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ABSTRACT. We prove that a contractive positive linear map which is approx-
imately multiplicative and approximately injective from C(X) into certain
unital simple C*-algebras of real rank zero and stable rank one is close to a
homomorphism (with finite dimensional range) if a necessary K-theoretical
obstruction vanishes and dimension of X is no more than two. We also show
that the above is false it the dimension of X is greater than 2, in general.
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0. INTRODUCTION

Let X be a compact metric space. A contractive positive linear map ¢ : C(X) —
A, where A is a C*-algebra, is said to be §-F-multiplicative, if

l¥(fg) =gl <6

for all f € F. A homomorphism is certainly d-F-multiplicative. The purpose of
this article is to study when such a J-F-multiplicative contractive positive linear
morphism is actually close to a homomorphism. A classical problem is whether,
for any € > 0 there is § > 0 such that for any n and any pair of selfadjoint matrices
x,y € My (C) such that ||z|, ||y < 1 and ||zy —yz| < J, there exists a commuting
pair of z',y’ € M,,(C) of selfadjoint matrices with ||z’ — z|| + ||y — /|| < &. It was
an old open problem for decades in linear algebra and operator theory which was
solved affirmative recently (see [52]). This result is equivalent to the following: For
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any € > 0 and any finite subset F € C(D), where D is the unit disk, there is 6 > 0
and a finite subset G € C(D) satisfying: for any finite-dimensional C*-algebra, A
and any d-G-multiplicative contractive positive linear morphism ¢ : C(D) — A,

there is a homomorphism A : C(D) — A (with finite-dimensional range) such that
lw(f) —h(f)ll <e forall feF.

Perturbation of homomorphisms appear in many area of mathematics. Lim-
ited to our knowledge, we encounter almost multiplicative morphisms in operator
theory, classification of C*-algebra extensions and more recently, classification of
nuclear C*-algebras. In fact, the old problem mentioned above attracted many
researchers’ attention (see [1], [2], [10], [20], [31], [32], [41], [42], [52], [60], [64],
[65], [72], [75] and many more).

In the case that A is a unital purely infinite simple C*-algebra, it is shown
([53]) that a §-G-multiplicative contractive positive linear morphism L : C(X) — A
is close to a homomorphism on a given finite subset F C C(X), provided that §
is small enough and G is large enough.

In general, however, a J§-G-multiplicative contractive positive linear mor-
phism, is not close to a homomorphism no matter how small § is and how large
G is. This was first discovered by D. Voiculescu (see [74]). The K-theoretical
obstruction was later explained by T.A. Loring (see [60]). Therefore, what we
are hoping for is that a J-G-multiplicative contractive positive linear morphism is
close to a homomorphism, provided that ¢ is sufficiently small and G is sufficiently
large, as well as the K-theoretical obstruction vanishes. Since every compact met-
ric space X is a subspace of a contractible space €2, a contractive positive linear
morphism ¢ : C'(X) — A can always be viewed as a contractive positive linear
morphism from C(2) into A. Therefore, in general, some injectivity condition has
to be imposed so that we know which obstacle has to vanish.

Among other things, the main results are the following.

THE MAIN THEOREM. Let X be a compact metric space with dimension no
more than 2 and let F be a finite subset of (the unit ball of ) C(X). For any e > 0,
there exist a finite subset P of projections in P(C(X)), § > 0, o > 0 and a finite
subset G of (the unit ball of) C(X) such that, whenever A is a unital simple C*-
algebra with real rank zero, stable rank one, weakly unperforated Ko(A) and unique
normalized quasitrace and whenever ¢ : C(X) — A is a contractive unital positive

linear map which is §-G-multiplicative and is o-injective with respect to 6 and F
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and VY. (P) € N then there exists a unital homomorphism ¢ : C(X) — A with
finite dimensional range such that

[9(f) =Nl <e

forall f e F.

Here v, (P) € N simply means that the KK-obstacle vanishes. P(C(X)), N/
and o-injectivity will be defined below.

In the following corollaries, A is the set of all unital simple C*-algebras of
real rank zero, stable rank one, with weakly unperforated Ko(A4) and with a unique
normalized quasitrace.

Sometimes, however, we do not need to worry about injectivity.

COROLLARY M1. Let X be a compact metric space of dimension mo more
than 2. For any € > 0 and any finite subset F of C(X), there exist 6 > 0 and
a finite subset P of P(C(X)), and a finite subset of C(X) such that whenever
A e A, Ki(A) =0 and Ko(A) is torsion free and whenever i : C(X) — A is a
contractive unital positive linear map which is 5-G-multiplicative and ¥.(P) € N,
then there exists a unital homomorphism h : C(X) — A with finite dimensional

range such that

[0(f) = h()Il <e
forall feF.

COROLLARY M2. For any e > 0, there is 6 > 0 so that, whenever A € A, if
hi,he € A are two selfadjoint elements with ||h1]],| k2| <1 and

thhg — h2h1|| <9
then there exists a pair of commuting selfadjoint elements s1,s2 € A such that

|h1 —s1]l <e and |ha —s2| <e.

COROLLARY M3. For any e > 0, there is d > 0 so that, whenever A € A, if
u and v are two unitaries in A,

luv —vul| <6 and K(u,v) =0
then there exist commuting unitaries ui,v1 € A such that

lu—wui|| <e and |lv—ov1| <e.
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(If K1(A) = 0, uy and vy can be required to have finite spectrum.) Further, if
Ko(A) is a dimension group, then the condition that k(u,v) = 0 can be replaced
by T(k(u,v)) =0, where T is the normalized quasitrace.

See [32] for the definition of k(u,v) (also 2.1 in [49]).

It turns out, a little surprise to us, that, even with the injectivity and vanish-
ing KK-obstacle, a 6-G-multiplicative contractive positive linear morphism v from
a C(X) into C*-algebra A may not be close to a homomorphism when dim(X) > 3,
no matter how small § is and how large G is. Please see Section 4 for higher dimen-
sion cases. The main technical lemma is stated in Section 1 which is extracted from
the proof in [52]. However, the version in this article is in a much more general
form and somewhat complicated because of topological complication. Those read-
ers who care more about matrices than KK-theory could simply ignore anything
related to KK-theory or K-theory. One can simply assume that all K-theoretical
obstacles vanish at least for the case that X is a compact subset of the plane
and algebras has no K;. We prove this lemma in Section 1 without proving three
lemmas which are needed for the proof. These three lemmas together with some
other related matters will be proved in Section 2. Section 3 contains the proof of
the main theorem and its corollaries. In Section 4, we show that, in general, the
main theorem does not hold for a space X with dimension greater than 2.

Here are some conventions which are needed in the rest of this paper.

0.1. DEFINITION. Let A be a C*-algebra, X be a compact metric space
and ¢ : C(X) — A be a homomorphism. Let B be the weak closure of ¢(C(X))
in A**) the enveloping W*-algebra of A. Let C be the C*-algebra of all bounded
Borel functions on X. Then ¢ induces a homomorphism from C into B. Let S be a
Borel subset of X and kg be the characteristic function of S and pg be the image
of kg in B. We call pg the spectral projection (of @) corresponding to the subset
S. Let O be an open subset of X and D be the hereditary C*-subalgebra of A
generated by ¢(h), where h(€) > 0 for all € € O and h(§) =0 for all £ € X\ O and
h € C(X). The projection po is the open projection corresponding to the hereditary
C*-subalgebra D.

0.2. DEFINITION. Let ¢ : C(X) — C be a homomorphism, where C' is a
C*-algebra. Let Q be the compact subset such that

ker(yp) = {f € C(X) | £(£) =0 for all £ € Q}.

We will denote 2 by sp(¢)).

0.3. DEFINITION. (cf. 1.2 of [58]) Let ¢ be a contractive positive linear
map from C(X) to C*-algebra A, where X is a compact metric space. Fix a finite
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subset F contained in the unit ball of C(X). For ¢ > 0, we denote by (¢, F)
(or simply ¥.(%)) the closure of the set of those points A € X for which there is
a nonzero hereditary C*-subalgebra B of A which satisfies

I(FA) = (Mol <& and  [Ib(f(A) = (/) <e

for f € F and b € B with ||b|| < 1. Note that if ¢ < o, then X.(¢)) C X, (¢)).

We say 1 is o-injective with respect to § and F, or o-F-injective, if ¥s5(1p, F)
is o-dense in X.

It follows from 1.12 in [53] that, for any e > 0 and F, for any -G-contractive
positive linear map v, if 0 is sufficiently small and G is sufficiently large, ¥ (¢, F)
is not empty.

It is important to know, by 1.17 in [53], that, for any 1 > ¢ > 0, with suf-
ficiently small § and sufficiently large G, a §-G-multiplicative contractive positive
linear morphism v : C(X) — A can be replaced by a e-h(G)-multiplicative con-
tractive positive linear morphism ¢ : C(F) — A which is o-injective with respect
to e and h(G), where F is a compact subset of X and h : C(X) — C(F) is the
surjective map induced by the inclusion F' — X (see Lemma 3.15).

0.4. DEFINITION. Let B be a C*-algebra and X be a compact metric space.
A homomorphism ¢ : C(X) — B has finite dimensional range if (and only if)
there exist a finite subset {¢;}._, C X and a finite subset of mutually orthogonal
projections {p;}!_, C B such that

l
G(f) = f(&)p:i forall feC(X).
i=1

0.5. DEFINITION. Let X be a finite CW-complex and let A be a unital C*-
algebra. Suppose that ¢ : C(X) - AQK (or ¢ : Cy(X) —» A®K if X is not com-
pact) is a homomorphism and &1, &a, ..., &, € X are points in each (compact) con-
nected component of X. Let Y = X\ {z1,...,2m}. Let ¢g : Co(Y) — AQK be the
restriction of ¢. Let [¢] be the element in KK(C(X), A) and let [po] be an element
in KK(Cp(Y), A). We denote by N’(X, A) (or just N if X and A are understood)
the set of those elements in KK(C'(X), A) which are represented by those ¢ such
that [po] = 0. Given m mutually orthogonal projections p1,pz,...,pm € A® K,

m
define ¢'(f) = > f(&)p; for f € C(X). Then [¢'] € N'. Conversely, if [p] € N,
i=1
let f1, fa,..., fm be projections in C'(X) corresponding to each component of X
and let ¢(f;) = pi, i = 1,2,...,m; then [p] — [¢'] = 0 in KK(C(X), A). In fact,
from the six-term exact sequence in KK-theory, the map from KK(C(X), A) into
KK(Cy(Y), A) maps both [p] and [¢'] into zero. So they both are in the image
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of the map from KK(C(X)/Cy(Y), A). Note that C(X)/Cy(Y) is m copies of C
corresponding to the m components. From the choice of ¢’ they are both from
the same element in KK(C(X), A).

Now let X be any compact metric space. Then C(X) = ILm C(X,), where
X, is a finite CW-complex. There is a surjective map s :nKOIO((C(X),A) —
nlim KK(C(X,), A). We denote by N the set of those elements x in KK(C(X), A)
sucilO that s(x) € le N'(X,,, A) for any sequence of finite CW-complexes {X,,}.

Recall that Ti(LOEC(X),A) is the quotient of KK(C(X), A) by the subgroup
of pure extensions in Ext(K,(C(X)),K._1(A)) (see [70]).

We denote by N the image of N7 in KL(C(X), A).

We will write T'(¢) = 0, if ¢ induces an element in A/. If Y is an open
subset of X, and ¢ : Co(Y) — A is a homomorphism, then we write I'(p) = 0,
if T(¢) = 0, where & is the unital homomorphism from C(Y) — A and Y is the
one-point compactification of Y.

0.6. DEFINITION. The standard definition of mod-p K-theory for C*-alge-
bras as given by Schochet in [73], is

Ki(A;Z/n) = Ki(A® Co(Ch)),

where C), is the 2-dimensional CW-complex obtained by attaching a 2-cell to
St via the degree n map from S to S! (notice that Ko(Co(Cy)) = Z/nZ and
K1 (Co(Cr)) = {0}). Let A be a C*-algebra,; following [18], we denote

K(A) = @ Ki(4A; Z/n).

1=0,1
n>0

By [18], there is an isomorphism from KL(C(X), A) onto Hom (K(C(X)),K(A4)).
Note that

Ko(A® C(Cp, x S1)) 2 Ko(A) @ K1 (A) @ Ko(A;Z/m) & Ky (A; Z/m).

We define K(A) to be the semigroup of K(A) generated by Ko(A®C(C,, xS1)) 4,

)
m > 2. There is an obvious surjective map from |J Ko(A®C(C,, xS!) onto K(A)
m>0

0.7. Let A be a C*-algebra. Denote by P(A) the set of projections in

U Mo(A®C(Cp, x SY)). Let P be a finite subset in P(A). There exist a finite
m=0
subset G(P) C A and §(P) > 0 such that if B is any C*-algebra and ¢ : A — B

is a *-preserving linear map which is 6(P)-G(P)-multiplicative, then

I((p 2id)(p))* — (p@id)(P)Il < 5
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for all p € P. Hence, for each p € P, there is a projection ¢ € P(B) such that

(e @ id)(p) — gl| < %

Furthermore, if ¢’ is another projection satisfying the same condition, then
llg — ¢'|| < 1, hence ¢ is unitarily equivalent to ¢’. Let P be the image of P
in K(A). For each p € P, we set ¢.([p]) = [g]. This defines a map ¢, : P — K(B).

Let a : P — K(B). Suppose that there is a homomorphism v : C(X) —
Mj(B) for some integer k with finite dimensional range such that ¢, = a : P —

K(B). Then we write a(P) € N.

The results of this paper were reported by the first named author at the 1995
West Coast Operator Algebra Seminar held at Fugene, Oregon. When this paper
was being finalized, there have been some related development. First, Friis and
Rgrdam obtained a short proof of the result in [52] (see [33]) and then, Terry Loring
gave further interesting generalizations ([63]). We consider only those simple C*-
algebra of real rank zero with unique normalized quasitrace. The case when the
C*-algebras are purely infinite and simple is considered in [53]. For more general
finite simple C*-algebras, similar results will appear in [57].

