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ABSTRACT. We consider automorphisms of a unital simple AT algebra of real
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1. INTRODUCTION

AT algebras are C*-algebras obtained as inductive limits of T algebras; T algebras
are direct sums of matrix algebras over C(T), where T = R/Z.

The class of AT algebras of real rank zero is shown by Elliott ([10]) to be
classified by K-theoretic data, which, in the unital simple case, are Ky(A), [1]o,
K (A), and this class includes AF algebras, irrational rotation C*-algebras ([11]),
and most of their higher-dimensional analogues — non-commutative tori ([12], [13],
20, [2]).

We may conjecture that this class is closed under the operation of Z-crossed

and

product as far as the action of Z is sufficiently outer and, at the same time, is
approximately inner (as a strong condition which ensures that the crossed product
remains finite). The crossed product of an AF algebra by an approximately inner
automorphism with the Rohlin property is unique up to isomorphism and is an AT
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algebra of real rank zero ([16], [14]). Thus we expect that an appropriate notion
of the outerness in this case is the Rohlin property.

We are still far from proving the above conjecture. But we give various
characterizations of the Rohlin property for approximately inner automorphisms
of unital simple AT algebras of real rank zero with unique tracial state, extending
similar results in the UHF case ([11]). The conditions include that the crossed
product has real rank zero (see Theorem 2.1).

We first recall the Rohlin property. The Rohlin property in ergodic theory
was adopted to the context of von Neumann algebras by A. Connes ([7]) and then
to the context of some C*-algebras by Herman and Ocneanu ([15]). The property
was used to prove the so-called stability for the automorphism (appropriately for-
mulated in each case), which was what we actually needed to study the conjugacy
and outer conjugacy problems (at least in the von Neumann algebra case).

In the C*-algebra case a non-trivial example of an automorphism with the
Rohlin property was first obtained in [5]: the shift automorphism o of the UHF
algebra ®7 M, (the infinite tensor product of copies of the two by two matrices
My indexed by the integers Z) satisfies the property that for any ¢ > 0 and any

n € N, there are projections eg, eq,...,eon_1 such that

2" —1

Z ei=1, |o(e;) —eir1] <e
i=0

for i+ = 0,1,...,2" — 1 with esn = eg. Note that for any & € N, the projec-
tions o¥(eg), ..., % (ean_1) satisfy the same properties as ep,...,en_; and that
(0% (e;))x forms a central sequence, which is also a necessary property for proving
the above-mentioned stability. Having 2™ projections which almost cyclically per-
mute under o certainly depends on a particular property of ®zMs (or rather of
Ko(®zM3) = Z[1/2]) and we cannot expect this in general. But, thanks to the
above example, we now expect that this property is not so stringent as it may look
if properly formulated. An appropriate property (strong enough to show the sta-
bility and possibly valid in general case) is given by the properties in the following

proposition, which we will state without proof (cf. [4], [17]):

PropPOSITION 1.1. Let A be a unital AF algebra and « an approximately

inner automorphism of A. Then the following conditions are equivalent:
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(i) For any k € N there are positive integers ki, ..., kn > k satisfying the
following condition: For any finite subset F' of A and € > 0 there are projections
e, l=1,...,m, 5=0,...,ki — 1 in A such that

m klfl

> 2 ei=1

=1 j=0
laler) — erjall <e,

H [z, €] H <e

fori=1,....m, j=0,...,ki—1 and x € F, where ej, = ejp.

(ii) For any k € N there are positive integers ki, ..., kn = k satisfying the
following condition: For any finite subset F' of A and & > 0 there are matriz units

elij, 4,7 =0,...,ki—1in A for eachl =1,...,m such that

ki—

m 1
E D eyi=1,

I=1 j=0
|

H [x,el,ij] H <&

2

(erij) — evivij1ll <e,

forl=1,...,m, 4,5 =0,...,k —1 and x € F, where the indices i,j in e;;; are
taken modulo k; for each .

(iii) (i) holds for {k,k + 1} in place of {k1,...,km}.

(iv) (ii) holds for {k,k + 1} in place of {k1,...,km}.

