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1. INTRODUCTION

AT algebras are C∗-algebras obtained as inductive limits of T algebras; T algebras
are direct sums of matrix algebras over C(T), where T = R/Z.

The class of AT algebras of real rank zero is shown by Elliott ([10]) to be
classified by K-theoretic data, which, in the unital simple case, are K0(A), [1]0, and
K1(A), and this class includes AF algebras, irrational rotation C∗-algebras ([11]),
and most of their higher-dimensional analogues – non-commutative tori ([12], [13],
[20], [2]).

We may conjecture that this class is closed under the operation of Z-crossed
product as far as the action of Z is sufficiently outer and, at the same time, is
approximately inner (as a strong condition which ensures that the crossed product
remains finite). The crossed product of an AF algebra by an approximately inner
automorphism with the Rohlin property is unique up to isomorphism and is an AT
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algebra of real rank zero ([16], [14]). Thus we expect that an appropriate notion

of the outerness in this case is the Rohlin property.

We are still far from proving the above conjecture. But we give various

characterizations of the Rohlin property for approximately inner automorphisms

of unital simple AT algebras of real rank zero with unique tracial state, extending

similar results in the UHF case ([11]). The conditions include that the crossed

product has real rank zero (see Theorem 2.1).

We first recall the Rohlin property. The Rohlin property in ergodic theory

was adopted to the context of von Neumann algebras by A. Connes ([7]) and then

to the context of some C∗-algebras by Herman and Ocneanu ([15]). The property

was used to prove the so-called stability for the automorphism (appropriately for-

mulated in each case), which was what we actually needed to study the conjugacy

and outer conjugacy problems (at least in the von Neumann algebra case).

In the C∗-algebra case a non-trivial example of an automorphism with the

Rohlin property was first obtained in [5]: the shift automorphism σ of the UHF

algebra ⊗ZM2 (the infinite tensor product of copies of the two by two matrices

M2 indexed by the integers Z) satisfies the property that for any ε > 0 and any

n ∈ N, there are projections e0, e1, . . . , e2n−1 such that

2n−1∑
i=0

ei = 1, ‖σ(ei)− ei+1‖ < ε

for i = 0, 1, . . . , 2n − 1 with e2n = e0. Note that for any k ∈ N, the projec-

tions σk(e0), . . . , σk(e2n−1) satisfy the same properties as e0, . . . , e2n−1 and that

(σk(ei))k forms a central sequence, which is also a necessary property for proving

the above-mentioned stability. Having 2n projections which almost cyclically per-

mute under σ certainly depends on a particular property of ⊗ZM2 (or rather of

K0(⊗ZM2) ∼= Z[1/2]) and we cannot expect this in general. But, thanks to the

above example, we now expect that this property is not so stringent as it may look

if properly formulated. An appropriate property (strong enough to show the sta-

bility and possibly valid in general case) is given by the properties in the following

proposition, which we will state without proof (cf. [4], [17]):

Proposition 1.1. Let A be a unital AF algebra and α an approximately

inner automorphism of A. Then the following conditions are equivalent:
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(i) For any k ∈ N there are positive integers k1, . . . , km > k satisfying the
following condition: For any finite subset F of A and ε > 0 there are projections
elj, l = 1, . . . ,m, j = 0, . . . , kl − 1 in A such that

m∑
l=1

kl−1∑
j=0

elj = 1,

‖α(elj)− el,j+1‖ < ε,∥∥ [x, elj ]
∥∥ < ε

for l = 1, . . . ,m, j = 0, . . . , kl − 1 and x ∈ F , where elkl
= el0.

(ii) For any k ∈ N there are positive integers k1, . . . , km > k satisfying the
following condition: For any finite subset F of A and ε > 0 there are matrix units
el,ij, i, j = 0, . . . , kl − 1 in A for each l = 1, . . . ,m such that

m∑
l=1

kl−1∑
j=0

el,jj = 1,

‖α(el,ij)− el,i+1 j+1‖ < ε,∥∥ [x, el,ij ]
∥∥ < ε

for l = 1, . . . ,m, i, j = 0, . . . , kl − 1 and x ∈ F , where the indices i, j in el,ij are
taken modulo kl for each l.

(iii) (i) holds for {k, k + 1} in place of {k1, . . . , km}.

(iv) (ii) holds for {k, k + 1} in place of {k1, . . . , km}.