1. A TECHNICAL LEMMA

1.1. For any € > 0, and a fixed finite subset F C C(X), let d.(¢,F) > 0
such that

[f(z) = fly)l <e

for all f € F and for all z,y € X with dist (z,y) < dc(e, F).

Suppose that ¢ : C(X) — A is a monomorphism, where A is a C*-algebra
of real rank zero and stable rank one and X is a compact metric space.

Suppose that there are ideals

A:IojllD"'DInDIn_H:O,

where ;41 is an ideal of I;. We denote by m; : A — A/I; the quotient map.

We will also use 7; for the quotient map from My (A) onto My, (A/I;) for any
integer L > 0.

By [77], if ¢ € A/I; is a projection, there is a projection p € A such that
mi(p) = q. We will use this fact repeatedly without further explanation.

For each 4, there is a monomorphism ¢; : C(X;) — A/I; induced by ¢,i =
1,2,...,n+ 1, where X; are compact subsets of X. (Note X, +1 = X.)
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Let Yi = Xl,}/;‘Jrl = Xi+1 \)(Z and Zi+1 = X\XZ Let S; . Co(ZZ) — C()(Y;)
be the natural surjection.

There are also monomorphisms ; : Co(Y;) — I;_1/I; induced by ¢. Note
that Cp(Y;) is an ideal of C(X;) and Cy(Z;) is an ideal of C'(X). To simplify the
notation, we will sometime use 1; for ; o s;.

We also denote by C(X); the unit ball of C(X).

Condition (A). A map v¢; : Co(Y;) — I,_1/I; is said to satisfy condition
(A), if, for any finite subset F C Cy(Y;), for any € > 0, there is a homomorphism
h: Co(Y;) — I;—1/I; such that

[9(f) = h(Hll <e

m(i) N
for all f € F, where h(f) = > f( ,(;'))eg), where £ are points in Yj.
k=1
(So far are just notations).

1.2. TECHNICAL LEMMA. Let X be a compact metric space with covering
dimension no more than 2. Fix e > 0 and a finite subset F C C(X). Suppose that,
for each i, there are projections e € I;_1 such that

pEPpd---dpSe

for any number of copies of any projection p € I;. We also assume the following:
(a) For any A € X;, any neighborhood O(X) and any k, there are mutually
orthogonal projections e, ez, . ..,ex € Ho(y) such that

PEPE---BpSem, m=12 ...k

Jor any number of copies of any projection p € I;, where Ho(y) is the hereditary
C*-subalgebra generated by @(h), where h € C(X) with h > 0 in O(X) and zero
outside O(X).

(b) (no KK-obstacle) T'(¢;) =0 for all i.

(¢) The map 1 : C(Y1) — A/I1 satisfies Condition (A).

(d) The maps 1; : Co(Y;) — L;_1/1; satisfy Condition (A);
or

(d") T(x;) =0 and

5c(5,F
dist (X;,€) < % forall € € X1,

(either (d) or (d)).
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(e) K1(J/I) =0 and Ko(J/I) is torsion free for any pair of ideals J D I D
I, and V41 satisfies ().
Then there are mutually orthogonal projections p1,pa,...,pm € A such that

[t = 3= el < =
k=1

for all f € F, where A\ are (fized) points in X.
To prove this we need three lemmas.

1.3. LeMMA (Dig). (Lemma 2.5 plus Lemma 2.6 in [52]) For any ¢ > 0,
any n > 0, any positive numbers as, . ..,a,, and any finite subset F of C(X)1,
there are § = daig(e,n, F) > 0, a finite subset G = Gaig(e,n, F) C C(X)1, a finite
subset {)\,(:)} C Y; which is n-dense in Y; and finitely many mutually orthogonal
projections e( Vel (Io = A) such that

(i)
ot =S 0h - (1- Y e )eln (1- 3 )

=1 =1 =

[

(i)

NE

H(l—m( ej))%(fgi)—%(fgi)(l—ﬂi(

j=1

o)) <

forall f € G, where Zel(f) =e andz/zg (f)= Zf()\( ))ek , and where 0 < g; <1,
gi(t) = 0 ¢f dist (t,XZ-k,l) < a;/4 and g;(t) =1 ZfdlSt (t, XZ 1) a2/2 1=2,...,n
(iil) there is b > 0 such that, for any 0 < 8 < b, Ai( f) Ai(g (z)) A (f) for
all f € C(X), where 0 < gg < 1, g[(;)(t) =0 if dist (t,Xz,1) < B/2 and gg)(t) =1
if dist (¢, X;—1) = ﬂ, i= 1 2 ,n, and A; = (1 —m;(e;))pi(1 — mi(e;)); and
(iv)p®p®---®p S el,(g for any copies of any projection p € I;.

If o; satisfies Condition (A), we can require

(v)

<.
Il
_

m(1)

| = mieaneitsan - ntes) -3 g0 )<

forall f € F, {)\g)} is n-dense in Y;, and

p@p@---@pﬁdg)
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for any copies of any projection p € I;.
(vi) Furthermore, if

n

(- (S e)etn (1m( X e)) & -] <

Jj= j=1

for all f € G, where Hy : C(X;) — My, (A/L;) and Hy : C(X;) — Mp,+1(A/L)
are homomorphisms with finite dimensional range, then there are finitely many

mutually orthogonal projections {pr} in Mr,+1(A/I;) with

POPD - Dp S P

for any copies of any projection p € I;, and a finite subset {&} in X; which is
n-dense in X; such that

n

H(l—m(z ))% (1_7Tz(zn:ej))@Hl(f)_zk:f(fk)ﬂ'i(pk)H<5

= ]:1

forall feF.

1.4. LEMMA (Ap). (cf. 2.4 and 2.6 in [52]) For anye > 0, o > 0, a finite sub-
set F C C(X)1, and as, ..., ay positive numbers there are 6 = dap(e, 0,{a;}, F) >
0, a finite subset G = Gap(e,0,{a;},F) C C(X)1 and positive numbers ba, ..., b,
satisfying the following:

(i) 0 < gj,9; < 1in C(X), g;(t) = 0 if dist (£, X;-1) < a;/4, g;(t) = 1 if
dist (¢, X,-1) = a;/2;

(i) gj(t) = 0 if dist (£, X;_1) < bj/4, gi(t) = 1 if dist (t, X;_1) > b;/2,
j=2,...,n,and g1 =9} =1;

(iil) if F is a projection in A and

i (fg5) — (1= mi(E))p; (fg5) (1 — mi(E)) — K (fg5)]l <o

for all f € G, where I : C(X) — m;(E)(Ij—1/1;)m;(E) is a homomorphism
with finite dimensional range, then there are homomorphisms wéj) s Co(Y;) —
QMrp,+1(I;-1)Q and wéj) : C(X) — Mg, (Ij—1) with finite dimensional range
such that

11— 75 (E))pi (f9;)(1 — i (E)) @ mj 00§ (f5) — mj 0 (fg)l < &
forall f e F,
m(j)

v (f9) = 30 10 and (1) = 3 (&

k=1 k
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where {C,ij)} is o-dense in Y, q,(cj) are mutually orthogonal projections in
QMr,; 11(1;-1)Q with

p@p@-~-@p§q,§j)

for any copies of projections p in I;, Q@ = diag ((1 — E),1,1,...,1), and § € Y
and g;(&) = 1 (so éj)(fgj) = :(,,J)(f), that is that & is at least a;/2 distance
from X;_q).

1.5. LEMMA (Ab). (Lemma 2.7 and 2.9 in [52]) Let A be a unital C*-algebra
of real rank zero and I be an ideal of A with K1(I) = 0 and torsion free Ko(I),
Y C(X) — A be a unital positive linear map and 7 o 1 be a unital positive
map from C(Y) — A/I, where 1 : A — A/I is the quotient map and Y is a
compact subset of X. For any € > 0 and a finite subset F C C(X)1, there exists
§ = 0ub(e,F) > 0, G = Gap(e,F) C C(X)1, a finite subset P = Pa,(Y,e,F) C
P(C(Y)) and a = aap(e, F) > 0 satisfying the following: if

() llr o v(f) = ma(A)]| < 8 for all f € G, where ba(f) = 3= NV )w(d)

{A\L} is 0c(e/8, F)-dense in' Y and {dy} are mutually orthogonal projections in A
withp®p® -+ ®p S dy, for any copies of any projections p € I;

(i1) $(gsf) = Y(gs)0(f) for all f € C(X) and 0 < B < a; and

(iii) [|10(fgasa) =W (fgasa)ll <0 (0 < ga < 1, ga(t) = 0, if dist (t,Y) < d/4
and gq(t) = 1, if dist (¢,Y) = d/2) for all f € G, where h' : Co(X \Y) is a
homomorphism with finite dimensional range;

() [(f9) — 6(F)ilg)| < 8 for all f € G; and

(v) (no KK-obstacle) 1.(P) € N.
Then there exists a homomorphism hy : C(X) — A with finite dimensional range
such that

[¥(f) = ha(f)ll <e
forall f € F.
We will prove these lemmas in the next section.

1.6. Proof of Technical Lemmma. We may assume that F C C(X);. We will
apply Lemma 1.3 and repeatedly apply Lemma 1.5 and Lemma 1.4.

To apply these lemmas repeatedly, we let X be the same as in Lemma 1.5.
We note that, in Lemma 1.5, § and G do not depend on Y (but P does). We first
let 81 = dan(e/4,F)/4, Gi = Gan(e/4,F) in Lemma 1.5, let 6] = d.(¢/8,F),
let 67 = 04ig(0],01,G1)/4 and let G = Gaig(d],61,G]) in Lemma 1.4. Then
let dip1 = 0an(67,G7')/4, Gipr = Gan(6741,91"), ip1 = 0c(67/8,G") and 6, =
daig(03, 95, G;) /4, Gi' 1 = Gaig(07, 6, G;) i = 1,2,...,n. We may assume that §;11 <

d; and &1 < ¢/4. Set dy = min{d,,d;,0! | i =1,2,...,n} and a; = a.p(0;,G})/4,

17 e
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i=2,...,n and a; = 0. Further, denote P; = Pap(X;,d1,F), i =1,2,...,n. Let
=6%Uf

'fo apply Lemma 1.4 later, we let dy = min(dy,d(ap)(d1,d1,ai,G1)), G =
G(ap)(d1,d1, a5, G1) UGy U Gaig(di,d2,G1) and by, ba, ..., b, be as in Lemma 1.4.

Let g; € C(X) be defined as follows: g;(t) = 0 if dist (¢, X;) < b;/4, g:(t) = 1,
if dist (¢, X;) > b;/2.

(Now we dig a projection E.)

By Lemma 1.3, there are finite subsets {)\,(f)} C Y; which are 6.(¢/4, F)-dense
in Y; and finitely many mutually orthogonal projections e,(f) € I;_1 (here Iy = A)
such that

H(l —Wi(zei>90i(fgi) - %‘(f%‘)(l —Wi(zn:ez))H < i

i=1 i=1

for all f € Gy, where Zel(f) =FE, wgi)( )= Z ()\( )) " and
ki k=1

p@p@-~@p§e?

for any copies of any projection p € I;, goi(gg)f) goz(gg)) (f) for all f e C(X)
and 0 < 8 < min{a; }, where gg) are as in Lemma 1.3, and if ¢; satisfies Condition

(A), then

@ =m@wra - nz:fgz milal)|| < da

for all f € G;, where {(,gi)} is di-dense in Y;, and q,(:) are mutually orthogonal

projections in I;_; and

pEPD---Dp S ”

for any copies of any projection p € I;. Further, if

[0 (o))t (1w 3oee)) @ Hulh) — Bl < el o,

= 1=

for all f € Go, and for some homomorphisms H; : C(X;) — Mj,(A/I;) and
Hy : C(X;) — Myp,11(A/I;) with finite dimensional range, then there are some



ALMOST MULTIPLICATIVE MORPHISMS AND ALMOST COMMUTING MATRICES 229

finitely many mutually orthogonal projections {py} in My, +1(A/I;) with and {&}
is dq-dense in X; and

POPL---Dp S P

for any copies of any projection p € I, and {&} is di-dense in X; such that

H(l‘””(5263>¢4fﬂﬁ‘””(§5@))®fﬂtﬂ-—%;f@wp4\<d2

i= i

for all f € Gy. Furthermore, with possibly smaller d;, since I'(pr) = 0, we may
assume that (1 — 7, (E))pi(1 — mx(E))(Pg) € N for k=1,2,...,n.

To distinguish the cases (d) and (d’), we use ¢ for the case (d) and j for the
case (d').

By Lemma 1.4, for each j, there is a homomorphism wéj) : Co(Y;) —
QMz,1(1;)Q with finite dimensional range and ql)éj) : C(X) — Mg, (I;) with
finite dimensional range (Q = diag ((1 — E,1,1,...,1)) such that

(1 = 75(E))p;(£:)(1 — m5(E)) @ w0 0 (Fg5) — i 0 05 (Fg5)]| < 62

for all f € Gy and

m(j)
) =" 9¢)mi(a)
k=1

for all g € Cy(Y;) with {¢} dy-dense in Y}, and
CROEDIIGULS
k=1

with f,gj ) e Y; and g, (5,(5 )) = 1, where {d,(cj )} and {q,(cj )} are mutually orthogonal
projections in My, y1(I;-1) such that

p@p@-~-@p§q,§j)

for any number of copies of projection p € I;.
Let ®(g) = ¢(9) ® Eqﬂéj)(g) for g € C(X). We would remind to the reader
J

that 74(e;) = 0 if i > k and 7 0 ) = 0if &k < j.

Now we will apply Lemma 1.5 repeatedly.