Note that the implications (iv) = (iii) = (i) and (iv) = (ii) = (i) hold
trivially for any unital C*-algebra A. It is not difficult to see (ii) = (iv) (cf.
[17]). We use the fact that A is AF only for proving (i) = (ii). (Here we use
the stability for automorphisms with the Rohlin property ([15]); if A is not AF,
it is not clear how to arrange the situation where the stability is applicable.) We
were unable to prove this implication for unital AT algebras of real rank zero. We
call the condition (i) above the Rohlin property (see [14] for the non-unital case).
We recall that an automorphism « of a unital C*-algebra A is uniformly outer if
for any a € A, any projection p € A, and any ¢ > 0, there are finite number of

projections pi,...,p, in A such that > p, = p and ||p;ac(p;)]| <€, i =1,...,n
i
and that if o has the Rohlin property then « is uniformly outer ([17]).
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2. MAIN RESULT

THEOREM 2.1. Let A be a unital simple AT algebra of real rank zero with
unique tracial state T and let o be an approximately inner automorphism of A.
Then the following conditions are equivalent:

(i) @ has the Rohlin property;
(ii

(iii

a™ is uniformly outer for any m # 0;
a™ is not weakly inner in m, for any m # 0;

(iv) A X4 Z has a unique tracial state;

)
)
)
(v) A X Z has real rank zero.

We recall that a unital C*-algebra has real rank zero if and only if the set of
elements with finite spectra in As, = {h € A | h = h*} is dense in Ag, ([6]).

If o is an automorphism of a simple C*-algebra A, the crossed product A X, Z
is simple if and only if all non-zero powers of « are outer. Hence the above A X, Z
is simple if the conditions are satisfied.

Note that (i) = (ii) follows trivially from the definitions and (ii) = (iii) and
(ii) = (iv) follow easily (see 4.3 and 4.4 of [17]). The proofs of (v) = (iv) and
(iv) = (iii) are essentially the same as in the UHF case ([16]). But we will present
these results in a slightly general form below. We will give the proof of (i) = (v)
in Section 3 using that A is a unital simple AT algebra of real rank zero and then
the proof of (iii) = (i) in Section 4 using the full assumption on A.

Let A be a unital C*-algebra and T'(A) the compact convex set of tracial
states of A. If « is an automorphism of A, T*(A) denotes the a-invariant tracial
states, which is again a compact convex set. (If a is approximately inner, then
T*(A) = T(A).) We define an affine mapping r of T(A X, Z) into T*(A) by the
restriction r(¢) = ¢|A.

PROPOSITION 2.2. In the situation as above, if the linear span of projections
in A Xy Z and elements in A is dense in A X, Z, then T(A X Z) is isomorphic
with T*(A) under r.

Proof. Denote by £ the canonical projection of A x,Z onto A. If ¢ € T*(A),

it follows that p o & € T(A x, Z) since for a,b € A and m,n € N,
@ o &(aU™bU™) = byin,090(ac™ (b)) = Omnop(ba”(a)) = oo E(U"al™)

where U is the canonical unitary in A x, Z. Thus r is surjective.

Denote by @ the dual action of T on A x, Z. Let ¢ € T(A x4 Z). If pis
a projection in A X, Z, then 9 o a;(p) is constant in ¢ (cf. [18]). If a € A, then
ai(a) = a. Thus ¥ o @; is equal to ¢ on the linear span of projections and A.
Hence Y oa; = ¢ for t € T, which implies that ) = r(¢)) o€. Thus r is injective. 1
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Note that if a C*-algebra has real rank zero, then the linear span of projec-
tions is dense ([6]). Hence we have that (v) = (iv) by this proposition.

PROPOSITION 2.3. In the situation as above if T(A X o Z) is isomorphic with
T(A) under r, then for any extreme point ¢ of T*(A) and any non-zero integer
m, o™ is not weakly inner in m,.

Proof. Suppose that for some extreme ¢ € T%(A) and some m > 0, o™ is
weakly inner in 7,. Thus there is a unitary V in 7,(A)"” such that
Vry(a)V* =7m,0a™(a), a€A.
Define a unitary W on the GNS representation space H, by
Wr,(a)Qy, =1, 0a(a),, acA.

Since ¢ is extreme in T*(A), @ = AdW on 7, (A)"” acts ergodically on its center
Z,. Since @™ is trivial on Z,, it follows that Z, = C" for some n with n|m and
@ acts on the spectrum of Z, as a cyclical permutation.

Since Ad@(V) = AdV on m,(A)” and AdW™(V) = V, it follows that
a(V) =~V for some unitary v € Z, which satisfies

a" (a2 () )y = 1

Then, by an easy computation, replacing m by a multiple of m and choosing V'
suitably one can assume that v = 1.