Note that the implications (iv) ⇒ (iii) ⇒ (i) and (iv) ⇒ (ii) ⇒ (i) hold
trivially for any unital C∗-algebra A. It is not difficult to see (ii) ⇒ (iv) (cf.
[17]). We use the fact that A is AF only for proving (i) ⇒ (ii). (Here we use
the stability for automorphisms with the Rohlin property ([15]); if A is not AF,
it is not clear how to arrange the situation where the stability is applicable.) We
were unable to prove this implication for unital AT algebras of real rank zero. We
call the condition (i) above the Rohlin property (see [14] for the non-unital case).
We recall that an automorphism α of a unital C∗-algebra A is uniformly outer if
for any a ∈ A, any projection p ∈ A, and any ε > 0, there are finite number of
projections p1, . . . , pn in A such that

∑
i

pi = p and ‖piaα(pi)‖ < ε, i = 1, . . . , n

and that if α has the Rohlin property then α is uniformly outer ([17]).
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2. MAIN RESULT

Theorem 2.1. Let A be a unital simple AT algebra of real rank zero with
unique tracial state τ and let α be an approximately inner automorphism of A.
Then the following conditions are equivalent:

(i) α has the Rohlin property;
(ii) αm is uniformly outer for any m 6= 0;
(iii) αm is not weakly inner in πτ for any m 6= 0;
(iv) A×α Z has a unique tracial state;
(v) A×α Z has real rank zero.

We recall that a unital C∗-algebra has real rank zero if and only if the set of
elements with finite spectra in Asa = {h ∈ A | h = h∗} is dense in Asa ([6]).

If α is an automorphism of a simple C∗-algebra A, the crossed product A×αZ
is simple if and only if all non-zero powers of α are outer. Hence the above A×α Z
is simple if the conditions are satisfied.

Note that (i) ⇒ (ii) follows trivially from the definitions and (ii) ⇒ (iii) and
(ii) ⇒ (iv) follow easily (see 4.3 and 4.4 of [17]). The proofs of (v) ⇒ (iv) and
(iv) ⇒ (iii) are essentially the same as in the UHF case ([16]). But we will present
these results in a slightly general form below. We will give the proof of (i) ⇒ (v)
in Section 3 using that A is a unital simple AT algebra of real rank zero and then
the proof of (iii) ⇒ (i) in Section 4 using the full assumption on A.

Let A be a unital C∗-algebra and T (A) the compact convex set of tracial
states of A. If α is an automorphism of A, Tα(A) denotes the α-invariant tracial
states, which is again a compact convex set. (If α is approximately inner, then
Tα(A) = T (A).) We define an affine mapping r of T (A ×α Z) into Tα(A) by the
restriction r(ψ) = ψ|A.

Proposition 2.2. In the situation as above, if the linear span of projections
in A ×α Z and elements in A is dense in A ×α Z, then T (A ×α Z) is isomorphic
with Tα(A) under r.

Proof. Denote by E the canonical projection of A×α Z onto A. If ϕ ∈ Tα(A),
it follows that ϕ ◦ E ∈ T (A×α Z) since for a, b ∈ A and m,n ∈ N,

ϕ ◦ E(aUmbUn) = δm+n,0ϕ(aαm(b)) = δm+n,0ϕ(bαn(a)) = ϕ ◦ E(bUnaUm)

where U is the canonical unitary in A×α Z. Thus r is surjective.
Denote by α̂ the dual action of T on A ×α Z. Let ψ ∈ T (A ×α Z). If p is

a projection in A ×α Z, then ψ ◦ α̂t(p) is constant in t (cf. [18]). If a ∈ A, then
α̂t(a) = a. Thus ψ ◦ α̂t is equal to ψ on the linear span of projections and A.
Hence ψ ◦ α̂t = ψ for t ∈ T, which implies that ψ = r(ψ)◦E . Thus r is injective.
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Note that if a C∗-algebra has real rank zero, then the linear span of projec-
tions is dense ([6]). Hence we have that (v) ⇒ (iv) by this proposition.

Proposition 2.3. In the situation as above if T (A×α Z) is isomorphic with
Tα(A) under r, then for any extreme point ϕ of Tα(A) and any non-zero integer
m, αm is not weakly inner in πϕ.

Proof. Suppose that for some extreme ϕ ∈ Tα(A) and some m > 0, αm is
weakly inner in πϕ. Thus there is a unitary V in πϕ(A)′′ such that

V πϕ(a)V ∗ = πϕ ◦ αm(a), a ∈ A.

Define a unitary W on the GNS representation space Hϕ by

Wπϕ(a)Ωϕ = πϕ ◦ α(a)Ωϕ, a ∈ A.

Since ϕ is extreme in Tα(A), α = AdW on πϕ(A)′′ acts ergodically on its center
Zϕ. Since αm is trivial on Zϕ, it follows that Zϕ

∼= Cn for some n with n|m and
α acts on the spectrum of Zϕ as a cyclical permutation.

Since Adα(V ) = AdV on πϕ(A)′′ and AdWm(V ) = V , it follows that
α(V ) = γV for some unitary γ ∈ Zϕ which satisfies

αm−1(γ)αm−2(γ) · · ·α(γ)γ = 1.

Then, by an easy computation, replacing m by a multiple of m and choosing V
suitably one can assume that γ = 1.

Since Q = WmV ∗ ∈ πϕ(A)′, [W,Q] = 0, and [V,Q] = 0, one finds a unitary
Q1 ∈ πϕ(A)′ (as a function of Q) such that Qm

1 = Q, [W,Q1] = 0, and [V,Q1] = 0.
Then one defines a representation ρ of A×α Z on Hϕ by

ρ(a) = πϕ(a), a ∈ A, ρ(U) = WQ∗
1,

and a state φ of A×α Z by

φ(x) =
1
m

m−1∑
k=0

(ρ ◦ α̂k/m(x)Ωϕ,Ωϕ).