Note that since (1 -, (E))@m(1—mm(E))(Pm) € N, we have (1—m,, (E))mp,
0 ®(1 — mp(E))(Pm) € N.
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‘We also note that

(1 = mi(E))mi o ®((1 — mi(E))(fgi) = (1 — mi(E))Yi(fg:) (1 — mi(E))

and

(1= (E))mj0 (1= (E))(fg5) = (1 =5 (E)) 5 (£9;) (1 =5 (B)) @y 00" (f9;5)

for all f € Gs.

Suppose that 1, satisfies Condition (A), i.e., 2 is one of 4.

Working in the A/I5, applying Lemma 1.5 to (1 — ma(E))me 0 &(1 — m2(E))
(with the ideal I = I;/I3), we obtain a homomorphism b} : C(X2) — (1 —
m2(E))A/I3(1 — mo(E)) with finite dimensional range such that

(1 = m2(E))pa2(f)(1 — m2(E)) — Ry (Il < &4

for all f € G//_,. By the way we dig, we can find h; so that

(1 = m2(E))e2(f)(1 = m2(E)) = ha (Il < 6n1

for all f € G/,_4, where hy(f) has the form > f(&x)m2(pr), where the finite subset
%

n—1
{&k} is di-dense in X; and {py} are finite many mutually orthogonal projections
such that
pEPE - BpS i

for any copies of any projections in Is.

Suppose that 2 is one of j (the case (d')).

Still working in A/I5 and applying Lemma 1.5 to (1—m2(E))o®(1—ma(E)), we
obtain a homomorphism b} : C(X2) — Q2Mp, (A/I2)Q2, where Q2 € My, (A/I3)
with Q2 = diag (1 — E,1,1,...,1), with finite dimensional range such that

I(1 = 7o (E))m2 0 @(f)(1 = ma(E)) = My(f)]| < 05y

forall f e g/ ;.
By the way we dig, we can further assume that

I(1 = 72 (E))m2 0 D(f)(1 = m2(E)) = h(f)]| < 0y

for all f € G/,_,, where hy(f) has the form > f(&x)m2(pr), where the finite subset
k

{&k} is di-dense in X; and {py} are finite many mutually orthogonal projections
such that

POPD - Dp S Pk
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for any copies of any projections in Is.

We then apply Lemma 1.5 to (1 — m3(E)m3 o ®(1 — m3(E). If 3 is one of
i, we obtain a homomorphism hy : C(X3) — QsMp,+1(A4/13)Q (Q = diag (1 —
m3(E),1,...,1) € My, 4+1(A/I3)) with finite dimensional range such that

I(1 = m5(E))ms 0 @(f)(1 = m3(E)) — ha(f)Il < ),

for all f € G],_, (here Ly could be just zero if 2 is also one of ¢). If 3 is one
of j, we obtain a homomorphism hy : C(X3) — QsMp,+1,+2(A/13)Q3 (Q3 =
diag (1 — m3(E),1,1,...,1) € My, 4+1,+2) with finite dimensional range such that

On—
(1 = m(E))ms 0 @(F)(1 = ma(E) = ha(f)]| < 5
for all f € G,_3. Furthermore, in both cases (d) and (d') (by the way we dig),
ha(f) has the form > f(&)pr, where finite subset {£x} is di-dense in X; and {py}

k

are finite many mutually orthogonal projections such that
pEPD - DP S Pk

for any copies of any projections in I3.

We will repeat this argument. Note that for j = n, we apply Corollary 2.15
(which is simpler than Lemma 1.5).

By repeating this argument, we obtain a homomorphism h : C(X) —
QM (A)Q with finite dimensional range such that
€

1L = E)2(f)(A — E) = ()]l < §

for all f € G4, or

=] M

|- mena - Eye 3w -n <

for all f € F.
Since {/\g)} are d.(g/4, F)-dense in Y;, if we replace 5,3) by nearest points in
{/\,(Cj)} in the definition of wéj) and denote it by wéj) , we have

| ™

H(l - E)o(f)1-E)® Zwéj)/(f) - h(f)H <

for all f € F. To save the notation, we may write

() =2 O
k
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with the possibility that some of d,(cj ) being zero. By our construction, d,(cj )< e,(cj )
for all k£ and j. There is a unitary U such that

UdPU < el

We have
|la-pena-pe 2NN - UhHU| < S+ 3
for all f € F.
Since
etr) - 2SN — (1= Ea(f)(1 - B)| <3,
we obtain

le =2 s — ordP ) U |
i,k
<leth) = 1Nl (1= Bye(n(1 - B)|
ik

+ | s —vrdPv) e (- Bye(n - By Y FUrd U

=Y 10D —UrdP ) e Ut (U |
ik

<S4yt o
1717 1°°F

forall feF. 1

2. LEMMAS

2.1. Let X be a compact metric space. There is a dimension map d :
Ko(C(X)) — C(X,Z). We denote by ker dx the kernel of d.

2.2. LEMMA. Let X be a compact metric space with dim(X) < 2,Y C X be
a compact subset and let s : C(X) — C(Y) be the canonical surjective map. Then
s« maps kerdx onto ker dy .

Proof. There are finite CW-complexes {X,,} such that C(X) = lim C(X,)

n—oo

and kerdx = lim kerdx, . Write kerdx, = IN{O(C(XR). Let BU = lim BU(n),

n—oo n—oo



ALMOST MULTIPLICATIVE MORPHISMS AND ALMOST COMMUTING MATRICES 233

where each BU (n) is a classifying space of the complex orthogonal unitaries. Then,
we have kerdx = lim Ko(C(X,)) = [X, BU], the homotopy equivalent classes of
continuous functio%s Otoo BU. 1t follows from [4] that for any compact subset Y of
X, where X is a compact subspace of R™, every continuous map f : Y — BU can
be extended to a continuous map f : X — BU if and only if H4(X,Z) = 0 when
g = 3. Since dim(X) < 2, H4(X,Z) = 0 when ¢ > 3. Therefore a continuous map
f:Y — BU can be extended to a continuous map f: X — BU. This implies that
s« maps kerdx onto kerdy. 1

2.3. LEMMA. Let dim(X) < 2, Y a compact subset of X, A has real rank
zero and stable rank one and I be an ideal of A such that Ki(A) = Ki(I) = 0,
Ko(A) and Ko(I) are torsion free. For any finite subset P C P(C(Y)), there are
0 >0, a finite subset G C C(X) and a finite subset P; C P(C(X)) (none of them
depend on A) satisfying: if v = ' os@® h : C(X) — A is a §-G-multiplicative
contractive positive linear morphism with h being a homomorphism with finite
dimensional range, s : C(X) — C(Y) the surjective map and ¢’ : C(Y) — ele
being a §-G-multiplicative contractive positive linear morphism such that

1/)*(7)1) € Na

then (¢')«(P) € N.

Proof. Since K;1(A) = K;(I) = 0, K¢(A4) and Ko(I) are torsion free, and
Ki(C(Y)) is torsion free, we compute that KL(C(Y),ele) = Hom(Ko(C(Y)),
Ko(ele)). Therefore it is sufficient to show that, for any finite set P of projections
in Mo (C(Y)), there is a finite subset P; € Mo (C(X)), and there are G and §
such that if y = ¢’ os@®h’ : C(X) — A is a §-G-multiplicative contractive positive
linear morphism with A’ being a homomorphism with finite dimensional range,
such that

(P1) €N,

(see 0.7 for notation). Then
(V" )s = hy : P — Ko(ele),

where h : C(Y) — ele is a homomorphism with finite dimensional range.

Now write C(Y) = lim C (Y,,), where Y,, are finite CW-complexes and the
maps from C(Y;,) to C(YT)I al?z surjective. So we may assume that Y is a compact
subset of Y,, for each n.

Suppose that F' is a finite CW-complex and that fi, fo,..., fi are mutually
orthogonal projections in C'(F') which represent all connected components of F. We
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claim that if o : Ko(F) — Ko(ele) maps ker dy into zero and «([f;]) can be repre-
sented by [ mutually orthogonal projections in ele, then there is a homomorphism
hy : C(F) — ele such that

a=(h ®id)..
Since Ko(C(F)) is finitely generated, we may write Ko(C(F)) = C(F,Z) @ kerdp.
Let g; be mutually orthogonal projections in ele such that [g;] = a(f;), i =
1,2,...,1 and &; be a point in the ith component corresponding to f;. Define

l
hi(f) =Y f(&)gi forall f € C(F).
i=1

Then (h1)«|kerdr = 0 and (hy1). = «. This proves the claim. (Note that the
requirement that «([f;]) can be represented by I mutually orthogonal projections
in ele is guaranteed by choosing large enough set G and small enough 4.)

Given any finite subset P C My (C(Y)), without loss of generality, by re-
placing projections by equivalent ones, we may assume that P C M (C(Y,,)) for
some n and k. Let f1, fa, ..., fi be mutually orthogonal projections in C(Y;,) which
represent all connected components of Y;,. We further assume that each of these
component intersects with Y. With smaller § and larger G, we may assume that
(V) (fi), i =1,2,..., defines I elements in Kq(ele) which can be represented by
[ mutually orthogonal projections. We may further assume that, since Ko(C(Y3,))
is finitely generated, (¢'). gives a homomorphism « : Ko(C(Y,)) — Ko(ele).

Let j : C(Y,) — C(Y) be the map in the direct limit. Then j,(kerdy,) C
ker dy. Choose a finite subset P; € My (C(X)) such that s.(P;) generates a
subgroup which contains j,.(kerdy, ). This is possible because of Lemma 2.2 and
because that ker dy,, is finitely generated. With a sufficiently large P;, sufficiently
large G and sufficiently small §, 1, (P1) € N (notation as in 0.7) implies that

(¥)« (55" (ju (ker dy, ) = 0.
Thus (¢ o j).(kerdy, ) = 0 (we use the injectivity of the map Kq(ele) — Ko(A4)).
So, by the claim, there is a homomorphism hy : C(Y,,) — ele with finite dimen-
sional range such that

(W oj)* = (hl)* P — Ko(ele).

1
Write hyi(f) = > f(&)g: for f € C(Y,). Note that we may assume that there are
i=1

1
& € Y since each component intersects with Y. So h(f) = Y f(&)g: for f € C(Y)
i=1
defines a homomorphism from C(Y') into ele and

(¥')«|P = h|P.
From the reduction of the beginning of the proof, this ends the proof. 1
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2.4. LEMMA. Let X be a compact metric space with dimension no more
than two, A be a (unital) C*-algebra and I be an ideal of A with K1(A/I) =0 and
torsion free Ko(A/I), and let ¢ : C(X) — A be a homomorphism. Suppose that
Y =sp(moy), where m: A — A/I is the quotient map. Denote ¢ : C(Y) — A/I
be the monomorphism induced by . If T'(¢) € KL(C(X),A) NN then I'(¢) €
KL(C(Y),A/I)NN.

Proof. We have the following commutative diagram:

Ko(C(X)) — Ko(A/T)
! /
Ko(C(Y))
Since I'(¢p) € KL(C(X)) NN, (mop).(kerdx) = 0. Thus, by Lemma 2.2,
(7 o )x(kerdy) = 0. We note that, since K1(A/I) = 0 and Ko(A/I) is tor-
sion free, KL(C(Y), A/I) = Hom(Ko(C(Y),Ko(A/I)). Now the argument used in
Lemma 2.3 shows that

T(y) € KL(C(Y), A/T)\N. &

2.5. LEMMA. Let A be a C*-algebra of real rank zero and stable rank one
and H be a hereditary C*-subalgebra of A. Suppose that K;(A/I(H)) is torsion
free, where I(H) is the ideal generated by H and i = 0,1. Let B = C(C,, x S1).
Then the map from Ko(H ® B) — Ko(A ® B) is injective.

Proof. We first assume that H = [ is an ideal of A. Since A and I have real
rank zero and stable rank one, the map from Ko (1) — Kq(A) is injective. It follows
from 2.1 in [51] that the map from K;(I) — K;(A) is also injective. Therefore we
have a long exact sequence

0 — Tor(K;(1), K, (B)) — Tor(K;(4), Ki(B)) — Tor(K:(A/1),K; (B))
which gives two short exact sequences

0 — Tor(K;(I),K;(B)) — Tor(K;(A),K;(B)) — 0
0—K;,(I)®K;(B) = Ki(A) ®K;(B) — K;(A/I)  K;(B) — 0.
Using Kunneth formula, we obtain
1

=0 =0

! ! !

0~ @K(EK(B) — KA B) — _GIBOTor(Ki(A),KiH(B)) Y
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Since the left and the right arrows are injective, as we have proved, by Lemma 2.5,
the middle one is injective.

Now let e be a projection in A. We will show that the map Ko(ede ® B) —
Ko(A ® B) is injective. Let I. be the ideal of A generated by e. From what has
been proved, it suffices to show that the map Kp(ede ® B) — Ko(l. ® B) is
injective. Note that the ideal of I, ® B generated by eAe ® B is I, ® B. So the
injectivity follows from 5.3 in [30]. This shows that Lemma 2.5 holds for unital
hereditary C*-subalgebras. To get the general case, we note, since any hereditary
C*-subalgebra H of A has an approximate identity consisting of projections, that
H ® B has an approximate identity consisting of projections. 1

2.6. LEMMA. Let A be a unital C*-algebra of real rank zero and stable rank
one, and I be an ideal. Suppose that d € A is a projection such that

pEp®---®pSd
for any number of copies of any projection p € I and e € A is another projection

with e —d € I. Then
pOpd---dpSe

for any number of copies of any projection p € I.

Proof. Note that I has the real rank zero. Let {q,(LU} and {qy(f)} be approx-

imate identities of dId and (1 — d)I(1 — d) consisting of projections, respectively.

Set g, = qgl) + qr(f). Then {g,} is an approximate identity for A consisting of

projections and gq,d = dg,, for all n. Since e — d € I, there is n such that

(e~ d)(1 g < 7.