Since Q@ = W™V* € m,(A), [W,Q] =0, and [V, Q] = 0, one finds a unitary
Q1 € my(A)’ (as a function of Q) such that Q7" = Q, [W, Q1] =0, and [V, Q1] = 0.
Then one defines a representation p of A X, Z on H, by

p(a) = 71-80(0’)7 ac A7 p(U) = WQT?
and a state ¢ of A X, Z by

pOOék/m Q Q )
0

1 e
“m k=
Regarding A x,m Z as a C*-subalgebra of A X, Z, ¢|A Xom Z is a tracial state
because p(A xqm Z)" = m,(A)" and

d(x) = (p(2)e,Qp), € AXgm Z.

Since p(U)Q, = Q1Q,,, it also follows that ¢ o AdU = ¢ on A Xom Z. Then if
a,b € A and k,l € N, then ¢(aU*FbU') = ¢(ac® (b)U*H) is equal to 0=¢(bU'alU*)
if kK +1 ¢ mZ and otherwise, to ¢(a*(b)U**la) = ¢(bU* ' a=*(a)) = ¢(bU'aU”).
Thus ¢ is a tracial state. But since ¢|AU™ # 0, ¢ is not @-invariant, which implies
that the restriction map r is not injective. 11
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REMARK 2.4. When A is a unital separable C*-algebra and « is an auto-

morphism of A, let us consider the following conditions:
(i) @™ is uniformly outer for any m # 0;
(ii) T'(A x4 Z) is isomorphic with T%(A) under the mapping 7 : ¥ — ¥|A4;

(iii) For any ¢ € T*(A) and m # 0, o™ is not weakly inner in 7.

Then it follows that (i) = (ii) = (iii) (and hence that (ii) = (iv) = (iii)
for Theorem 2.1). (Since A is separable, the conclusion of 2.3 holds for any ¢ €
T*(A).) See 4.3 of [17] for (i) = (ii). Note that if T(A) = () then the conditions
(ii) and (iil) hold trivially.

3. PROOF OF (i) = (v)

Recall that for a pair u, v of unitaries in a C*-algebra A with || [w, v] || sufficiently
small one can define a Bott element B(u,v) € Ko(A) ([21]). When the spectrum
of u is finite, this may be defined as follows: Let t1,t2,%3,t4 be a string of points
in T in counter-clockwise order with mutual distances bigger than some constant
and let @ (resp. E) be the spectral projection of u corresponding to (t1,t3] (resp.
(t2,t4]). Then vQu*E is close to a projection whose K class will be denoted by
[vQV*E]o and we set B(u,v) = [vQv*E]y — [QE]o. If B(u,v) = 0 and Spec (u) is
finite, then vuv* and u are connected by a path of isospectral unitaries in a small
neighbourhood of u ([3]). Note that B(1,v) =0, B(u,v) = —B(v,u), B(ujuz,v) =
B(uy,v) + B(us,v) if all the terms are well-defined, B(u,v) = B(wuw™*, wow*) for
any unitary w, and that B(u,v) is continuous in u,v as far as it is well-defined.

We quote the following result from [3].

THEOREM 3.1. If A is a unital simple AT algebra of real rank zero and
u,v € A are unitaries such that [u,v] =~ 0, [u]; =0, B(u,v) =0, and Spec (v) is
almost dense in T, then there is a rectifiable path u; of unitaries in A of length

less than a universal constant such that ug = 1, uy = u, and [us, v] ~ 0.

We briefly indicate how to prove this. First suppose that [v]; = 0. Then we
can suppose that Spec (v) is finite (but is almost dense in T) and connect uvu*
and v by a path of isospectral unitaries of length less than a universal constant
in a small neighbourhood of v. Since the spectrum is finite and constant along
this path, the path is given as wyuvu*wy; thus we have a path wu from v to wiu
which commutes exactly with v. Its length is bounded by a universal constant.
Since [wiu]; = 0 and Spec (v) is almost dense, one can assume (after a continuous

deformation in a small neighbourhood of wyu) that the wyu restricted to each
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eigen projection of v has zero K7 class. Then wyu can be connected to 1 in the
commutant of v.