Regarding A ×αm Z as a C∗-subalgebra of A ×α Z, φ|A ×αm Z is a tracial state
because ρ(A×αm Z)′′ = πϕ(A)′′ and

φ(x) = (ρ(x)Ωϕ,Ωϕ), x ∈ A×αm Z.

Since ρ(U)Ωϕ = Q∗
1Ωϕ, it also follows that φ ◦ AdU = φ on A ×αm Z. Then if

a, b ∈ A and k, l ∈ N, then φ(aUkbU l) = φ(aαk(b)Uk+l) is equal to 0=φ(bU laUk)
if k + l 6∈ mZ and otherwise, to φ(αk(b)Uk+la) = φ(bUk+lα−k(a)) = φ(bU laUk).
Thus φ is a tracial state. But since φ|AUm 6= 0, φ is not α̂-invariant, which implies
that the restriction map r is not injective.
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Remark 2.4. When A is a unital separable C∗-algebra and α is an auto-
morphism of A, let us consider the following conditions:

(i) αm is uniformly outer for any m 6= 0;
(ii) T (A×α Z) is isomorphic with Tα(A) under the mapping r : ψ → ψ|A;
(iii) For any ϕ ∈ Tα(A) and m 6= 0, αm is not weakly inner in πϕ.
Then it follows that (i) ⇒ (ii) ⇒ (iii) (and hence that (ii) ⇒ (iv) ⇒ (iii)

for Theorem 2.1). (Since A is separable, the conclusion of 2.3 holds for any ϕ ∈
Tα(A).) See 4.3 of [17] for (i) ⇒ (ii). Note that if T (A) = ∅ then the conditions
(ii) and (iii) hold trivially.

3. PROOF OF (i)⇒ (v)

Recall that for a pair u, v of unitaries in a C∗-algebra A with
∥∥ [u, v]

∥∥ sufficiently
small one can define a Bott element B(u, v) ∈ K0(A) ([21]). When the spectrum
of u is finite, this may be defined as follows: Let t1, t2, t3, t4 be a string of points
in T in counter-clockwise order with mutual distances bigger than some constant
and let Q (resp. E) be the spectral projection of u corresponding to (t1, t3] (resp.
(t2, t4]). Then vQv∗E is close to a projection whose K0 class will be denoted by
[vQv∗E]0 and we set B(u, v) = [vQv∗E]0 − [QE]0. If B(u, v) = 0 and Spec (u) is
finite, then vuv∗ and u are connected by a path of isospectral unitaries in a small
neighbourhood of u ([3]). Note that B(1, v) = 0, B(u, v) = −B(v, u), B(u1u2, v) =
B(u1, v)+B(u2, v) if all the terms are well-defined, B(u, v) = B(wuw∗, wvw∗) for
any unitary w, and that B(u, v) is continuous in u, v as far as it is well-defined.
We quote the following result from [3].

Theorem 3.1. If A is a unital simple AT algebra of real rank zero and
u, v ∈ A are unitaries such that [u, v] ≈ 0, [u]1 = 0, B(u, v) = 0, and Spec (v) is
almost dense in T, then there is a rectifiable path ut of unitaries in A of length
less than a universal constant such that u0 = 1, u1 = u, and [ut, v] ≈ 0.

We briefly indicate how to prove this. First suppose that [v]1 = 0. Then we
can suppose that Spec (v) is finite (but is almost dense in T) and connect uvu∗

and v by a path of isospectral unitaries of length less than a universal constant
in a small neighbourhood of v. Since the spectrum is finite and constant along
this path, the path is given as wtuvu

∗w∗t ; thus we have a path wtu from u to w1u

which commutes exactly with v. Its length is bounded by a universal constant.
Since [w1u]1 = 0 and Spec (v) is almost dense, one can assume (after a continuous
deformation in a small neighbourhood of w1u) that the w1u restricted to each
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eigen projection of v has zero K1 class. Then w1u can be connected to 1 in the
commutant of v.

In the case [v]1 6= 0, we find unitaries u1, v1 ∈ A and a projection e ∈ A
such that u ≈ u1, v ≈ v1, [u1, e] = 0, [v1, e] = 0, u1v1e = v1u1e, Spec (u1) is
finite, and Spec (v1e) is finite and almost dense in T. Then there is a path ut of
unitaries in eAe from u1e to e of length 6 π in the commutant of v1e. Thus it
suffices to show the assertion for u = e + u1(1 − e), and v = v1e + v1(1 − e). We
then find two partial unitaries v2, v3 ∈ A with ei = v∗i vi such that e2 + e3 = e,
[v2] = −[v3] = [v], and v2 + v3 ≈ v1e. Then we consider two almost commuting
unitaries U = e3 + u1(1 − e), V = v3 + v1(1 − e) in (1 − e2)A(1 − e2). Since
[U ]1 = 0 = [V ]1 and B(U, V ) = 0, we are reduced to the above case.