Note that d; = (1 — ¢,,)d(1 — @) is a projection, d; < d and d — dy € I. Thus
pEP®---Dpd(d—dy) Sd

for any number of copies of any projection p € I. Since A has real rank zero and
stable rank one,
pEPE - BpSd

for any number of copies of any projection p € I. Since

1
le(1 = gn)e — il < 3,
there is a projection e; < eAe such that
H61 — d1|| < 1.

This implies that d; Se. 1
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2.7. LEMMA. Let A be a C*-algebra of real rank zero and stable rank one,
I be an ideal of A, ¢ : C(X) — A be a homomorphism, and 7 : A — A/I be the
quotient map. Let X1 = sp (moy). Suppose that, for any A € X1, any neighborhood
O(X) and k, there are mutually orthogonal projection ey, ea, ..., ex < Hox) such
that
PEPD-- - DpSem, m=12...k

for any number of copies of any projection p € I;, where Ho(y) is the hereditary C* -
subalgebra p(h), where h € C(X) with h > 0 in O(\) and zero outside O(X). Then,
for any e > 0, 0 > 0 and a finite subset F € C(X), there is n = n(e,0,F) > 0
and a finite subset G = G(e,0,F) of C(X) such that, if

lmow(f) =B (Al <n

for all f € G for some homomorphism h : C(X1) — A/I with finite dimensional
m

range, then there is a homomorphism h(f) = > f(&)m(pk), where {&} is o-
k=1

dense in X1 and {py} are m mutually orthogonal projections in A with 7(p) # 0
and
pPEPS - BP S Pk

for any copies of any projections in I such that

[mow(f) —hHl <e

forall f e F.

Proof. Let a,b > 0 be positive numbers with a < b/4 and a finite subset
{¢i}, C X1 be a b-dense set such that dist (¢;,(;) > a if i # j. Let f; € C(X)
such that 0 < f; <1, fi(t) = 1if dist (¢,¢;) < a/2 and f;(t) = 0 if dist (¢,(;) > a.
Let G = FU{f1, fo,..., fn}. Suppose that

lmow(f) = (NIl <n

for all f € G, where b’ : C(X1) — A/I is a homomorphism with finite dimensional

range and 1 > 0 (to be determined later). Suppose that ql(l), ql(2) are two mutually

orthogonal projections in Hoc,), where
O, = {x € X | dist (z,¢) < %}

(The only reason that we take two projections is to be used in the proof of
Lemma 1.3.) We have

Ie(q?) (w0 ) (fi) — w(g W ()] <m0 5=1,2.
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Note that W(ql(j))(ﬂ'o ©)(fi) = Tl'(ql(j)). Write B/ (f) = > f(Ag)dg, where {\;} is a
k=1
subset of X7 and dj, are mutually orthogonal projections in A/I. Let dj be a sum
of some {d} with the property that dist (Ax,(;) < band > dj = > di. (Note
=1 k=1

that {(;} is b-dense in X;.) The above inequality implies that
Im(a”) = (gl <.

whence

Iw(q?) = dim(gi)dy| < 2n.

A standard argument, with n < 1/16, shows that there are mutually orthogonal
projections cl(l), ‘31(2) < dj such that

Im(g?) = | < 4n, j=1,2.

This also implies that w(ql(j )) is equivalent to cl(j ), ji=12.
Let

n

h(f) = F(Q)d;.

1=1
Now if a,b and 7 are small enough,
€

1) = bl < 5

for all f € F. Then, (if n is also less than £/2),

[mow(f) =hHl <e

for all f € F. From assumptions, we may assume that

pop®---BpSq’.
Suppose that p1,ps,...,p, are mutually orthogonal projections in A such that
m(p1) = d;. Then, by applying Lemma 2.6 with b < o, h meets the requirements
in the lemma. 1

Note that both Lemma 1.3 and Lemma 1.4 assume the conditions in
Lemma 1.2.

2.8. Proof of Lemma 1.3. If we just want to obtain (i) and (ii) in Lemma 1.3,
then it follows from [27] (in fact, (iii) follows too — we will explain later).
We now use Lemma 2.7 to obtain (v) and (vi).
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Let a,b > 0 be as in the proof of Lemma 2.7. Let {C,ii)} be finite subsets of
Y; which are b-dense in Y; and dist (C](:), lgj/)) >a,if i # j or k # k'. We may also
assume that
dist (VY X)) > a, i=1,2,...,n.

Let H_, ., be as in the proof of Lemma 2.7. So, H . &, C I;. As in [27], if
* Hoe?) (¢ '
e,(;) € HO(C,(C”)’ with small b, (i) and (ii) are satisfied. We can choose those e,(:) S0

that (iv) are satisfied.
Suppose that v; satisfies Condition (A), then the argument in the proof of
Lemma 2.7 applies. Suppose that

lVs(f) = hi( )]l < €1

for all f € G; for some finite subset G, € Cy(Y;) and for some small ;. We may
n (i) ) ) )

assume that h;(f) = > f( ,(;))d,(j) with f,(;) € Y;. It is clear that, with larger G;
k=1

and small 17, we may assume that {5,(:)} is o-dense in Y.
Now fix 4 (and forget it so that we save some notation) and denote @; by F.
In the proof of Lemma 2.7, we have

In(g”) — | < 4n, j=1,2.

So, as in the proof of Lemma 2.7, we have that (with 7(e;) = W(ql(l)))

H (1 - Zw(el))w o F(f) (1 - Zﬂ(el)) =S F) (g — o) H
! %

K2

is small, provided that 7 is small enough and G; is large enough. Furthermore,

(2) (2)
1

the presence of the second projection ¢’ and ¢;”’ < d; in the proof of Lemma 2.7

implies that

p@p@---@pﬁdﬁ—cl(l).

Remember that we can do this for each . This proves (vi). To prove (v), we can
apply a similar argument to the homomorphism ; & H.
Now, to get (iii), let £; > 0 such that

dist (X;, ¢TY) > 3y

for all k& and 4. Then let b in the lemma be (;/2. We note that, in the above,
e,(j) € Ho(qlii)). Thus, if 3> 0 and 8 < 1/2,

o) = o)) = of
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for all £ and i. So

Ai(gy 1) = (1= mi(e)eilgy) H((1 = mies)

= (1= mi(er))pi(gy)ei()(1 = miles)
= (1= mi(e))eilgy )1 — milea))gi (F)(1 — miles)
(95N (F)

|
=

for all f e C(X) (Ai(f) = (1 = mi(e))i(S)(1 —mi(e:))).

In what follows we will use 1.6 in [53]. However, when K;(C(X)) has torsion,
the proof needs to be modified. We include a brief modification here.
Let C,, = B, ® K and D = [[ B,, ® K, where each B,, is unital.

We have the following lemma:

2.9. LEMMA. For the above D,
Ki(D,Z/kZ) = || Ki(Bn. Z/kZ)

and
Ki(D/ ® Cn, Z/kZ) = | | Ki(Bn, Z/kZ)/ & Ki(Bn, Z/kZ.)

i=0,1.

Proof. Tt is easy to check (since each C,, = B,, ® K) that

D) = HKO(Bn)

To show that K;(D) = [[ K1(B,), we will show that {u,} € D connects to the
identity if each u,, € Up((B,, ® K). This requires that there are equi-continuous
paths of unitaries which connecting w,, to 1d( BLok)™ This follows form the proof
(not the statement) of 3.7 in [67]. The proof implies that any unitary in Uyp((B,, ®
KCY) is close to a product of two unitaries connecting to the identity each of which
has an exponential length no more than 27. This implies that the equi-continuous
path exists. This proves that Ky (D) = [[ K1(B,). The other two identities follow
easily, using the facts that projections and normal partial isometries in [[ C,,/®C),
lift to projections and normal partial isometries in [[ C,,.

Now, for k > 0, we follow an argument in Section 5 of [38]. We have the fol-
lowing long exact sequences (see 23.15.7 (c) in [3] also [73]), for any C*-algebras A,

K1(A) -5 Ky (A) — K1(A, Z/kZ) — Ko(A) -5 Ko(A)
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and
Ko(A) 5 Ko(A) — Ko(A, Z/KZ) — K1 (A) = Ki(A),

where k is the multiplication by k. We also have the same long exact sequences for
each B,. Now since we have shown that K;(D) = [[ K;(By), ¢ = 0,1, it follows
that

Ki(D,Z/kZ) = | | Ki(Bn, Z/kZ), i=0,1.

The other two identities for k¥ > 0 follow. &

2.10. Now in the proof of 1.6 in [53], we replace B by ®C,, and M (B) by D
and consider maps ¥, ® : C(X) — (C/ @ C,,)". One should verify

as follows. Assume that [p] is an element in K;(C(X),Z/kZ) (i =0 or i = 1) with
k>0, or [p] € Ki(C(X)). We identify W, ([p]) and ®,([p]) with elements z’ and 2"
in [[ Ki(Bn,Z/kZ)] & K;(Bn,Z/kZ), respectively. Let m; : [[ K;(Bn,Z/kZ) —
1 Ki(Bn,Z/kZ)] & Ki(By, ZJKZ). Let 2/ = {2}, 2 = {2} € [ Ki(Bn,Z/kZ)

such that m,;(2") = Z’ and 7,;(2") = 2”. On the other hand, we know that
Yn = (¥n)«(p) = (n)«(p) in Ki(Bn,Z/KZ) (for n > s).

However, m.; ({(¥n)«(p)} = 2/ and m.; ({(@n)«(p)} = 2. Therefore z’ =7,;({yn}) =
z"”. This implies that

(0.)

K.(cx).z/kz) = (B2 K, (0(x),2/h2) -

Therefore ¥, = @, : K(C(X)) — K(D/&®C,). The rest of the proof of 1.6 in [55]
remains the same (but replace M (B) by D, B by &C,, and M (B)/B by (D/&C, ),
respectively. It is important to note that a unitary u, in én is (arbitrarily) close
to a unitary with the form A(1 — e,,) + u),, where v, is a unitary in M,,(B,),
em = la,,(B,)- Furthermore, for a finite set of projections di,ds,...,d; and a
unitary u, € C~'n, one can find large k(n) such that 1 My (By) approximately
commutes with each d; and u. So a standard perturbation shows that we can
assume that w, is in My,)(B,) and gpg) 1 C(X) — Myyn)(By).

One should note that, in the statement of 1.6 in [53], from the modification
above, we do not need to assume that A € A,. However, if we want to have the
integer L independent of A, ¢ and 1, one needs to assume that A € A,., A has
real rank zero and K(A) is weakly unperforated.
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2.11. Proof of Lemma 1.4. We would like to remind to the reader that the
conditions in the Lemma 1.2 are assumed.
Suppose that

i (fg5) — (1= m(E))e; (fg5) (1 — mi(E)) — K (fg5)]l <o

for all f € G. For any finite subset G; C Cy(Y;), and §; > 0, with small enough
b1,b2,...,b,, small enough § and large enough G,

9 (f) = (1 = m; (E)); (/) (1 = m;(E)) = W' (f)]] < o1

for all f € G;. Let A; = (1 — 7;(E))Y:(1 — w;(E)). To save the notation, let
us fix j. For any 6; > 0, since I;_1/I; has real rank zero, there is a projection
(RS (1 - ’/Tj(E))Ij_l/Ij(l - ’/T](E)) such that

leAj(fle = A; (NI < o
for all f € G;. Thus, we have

145 (f) — eAj(f)e = W' ()] <6y

for all f € G;. Note that eAje is a contractive positive linear morphism which is
201-G;-multiplicative.

Since I'(¢;) = 0 and Ko(e(Lj—1/1;)e ® B) — Ko(I;—1/1; ® B) is injective for
each B = C(C, x S!) by (e) and by 2.5, we conclude that, for any given finite
subset P; € P(Co(Y;)), if 61 is small enough and G’ is large enough,

(M) : Py — K(e(Ij—1/1j)e)

is in NV, where A’ : Co(Y;)” — e(l;-1/1;)e is the unital contractive positive linear
morphism induced by eAje.

Now we apply 1.6 in [53] (see 2.12 and also [15]). Note that ¢ and G in
1.6 in [53] do not depend on the C*-algebra A. So, for any £; > 0, with small
enough ¢; and large enough G; (this require to have small enough ¢, small enough
bi,ba,...,by, and large enough G), there are homomorphisms H; : Co(Y;)” —
My (e(Ij—1/I;)e) and hj : Co(Y;)” — Mp41(e(Ij—1/I;)e) both with finite dimen-
sional range such that

1A5(f) © Hi (f) = hi(HIl < =

for all f € G;. Thus
[A;(f) & Hj(f) —hi(Hl < e
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for all f € Gj, if 0; is small enough, where L is some positive integer. For any a > 0,
let the finite subset {xfj )}ffl’ be a-dense in Yj. There are nonzero projections
1,42, - - -, Qr(;) mutually orthogonal projections in My (I;_1) (for some large V)
such that

POPD--BPS G

for any number of copies of any projection p € I; for each i. Set Hj(f) =
> flxi)mi(g) for all f € Co(Y;). Then

[A;(f) ® Hj(f) ®mjo Hi(f) = hi(f) @mo Hi(f)|| < e

m(J) , ,
for all f € G;. Suppose that H;(f) @ H}(f) = kzjl f(Cfij))ﬂj(q,(f)) and h;(f) @

Hi(f) = Zk: F(&)m;(dy) for all f € Cy(Y;), where {g,i”} and the finite subset {£,}
areinYj, {q](cj)} and {d},} are both mutually orthogonal projections in M4 n(I;—1)
and My yi14n(j—1), respectively. We now define wéj)(f) = mz(f)f(g,ij))q,(j) and
ng)(f) = f(&)dy, for all f € C(X). Thus, with small enoug;:; and a > 0, we

k
see that 1/)&3 ) and ng ) satisfy the requirements. 1§

2.12. LEMMA. (L.G. Brown, [6]) Let A be a C*-algebra of real rank zero, q
and p be two projections in A**. Suppose that p is an open projection and there is
a positive element a € A such that ¢ < e < p. Then there exists a projection e € A

such that ¢ < e < p.
Proof. This follows from [6] (1 = 2).
2.13. LEMMA (Cut). (cf Lemma 2.1 in [52]) Let X be a locally compact

metric space, G C X be an open subset,

I={feC(X)| f(x) =01z &G}

For any e > 0, 0 > 0 and a finite subset F € Co(X), there exist § > 0, a > 0
and a finite subset G C C(X) satisfying the following: if A is a C*-algebra of real
rank zero and ¢ : Co(X) — A is a contractive positive linear map, if ¢(gsf) =
w(gg)e(f) for all f € C(X) and all0 < B < a < o for some o > 3 >0, and if

H@(ga/lﬁf) - iga/lﬁf(fk)pkH <4
k=1
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for all f € G, where & € G, {px} are mutually orthogonal projections in A and
where g4 € C(X), 0 < gq <1, gq(t) =0 if dist (¢, X \ G) < d/2 and gq(t) =1 if
dist (¢, X \ G) > d (d > 0), then there exists a projection p € A such that

©(90) <py  pe(f) —e(fpll <e

and

pr(f)p - i f(fk)pkH <e

k=1
for all f € F, where & € Q,,

Q. ={£eG|dist((, X \G) >r}

for some r < a/2 and {py} are mutually orthogonal projections in pAp.