In the case [v]; # 0, we find unitaries uy,v; € A and a projection e € A
such that u ~ uy, v &~ vy, [u1,€e] = 0, [v1,€] = 0, uyvie = viuse, Spec(uq) is
finite, and Spec (vie) is finite and almost dense in T. Then there is a path u; of
unitaries in eAe from wuje to e of length < 7 in the commutant of vie. Thus it
suffices to show the assertion for u = e+ u1(1 —e€), and v = vie + v1(1 —e). We
then find two partial unitaries v, vs € A with e; = vjv; such that ex + e3 = e,
[ve] = —[vs] = [v], and vy 4+ v3 = vie. Then we consider two almost commuting
unitaries U = ez + u1(1 —e), V = v3+ v1(1 —e) in (1 — e2)A(1 — e3). Since
[Ul1 =0=[V]; and B(U,V) =0, we are reduced to the above case.

We call a unital subalgebra B of an AT algebra A a local algebra if B =
B ® C(T) with B finite-dimensional. Let B; = B; ® C(T) for ¢ = 1,2 with B;
finite-dimensional and z; the canonical unitary of B;: z;(z) = 1 ® 2. We call an
embedding ¢ of By into Bs of standard form if ¢(z1) is a direct sum of elements

of the form: b
z
2

1 0
with zg = 2z Or 2z3 up to unitary equivalence.
PRrROPOSITION 3.2. Let A be a unital simple AT algebra of real rank zero and

a an approrimately inner automorphism of A. If a has the Rohlin property, then
there is a sequence {U,} of unitaries in A such that

lim ||a(U,) — U,|| =0, limAdU, = «.

Proof. There exists a sequence {V,,} of unitaries in A such that limAdV,, =
a. Since
lmAdV =o', limAda(V})=a"!, etc.,

it follows that lim Ad a(V,*)V,, = id.

Let B be a local algebra of A and let B be a finite-dimensional C*-algebra
and v a unitary in AN B’ such that B and u generate B. Let ey, ..., e, be the set
of minimal central projections of B.

Let N € N. For any sufficiently large n, we have that [|[(AdV,, — «)|B| = 0
and [|[AdV,(u) — a(u)|| = 0 and further for U, = «(V,")V,, that ||(Ada*(U,) —
id)|B|| ~ 0 and |[Ada*(U,)(u) — ul]| = 0 for k = 0,1,...,N. Hence we have
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a unitary W € A such that W ~ 1, Uy = WU,a(U,) --a™(U,) € B’, and
[Uo, u] = 0. By the following lemmas we obtain that [Upe;]; = 0 and B(Up,u;) =0
where u; = ue; + 1 — e;. Thus it follows that [Up]; = > [Upe;]1 =0 in K1 (AN B’)
i
and that
Banp (Uo(1 — e;) + e;,u;) =0,

where the Bott element is computed in AN B’. Since
B(Uo,’ui) = B(eri +1-— ei,ui) + B(U()(l - 61‘) + ei,ui)7
it follows that
B(eri + 1 —e;, ui) =0.

Since A N B’e; — A induces an isomorphism of Ky(A N B'e;) onto Ky(A), it
further follows that
Banpre,(Upei, u;) = 0.

Hence we have that

Banp (U, u) = Z Banp (Uo, ui)

:ZBAQB/(UOGi -+ 1-— ei,ui)JrZ BAQB/(U()(]. — ei) + ei,ui):O.

Thus there is a rectifiable path U(t) of unitaries in ANB’' = GTB AN B'e; of length
less than a universal constant such that U(0) =1, U(1) = Tl];,l and [U(t),u] =~ 0.
By using such paths and the stability for « (which comes from the Rohlin property
for a), we obtain a unitary U € AN B’ such that [u,U] ~ 0 and Wa(V,)V,, =~
a(U)U*. Then a(V,U) ~ V,,U and AdV,U|B ~ «|B. We apply this process
repeatedly. I

LEmMA 3.3. If [--]1 denotes the Ky class of an invertible element,
[eia(Vi)Vikei]1 = 0 for any sufficiently large n.

Proof. We have a k such that ||(Ad Vy—a)|B|| =~ 0 and ||Ad Vi (u)—a(u)|| =~ 0.
We have m > n(> k) such that a(V,,) = V,, Vo, V.5, [Vi V5 el = 0, [Vi Vi, e] = 0,
and [V, V¥, Vi] = 0. Then we obtain that

leiVin Vel = [a(e) Vi Vin Vi Vidale)]r = [ale) Vi Vi ale)a
= [elvn";VmV,fVmelh = [6iV;Vm6i]1 = *[61"/‘:1‘/”61']1

in Ky(A). Hence we conclude that

[eia(V:)Vneih = [eiVmV,Z‘V:LVnei]l = [eiVmV;ei]l + [eiV,ZVnei]l =0. n



AUTOMORPHISMS OF AT ALGEBRAS WITH THE ROHLIN PROPERTY 285

LEMMA 3.4. B(a(V,})V,,u) =0 for any sufficiently large n.