We call a unital subalgebra B of an AT algebra A a local algebra if B ∼=
B ⊗ C(T) with B finite-dimensional. Let Bi = Bi ⊗ C(T) for i = 1, 2 with Bi

finite-dimensional and zi the canonical unitary of Bi: zi(z) = 1 ⊗ z. We call an
embedding ϕ of B1 into B2 of standard form if ϕ(z1) is a direct sum of elements
of the form: 

0 · z\
2

1 0
1 ·

. . . . . .
1 0


with z\

2 = z2 or z∗2 up to unitary equivalence.

Proposition 3.2. Let A be a unital simple AT algebra of real rank zero and
α an approximately inner automorphism of A. If α has the Rohlin property, then
there is a sequence {Un} of unitaries in A such that

lim ‖α(Un)− Un‖ = 0, limAdUn = α.

Proof. There exists a sequence {Vn} of unitaries in A such that lim AdVn =
α. Since

lim AdV ∗
n = α−1, lim Adα(V ∗

n ) = α−1, etc.,

it follows that lim Adα(V ∗
n )Vn = id .

Let B be a local algebra of A and let B be a finite-dimensional C∗-algebra
and u a unitary in A∩B′ such that B and u generate B. Let e1, . . . , er be the set
of minimal central projections of B.

Let N ∈ N. For any sufficiently large n, we have that ‖(AdVn − α)|B‖ ≈ 0
and ‖AdVn(u) − α(u)‖ ≈ 0 and further for Un = α(V ∗

n )Vn that ‖(Adαk(Un) −
id )|B‖ ≈ 0 and ‖Adαk(Un)(u) − u‖ ≈ 0 for k = 0, 1, . . . , N . Hence we have
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a unitary W ∈ A such that W ≈ 1, U0 = WUnα(Un) · · ·αN (Un) ∈ B′, and
[U0, u] ≈ 0. By the following lemmas we obtain that [U0ei]1 = 0 and B(U0, ui) = 0
where ui = uei + 1− ei. Thus it follows that [U0]1 =

∑
i

[U0ei]1 = 0 in K1(A∩B′)

and that
BA∩B′(U0(1− ei) + ei, ui) = 0,

where the Bott element is computed in A ∩B′. Since

B(U0, ui) = B(U0ei + 1− ei, ui) +B(U0(1− ei) + ei, ui),

it follows that
B(U0ei + 1− ei, ui) = 0.

Since A ∩ B′ei ↪→ A induces an isomorphism of K0(A ∩ B′ei) onto K0(A), it
further follows that

BA∩B′ei
(U0ei, ui) = 0.

Hence we have that

BA∩B′(U0, u) =
∑

i

BA∩B′(U0, ui)

=
∑

i

BA∩B′(U0ei + 1− ei, ui)+
∑

i

BA∩B′(U0(1− ei) + ei, ui)=0.

Thus there is a rectifiable path U(t) of unitaries in A∩B′ =
r⊕

i=1

A∩B′ei of length

less than a universal constant such that U(0) = 1, U(1) = U0, and [U(t), u] ≈ 0.
By using such paths and the stability for α (which comes from the Rohlin property
for α), we obtain a unitary U ∈ A ∩ B′ such that [u, U ] ≈ 0 and Wα(V ∗

n )Vn ≈
α(U)U∗. Then α(VnU) ≈ VnU and AdVnU |B ≈ α|B. We apply this process
repeatedly.

Lemma 3.3. If [· · ·]1 denotes the K1 class of an invertible element,
[eiα(Vn)V ∗

n ei]1 = 0 for any sufficiently large n.

Proof. We have a k such that ‖(AdVk−α)|B‖ ≈ 0 and ‖AdVk(u)−α(u)‖ ≈ 0.
We have m > n(> k) such that α(Vn) ≈ VmVnV

∗
m, [VmV

∗
n , ei] ≈ 0, [V ∗

mVn, ei] ≈ 0,
and [VmV

∗
n , Vk] ≈ 0. Then we obtain that

[eiVmV
∗
n ei]1 = [α(ei)VkVmV

∗
n V

∗
k α(ei)]1 = [α(ei)VmV

∗
nα(ei)]1

= [eiV
∗
mVmV

∗
n Vmei]1 = [eiV

∗
n Vmei]1 = −[eiV

∗
mVnei]1

in K0(A). Hence we conclude that

[eiα(V ∗
n )Vnei]1 = [eiVmV

∗
n V

∗
mVnei]1 = [eiVmV

∗
n ei]1 + [eiV

∗
mVnei]1 = 0.
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Lemma 3.4. B(α(V ∗
n )Vn, u) = 0 for any sufficiently large n.