Proof. Let F = X \ G. Fix € > 0 and ¢ > 0. For any positive number d > 0,
denote by €4 the set
{6 € G| dist (& F) > d).

Let G = FU{ga | d=10a/20,0 <i<4}U{gaf | f € F,d=a/2",0<i<4}.
Suppose that there are
gl7£27"'7£m eG

and mutually orthogonal projections p1,pa,...,pm € A such that
m
Hso(gd) - ng(éj)ij <n,
j=1

and
m

|eloar) =Y gaf(€msl| <n. d=a2' 0<i<y,

j=

for all f € F and for some small n < 1/16. Let

Pas= Y bi-

§€Q%ys
From the above inequalities,
[9(9asa) = #(gasa)passll <20 and  [|¢(gass)Pass — Passll < 21.
Since ¢(g5) = ¢(9a)* < @(gay2) for all k,

©(90) < ¢(9a) < qa < ©(gas2) < Gajz < ©(gasa)s
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where ¢4 is the open projection corresponding to the hereditary C*-subalgebra
generated by ¢(gq).
By Lemma 2.12, there is a projection p’ € A such that

©(90) < ©(9a) < qa <P < Gaya.
We have ||p'pass — p'|| < 21. This implies that
Hpa/sp/pa/s =Pl < 4n.
By 2.1 in [21], there is a unitary v € A such that
lo—1 <8y and v"pesv>p’ > da-

We also have
1Paysp(gasi6f) — P(gas16f)Passll < 21
for all f € F and

for all f € F. From ||¢(ga/8)Pass — Payssll < 271, we obtain

PaysP(f)Payss — Z ga/lﬁf(fj)PjH <n

£€Qays

1Pa/s — Passdassll < 21.
Thus
[Pa/sp(f) = Paysasse(f)Il < 21

for all f € F. Since ©(ga/s9a/16) = ©(9a/8)®(9as16) and ©(ga/16.f) = ©((gas16)2(f)
for all f € C(X), we have qq/5¢(f) = Ga/s¥(gas16f)- Then

1Pa/s2(f) = Pays(gajief)|l < 4n
for all f € F. Similarly,
lo(f)Pass = ¢(gasr6f)Passll < 4n

for all f € F. Therefore

[Passe(f) = o(f)paysll < 10n
for all f € F and

Passe(Dpass = D F(E)ps]| < 10m.

§i€Q0ys
Notice that
10" Passv — passll < 16m.
We take p = v*p,/sv and 6 =0 < e/64. 1
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2.14. Proof of Lemma 1.5. Let F =Y C X and G = X \ F. Fix ¢ > 0 and
a finite subset F C C(X)1. Let 0 = (1/2)6.(¢/8,F) and let P; = P(X, ¢, F) and
do = 0(X, e, F) be as in Theorem 1.6 in [53]. Suppose that {z1,z2,...,zn5}isc/16-
dense in X. Denote ¥; = {€ € X | dist (§,2;) < 0/8} and denote X1, X, ..., Xon
all possible finite union of Y;’s. Let P; = P(X;,e/8,5;(F)) be as in Theorem 1.6
n [53], where s; : C(X) — C(X;) is the natural surjective map. Among {X;},
there is one, which we denote by X, satisfying the following

{eX|dist(§,F)<otCc X, C{¢e X |dist(&F) < 20}

Let G4 = G(¢/8,F) € C(X)1 and Gy = U G(e/8,5i(F)) € C(X;)1 be as in
Theorem 1.6 in [53]. Note that G, does not depend on F but on X, € and F. Let
91 = 6(¢/8,s(F)) be as in Theorem 1.6 in [53]. Every function in C(X,); can be
extended to a function in C'(X);. Let G} be the set of such extensions of functions
in Gy. Let P3 = Pri(e/8,F,P2), Gs = Gk (e/8,F, P2) and §y = dxi(e/8, F, P2)
be as in Lemma 2.3. Let G4 = FUG; UG, UGs and let G5 = Geut(¢/8,0,G4) be as
in Lemma 2.13 (with G = X \ F)). We then set Gg = G4 U G5. Let Py = P; U P,
and let d3 = (1/8) min{do, 01, d2,£/2}.

Now suppose that the conditions of Lemma 1.5 hold with § < min
{0cut(03/4,0,G),03/4}, G = Gg, P = P3 and a < 0. By Lemma 2.13, there are
£ € Q6 = {€ € G| dist(§,F) > 0/16}, and nonzero mutually orthogonal
projections p; € I such that

V(90) < Pos  NPe(f) = Y(Fpall < 03,

where g, is as in Lemma 2.13, and

Wherepg—Zpl (when G = 0, we let p; = 0) for all f € Gy. Setp—l—Zpl

1= =1

Then 7(pyp) = o). Since pAp has real rank zero, by 2.4 in [79], every projection

e (3]
i=1

in pAp/pIp lifts to a projection in pAp. In fact, there are mutually orthogonal
projections {g;} € pAp such that m(g;) = m(d;). Therefore there are ay € pIp
such that

[pcrn =3 r)a; —af] <
j=1
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m

for all f € G. We may assume that > g; = p. Since ele has real rank zero, there

j=1
are projections e; € q;1q; such that

d3
lease —asll < 5.

m
for all f € G, where e = >~ e;. Then it is easy to see that
j=1

lewr() —w(hell < 2 and [Jew(pe— 3" fg)e; —eage] < 2.
j=1

for all f € Gy4.

For any g € C(X,), there is ¢’ € C(X) such that ¢’(¢§) = g¢(¢§) for all
¢ € X,. Define ¢/(g) = erb(g’)e. We have to check that this is well defined. Since
g'(§) = ¢g"(§) for all £ € X, we have (¢' — ¢g")gs = g’ — ¢". Since ps > ¥(go),
¥’'(gs) = 0. Since v’ is positive, this implies that ¢'(¢’ — ¢’") = 0. This checks that
1’ is a well defined contractive positive linear map which is d2-G4-multiplicative.

Since K;(A) = {0}, dim(X) < 2 and

VRO FE)a —e) ~ (] <35

and

e(5) = X2 rtgmi + pe(p|| < 65
i=1
for all f € G4, by Lemma 2.3,
(')« : P(X,) — K(ele) is in N.

It follows from 1.6 in [53] (cf. Theorem 6.2 in [15] and 1.6 in [58]) that there
are homomorphisms hy : C(X,) — My(ele) and hy : C(X,) — Mpyi(ele) with
finite dimensional range such that

() @ ha(F) = ha(Dl < §

for some integer L and all f € F. Without loss of generality, since {A1, Ao, ..., A}
is 0¢(e/8, F)-dense in F', we may assume that h(g) = > g(\;)d; for all g € C(X),
i=1
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k
where d; are mutually orthogonal projections in My, (ele) such that > d; is the
i=1

identity of My (ele), and

Now we will use the part Z f(&)(gi—e;) in pp(f)p to “absorb” h;. By Lemma 2.6,
=1
for any integer N > L and any projection e € I,

@Zf )i = ha()|| <

hu\m

eDed - Des (g —€j)
(there are N copies of e). There is a partial isometry
Epded - de)Mp(M(A)/A)(pded - De)

(there are L copies of e) such that v*d;v < ¢; —e;, i =1,2,...,m,
m
v*v:Zv*div and W =e®ed---De
i=1
(there are L copies of e). There is then a partial isometry « such that

m

w () @ ha(Plu=¢'(f) @Y fFh)d

i=1

and u*hou has finite dimensional range, where d; = v*d;v. So

[ 03 10— ] - [1rha(rme 3o 50 (e -~ ]| < 5
Therefore, B -
o= [iratime Y- 0@ - e -] < 5
Thus )
loth) = [uhalfiue i FO (@ =) = di)| + if(&)p <=

forall feF. 1
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2.15. COROLLARY. Let A be a unital C*-algebra of real rank zero and I be
an ideal of A, ¢ : C(X) — A be a unital positive linear map and 7o be a unital
positive map from C(Y) — A/I, where w : A — A/I is the quotient map and 'Y is
a compact subset of X. For any € > 0 and a finite subset F C C(X)1, there exists
§ = dan(e, F) >0, G = Gap(e,F) C C(X)1 and a finite subset P = Pap (e, F) C
P(C(X)) satisfying the following: if

m
(i) llm o (f) = ha(f)Il <6 for all f € G, where hi(f) = kZ FN)m(d),
{A,} is 0c(e/8, F)-dense in'Y and {d} are mutually orthogonal pvro}ections in A
with
pEP®- - ®pSdi

for any copies of any projections p € I,
(ii) gu}[?{dist (&, )} <dc(e/2,F),
€
(iii) l¥(fg) —©(f)v(g)l <6 for all f € G and
(iv) (no KK-obstacle) ¥.(P) € N;
then there exists a homomorphism hy : C(X) — A with finite dimensional range
such that

[¥(f) = ha(f)ll <e
forall f € F.

Proof. The proof is much easier than that of Lemma 1.5 (see the proof of
1.12 in [39]). Here we do not need Lemma 2.13. In the proof of Lemma 1.5, we
let p=1 (i.e., p, = 0). So evpe is a positive linear map from C(X) into ele. From
(iv), we check that ewe has no KK-obstacle. 1

3. THE MAIN THEOREM AND ITS COROLLARIES

3.1. THEOREM. Let X be a compact metric space with dimension no more
than two and let F be a finite subset of (the unit ball of ) C(X). For any e > 0,
there exist a finite subset P of projections in P(C(X)), § > 0, o > 0 and a finite
subset G of (the unit ball of) C(X) such that whenever A € A and whenever 1 :
C(X) — A is a contractive unital positive linear map which is §-G-multiplicative
and is o-injective with respect to § and G and .(P) € N, then there exists a

unital homomorphisms ¢ : C(X) — A with finite dimensional range such that

[0(f) —e(Hll <e

forall f e F.
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We will prove Theorem 3.1 in several steps.

Step 1 of the proof. There is an increasing sequence of finite subsets P(n)

of projections in | Mo (C(X) ® C(Cp, x S')) such that U P(n) forms a gen-
m=1

erating set of the semigroup K(C(X))4. Suppose that the theorem is false. Let
F1,Fa,...,Fn,... be a sequence of finite subsets of the unit ball of C'(X) such

that F,, C F,4+1 and the union U Fn is dense in the unit ball of C(X), and

G(P(n)) C F,, where G(P) is deﬁned in 0.7. Then there are a positive number
e > 0, a finite subset F, a sequence of positive numbers ¢,, — 0 with §,, < 6(P(n)),
a sequence of positive numbers o, — 0, the unital simple C*-algebras B,, of real
rank zero, stable rank one, weakly unperforated Ko(B,,) and unique quasitrace,
and unital contractive positive linear maps ¢, : C(X) — B, which are 6,-F,-
multiplicative, ,,--F,-injective and (¢,,)«(P(n)) € N, and for all n,

inf {sup{llva(f) - o)} } >
oou L per
Here the infimum is taken for all kK € N, all ¢ : C(X) — My(B,) homomorphisms
with finite dimensional range.

Now let -

i~ P
n=1

the set of all sequences b with b, € B,, and ||b,|| — 0. Then A is a o-unital
C*-algebra of real rank zero. The multiplier algebra M (A) of B is

the set of all sequences b with b, € B, and sup ||b,| < co. Let 7 : M(A) —

M(A)/A be the quotient map. We note that both M(A) and M(A)/A has real

rank zero and stable rank one. Let ¢’ = {¢,,} : C(X) — M(A) be the contractive

positive linear map defined by the sequences {1, }. Since |J F, is dense in the
n=1

unital ball of C(X) and 4,, — 0, it follows that ¢ = wo ' is aiomomorphism from
C(X) — M(A)/A. Since 1, are 0,,-0p-Fp-injective, F,, = Z(l/)n, n) converges to

X. As in the proof of 1.12 in [53], this implies that ¢ is a monomorphlsm
Let h,, : C(X) — B, be homomorphisms with finite dimensional range such
that

(hn)«(P(n)) = (¥n)«(P(n)).
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Denote H = {h,}. As in the proof of 1.6 in [53], since M (A)/A has stable rank
one,

I'(p)=T(ro H) € N.

