
Ta=(T")a—(T7)a
Then, since 0 < (TF)4 < T* and T+ AT~ = 0, one has
(TH)aN(T7)a=0.
Since T4 can be uniquely written as
Ta=Ta" —Ta~

with T4+ A T4~ =0, one must have that T4* = (TF) 4. This proves (iii).
Let B = (E, ;) be any bush which generates A. Then

(T —Ta)En,| < |TT — (T)+A|En7i + T~ = (T )alEni = |T — Ta|En.
Thus, by definition of the Enflo-Starbird function,
0< )‘(TfTA)(B) < /\T+—(T+)A(B) + )\T*—(T*)A (B)=0.

This proves (ii).
It remain to show (i). Let S: L*(A) — L' be a regular isometry; then

(Tala)S™" = (TaT|a)S™" = (Ta~|a)S™ "

Let # — v be the map from [0,1] into M]0,1] which represents (T4%|4)S™"
respectively; then by (1.4), for almost all = € [0, 1], v has the forms

v =) ay ()8, (@),
n=1

where for each n, aX and o satisfy the conditions in Theorem 1.4. Thus, the
map
oo oo
z— Y af (@), (@) =) a,(2)s, (x)
n=1 n=1

represents (T4|4)S~1, and so by the note below (1.4), (T.4]4)S~! is purely atomic.
By the definition of (T'4|4)a, T4]4 is purely atomic.
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REMARK 2.12. (i) For a given atomless o-subalgebra A of Xy, let T = E 4
be the conditional expectation operator relative to A, and A, be the algebra
generated by AU {An,i 1< < 1/2"}. Then one has

T=Ty=Ts, n=12,....
In fact, in this case, let T}, ; be as in the proof of the lemma; then

Tn,i = TAn An i

s

(ii) For a given arbitrary operator T € L(L'),
T4 =lm(T|An)aFE 4,

where the limit exists in the strong operator topology.

(iii) It is possible that T4 # 0 but T4]A = 0. For example, let S :
LY0,1/2] — L' be an isometry, R : L'[1/2,1] — L'[0,1/2] be the translation
operator defined by

N =

Riw =7 (a-3). rert|3].

and define T : L' — L' by

-5 01 -sn 0 [

Take A={EURE:Ec€¥;N[1/2,1]}. Then T =T4 # 0, but T4|A = 0.

LEMMA 2.13. Let A be a given atomless o-subalgebra of %o, and L4 be
the set of all operators of the form T = T4 with T4 satisfying the conditions in
Lemma 2.11. Then:

(i) L(A) is a band in L(L');

(i) T € L4 iff |T| is purely atomic on L'(A);

(iii) for each T € (LA)*, T|A is purely continuous.

Proof. (i) If T, S € L4, then by Lemma 2.11, T+ + S* is purely atomic on
L'(A). Since 0 < (T 4 S)* < T* 4 S*, by (1.5), (T + S)* is purely atomic on
L'(A). This shows that £4 is a linear subspace of £(L'). A similar argument
shows that £4 is an ideal of £(L'). Finally, let {T,, : « € D} be a majorized
upward directed family of positive operators in £ 4, and suppose that

T = sup Ty,
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exists in £(L'). If T is not purely atomic on L'(A), i.e., (T|A). # 0, then there
exists an @ € D such that (T|A). A (Tn]A) # 0. By (1.5), (T|A)c A (Ty]A) is
purely atomic. But

AT ) A(Ta)4) (A) < ATia). =0,
a contradiction to Theorem 1.9.

(ii) If T € L 4, then by Lemma 2.11, |T| is purely atomic on L*(A). Con-
versely, if | T'| is purely atomic on L'(A), then by (1.5) (through a regular isometry),
0 < T* < |T| is purely atomic on L'(A). Thus, by Lemma 2.11, Ty = T, i.e.
TeLy.

(iii) Let T € (£4)*. Assume (T|A), # 0. Let S : L'(A) — L! be a regular
isometry; then, by the definition of (T|A)a, (T'S™1), # 0. By Theorem 1.8,

ATS™ 40,

which is equivalent to saying that Apj4 # 0 (since S is an isometry). Let B =
(E,,;) be any bush which generates A; then by definition,

Arpa = limmax |(T]4)(En,)| = limmax |TE, ;| < limmax |T|E, ; = A7) (A).