Proof. We choose m > n > k as in the proof of the previous lemma. Assum-
ing [VmV

∗
n , u] ≈ 0 and AdV ∗

mα(u) ≈ u as we may, we obtain that

B(VmV
∗
n , u) = B(VkVmV

∗
n Vk, VkuVk) = B(VmV

∗
n , α(u))

= B(V ∗
mVmV

∗
n Vm, V

∗
mα(u)Vm) = B(V ∗

n Vm, u) = −B(V ∗
mVn, u).

Hence

B(α(V ∗
n )Vn, u) = B(VmV

∗
n V

∗
mVn, u) = B(VmV

∗
n , u) +B(V ∗

mVn, u) = 0.

Lemma 3.5. Let K be the compact operators on `2(Z) and σ the automor-
phism of K implemented by the right shift on `2(Z). For any ε > 0 and n ∈ N
there exists an N0 ∈ N with the following property: For any N > N0 there exists
a set {eij | i, j = 0, . . . , n− 1} of matrix units in K such that

n−1∑
i=0

eii 6
N−1∑
i=0

Pi,

‖σ(eij)− eij‖ < ε,

n rank (e00) > (1− ε)N,

where Pi is the projection onto `2({i}).

Proof. We can prove this by using the method employed to prove 2.1 of [16].
Let {Eij}i,j∈Z be matrix units in K such that σ(Eij) = Ei+1,j+1. For k, l ∈ N
with 1 < k < l we define

e00 =
k−1∑
m=1

{
m

k
Emm +

k −m

k
Em+k+l,m+k+l

+

√
m(k −m)

k

(
Em,m+k+l + Em+k+l,m

)}
+

k+l∑
m=k

Emm

which is a projection with rank k + l such that ‖σ(e00) − e00‖ is order of 1/
√
k.

Let V be the shift operator: V =
∑
i

Ei+1,i. Define

eij = V (2k+l)ie00V
−(2k+l)j

for i, j = 0, . . . , k − 1. Then {eij} forms matrix units and satisfies that ‖σ(eij)−

eij‖ = ‖σ(e00)− e00‖. Since
n−1∑
i=0

eii 6
N−1∑
i=0

Pi with N = (2k + l)n, we obtain that

n rank (e00)
N

=
k + l

2k + l
= 1− k

2k + l
.

Thus we first choose k sufficiently large and then choose l so that (k+ 1)/(2k+ l)
is sufficiently small. Set N0 = (2k + l)n. Since we can increase l while retaining
the same k for N > N0, this completes the proof.
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Lemma 3.6. Let {el} and {fl} be central sequences of projections. If there is
an increasing sequence {ml} of positive integers such that ml → ∞ and ml[fl] 6

[el], then there exists a central sequence {vl} of partial isometries such that v∗l vl =
fl and vlv

∗
l 6 el for all sufficiently large l.

Proof. Let {An} be an increasing sequence of local algebras such that
⋃
n
An

is dense in A and the inclusions An ⊂ An+1 are of standard form, which is possible
by Elliott’s classification theory ([10]). We shall find a partial isometry vm for any
sufficiently large m such that vm almost commutes with A1, v∗mvm = fm, and
vmv

∗
m 6 em.

Let An = An ⊗ C(T) with An finite-dimensional, {Pni | i = 1, . . . ,Kn} the
set of minimal central projections in An, and zn the canonical unitary of An. Fix
a large N ∈ N. We find a non-zero projection qi ∈ An ∩ A′1P1i for some n such
that

Ad zk
1 (qi), k = 0, . . . , N

are mutually orthogonal. (Note that the embedding A1 ⊂ An is also of standard
form.) Now we consider A ∩ A′1P1i instead of A and elP1i, flP1i instead of el, fl

respectively. We may and do assume that elP1i, flP1i are projections. Also we have
an increasing sequence {ml} of positive integers (which may be different from the
above) such that the same condition is satisfied for elP1i, flP1i instead of el, fl.
We will now denote A ∩A′1P1i, qi, elP1i, etc. by A, q, el, etc. respectively.

Since A is simple, we have, for a sufficiently large m > n, a k ∈ N such
that k[qPmj ] > [Pmj ] for any j. Choose l so large that el almost commutes with
Am and fl almost commutes with z1. Then k[elq] > [el], where [elq] denotes the
equivalence class of a projection close to elq. Hence if ml > k, we obtain that

[fl] 6 [elq].

Let u be a partial isometry in A such that u∗u = fl and uu∗ is a projection
dominated by a projection close to qelq. Then define v ∈ A by

v =
1√
N

N−1∑
j=0

Ad zj
1(u).

Then
‖Ad z1(v)− v‖ 6

2√
N
,

v∗v =
1
N

∑
ij

Ad zi
1(u

∗)Ad zj
1(u) =

1
N

∑
j

Ad zj
1(u

∗u) ≈ fl,

elvfl ≈ v.
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Thus by the polar decomposition of elvfl we obtain a partial isometry w such that
w∗w = fl, ww

∗ 6 el, and Ad z1(w) ≈ w up to the order of 1/
√
N . Going back to

the original situation, denote w by wi ∈ A ∩ A′1P1i and take the sum of wi over
i, which produces the desired partial isometry in A ∩ A′1 almost commuting with
z1.