The proof will be completed if we show that ¢ is approximated by homo-
morphisms with finite dimensional range. In fact, if there is a homomorphism
h:C(X)— M(A)/A with finite dimensional range such that
€

i) = BN < 5

for all f € F. Then, by expressing h(f) = > f(&)pk, where {&x} C X is a fixed
k=1
finite subset and {py} is a set of mutually orthogonal projections in M(A)/A, we

for all f € F, provided that n is large enough, where {q,(cn)} are mutually orthog-
onal projections (for each n) in B,,. Note that both A and M(A) have real rank
zero, whence orthogonal projections can be lifted (by a result of Zhang ([76])).

have the following;:

Uulf) - fjf@q,i")H <e

k=1

This leads to a contradiction.
To show that such homomorphism h exists, we will apply the Lemma 1.2.
But before we do that, we will introduce some notation, state some easy facts and

one key lemma.

3.2. Let N C N be an infinite subset, let Qn = {b,,}, where b, = 1ifn € N
and b, = 0 if n ¢ N'. We see that Qn is a projection in M(A). Tt is clear that
sp () = sp (7(Qn) - ) = X. We also note that it suffices to show that 7(Qn) - ¢
can be approximated by a homomorphism h : C(X) — w(N')(M(A)/A)7(Qn)

with finite dimensional range. In other words, we are free to pass to subsequences.

3.3. Let 7, be the normalized quasitrace on B,,. Fix a nonzero projection
p € M(A)/A. Suppose that 7({pm}) = p and p,, # 0. Define

T = Tn/Tn(pm)'

Let J be the ideal generated by those projections e € M(A)/A such that
sup{7?(e,)} < oo, where 7({e,}) = e and I be the ideal generated by those
p?ojections e € M(A)/A such that lim 72 (e,,) = 0. By 1.8 in [52], this definition
does not depend on the choice of {p,} or the choice of {e,}. Moreover, J is the
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ideal generated by the projection p. Clearly, p € J. Suppose that e = 7({e,, }) and
that for some integer K > 0, sup{7Z(e,)} < K. Then

K - 71,(pn) > mn(en)
for n large. This implies that
eSpOp®---Dp  in Mg (M(A)/A)

(there are K copies of p). Therefore e is in the ideal generated by p. On the other
hand, if e € J, by 1.13 in [58], there is an integer K > 0 such that

eSPOPD---Dp in Mxg(M(A)/A)

(there are K copies of p). Thus, if e € J, sup{7Z(e,)} < oo, where 7 ({e,,}) = e.
Now we show that, for any projectionne €I, im7? (e,) =0, if 7({en}) =e.
In fact, if e € I, then by 1.13 in [52], there are €1,e3,...,6x € I such that
lim 72 () = 0, where 7({e/"}) = ¢;, i = 1,2,...,k,and e S dy Dda @ - - D dy,
where d; = ¢, ®e; @ --- @ ¢; (there are K copies of ¢;), i = 1,2,...,k and K is
some positive integer. This implies that lim 72, (e,,) = 0, where 7({e,»,}) = e.

3.4. Consider a homomorphism ¢ : Co(Y) — M(A)/A, where Y is a locallly
compact metric space (if Y is compact, then ¢ is a homomorphism from C(Y)
into M (A)/A). Let {&n,} be a dense sequence in sp (). Let {Si} be the sequence
of all finite subset of {£,,}. Fix this {Si}. Set

Orn = {§ €sp(p) | dist (§, k) <7mn},

where {r,} is dense in (0, 1). By [6] ( see also 1.4 in [52]), there exists a projection
Pk € M(A)/A such that

POy S Pk S Pg, >

where po, ., p5, € (M(A)/A)** are the spectral projections of 1) corresponding
to the sets Oy, and 6;6}”. We will use this notation later.

The following is an easy fact which is proved in 1.18 in [52].

3.5. LEMMA. Let G C O C sp(p), where G and O are (relative) open
subsets of sp (p). Suppose that p € M(A)/A is a projection such that

pe <P < pg
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Suppose also that the sequence (Tﬁq(pﬂn))m converges (to a finite number or to
infinity) for every prn.. Let J be the ideal generated by p, w5 : M(A)/A —
(M(A)/A)/J be the quotient map, I be the ideal generated by those projections
e € M(A)/A such that

lim 72 (e,,) = 0,

where m({em}) = e and 7y : M(A)/A — (M(A)/A)/I be the quotient map. If
sp(myop)NO =sp(mroep))NO,

then the following hold:
(1) if G C O C Ok C O, then lim 72, (p}l,) = 00;
(2) if O, C G, then lim ™ (Pi,) = 0;
(3) if Orn € O\ G, then lim 72 (p;,,) = 0, or co;
(4) there exists £ € G\ G such that & € sp (750 p);
(5) if €€ G, E Esp(mrop).

(Notice that, for the case (1), the condition sp (m;0¢)NO =sp (mr09))NO
implies that sp (7; o ¢) N O # 0. For other cases, the proof is similar, see 1.18 in
[52] for details.)

Let I; be the (closed) ideal generated by those projections e € M (A)/A such
that

lim 7,(en) =0

m—00

and 71 : M(A) — M(A)/I; is the quotient map.

3.6. LEMMA. Let I; be as above. Suppose that J; D Jy are two ideals of
M(A)/A such that Jy is generated by a projectionp ¢ Iy and I . Then Ky (J1/J2) =
0 and Ko(J1/J2) is torsion free.

Proof. Since Jp is an ideal of M(A)/A, it has real rank zero and stable rank
one. It suffices to show that, for any projection ¢ € Ji, Ki(¢Jig/J2) = 0 and
Ko(gJ1g/J2) is torsion free.

Suppose that Q@ = {¢("™} is a projection in M (A) such that 7(Q) = ¢. Since
Jo D I, we may assume that ¢("™) # 0 for all but finitely many of m. Replacing B,,
by ¢"™ B,,q""™), we may assume that q.J;q = M(A)/A, without loss of generality.
It follows from 1.10 in [39] that K; (M (A)/I;) = 0. Therefore Ky (M(A)/J2) = 0.
This shows that K;(J;/J2) = 0.

Let P = {p{"™} be a projection in M(A) such that 7({p"™}) = p. Let

T ={{am}|am =Tm (d™) =7, (g for some projections {d™},{g™} e M(A)}
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and
N = {{bn} € T| ] < Klrn(0™)] + 1,

where K is a positive number and ¢, — 0}.
Similar to 1.11 in [39], one easily computes that
Ko(M(A)/J2) =T/N.
It is clear that T'/N is torsion free. Therefore Ko(J1/J2) is torsion free. 1
The following is a key lemma which is a generalized form of Lemma 2.14 in
[52]. A proof is also given in [39].

3.7. LEMMA. (We keep the notation in 3.5) Let Y be a compact metric space.
Suppose that ¢ : C(Y) — (M(A)/A) is a homomorphism and py . is as in 3.4.

If (T (P ))m converges for every (k,n), where 7({py’,,}) = Pk.n (Tm as in 3.3),
then w1 o1 can be approzimated by homomorphism from C(Y') into (M(A)/A)/I

with finite dimensional range.

3.8. COROLLARY. Let p,I,J,w; and w; be as in 3.5. Let ¢ : Co(Y) — J(C
M(A)/A) and pi,, be as in 3.4. If (Tm(py',))m converges for every (k,n), where
T({Pi'}) = P (Tm as in 1), then my o4 is approzimated by homomorphisms
from Co(Y') — J/I with finite dimensional range.

Proof. Consider a finite subset F of Co(Y') and € > 0. There is a compact
subset Y7 C Y and a function g with support in Y7 such that

lof = £l <5
for all f € F. So, without loss of generality, we may assume that every f € F has
support in Y;. Let € be an open subsets of Y such that
Y1 CQ
and (2 is compact. By [6], there is a projection ¢ € M(A)/A such that

Po < 4 < Py
Suppose that 7({g\"™}) = ¢, where ¢(™ are projections in B,,. Since ¢ € .J, from
3.3, qlq is generated by projections e with

lim 77 (ey) =0,

where m({e,m}) = e. Set B = @ ¢ B,,q""™. Let D be the C*-subalgebra of

m=1
Co(Y) generated by functions with support in ¥;. Then F C D. Define ¢ : D —
M (B)/qlIq be the unital homomorphism induced by 1, where D is the unitization
of D. Then by Lemma 3.7, ¢’ is approximated by homomorphisms with finite
dimensional range. So the corollary follows. &
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Now we are ready to complete the proof of the main theorem.

3.9. Proof of Theorem 3.1. We now construct a finite tower of ideals which
satisfy the conditions in Lemma 1.2.

Step 2. Let 7,, be the normalized quasitrace on A,,. There exists a subset
N; C Nsuch that 7,,,(py",) converges (m € Ny ) for each k and n, where ﬂ({p?cn}) =
Dk,n- For the sake of notation, we may assume, without loss of generality, that
N; = N. Let I; be the ideal generated by those projections e € M(A)/A which
satisfy
lim 7, (e) = 0,

where m({e;,}) = e. So there are projection e € A such that
pOpd---OpSe

for any number of copies of any projections p € I;.

Let 7 : M(A)/A — (M(A)/A)/I; and ¢; be the monomorphism from
C(X1) — M(A)/I; induced by ¢, where X; = sp(w o ¢) is a compact subset
of X. Suppose that Oy, N X # 0. Then

lim 7,,, (pjt,) > 0.

Therefore, by 3.3,
edbed - des Prn

for any number of copies of e € I;. It then follows that condition (a) in Lemma 1.2
is satisfied for ¢ = 1. By Lemma 3.7, ¢; satisfies Condition (A).
Let o = 6c(e/4, F)/2. For each a > 0, let

Ol = {¢ € X | dist (¢, X,) > a).

For any (Borel) subset S, we denote by pg the spectral projection of ¢ in
(M(A)/A)** corresponding to S.

If Ol = 0, we will stop the construction and let Iy = 0. Note by Lemma 2.4
that T'(¢1) = 0 and T'(y1) = 0, where 91 : Co(Y2) — I; is the monomorphism
induced by ¢, where Yo = X \ X;. (Here X = X5. We also let Y1 = X3.)

So we may assume that O} # 0.

Step 3. Let F be a closed subset such that O C F C O?l)a/4. Suppose that
there exists a projection ps € I; such that

PoL < P2 < Pr
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and po satisfies the following:

(3a) There is an infinite subset of Ny C N such that the sequence (Ty(,? ) (PR'))m
converges (m € Ng) (to a finite number, or infinity) for each (k,n), where P =
T /Tm(P5") and 7({p5'}) = pa.

(3b) sp (m2(Qn,) - ™2 0 ) N O, 1y # 5P (73(Qn,) - 73 © ) N O3, ,, where I
is the ideal generated by p2 and I3 is the ideal of M(A)/A generated by those
projections e € M(A)/A such that

lim 7% (e,,) =0, m € Na,
where w({e;n}) = e, and mp : M(A)/A — (M(A)/A)/I; and 75 : M(A)/A —
(M(A)/A)/I5 are the quotient maps. Denote X5 = sp (me0¢p), X3 = sp (m30¢), and
let o : C(X3) — M(A)/Iy and @3 : C(X3) — M(A)/I3 be the monomorphisms
induced by ¢.

One should note that, by [6], there always exists a projection py € I; such
that po1 < p2 < pr and also condition (3a) is always satisfied.

To save notation, without loss of generality, we may assume that Ny = N.

If € € sp(p2) and £ € Oy, then by 3.3,

lim T,(f)(pzfn) = 00.

Thus
eded---deSpn

for any number of copies of e € I5. Similarly, if £ € sp (y3) and £ € Oy, then,
eded - deSppn

for any number of copies of e € I3.
Since ps € I,
X5 C {f | dist (f,Xl) < a}.

Let Vo = Xo \ X1,Y3 = X35\ Xa, ¥2 = p2|Co(Y2) and 93 = ¢3|Co(Y3). It
follows from Lemma 2.4 that T'(p2) = I'(p3) = 0 and T'(¢)2) = 0, and it follows
from Corollary 3.8 that 3 satisfies Condition (A).

So, in this case, we constructed I and Is. Both satisfy (a) and (b) in
Lemma 1.2. I, satisfies (d’) and I3 satisfies (d).

Moreover, since (X3 \ X2) N O;}a/4 #0,

sup dist (X1,&) > 37a.
§EX3 4
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Step 4. Suppose that, for any projection e € M(A)/A with
po, <e<pr

e does not satisfy (3a) and (3b) at the same time, where O} C F C O%a/4 and F
is closed.
By [6] (see also 1.4 in [52]), there is a projection ps € M(A)/A such that

pO7Q/8 <p2 <p57a/8-

Notice that ps € I;. By the assumption on projections e, since (3a) always holds,
by passing to a subsequence, if necessary, we may assume that

(3a) The sequence (7'753 )(p;“n))m converges (to a finite number, or to infinity),
where 712 = T /T (P5Y) and w({p5*}) = pa.

(4b) sp (mh o) N O;a/4 =sp(mop)N O;a/4, where J, is the ideal generated
by pa, mh : M(A)/A — (M(A)/A)/J3 is the quotient map, I is the ideal generated
by those projections p € M (A)/A such that

lim 7—753) (pm) =0,

where 7({pm}) = p, and 2 : M(A)/A — (M(A)/A)/I; is the quotient map.
Let X} = sp(mh o), Xa = sp(me 0 ¢) and s : C(X3) — M(A)/Iy be the
monomorphism induced by ¢. It follows from Lemma 2.4 that T'(¢2) = 0 and

F(wg) =0.
For any £ € Xy, if £ € Ok,

edbed - des Prn

for any number of copies of e € I5.
We also have (by (5) of 3.5)

X, c {§|dist(§,X1) < %O‘}

and .
. [0
X, C {g | dist (€, X1) < @}-
So 5
(5. F
dist (X1,¢) < %

for all £ € Xs.
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In other words, in this case, we constructed I which satisfies (a), (b)
and (d’).
Furthermore, by (4) of 3.5,

3
X2\ X1]NOL, s #0 and dist (X1, X») > ZO‘.

Step 5. Let ¢ = 3 if Is and I3 have constructed as in Step 3, and let ¢ = 2 if
I> has been constructed as in Step 4.
For any a > 0, set

OF = {€ € X | dist (¢, X;)) > a}.