Thus A7 (A) # 0, which implies that Ap+(A) # 0 or Ay~ # 0. By Lemma 2.11 (iii),
T4y #0. But Ty € L4 and |T 4| < |T, a contradiction to the assumption that
T e (EA)J‘. 1

Let Lng be the set of all non-Enflo operators. We shall show next that Lng
is a band. It then follows from Proposition 2.15 below that Lx = (Lxg)™.

LEMMA 2.14. Lng is a band of L(L').

Proof. Let T1,T5 € Lxg; then for any bush B = (E,, ),
max |(Ty + T2) Byl < max Ty B, q| + max T2 B, 4,
and so by the definition of the Enflo-Starbird maximal function, one has
A+, (B) < Ay (B) + A, (B).

By Theorem 1.9,
)\Tl (B) = )‘Tz (B) =0,

$0 A 4+1,(B) = 0, which implies that Ty + T> € Lxg. This shows that Ly is a
linear subspace of £L(L1).
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Suppose T € Lxg, S € L(L') and |S| < |T|. By a result in [8], |T| is a
non-Enflo operator, so for any given bush B,

As(B) < Ajry(B) = 0

and so S € Lxg. This shows that Lyg is an ideal of £(L1).
Finally, let {T, : & € D} be a majorized upward directed family of positive
operators in Lyg, and assume that T' = sup T, exists in £(L'). If T is an Enflo

operator, then by Theorem 1.9, there is a gush B such that
Ar(B) # 0.

Let A be the (atomless) o-subalgebra of 3, generated by B; then by Lemma 2.11,
Ta #0and 0 < T4 < T. But then there exists at least one aw € D such that
Ta NT, # 0. Since

0< Ty NT, <T,

T4 AT, is non-Enflo, and so is purely continuous on L'(A). But by Lemma 2.13,
TaNT, € L4, a contradiction. 1

Let £, = L£s N Lxg; then by (2.1) and Lemma 2.14, it is easy to see that
(2.4) ,C(Ll) =Lrn D Ly ® LE.

The bands Lg, LnE, and L, are called the Enflo band, the non-Enflo band and the
singular continuous band respectively.

PROPOSITION 2.15. Let T € L(L'). Then T can be uniquely written as,
(2.5) T =Tg + Ty + Trn,

where -
(i) Te = Y. Ty, with Y. T, £*-strongly convergent, such that for each n there

n=1 n
exists a non-atomic subalgebra A, of Yo, such that T:f|A,, is purely atomic, and

such that for all m < n TF|A,, is purely continuous and T,, 1 Ty, .
(ii) Ty, has the form Ty f(z) = [ f(s)dps(s) such that for almost all z, p, €
K

M.(K), px L X and for each atomless o-subalgebra A of ¥y, Ty|A is purely
continuous.
(iii) Trn is Radon-Nikodym, as defined below Proposition 2.3.

Furthermore, one has

(2.6) T = |0l + [ Tax| + [Tul = > [Tl + |TIax + [Tl



A DECOMPOSITION THEOREM FOR OPERATORS ON L1 27

Proof. Let Pry : L(L') — Lrn, Pu: L(L') — L, and Pg : L(L') — Lg be
band projections. Let

TRN = PRN(T), Tu = Pu(T) and TE = PE(T)

Then it is easy to see that T, satisfies (ii) and Try satisfies (iii). By (2.4), we need
only show that Tk has the form in (i).
By Lemma 2.13, for a given atomless o-subalgebra A, there exists a band
projection Py : L(L') — L4, and so for each S € L(L'), one has P4|S| = |P4S|.
Let 2 = {A: Ais an atomless o-subalgebra of ¥¢}, and let

a= sup{/\PA(T)Hd/\ A€ Ql}.

CrAIM. There exist operators T1,T5,... in L£(L'), atomless o-subalgebra
Ay, Ag, ... and integers nq < ng < --- with the following proporties:
n

(1) 3. T <T% and Tj L Ty, for all n, and all j < k < n;
k=1
(2) Ty| Ay is purely atomic and Ty|Ak_1 is purely continuous for all k& > 1
and T; LT, =0, all j, k, j #Fk;

(3)If S, =T — > Ty, then for all m and any atomless o-subalgebra A,
k<n

1
/|(Sk)A|1d)\ < 2—ma7 for all & > n,,.