Lemma 3.7. Let {el} and {fl} be central sequences of projections such that
‖α(el)− el‖ → 0 and ‖α(fl)− fl‖ → 0. If there is an increasing sequence {ml} of
positive integers such that ml → ∞ and ml[fl] 6 [el], then there exists a central
sequence {vl} of partial isometries such that v∗l vl = fl, vlv

∗
l 6 el, and ‖α(vl) −

vl‖ → 0 as l→∞.

Proof. We have assumed that α has the Rohlin property. It is not difficult
to see that for any N there is a sequence {el1, . . . , elN} of projections such that

N∑
i=1

eli 6 el,

‖α(eli)− el,i+1‖ → 0,
[el]−N [el1]

[el]
→ 0,

where the last condition means that there is an increasing sequence {nl} of positive
integers such that nl → ∞ and nl([el] − N [el1]) 6 [el]. Then it follows that
[fl]/[el1] → 0. By the previous lemma we obtain a central sequence {wl} of partial
isometries such that w∗l wl = fl and wlw

∗
l 6 el1 for any sufficiently large l. Set

vl =
1√
N

N−1∑
j=0

αj(wl).

Then {vl} is a central sequence, ‖α(vl)−vl‖ 6 2/
√
N , and v∗l vl ≈ fl and elvl ≈ vl.

Then by the polar decomposition of elvlfl we obtain a partial isometry with initial
projection fl and final projection dominated by el such that ‖α(vl)−vl‖ is of order
of 1/

√
N .

A (separable) unital C∗-algebra is approximately divisible if for any finite
subset F of A and ε > 0 there is a finite-dimensional C∗-sublagebra B of A such
that B has no abelian central projections and

∥∥ [x, y]
∥∥ < ε for any x ∈ F and any

y ∈ B with ‖y‖ 6 1 ([1]). Note that any unital simple AT algebra of real rank
zero is approximately divisible.
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Proposition 3.8. Let A be a unital simple AT algebra of real rank zero and
α an approximately inner automorphism of A. If α has the Rohlin property, then
A×α Z is approximately divisible.

Proof. Let n ∈ Z with n > 2 and ε > 0. We choose N ∈ N as in Lemma 3.5.
By the Rohlin property we obtain N1, . . . , Nm > N +1 such that there is a central
sequence {El

ij | i = 1, . . . ,m, j = 0, . . . , Ni − 1} of projections with∑
i

∑
j

El
ij = 1,

‖α(El
ij)− El

i,j+1‖ → 0.

By Proposition 3.2 there is a sequence {Un} of unitaries in A such that AdUn → α

and α(Un)− Un → 0.
Let B = B ⊗ C(T) be a local algebra of A. We first choose Uk such that

α−1|B ≈ AdU∗
k |B and α(Uk) ≈ Uk, and then choose l such that [Uk, E

l
ij ] ≈ 0,

α(El
ij) ≈ El

i,j+1 and El
ij almost commutes with B. Then we choose Un such that

AdUn(El
ij) ≈ El

i,j+1, AdUn|α−1(B) ≈ α|α−1(B), and α(Un) ≈ Un. Then we
obtain a unitary W in a small neighbourhood of UnU

∗
k such that

AdW (El
ij) = El

i,j+1,

AdW |B ≈ id |B,
α(W ) ≈W.

Set
Ek;ij = W iEl

k0W
−j .

Then {Ek;ij} forms matrix units for each k such that α(Ek;ij) ≈ Ek;i+1,j+1 for
i, j = 0, . . . , Nk − 2 and Ek;ij ’s almost commute with B, and there is a unitary U
such that U ≈ 1 and AdU ◦ α(Ek;ij) = Ek;i+1,j+1 for i, j 6 Nk − 2. By applying
Lemma 3.5 to {Ek;ij} for each k, we obtain matrix units {eij}n−1

i,j=0 such that
‖α(eij)−eij‖ < ε, and [1]−n[e00] 6 ε[1]. In this way we obtain a central sequence
{el

ij | i, j = 0, . . . , n− 1} of matrix units such that

α(el
ij)− el

ij → 0,

[1]− n[el
00]

[1]
→ 0.

Applying Lemma 3.7 to the central sequences {el
00} and {f l} with f l = 1−

∑
i

el
ii,

we obtain a central sequence {vl} of partial isometries such that v∗l vl = f l, vlv
∗
l 6
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el
00, and α(vl) − vl → 0. Define w0 = f l and wi = ei−1,0vl for i > 1 and let
f l

ij = wiw
∗
j and gl

ij = el
i0(1 − f l

11)e
l
0j . Then {f l

ij}n
ij=0 and {gl

ij}
n−1
ij=0 form central

sequences of matrix units such that

α(f l
ij)− f l

ij → 0, α(gl
ij)− gl

ij → 0,
∑

i

f l
ii +

∑
i

gl
ii = 1.

Thus, sinceA ⊂ A×αZ, we obtain a central sequence {Bl} of unital C∗-subalgebras
of A×α Z such that Bl

∼= Mn⊕Mn+1, which implies that A×α Z is approximately
divisible.