If O2 = (), then we stop the construction and let I;;1 = 0. Note that T'(p;41) =0
and T'(¢;41) = 0. Otherwise, we continue to construct I;41 (and I;;2) as in Step 3
and Step 4. Denote m; : M(A) — M(A)/I; the quotient map.

Step 6. Let F be a closed subset such that O2 C F C O§Q/4. Suppose that
there exists a projection ps € I; such that

Po2 < P3 < PR

and ps satisfies the following: Let 752 = Tm/Tm (") and 7({p5'}) = ps.

(3a) there is a subsequence N’ of N such that the sequence (TS’ ) (P ) m
(3) _

converges (m € N’) (to a finite number, or infinity) for each (k,n), where 7y, =
Tm/Tm(P5') and 7({pg'}) = ps and

(3b) sp (mi42(Qu) - Tit2 0 9) N O3, 1y # P (Tis1(Qu) - Tiv1 0 9) N O3, 4,
where I; 1, is the ideal generated by ps and I; 15 is the ideal of M(A)/A generated
by those projections e € M(A)/A such that

lim 7% (e, ) = 0,

and 71 : M(A)JA — (M(A)/A)/Ii11, Tiye : M(A)JA — (M(A)/A)/I;12 are
the quotient maps.

To save notation, without loss of generality, we may assume that N’ = N.
Denote X; 1 =sp (mi+1 0 ) and X, 1o = sp (mi42 0 ), and let ;41 : C(X;41) —
M(A)/Iix1 and ;42 : C(Xi12) — M(A)/Ii 12 be monomorphisms induced by ¢.

If £ € X541 and € € Og p, then

eded - deSppn
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for any number of copies of e € I, and, if £ € X;19 and £ € Oy, ,,, then
eded - des Prn

for any number of copies of e € I; ;9.
Let Yis1 = Xip1 \ Xi, Yigo = Xigo \ Xig1, Yiq1 = 9it1|Co(Yig1) and
Yita = @itr2|Co(Yiqz). It follows from Lemma 2.4 that T'(¢;41) = T'(pit2) = 0 and
I'(1i+1) = 0, and it follows from Corollary 3.8 that ;o satisfies Condition (A).
Since p3 € I,
Xit1 C {€ ] dist (&, X;) < a}.

So in this case, we constructed I;;1 and I; ;2 which satisfy (a) and (b) in
Lemma 1.2. I;1; satisfies (d') and I;o satisfies (d). Furthermore

3
(Xire \ X;)N 0%, #0 and  sup dist (X,,€) > IO‘.
£€EXit2

Step 7. Suppose that, for any projection e € M(A)/A with

Po,! < €< PF

e does not satisfy (3a) and (3b) at the same time, where O C F' C 03, , and F
is closed.
By [6] (see also 1.4 in [48]), there is a projection p3 € M(A)/A such that

poz , S P3SPg?

Notice that p3 € I;. By the assumption on projections e, since (3a) always holds,
by passing to a subsequence, if necessary, we may assume that:

(3a) the sequence (T,(,f’ )(pZ’,n))m converges (to a finite number, or to infinity),
where 713 = T /Tm (D5") and 7({p5'}) = ps;

(4b) sp (ﬂéO(p)ﬁOga/4 =sp (ﬂgocp)ﬂOgaM, where J; 1 is the ideal generated
by ps, mi,, : M(A)JA — (M(A)/A)/Jis1 is the quotient map, I;;; is the ideal
generated by those projections p € M(A)/A such that

lim 7—753) (pm) =0,

where 7({pm}) = p, and w11 : M(A)/A — (M(A)/A)/I;41 is the quotient map.
Let X{H =Sp (7T§+1 0p), Xit1 =sp(mir10¢) and @i 1 C(Xip1) — M(A)/Lit1
be the monomorphism induced by . It follows from Lemma 2.4 that T'(¢;11) =0
and F(T/Jz-u) =0.
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For any £ € X441, if £ € O p,
eded - deSppn

for any number of copies of e € I;11.
We also have (by (5) of 3.5)

Xt {e (e x) < 1)

8
and
Xeor © fe st (6, x0) < L2,
So
dist (X5, €) < @

for all 6 S Xi+1.
In other words, in this case, we constructed I;y; which satisfies (a), (b)
and (d').
Furthermore, by (4) of 3.5,
3a

[(Xir1 \ Xi] N O%a/g #0 and  sup dist(X;, &) > —.
EEXit1 4

Step 8. If we continue, we obtain a sequence of ideals
MA=Lhchclc---Cl---

where each I; satisfies (a), (b), and either (d) or (d’). We also note that there are
projections e € I;,_; such that

pEPd---PpSe

for any number of copies of any projection p € I;. Since we also have

sup dist (X;,€) > 3—(1,
£€Xit2 4
and X is compact, this construction has to stop after a finite number of steps, say
n. We note that if I; is not generated by a projection p;, then by the first part of
Lemma 3.6, Ky (f;—1/1;) = 0, and Ko(I;—1/I;) is torsion free. Suppose that I; is
generated by a projection p; and I; is also generated by a projection p; and ¢ > j.
Then, from our construction, p; < p;. Choose the smallest of those projections,

say pr. Suppose that w({p,(cm)}) = p; and p,(cm) € B,, are not zero if m € N'. So,
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by passing to another subsequence (the last one, we promise!), we may assume
that pgm) # 0 for all m and all those i’s. Thus, by Lemma 3.6, Ky (I;/l;4+1) =0
for 0 <4 < n— 1. Similarly, by applying Lemma 3.6, Ko(I;/I;11) are torsion free
for0<i<n—1.

Note also that

sup {dist (§, X»n)} < .
€ex
Thus Lemma 1.2 applies. I

3.12. Proof of Corollary M1. Note that, without o-injective condition, in
the proof of Theorem 3.1, the homomorphism ¢ may not be injective. Denote
by % the induced monomorphism from C(Y) — M (A)/A, where Y is a compact
subset of X (p =1 os, where s: C(X) — C(Y) is surjective). As in the proof of
Theorem 3.1, we need to show that ¢ can be approximated by homomorphisms
with finite dimensional ranges. To do this, with the proof of Theorem 3.1, we only

need to verify that
I'(y) e N.

Note that (in the proof of the main theorem)
KO(M(A)/A) = H KO(Bn)/ S3) KO(Bn)

We see that, if each Ko(B,) is torsion free, so is Ko(M(A)/A). Furthermore,
since K;(By,) = 0 for all n, K;(M(A)/A) = 0. We then compute that KL(C(Y),
M(A)/A) = Hom(Ko(C(Y)),Ko(M(A)/A). By Lemma 2.2 and the following com-

mutative diagram

Ko(C(X)) — Ko(M(A)/A)
1 /
Ko(C(Y))

we conclude that T'(¢)) € N. 1

3.13. Proof of the Main Theorem. The only difference between 3.1 and the
Main Theorem is about o-injective. It is quite clear that the Main Theorem follows
from 3.1 easily. The following proof gives us a choice of o. Please see Remark 3.14.

Let 0 = 1/20.(¢/3,F) be as in 1.1. By the proof of Corollary M1, we may

assume that A is not elementary.
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Suppose that v is o-injective with respect to § and F. Given any ; > 0,
and Gy, with sufficiently small ¢ and sufficiently large G, by Lemma 1.5 in [58],
without loss of generality, we may write that

m

() =D FGopi @ ¢a(f)
i=1
for all f € C(X), where {(;} is o-dense in X and ; is 6;-G;-multiplicative con-
tractive positive linear morphism. Since we now assume that A is not elementary
and simple, there exists a nonzero projection ¢ € A such that e < p; for each i.
Again, for any o7 > 0, since eAe is nonelementary and simple, there exists a homo-
morphism kg : C(X) — eAe which is 01-Gi-injective. Now we apply Theorem 3.1
to the map 1 @ hg (with sufficiently small 6; and sufficiently large G1). We obtain

a homomorphism hy : C(X) — QM2(A)Q (with Q = diag (1 - Zpi,e)) with
i=1
finite spectrum such that

3

[91(F) @ ho(f) = (FIl < 5

for all f € F. Since {(;} is o-dense in X, by changing hg slightly, we obtain a ho-
momorphism ha(f) = > f(¢i)g:, where {¢;} are mutually orthogonal projections
i=1

in eAe such that 5
€
1 (f) @ ha(f) = ha(f)]| < 3
for all f € F. Note that ¢; < p; for each 7. The absorption argument that we use

several times in this paper shows that

¥(f) = hs(f)ll <e

for all f € F for some homomorphism h3 : C(X) — A with finite dimensional
range. |1

3.14. REMARK. The proof in 3.13 actually shows that in the Main Theorem
o can be chosen to be d.(¢/3,F) as in 1.1. Note that, from the proof in 3.13, we
see that if Y C X, the same o works for the subset s(F), where s: C(X) — C(F)
is the quotient map. If we assume that all compact metric spaces of dimension no
more than two in this paper are compact subsets of the unit ball B> of R®, then
o does not depend on X. It certainly does depend on ¢ and F. But F can be
thought an image of a finite set of C'(B®).

The reader might wonder what we can say when ¢ is not o-injective. The
point is that if ¢ is not sufficiently injective, the condition on P might be mean-
ingless, in general. For example, a compact subset X of the plane is always a
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compact subset of a disk D. A positive linear map ¢ : C(X) — A can always be
viewed as a positive linear map from C(D) — A by mapping C(D) into C(X)
then mapping to A. Then, of course, p,(P) is always in A since D is contractive.
On the other hand, one can always use the following lemma to replace it by a
o-injective morphism first. However, if we do not require the homomorphism to
have finite dimensional range, o-injectivity may be removed, for many cases at
least. The proof of 3.19 probably explains more about this.

However sometime, we do not need to worry about this problem as we see in
Corollary M1.

3.15. LEMMA. (Lemma 1.17 in [53]) Let X be a compact metric space. For
any e >0, 0 >0, n >0 and any finite subset F C C(X), there exist 6 > 0 and a
finite subset G C C(X) such that whenever A is a unital C*-algebra and whenever
Y : C(X) — A is a unital contractive positive §-G-multiplicative linear map, then
there is an e-h(F)-multiplicative contractive positive linear map ¢ : C(F) — A
which is o-injective with respect to € and h(F) such that

lp(f) = oh(f)ll <n

for all f € F, where F is a compact subset of X and h : C(X) — C(F) is the
quotient map (from C(X) - C(X)/I=2C(F), I={f e C(X)| f(x) =0 forxz €

3.16. DEFINITION. Let A be a simple C*-algebra of real rank zero, X be a
compact metric space and a € KL(C(X), A) such that v(«) in Hom(K,(C(X)),
K. (A)) preserves the order of Ko(C(X)). A is said to satisfy condition B(X,a), if
for any nonzero projection e € A, there is a homomorphism h : C(X) — eAe such
that

a—[h] eN.

3.17. THEOREM. Let X be a compact metric space with dimension no more
than two. For any ¢ > 0 and finite subset F C C(X) there is 6 > 0, 0 > 0, a
finite subset G C C(X) and finite subset P C P(C(X)) satisfying the following:

Let A € A and a contractive positive linear morphism ¢ : C(X) — A which
is 0-G-multiplicative and o-F-injective with

¥«(P) = a(P)

for some a € KL(C(X), A) such that y(«) preserves the order of Ko(C(X)). If A
satisfies the condition (Bx ), then there exists a homomorphism h : C(X) — A
such that

[9(f) = h(H)l <e
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for all f € C(X).

Proof. We first would like to point out that, in the case that A is an elemen-
tary C*-algebra, then Theorem 3.17 follows from the Main Theorem directly. This
is because K; (A) = 0, Ko(A) has no infinitesimal element and free, and K; (C(X))
is torsion free. Thus KL(C(X), A) = Hom(Ko(C(X)),Ko(A)). It is clear that if
v(a) preserves order, and A satisfies the condition B(X, «), then o € N.

So now we assume that A is a nonelementary C*-algebra among other con-
ditions.

Suppose that v is a contractive positive linear morphism from C(X) into A
which is §-G-multiplicative and o-G-injective with

(n (P) = O‘(P)

for some o € KL(C(X), A) such that vy(«) preserves the order on Ko, where P is
a finite subset in P(C(X)).
For any o > 0, by Lemma 1.5 in [58], without loss of generality, we may

write that
m

U(f) = Z F(C)pi @ U1 (f)
i=1
for all f € C(X), where {¢;} is o-dense in X and 11 (f) is 6-G-multiplicative. Since
A is a nonelementary simple C*-algebra of real rank zero, there is a projection
e € A such that
ebededPede Sp;

for each i. By the assumption, for any given P, with small enough § and large
enough G, there is a homomorphism ¢ : C(X) — eAe, such that

(1) — s 1 P = K(A) € N.

By 2.9 in [26] (note that dim(X) < 2), there is a homomorphism @ : C(X) —
My (eAe) such that
(p®P)x EN.

Note that, since A is a non-elementary simple C*-algebra, @ can always be chosen
so that it is o-injective. Applying the Main Theorem, with sufficiently small
d and sufficiently large G, there are homomorphisms hy : C(X) — QM;5(A)Q
(with @ = diag (1 — Y_pi,e,e,e,e)) and hy : C(X) — Ms(eAe) both with finite

K3
dimensional range such that

(D @B ~ Ml < and [o(H) @B() ~ha(Dl < 5
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for all f € F. Without loss of generality (with sufficiently small o), we may write
ha(f) = > f(&)d;, where {d;} are mutually orthogonal projections in M;z(eAe).