Proof. We choose m > n > k as in the proof of the previous lemma. Assum-
ing [V, V¥ u] = 0 and Ad V! a(u) = u as we may, we obtain that
B(V,, Vi, u) = B(Vi Vi, Vi Vi, ViuVy) = B(Vi, V., a(u))
= BAViV;i Vin Visa () Vi) = BVt Vi) = ~B(Vy Vo, ).

Hence
B(a(V, )Va,u) = BV Vo ViV, u) = BV, Vi, u) + B(V, V,,u) =0. 1
LEMMA 3.5. Let K be the compact operators on (*(Z) and o the automor-

phism of K implemented by the right shift on (*(Z). For any ¢ > 0 and n € N
there exists an Ny € N with the following property: For any N > Ny there exists
a set {e;; |4, =0,...,n—1} of matriz units in K such that

n—1 N-1

Z €ii < Z B,

i=0 i=0

lo(eiz) — esll <&,

nrank (ego) > (1 —€)N,
where P; is the projection onto €2({i}).

Proof. We can prove this by using the method employed to prove 2.1 of [16].
Let {E;;}i jez be matrix units in K such that o(E;;) = E;y1,41. For k,l € N
with 1 < k <[ we define
X (m k—m
o= {kEmm + 5 Bmtkttmetkt

m=1

m(k — m) k+l1
+ T (Em,m+k+l + Em+k+l,m) + Z:k Enm

which is a projection with rank k + I such that ||o(eqo) — eqo| is order of 1/vk.
Let V be the shift operator: V =>" F;1; ;. Define

o=V (@htDig (kD]

€ij
for i,j =0,...,k — 1. Then {e;;} forms matrix units and satisfies that |o(e;;) —
n—1 N-1
eijll = |lo(eoo) — eooll- Since >~ e;; < > P; with N = (2k + {)n, we obtain that
i=0 i=0
nrank (eoo)  k+1 B k
N C2%k+1 0 2k+1

Thus we first choose k sufficiently large and then choose I so that (k+1)/(2k +1)
is sufficiently small. Set Ny = (2k + [)n. Since we can increase | while retaining
the same k for NV > Ny, this completes the proof. &
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LEMMA 3.6. Let {e;} and {fi} be central sequences of projections. If there is
an increasing sequence {m;} of positive integers such that m; — oo and my[f;] <
ler], then there exists a central sequence {v;} of partial isometries such that vjv; =
fi and viv] < e for all sufficiently large 1.

Proof. Let {A,} be an increasing sequence of local algebras such that | J A,

is dense in A and the inclusions A4,, C A,,41 are of standard form, which is posnsible
by Elliott’s classification theory ([10]). We shall find a partial isometry v,, for any
sufficiently large m such that v,, almost commutes with A;, v} v, = fm, and
U Up, < €y

Let A, = A, ® C(T) with A,, finite-dimensional, {P,; | i =1,...,K,} the
set of minimal central projections in A,,, and z, the canonical unitary of A,,. Fix
a large N € N. We find a non-zero projection ¢; € A, N A} Py; for some n such
that

Ad2¥(¢;), k=0,...,N

are mutually orthogonal. (Note that the embedding A; C A, is also of standard
form.) Now we consider A N A} Pj; instead of A and e;Py;, f;Py; instead of e, f;
respectively. We may and do assume that e; Py;, f; P1; are projections. Also we have
an increasing sequence {m;} of positive integers (which may be different from the
above) such that the same condition is satisfied for e;Py;, fiP1; instead of e, fi.
We will now denote A N A} Py;, qi, e1P1;, etc. by A, g, e, etc. respectively.

Since A is simple, we have, for a sufficiently large m > n, a k € N such
that k[gPy,;] > [Pm;] for any j. Choose [ so large that e; almost commutes with
A, and f; almost commutes with z1. Then k[e;q] > [e;], where [e;q] denotes the
equivalence class of a projection close to e;q. Hence if m; > k, we obtain that

[fi] < [eq).