Corollary 3.9. Let A be a unital simple AT algebra of real rank zero and
α an approximately inner automorphism of A. If α has the Rohlin property, then
A×α Z has real rank zero.

Proof. By the above proposition A ×α Z is approximately divisible. Note
that A and A×α Z are nuclear. By [1] we only have to show that the projections
in A ×α Z separate the space T = T (A ×α Z) of tracial states. Since α has the
Rohlin property and so αm is uniformly outer for any m > 0, it follows that all
the tracial states of A ×α Z are invariant under α̂ (4.3 of [17]). Hence A already
separates T . Since A has real rank zero, the projections in A separates T , which
completes the proof.

4. PROOF OF (iii)⇒ (i)

Let {An} be an increasing sequence of local algebras of A such that the union⋃
n
An is dense in A. We let An = An ⊗ C(T) and An =

Kn⊕
i=1

An,i where An,i’s

are full matrix algebras. Let zn be the canonical unitary of 1 ⊗ C(T) ⊂ An. We
assume that the inclusions An ⊂ An+1 are of standard form. In particular zn

is of the form a1 + a2zn+1 + a3z
∗
n+1, where ai ∈ An+1 and ‖ai‖ 6 1. For each

k ∈ N, n ∈ N, and ε > 0 we will choose projections

e1,0, . . . , e1,k−1; e2,0, . . . , e2,k

in A such that

(i)
∑
i

∑
j

eij = 1,

(ii) ‖α(eij)− ei,j+1‖ < ε,
(iii) eij ∈ A′n,
(iv)

∥∥ [eij , zn]
∥∥ < ε,
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where e1k = e10 and e2,k+1 = e20. The main problem different from the AF case
[16] is to handle the condition (iv).

We recall that τ is the unique tracial state of A.

Lemma 4.1. Let u be a unitary in A and ε > 0. Then there exist projections
e0, e1 in A and unitaries ui ∈ eiAei such that e0 + e1 = 1 and τ(e0) > 1 − ε,
‖u− u0 − u1‖ < ε, Spec (u0) is finite.

For the proof see e.g. [19], [9], [3].

Now we shall try to construct a set of projections satisfying the conditions
(i)–(iv). Note that we may replace the conditions (iii) and (iv) by the weaker
conditions:

ei0 ∈ A′n,
∥∥ [ei0, zn]

∥∥ < ε.

By the assumption the automorphism α̃ of R = πτ (A)′′, which is an AFD
type II1 factor, defined by α̃ ◦ πτ = πτ ◦ α, is aperiodic; hence by Connes ([7]),
α̃ satisfies the Rohlin property in the von Neumann algebra sense. Hence for any
l ∈ N there is a central sequence {Eνi | i = 0, . . . , l− 1} of families of projections
in R such that

l−1∑
i=0

Eνi = 1,

‖α̃(Eνi)− Eν i+1‖2 → 0 (as ν →∞),

where Eνl = Eν0 and ‖x‖2 = τ(x∗x)1/2, x ∈ R with τ the unique tracial state ofR.
Let n ∈ N. By Lemma 4.1 we choose a projection pn ∈ A ∩ A′n and partial

unitaries un, vn ∈ A ∩ A′n such that unu
∗
n = pn, vnv

∗
n = 1 − pn, τ(pn) > 1 −

1/n, ‖zn − un − vn‖ < 1/n, and Spec (un) is finite. Let Bn be the (abelian
finite-dimensional) C∗-subalgebra generated by un. Then we can find a projection
eν ∈ A such that eν ∈ A∩A′n(ν) ∩B

′
n(ν), eν 6 pn(ν), and ‖Eν − πτ (eν)‖2 → 0 for

some n(ν) with n(ν) →∞ as ν →∞. Then, since
∥∥ [eν , zn(ν)]

∥∥ < 2/n(ν), we have
that

∥∥ [eν , zn]
∥∥ → 0 as ν → ∞ for any n. Thus we can conclude that {eν} is a

central sequence in A, and that {αk(eν)} is also a central sequence for any k. Then
we find projections e(k)

ν , k = 0, 1, . . . , l− 1 in A such that e(k)
ν ∈ A′m(ν) ∩B

′
m(ν) for

some m(ν) with m(ν) →∞, and ‖e(k)
ν − αk(eν)‖ → 0 as ν →∞. Since∥∥∥e(0)ν

( l−1∑
k=1

e(k)
ν

)
e(0)ν − eν

( l−1∑
k=1

αk(eν)
)
eν

∥∥∥ → 0 and τ
(
eν

( l−1∑
k=1

αk(eν)
)
eν

)
→ 0

we obtain that εν = τ(xν) → 0 where

xν = e(0)ν

( l−1∑
k=1

e(k)
ν

)
e(0)ν ∈ e(0)ν A ∩A′m(ν) ∩B

′
m(ν)e

(0)
ν = Dm(ν).
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Define a continuous function g on R by

g(t) =


1 t > 1/4,
4t 0 < t < 1/4,
0 t 6 0;

and let aν j = g(j/4− xν/
√
εν) for j = 2, 3, 4. Then since aν4aν3 = aν3, aν3aν2 =

aν2, and Dm(ν) has real rank zero, we have a projection fν in Dm(ν) such that
aν4fν = fν and ‖fνaν2−aν2‖ → 0. (We approximate aν3 by a self-adjoint element
bν with finite spectrum in the closure of aν3Dm(ν)aν3 and then take the spectral
projection of bν corresponding to [1/2, 1].) Since x1/2