=1

There is a unitary U € Mg(A) such that

vt <p and U(1-3n) = (1= n)o = (1-Y8)
i=1

i=1 i=1

fori=1,2,...,n. We estimate that
s - [i FG) s — U*di) & U (n () & ()|
i=1
<[ - [if(c,-)(pi —UdU) @ or(F) & Uha( DU |

+ H Zf(Ci)(pi —Ud;U) ® p1(f) © U ho(f)U = U™ (hy @ SO(f))UH

<£+§<5
4 4

forall feF. 1

3.18. REMARK. We see that in 3.17 o can be chosen to be 1/20.(¢/6,F) as
remarked in Remark 3.14 and the same o works for compact subset Y C X which
also satisfies the required conditions in the theorem if the finite subset is s(F),
where s : C(X) — C(Y) is the quotient map.

For many X, A € A, and many order preserving «, A satisfies the condition

(B(X,a)). These are two examples.

3.19. THEOREM. Let X be a finite CW-complex of dimension no more than
two, and let A € A such that Ko(A) is a dimension group and Ki(A) = 0. Then,
for any o € KL(C(X), A) which preserves the order of Ko, A satisfies the condition
B(X, ).

Proof. By 2.9 in [44], there is a C*-subalgebra B C A which is isomorphic to
a simple AF-algebra and the inclusion induces an isomorphism from Kgy(B) onto
Ko(A).

A result in [43] says that any element in a € KL(C(X),C) which preserves
the order of Ko, and satisfies that o ([1¢(x)]) = [1¢], where C is any unital simple
AF-algebra, can be realized by a unital homomorphism from C(X) into C. Then
the theorem follows. 1
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3.20. If X is a finite CW-complex in the plane, then for any A € A and
any o € KL(C(X), A), A satisfies the condition B(X,«). It is clear, since X is a
finite CW-complex, that when ¢ is sufficiently small and G is sufficiently large, .
induces a homomorphism « : K;(C(X)) — K;1(A). Thus it is sufficient to show
that there is homomorphism h : C(X) — eAe such that h, = o on K;(C(X)).
Let g1,92,...,9n be the generators of K;(C(X)) corresponding to the bounded
connected components

Al,A27...7An OfC\X

Suppose that z; = a(g;), i = 1,2,...,n. Let p1,p2,...,p, be nonzero mutually
orthogonal projections in eAe (they exist because A is assumed to be a non-
elementary simple C*-algebra of real rank zero). There are unitaries v; € p; Ap;
such that [v;] = z; in K;(A). There is a continuous function f; : St — 9A;, the
boundary of A;, for each i. Set

T = Zfl(vl)

It is easy to see now that the homomorphism from C(X) into eAe induced by the
normal element x satisfies the requirement.

Now suppose that F'is a proper compact subset of a compact connected man-
ifold X of dimension no more than two and F' itself is a finite simplicial complex.
There is a compact subset Y C F which is a retraction of ' and is homeomor-
phic to an one-dimensional finite simplicial complex. So Y is homeomorphic to
a compact subset of the plane. Thus, for such F, and for any A € A and any
a € KL(C(X),A), from above, A satisfies the condition B(F, ).

3.21. COROLLARY. Let X be a compact manifold with dimension no more
than two and let F be a finite subset of (the unit ball of) C(X). For any & > 0,
there exist a finite subset P of projections in P(C(X)), 6 > 0, and a finite subset
G of (the unit ball of ) C(X) satisfying the following: for any A € A and any 9 :
C(X) — A which is a contractive unital positive linear map and §-G-multiplicative,
if .(P) € N then there exists a unital homomorphism ¢ : C(X) — A such that

[9(f) =Nl <e

forall f e F.

Proof. Let 0 = 1/25.(¢/6,F) (see the above remark). We may assume that
X is connected. There are finitely many subsets F, Fy, ..., F; of X which are
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finite simplicial complexes and, for any compact subset F' C X, there is an F}
such that F' C F}; and

sup{dist (z, F;) + dist (F,y) | x € F,y € F;} < %.

Note that F; satisfies the condition that we discussed in the third part of Re-
mark 3.18. Let §; = d(¢/3,F) and G; = G(¢/3,F) be as in 3.17 for X = Fj,
i=1,2,...,1, if F; is a proper subset, or §; = §(¢/3,F) and G; = G(¢/3,F) be
as in the Main Theorem. Set ¢’ = min{d; | ¢ = 1,2,...,l} and ¢’ = |JH;, H;
is a finite subset of C(X) such that s;(H;) = G;, where s; : C(X) — LC(Fl) is
the quotient map. By Lemma 3.15, with sufficiently small § and sufficiently small
G, there is a compact subset F' C X and a contractive positive linear morphism
L' : C(F) — A which is §'/2-G’-multiplicative and o/2-s'(G’)-injective, where
s’ C(X) — C(F) is the quotient map, such that

le(f) = L' o /(D < 5

for all f € G’. Choose F; above so that F' C F; and
sup{dist (z, F;) + dist (F,y) | z € F,y € F;} < %

Let s : C(F;) — C(F') be the quotient map and L = L’ 0 59 : C(F;) — A. Then
L is 6/2-s;(G")-multiplicative and o-s;(G’)-injective. By applying 3.17 and the
second part of 3.20, there is a homomorphism h; : C(F;) — A such that

IL(f) = ha ()l <e/2

for all f € s;(F). Note that L' o sgos; = Los’. We have

le(f) =hiosi(fl <e

for all f € F. Take p =hios;. 1

3.22. Proof of Corollary M2. We consider a 6-G-multiplicative contractive
positive linear morphism ¢ : C(D) — A, where D is the unit disk. It suffices
to show that such a contractive positive linear morphism is close to a homomor-
phism, provided that ¢ is small enough. But this now follows from Corollary 3.21
immediately.
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3.23. Proof of Corollary M3. Define two homomorphisms hy, hy : C(S!) —
A by the unitaries u and v in A. Tt follows from Lemma 2.1 in [58] that, for any
g1 > 0 and any finite subset F; € C(T?) there exists a contractive positive linear
map L : C(T?) — A which is e;-F;-multiplicative such that

IL(21) —ul| <e and || L(z2) —v]| <e¢,

where 27 and 2 are standard unitaries generators of C'(T?). So, without loss of
generality, we may assume that L(z1) = u and L(22) = v. Therefore the first part
of M3 follows from 3.19.

To obtain the second part, we apply 3.17. Note, if o € KL(C(X), A) such
that L.(P) = a(P), then, since 7(x(u,v)) = 0, v(a) preserves the order on Ky. It is
proved in [28] that, if B is a unital simple AF-algebra, then for any order preserving
homomorphism, 8 € Hom(Kq(C(T?)), B) which also preserves the identity, there
exists a homomorphism h’ : C(T?) — B such that k!, = 3. By the additional
assumption that K(A) is a dimension group, for any nonzero projection e € A, it
follows from 2.9 in [44] that there is a unital simple AF-algebra B which can be

injectively mapped into eAe. 1§

4. HIGHER DIMENSION CASES

4.1. THEOREM. Let D? be the three-dimensional unit solid ball. There are
contractive positive linear maps A,, : C(D?) — M,s which are o,-injective with

on — 0 and which satisfy

for all f,g € C(D?), as n — oo and a > 0 such that
nf{sup{[|An(f) = ¥n(f)ll | feF}} >a,

where F is a given set of finite generators and the infimum is taken from all

homomorphisms 1, : C(D3) — M,s for each n.

Proof. We start with a known example ([60], [31], [32] and [75]). There are

two sequences of unitaries u,,v, € M, with

||unvn - UnunH —0
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1 0
but dim[e(uy,,v,)] = n — 1. Denote p,, = (0 0) and ¢, = e(un,v,) in Ma(M,)

(see [60] for e(up,vy)). There are partial isometries w, € Ms(M,) such that
Dn — W) gnWy is a rank one projection in M,,.

Let B' = @ M,, be as a C*-algebra. Then M(B’) = [[ M,,. Let U = {u,}
and V = {v,} arild 7'+ M(B') — M(B')/B’ be the quotiegt map. Then 7/'(U)
commutes with (V). Thus we obtain a homomorphism ¥ : C(T?) — M(B')/B’.
By [11], there is a contractive positive linear map ¥ : C(T?) — M(B') such that
7' oW = W. Write ¥ = {¢,}; then

[@n(u) —unll =0 and [ (v) = vall =0

as n — oo, where u and v are standard unitaries generators of C(T?). Since ¥ is

a homomorphism,

ln(f9) = on(f)en(g)l — 0

as n — oo for all f € C(T?).

Now let h, : C(D?) — M, be 4/n'/*-injective homomorphisms. Such a
homomorphism is found easily. Now define a contractive positive linear map A, :
C(D?) — M,s as follows:

An(f) = diag (hn, o (fIC(T?)), 0u(fFIC(T?)),..., on(fIC(T?)))

for f € C(D?), where we view T? as a compact subset of D? and there are n? — 1
copies of ¢, (f|C(T?)). Clearly A, | C(D?) is a contractive positive linear map.

We also have

for all f € C(D3) as n — oo. Furthermore, for any (finite) subset F,, € C'(D3), A,
is 4/n'/3-injective.

Consider B = @ M,z be as a C*-algebra. Then M(B) = [[ M,s. Let
T M(B) — M(B)/Bn be the quotient map. Denote by d,, a projectrilon in M3
with rank n, d = {d,} and let I; be the ideal of M(B) generated by d. Let
w1 M(B) — M(B)/I4 be the quotient map. Set

p = diag (0, {pn}v {pn}v R {pn})v q = diag (0, {qn}v {qn}v R {qn})

and
w = dlag (O, {wn}7 {wn}a R {wn})
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(in M(B)). Since
diag (Oapn - w;‘]nwn,pn - w:‘]nwna ceeyPn — w;ann)

has rank n?—1, by 3.3, p—w*quw & I4. Let A = {A,,}. Then A : C(D3) — M(B)is a
contractive positive linear map and 7oA : C(D?) — M (B)/B is a monomorphism.
However, sp (77 o A) = T? and 77 o A induces a homomorphism C(T?) from into
M (B)/I4. Furthermore this homomorphism is the same as

H = diag (®,®,...,9).

(there are n? — 1 many copies). Since 7;(p — v*qu) is a nonzero projection
in M(B)/I4, H can not be approximated by homomorphisms from C(T?) into
M (B)/I4 with finite dimensional range. This implies that 7 o A can not be ap-
proximated by homomorphisms from C(D?) into M (B)/B with finite dimensional
range. This, in turn, implies that A can not be approximated by homomorphisms
with finite dimensional range. Since every homomorphism from C(D?) into M (B)
(M(B) is a W*-algebra) can be approximated by homomorphisms with finite
dimensional range, we conclude that A is bounded away from homomorphisms,
whence, {A,} is bounded away from homomorphisms. 1

4.2. THEOREM. Let X be a finite CW-complex with dim(X) > 3 and A € A
be nonelementary. There are contractive positive linear maps A, : C(X) — A
which are o,-injective with o, — 0 and which satisfy

HAn(fg) - An(f)An(g)H —0
forall f,g € C(X), as n — oo,

for any finite subset P € P(C(X)) when n is sufficiently large, and a > 0 such
that

inf{sup{[An(f) = ¥n(f)] [IfII <13} > a,

where the infimum is taken from all homomorphisms v, : C(X) — A for each n.

Proof. Let 7 be the unique normalized quasitrace. By [78], there are projec-
tions e, € A such that 7(e,) < 1/n3 and (1 — e,)A(1 — e,) = M,s(B,,), where
B,, is a unital hereditary C*-subalgebra of A. Let C,, be the C*-subalgebra of A
which is isomorphic to M,,s. We may further assume that 1 —1¢, # 0. With p and
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q being as in Theorem 4.1; as in the proof of Theorem 4.1, we obtain a sequence
of unital contractive positive linear morphisms v, : C(T?) — C,, with

for all f,g € C(T?) and

[T (¥n(p) — 7(¥n(g))] — 1

as n — oo. Since dim(X) > 3, there is a subset ¥ C X such that Y is homeo-
morphic to D3. Thus there is a compact subset Y7 C Y such that Y; is homeo-
morphic to T?. Without loss of generality, we may assume that Y; = T?. Since

enAe, is a nonelementary simple C*-algebra, there is a unital monomorphism
hy : C(X) — ey Ae,. Now define

Clearly (A,,)«(P) € N when n is large enough. Moreover,

T(en) - 1
T(WVn(p) = ¥n(a) O(ﬁ)

Note that, by 4.5 in [27], every monomorphism from C(D?) into A can be approxi-
mated by homomorphisms with finite dimensional range. The proof of Theorem 4.1
shows that A, is bounded away from homomorphisms (choose {d,} € [][ A with
each d, € A and 1/n? —1/n* < 7(d,) < 1/n?+1/n%). 1

4.3. Let A be a unital separable simple C*-algebra of real rank zero, stable
rank one with weakly unperforated Ko(A) and unique (normalized) quasi-trace 7,
and let X be a compact metric space. Suppose that ¥ : C(X) — A is a unital
positive linear map. Then 7o) is a state for C(X). Fix a Borel measure m on X
with the property that every open ball O of X with positive radius has positive
measure. Such a measure will be called strictly positive. Let my be the (Borel)
measure on X induced by 7o1. For any € > 0 and ¢ > 0, a positive linear map
is said to be m-e-o-injective if there is an e-net {x1,z2,..., 2} C X (ie. for any
x € X there is z; € {x1,22,...,%n} such that dist (z,z;) < €) such that

where O; = {x € X | dist (x,x;) < n} for any n > 0.

For a general space X, we have proved (see [39]) the following positive result:
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4.4. THEOREM. Let X be a compact metric space. For anye > 0,0 >0, a
strictly positive Borel measure m on X and a finite subset F C C(X) there exist a

finite subset P of projections in |J Muo(C(X)®C(Cp, xSY)), § > 0 and a finite
=1

subset G C C(X) satisfying the }?)Zlowing.'

IfAe A and v : C(X) — A is a §-G-multiplicative contractive positive linear
map which is m-6-c-injective and which satisfies that 1, : P — K(B) lies in N,
then there exist a homomorphism ¢ : C(X) — A with finite dimensional range
such that

[o(f) — ()l <e
forall f e F.
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