Let u be a partial isometry in A such that v*u = f; and uu* is a projection
dominated by a projection close to ge;q. Then define v € A by

N-1 4
v= T 2 Ad 2] (u).
Then 9
JAda1(e) — o < .
v* ZAdZ1( )Ad 2/ (u ZAdzl (u*u) =~ fi,

evfi = wv.
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Thus by the polar decomposition of e;v f; we obtain a partial isometry w such that
w*w = f;, ww* < e, and Ad z; (w) ~ w up to the order of 1/v/N. Going back to
the original situation, denote w by w; € AN A} Py; and take the sum of w; over
i, which produces the desired partial isometry in .4 N A} almost commuting with

Z1. [ |

LEMMA 3.7. Let {e;} and {fi} be central sequences of projections such that
la(er) —er]] — 0 and ||a(f1) — fill = 0. If there is an increasing sequence {m;} of
positive integers such that m; — oo and my[f;] < [e;], then there exists a central
sequence {v;} of partial isometries such that viv, = fi, viv < e, and ||a(v) —

vl = 0 as l — oo.

Proof. We have assumed that « has the Rohlin property. It is not difficult

to see that for any N there is a sequence {e;1,...,e;n} of projections such that

where the last condition means that there is an increasing sequence {n;} of positive
integers such that n; — oo and n;([e;] — Nlenn]) < [er]. Then it follows that
[f1]/[ein] — 0. By the previous lemma we obtain a central sequence {w;} of partial
isometries such that wjw; = f; and wyw; < e;; for any sufficiently large I. Set
LN
v = \/—N > o (wy).

J

Ju

Then {v;} is a central sequence, |a(v;) —v| < 2/V N, and vfv, = f; and ejv; = v;.
Then by the polar decomposition of e;v; f; we obtain a partial isometry with initial
projection f; and final projection dominated by e; such that ||a(v;) —v;|| is of order

ofl/\/ﬁ. 1

A (separable) unital C*-algebra is approzimately divisible if for any finite
subset F' of A and ¢ > 0 there is a finite-dimensional C*-sublagebra B of A such
that B has no abelian central projections and H [z, y] H < ¢ for any x € F and any
y € B with |ly|| < 1 ([1]). Note that any unital simple AT algebra of real rank
zero is approximately divisible.
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PROPOSITION 3.8. Let A be a unital simple AT algebra of real rank zero and
a an approzimately inner automorphism of A. If a has the Rohlin property, then
A X4 Z is approzimately divisible.

Proof. Let n € Z withn > 2 and € > 0. We choose N € N as in Lemma 3.5.
By the Rohlin property we obtain Ny,..., N, = N +1 such that there is a central
sequence {Efj | i=1,...,m, 5=0,...,N; — 1} of projections with

YD EG=1,
T

||0‘(E£j) - Ezl',j+1|| — 0.

By Proposition 3.2 there is a sequence {U,, } of unitaries in A such that AdU,, — «
and o(Uy,) — U, — 0.

Let B = B ® C(T) be a local algebra of A. We first choose U}, such that
a B ~ AdU;|B and a(Uy) ~ Uy, and then choose I such that [Uy, EL] ~ 0,
a(E};) ~ E} ;, and E}; almost commutes with B. Then we choose U, such that
AdU,(E) ~ El ;.\, AdU,la™*(B) ~ ala™!(B), and «(U,) ~ U,. Then we
obtain a unitary W in a small neighbourhood of U, U} such that

Ad W(Eij) = Ef,j+1>
AdW|B ~ id |B,
a(W)~W.

Set
Ey.j = WEL W,

Then {Ej,;;} forms matrix units for each k such that a(Ey.;) ~ Ek.;y1,j+1 for
1,7 =0,...,N —2 and E};;’s almost commute with B, and there is a unitary U
such that U ~ 1 and AdU o a(FEk;i;) = Eiit1,j+1 for i, j < Ni — 2. By applying
Lemma 3.5 to {Ejy;;} for each k, we obtain matrix units {eij}Zj;lo such that
lla(ei;) —esj]| < e, and [1] —nfego] < €[1]. In this way we obtain a central sequence
{eéj |4, =0,...,n — 1} of matrix units such that

a(eéj) - eéj — 0,

1] —nlebo]

1]

Applying Lemma 3.7 to the central sequences {e},} and {f!} with fl =1— > el

i)

we obtain a central sequence {v;} of partial isometries such that viv, = f!, vjo; <
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ef)o, and a(v;) — v, — 0. Define wy = ft and w; = ei—1,0v; for ¢ > 1 and let
l
ij
sequences of matrix units such that

= w;w; and gzl-j =ely(1 - fh)eéj. Then { ilj};;':O and {gzl-j}?j;lo form central

o f;) - ilj — 0, O‘(géj) _géj — 0, Zfili + Zgﬁi =1L
: i

Thus, since A C AX,Z, we obtain a central sequence {5;} of unital C*-subalgebras
of A X Z such that B; =2 M,, & M, 11, which implies that A x, Z is approximately
divisible. 1

COROLLARY 3.9. Let A be a unital simple AT algebra of real rank zero and
a an approzimately inner automorphism of A. If a has the Rohlin property, then
A X o Z has real rank zero.