ν (1 − aν2)x
1/2
ν >

√
εν(e(0)ν −

aν2)/4 and τ(x1/2
ν (1− aν2)x

1/2
ν ) 6 εν , it follows that τ(aν2) → 1/l, which implies

that τ(fν) → 1/l as ν → ∞. Since ‖fνxνfν‖ 6 ‖aν4xνaν4‖ 6
√
εν , it follows

that ‖fνe
(k)
ν fν‖ <

√
εν for k = 1, . . . , l− 1, which implies that ‖fνα

k(fν)‖ → 0 for
k = 1, . . . , l − 1. Replacing fν by fνpm(ν), we still have that

τ(fν) → 1
l
, ‖fνα

k(fν)‖ → 0, k = 1, . . . , l − 1

as ν → ∞. Since fν 6 pm(ν), fν ∈ A′m(ν) ∩ B
′
m(ν) and m(ν) → ∞, we can

conclude that {fν} is a central sequence. Then for any sufficiently large ν we find
an automorphism αν of A by perturbing α by an inner automorphism such that
αk

ν(fν), k = 0, 1, . . . , l − 1, are mutually orthogonal and ‖αν − α‖ → 0.
As in the proof of Proposition 3.8 we obtain (by passing to a subsequence of

{fν}) a central sequence {Wν} of unitaries in A such that

AdW k
ν (fν) = αk

ν(fν), k = 0, . . . , l − 1,

αν(Wν)−Wν → 0.

Thus we find a central sequence {W k
ν fνW

−j
ν }l−1

k,j=0 of matrix units satisfying

αν(W k
ν fνW

−j
ν ) ≈W k+1

ν fνW
−j−1
ν

for k, j < l − 1. Then as in [16] for any k ∈ N we construct a central sequence
{emi | i = 0, . . . , k− 1} of Rohlin towers and a sequence {αm} of automorphisms:

αm(emi) = em,i+1, with emk = em0,

em =
k−1∑
i=0

emi is a projection,

τ(em) → 1,

‖αm − α‖ → 0,
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(by using central sequences of matrix units obtained above for various l). This is
the approximate Rohlin property; we have to show how to get the genuine Rohlin
property.

We use the method in [16] to derive the genuine Rohlin property. Note that
em0 is left invariant under αk

m and that αk
m|em0Aem0 has also the approximate

Rohlin property. In particular one finds, for any N ∈ N, projections fmj ; j =
1, . . . , N in em0Aem0 and automorphisms βm of em0Aem0 such that

fm =
∑

j

fmj is a projection,

τ(fm1) →
1
k
N,

βm(fmj) = fm,j+1, j < N,

‖βm − αk
m‖ → 0.

Since the order of the simple dimension group K0(A) is determined by the trace
τ (4.2 of [8]), we have that [1 − em]/[fm1] → 0. By Lemma 3.6 applied to {fm1}
and {1− em} we obtain a central sequence {vm} of partial isometries such that

v∗mvm = 1− em; vmv
∗
m 6 fm1.

Define a partial isometry Vm by

Vm =
1√
N

N−1∑
j=0

βj(vm).

Then the algebra generated by

αj
m(Vm), j = 0, . . . , k − 1

is an almost αm-invariant (k + 1)× (k + 1) matrix algebra and as m →∞ forms
a central sequence.

We apply the above procedure for a big multiple of k, say Mk, instead of k.
Then we obtain a central sequence Dn of almost α-invariant subalgebras which are
isomorphic to the (Mk+1) by (Mk+1) matrices. Then from the spectral property
for α restricted to each Dn, we can obtain projections g0, . . . , gk−1;h0, . . . , hk with
sum the identity of Dn such that {gi} and {hi} cyclically permute under α up to
the order of 1/M ([16]). Subtracting the identity of Dn from the original Rohlin
towers, we still obtain Mk projections which almost cyclically permute under α,
from which we obtain the Rohlin tower e0, . . . , ek−1 consisting of k projections.
Thus we obtain the Rohlin towers e0 + g0, . . . , ek−1 + gk−1; h0, . . . , hk with sum
the identity of A. This completes the proof; see [16], [17] for details.
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Note added in proof. I can now extend Theorem 2.1 for some (KK-trivial) ap-
proximately inner automorphisms α by adding another condition that A×α Z is a unital
simple AT algebra of real rank zero. See 6.4 of my paper Unbounded derivations in AT
algebras, which will appear in J. Funct. Anal.
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