In fact, let Sy = T'; then we can define T,, = P4, (Sn—1), n > 1, in the
following way: let n; be the largest n € N such that for each k& < n there exists
Ak11 € 2 with

1
/|PA,C71(S;€)|1 > o
Since, if this equality is satisfied for all k¥ < n, one has
n—1

o< [ Sipasoiare [ra

k<n

such an n; exists.
In general, assume that n,, is defined. If there exists no o-subalgebra A,
such that

1

we define n,,+1 = n,,; otherwise, take a subalgebra A = A,, 11 such that the
above inequality is satisfied, and define 75, y1 = Pa,, ., (S, ), and repeat an
argument similar to that in the first step to find n,,41.
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Thus, we get sequences (1;,) C £(L') and (n,,) C N such that (3) is satisfied.
Since P4, is a band projection for each n, by the definition of T},’s, (1) is satisfied.
Condition (2) follows by Lemma 2.13 (iii) and the fact that S,, € (L4, ++--+La, )"
(note that we need not have L4, L L4, for j # k).

Now (1) implies that

T'=>"T,
n=0
is a strong ¢'-sum. Since for any i, there is no atomless o-subalgebra A such that
, 1
|PA(T —TH|1dX > 20

we have PAo(T —T') = 0 for all A € 2. This implies T —T" € Lyg. So, to finish
the proof, we need only show T € Lg.

Assume T" ¢ Lg. Without loss of generality, we can suppose that T is
positive. Since Lng is a band, T” can be uniquely written as

T = S1+ 59,
with S1 € Lng, S2 € Lg, S1,S52 > 0 and S, 7’5 0. Since

0<51<T/=ZTn=SUPZTn,
n k n<k

one has
S = sup (Sl A Z Tn).
" n<k

Thus, there exists a k < oo, such that S; A >, T,, # 0, and so there exists an
n<k
n < k such that S; AT, # 0. But then, T,,|A, has a purely continuous part,

contradicting Condition (i).
Finally, (2.6) follows by the fact that all operators Pgrn, P, and Py, , n =
1,2, ... are band projections. 1

REMARK 2.16. In general, the T,,’s are not unique.

For T € L(LY), let T,,, n = 1,2,..., T, and Trx be as in Proposition 2.15.
We will call each T,,, n = 1,2,... a conditional atomic part, and call Trn, Ty the
Radon-Nikodym part and the singular continuous part, respectively. Tg is, as we
defined in Section 1, the pure Enflo part. We also denote the part Trnx + Ty by
TNE, and call it the non-Enfio part.

Next, we wish to give a further decomposition of 7}, by using Theorems 1.11,
1.12 and 1.13.
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LEMMA 2.17. Lpp(L'), the space of all Dunford-Pettis operators, is a band
of L(LY).

Proof. The fact that Lpp(L!) is a solid sublattice, i.e. an ideal, was shown
in [4]. To show that Lpp is a band, we need only show that the supremum of
a majorized upward directed family {S, : o € D} of positive Dunford-Pettis
operators is still a Dunford-Pettis operator.

Suppose

S =supS, € L(LY).

Then (S4is) is a subset of the regular operators in £(L>°, L')T dominated by
Sis. Since L£F(L*°, L') with the integral norm is an AL-space, and since every
AL-space is order complete,

So = sup Saioo
«

exists in £(L>°, L*)T; since the continuity and the order continuity are the same
in AL-spaces, and Sy — S, > 0, by Proposition 1.11 (i),

Saioo — So

in the integral norm, and hence in the operator norm. Thus, since S, i, is compact,
so is Sp. But Sy is dominated by Sin., and S € L(L'), so for each f € (L)%,

one has
SOf g SZoofv

and so

[Sofllr < 1Sisefllr =[S£l

Hence Sy induces an operator S} : L' — L' with
1Sollx < 1IS1h

and

in £(L'). By the definition of S,

and so Sty is compact. Thus, by Theorem 1.13, .S is Dunford-Pettis. 1
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PROPOSITION 2.18. Let T € L(L'). Then T can be uniquely written as
T =Tpp + Inpp

such that
(i) Tpp is Dunford-Pettis;
(ii) for any 0 # S € L(LY), |S| < |Txpp|, S is not Dunford-Pettis;
(iii) |7 = |Top| + [Tnpp|-