Proof. By the above proposition A X, Z is approximately divisible. Note
that A and A X, Z are nuclear. By [1] we only have to show that the projections
in A X, Z separate the space T = T(A X, Z) of tracial states. Since « has the
Rohlin property and so o™ is uniformly outer for any m > 0, it follows that all
the tracial states of A x, Z are invariant under & (4.3 of [17]). Hence A already
separates T'. Since A has real rank zero, the projections in A separates T, which
completes the proof. 1

4. PROOF OF (iii) = (i)

Let {A,} be an increasing sequence of local algebras of A such that the union

KTI,
UA, is dense in A. We let A, = A, ® C(T) and A,, = @ A,; where A4, ;’s
n =1
are full matrix algebras. Let z, be the canonical unitary of 1 ® C(T) C A,. We

assume that the inclusions A,, C A1 are of standard form. In particular z,
is of the form ay + asz,41 + asz;,,;, where a; € A,41 and ||a;|| < 1. For each
ke N, ne N, and € > 0 we will choose projections

6170,...7617k_1; 6270,...7627k

in A such that
(1 ZZ@M = ].7
i

)
(ii) [[a(eij) — eij+1ll <e,
(111) €j; € A/n7

)

(iv || [€ijs Zn] || < g,



290 AKITAKA KISHIMOTO

where e1, = ejp and eg ;1 = ez9. The main problem different from the AF case
[16] is to handle the condition (iv).
We recall that 7 is the unique tracial state of A.

LEMMA 4.1. Letu be a unitary in A and ¢ > 0. Then there exist projections
eo,e1 in A and unitaries u; € e;Ae; such that eg +e; = 1 and 7(eg) > 1 — ¢,
lu —uo — u1|| < e, Spec (ug) s finite.

For the proof see e.g. [19], [9], [3].

Now we shall try to construct a set of projections satisfying the conditions
(i)—(iv). Note that we may replace the conditions (iii) and (iv) by the weaker
conditions:

e € AL, || lein, 2zl || < e

By the assumption the automorphism & of R = 7.(A)”, which is an AFD
type II; factor, defined by & o m, = 7, o «, is aperiodic; hence by Connes ([7]),
« satisfies the Rohlin property in the von Neumann algebra sense. Hence for any
I € N there is a central sequence {E,; | i =0,...,1 — 1} of families of projections

in R such that l

|
—

~(Eyi) — E,/H_lHQ — 0 (as vV — OO),

=

where E,; = Eyg and ||z|s = 7(z*x)'/?, x € R with 7 the unique tracial state of R.

Let n € N. By Lemma 4.1 we choose a projection p,, € AN A/, and partial
unitaries u,,v, € AN Al such that u,ul = pp, vavs =1 —pu, 7(pn) > 1 —
1/n, ||zn — un — vn|| < 1/n, and Spec (u,) is finite. Let B, be the (abelian
finite-dimensional) C*-subalgebra generated by u,,. Then we can find a projection
e, € Asuch that e, € AN An(u n B;L(y),

some n(v) with n(v) — oo as v — oo. Then, since || [e,, z,)] || < 2/n(v), we have

ey < Pn@), and ||E, — (e, )||2 — 0 for

that || [e,, 2n] || — 0 as v — oo for any n. Thus we can conclude that {e,} is a
central sequence in A, and that {a*(e,)} is also a central sequence for any k. Then
we find projections ef,k), k=0,1,...,l—1 in A such that e ) ¢ A’ w N Bm(u) for

some m(v) with m(v) — oo, and ||ey —a*(e,)|| — 0 as v — co. Since

H (0)<Ze(k)> (0) (Za ey )eu — 0 and 7'(6,,(204 €y )e,,>—>0

we obtain that €, = 7(z,) — 0 where

x, —e(o)(Ze(k))e(O Ge(O)AﬂA’ OB
k=1

) = Dinv)-

m(v)€v
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Define a continuous function g on R by