Proof. By Lemma 2.17, there exists a band projection Ppp from £(L') onto
Lpp(LY). Let Top = Ppp(T), and Txpp = (I — Ppp)(T); then Tpp and Txpp
satisfy (iii). By the definition of Lpp, Tpp is Dunford-Pettis. Since Tnpp €
LNpp = EJD-P, there exists no S € Lpp with |S| < |Txpp|- So Tnpp satisfies (ii). 1

Tpp and Tnpp will be called the Dunford-Pettis part and the non-Dunford-
Pettis part of T, respectively. Lpp will be called the Dunford-Pettis band, and
Lxpp the non-Dunford-Pettis band. We also denote

Lspp = LuN Lpp, Lr=LuNLNDP

and call them the singular Dunford-Pettis band and the Rosenthal band respec-
tively.

Now, by these definitions, and combining (2.1), (2.4) and Proposition 2.18,
we can give the decomposition on £(L') which we have claimed at the beginning
of this section

(2.7) L(L") = Lrx ® Lspp ® Lr ® L.

The following is the complete version of the main result of this paper.

THEOREM 2.19. Each T € L(L') can be uniquely written as
T =1Trn+Tspp + Tr + 1,

where Trn is Radon-Nikodym, Tspp is singular Dunford-Pettis, T is pure Rosen-
thal and Tg is pure Enflo. All operators have norm < ||T||, or more precisely,

+ + + + +
T =Tgn +Tgpp + T + 15,
and so

IT| = [Ten| + [Tspp| + [Tr| + [Te| = [T|rx + [Tlspp + |T|r + |T|e-
Proof. This follows by Proposition 2.15 and 2.18. 1
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TR is the pure Rosenthal part of T as defined in Section 1, and we call Tspp
the singular Dunford-Pettis part.

By what we have shown up to now, it is easy to get the following.

PROPOSITION 2.20. (i) [Lry o L(LY)]U[L(LY) o LrN] C LrN;

(ii) [Lspp o Ls] U [Ls 0 Lspp] C Lrn ® Lspp;

(iii) [Lro (LR @ Lr)|U[(Lr ® Lg) o LR] C LrN @ Lspp @ LR
(where Ao B={ST:S¢€ A, T¢e B}).

REMARK 2.21. By a result in [13] (or in [2]), for T' € Lgpp there is always a
non-zero S € Lgpp, such that T o S € Lgpp. By [14], there is a non-zero T € Ly
such that 72 € Lg. In both cases, a convolution operator was considered. The
properties of such operators are closely related to the properties of the measures
involved. Using Proposition 2.20, we will give a decomposition of M][0,1] into
some related bands.

Recall that a convolution operatorin L(L'(G)), where G is a compact abelian
group, is an operator Ty defined by T}, f = f * u, or more precisely,

T, f(x) = / flat)du(t) = / f(Odpt), f e LYG),

where 1 € M(G).

Identifying the points 0 and 1 in [0,1], one can regard [0,1] as the quotient
group of R modulo 1, which is isomorphic to the circle group T, and so they
have the same dual group Z. In this case, C|[0,1] is regarded as the space of
all continuous functions with f(0) = f(1), and the point measures d; and Jdy are
regarded as the same.

In [6], it was shown that [i € co(Z) iff T}, is Dunford-Pettis. By Theorem 2.19,
we obtain the following:

THEOREM 2.22. Denote by Mgrn (resp. Mpps, Mgr or Mg) the set of all
p € M[0,1] such that T}, is a Radon-Nikodym operator (resp. a singular Dunford-
Pettis, a pure Rosenthal, or a pure Enflo operator). Then

M][0,1] = Mgrn & Mspp & MR & M.

In fact, Mgrn, Mspp, Mr and Mg form an orthogonal band decomposition of
M]J0,1].

Proof. We have that M]0,1] is an AL-space and, defining ¢ : M[0,1] —
L(LY) by ¢(p) =T, for all p € M[0,1], that ¢ is a lattice homomorphism. Now
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the conclusion follows immediately from Theorem 2.19 and the claim: if B is a
band in £(L'), then ¢~1(B) is a band in M|[0, 1].

In turn, since ¢ is a lattice homomorphism, it follows that fixing a band B
in L(L'), then »~1(B) is a lattice ideal in M]0,1]. Thus, let A be a non-empty
subset of p~1(B) so that u = sup A exists in M0, 1]; we need only to show that
w € p~1(B). But since M[0,1] is an AL-space, there exists a sequence in ¢~ (B)
so that p, — u is norm. Hence, since B is closed, and ¢ is continuous, ¢~ *(B) is

closed, so u € = 1(B). 1

REMARK 2.23 Note that the Fourier-Stieltjes transformation maps an AL-
space into an AM-space, and this map is not a lattice homomorphism. Also note

that by our main theorem and [14], Mg is non-zero.

A measure in Mgpp is sometimes called a Rajchman measure, and is discussed
in [10]. Mg includes all singular idempotent measures. It looks like not very much

is known about the measures in Mpg.

For the last part of this paper, let us consider some useful facts on the Cantor
group 2V,

On 2V, the dual group consists of the set of Walsh functions {wy,ws,...}.
Regard {wy,ws,...} as the unit basis in ¢! (ie. | awil|p = |aul), and let
R : (Y (w,) — C(2Y) be the natural map. The Fourier-Stieltjes transformation can
be regarded as the adjoint map R* : M(K) — ¢°°(w,). Since the closed linear
span of (w,) equals L*(2Y), R maps ¢! (w,) to a dense subspace of C'(2"), and so
R* is an injection. Now, for f € L'(2Y,m), where m is the Haar measure on 2V,
R* f(wy,) is nothing but the n-th coefficient of the expansion of f with respect to
the biorthogonal system (w,,) in L*(2"Y).

Using this, we wish to reveal some relations between an operator T € L(L*)
and its representation measures, which we will do in a subsequent paper. Here,
we show only that Mpp(2Y) is a weak* Borel subset of M (2Y), and since C[0, 1]
can be embedded into C(2Y) in a natural way, the same is true for M|[0, 1].

We need the following lemma.

LEMMA 2.24. Bacg is a weak™ Borel subset of Ba L.

}

Proof. Let
Apk = {x € Ba/l™ : |z(n)] <

El e
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Then A, i is a weak™ close set of BaL™, so By, = (| Ank is a weak™® closed
n>m
set, and Cx, = |J Bk is a weak™ Baire-1 set. Let
meN

D:ﬂCk;

keN

then D is a Baire-2 set. We show that Bacy = D.
First, if z € ¢g, then for my, large enough,

for all m > my,

ie. € By,,,,m C Cy, for each k, hence x € D. Conversely, if z € D, then z € Cj,
for each k, so there is my, such that © € By, m, and so, for m > my, |x(m)| < 1/k.
This holds for each k, hence z(m) — 0 as m — oo, i.e. € Bacy. 1

PROPOSITION 2.25. Mpps(2Y) is a weak* Borel subset of M(2V).

Proof. Let R be as defined before Lemma 2.24; then R*Ba M (2V) is weak™*
compact. Since R maps £'(w,) to a dense subspace of C'(2Y), R* is an injection.
Let D,, ; be the usual tree on 2N: then the characteristic function of D, ; is contin-
uous and is contained in R¢*(w,,), so the linear span of all such functions in dense
in C(2V). By Lemma 2.24, co(w,) N R*Ba M (2") is a weak* Borel set. So, since
R* is weak* continuous, the set

[(R*)"(co N R*BaM(2Y))] nBa M (2Y)
is weak* Borel, and is exactly the set
Ba(Mpps(2") & Mgn(2Y)).
Thus, by Lemma 2.1,
Ba Mpps(2") = Ba (Mpps(2") @ Mrx(2V)) N Men(2V)*

is a weak* Borel set. The conclusion now trivially follows. 1
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