1 t>1/4,
glt)y=¢ 4 0<t<1/4,
0 t<O0;

and let a, j = g(j/4 —x,/\/€,) for j = 2,3,4. Then since a,4a,3 = ay3, Ay3a,2 =
ay2, and D,,,) has real rank zero, we have a projection f, in D,,(,) such that
ayaf, = fu and || fuaye —aye| — 0. (We approximate a,3 by a self-adjoint element
b, with finite spectrum in the closure of a,3D,,(,)a,3 and then take the spectral
projection of b, corresponding to [1/2,1].) Since x,l/z(l - al,g)x,i/Q > @(el(,o) -
ay2)/4 and T(xi/Q(l — a,,g)a:im) < &y, it follows that 7(a,2) — 1/1, which implies
that 7(f,) — 1/l as v — oo. Since |foz, fo| < [|avaziava| < /€y, it follows
that || f,el £, || < W&y for k=1,...,1—1, which implies that || f,a*(f,)|| — 0 for
k=1,...,1—1. Replacing f, by f,pm(), we still have that

||fu0‘k(fu)|| -0, k=1,...,1-1

r(f) = 3

as v — oo. Since f, < pmu), fo € A;n(y) N B;n(l/) and m(rv) — oo, we can
conclude that {f,} is a central sequence. Then for any sufficiently large v we find
an automorphism «, of A by perturbing « by an inner automorphism such that
ak(f,), k=0,1,...,1— 1, are mutually orthogonal and ||a,, — || — 0.

As in the proof of Proposition 3.8 we obtain (by passing to a subsequence of
{fv}) a central sequence {W,} of unitaries in A such that

Ade(fV):azlf(fV)v k:(),...,l—l,
a,(W,) =W, — 0.

Thus we find a central sequence {W¥ f, W7 }2_;:0 of matrix units satisfying
oy (W W, 0) = WL, W07

for k,j < 1—1. Then as in [16] for any k € N we construct a central sequence
{emi| 1=0,...,k—1} of Rohlin towers and a sequence {a,,} of automorphisms:

Am(emi) = €m i1,  With emg = emo,
k—1

em = E emi 1S a projection,
=0

T(em) — 1,

llom — O‘H — 0,
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(by using central sequences of matrix units obtained above for various [). This is
the approximate Rohlin property; we have to show how to get the genuine Rohlin
property.

We use the method in [16] to derive the genuine Rohlin property. Note that
emo is left invariant under a’fn and that a’fn|em0Aem0 has also the approximate
Rohlin property. In particular one finds, for any N € N, projections f,,;; j =
1,...,N in e;0Aeno and automorphisms 3, of e,,0Aeno such that

Jm = mej is a projection,
J

T(fml) - %N7

ﬂm(fmj):fm,j-i-ly j<N7

B — agz” — 0.

Since the order of the simple dimension group Ky(A) is determined by the trace
T (4.2 of [8]), we have that [1 — ep,]/[fm1] — 0. By Lemma 3.6 applied to {fmn1}
and {1 — e,,,} we obtain a central sequence {v,,} of partial isometries such that

* . *
UV Um = 1- €m; Um Uy, < fm1~

Define a partial isometry V,,, by

1 N—-1 )
— J
Vi = = ;o B (vm).-

B

Then the algebra generated by
o Vi), j=0,....,k—1

is an almost ay,-invariant (k + 1) x (k + 1) matrix algebra and as m — oo forms
a central sequence.

We apply the above procedure for a big multiple of k, say Mk, instead of k.
Then we obtain a central sequence D,, of almost a-invariant subalgebras which are
isomorphic to the (Mk+1) by (Mk+1) matrices. Then from the spectral property
for a restricted to each D,,, we can obtain projections go, ..., grx—1; ho, - - -, hx with
sum the identity of D,, such that {g;} and {h;} cyclically permute under « up to
the order of 1/M ([16]). Subtracting the identity of D,, from the original Rohlin
towers, we still obtain Mk projections which almost cyclically permute under «,
from which we obtain the Rohlin tower ey,...,er_1 consisting of k projections.
Thus we obtain the Rohlin towers eg + go,...,€x—1 + gr—1; ho, - .., hr with sum
the identity of A. This completes the proof; see [16], [17] for details. 1
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Note added in proof. 1 can now extend Theorem 2.1 for some (KK-trivial) ap-

proximately inner automorphisms « by adding another condition that A X, Z is a unital
simple AT algebra of real rank zero. See 6.4 of my paper Unbounded derivations in AT
algebras, which will appear in J. Funct. Anal.
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