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RELATIVE COHOMOLOGY OF BANACH ALGEBRAS
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ABSTRACT. Let A be a Banach algebra, not necessarily unital, and let B
be a closed subalgebra of A. We establish a connection between the Banach
cyclic cohomology group HC"(A) of A and the Banach B-relative cyclic co-
homology group HC%(A) of A. We prove that, for a Banach algebra A with
a bounded approximate identity and an amenable closed subalgebra B of A,
up to topological isomorphism, HC"(A) = HCE(A) for all n > 0. We also
establish a connection between the Banach simplicial or cyclic cohomology
groups of A and those of the quotient algebra A/I by an amenable closed
bi-ideal I. The results are applied to the calculation of these groups for cer-
tain operator algebras, including von Neumann algebras and joins of operator
algebras.
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Much interest has been attached in recent years to the computation of cyclic
(co)homo-logy groups; see [18] for many references. Most of the literature has
been devoted to the purely algebraic context, but there have also been papers
addressing the calculation of the Banach version of these groups for Banach al-
gebras, and in particular C*-algebras: see, for example, [2], [24] and [13]. There
is an effective tool for computing cyclic (co)homology: the Connes-Tsygan exact
sequence, which connects the cyclic (co)homology of many algebras with their
simplicial (co)homology. However, it remains the case that these groups can only
be calculated for a restricted range of algebras. The purpose of this paper is
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to describe a technique for the calculation of the Banach simplicial and cyclic
cohomology groups of Banach algebras, to establish the basic properties of this
technique and to apply it to some natural classes of algebras. The technique in-
volves, for a Banach algebra A, not necessarily unital, the notion of Banach cyclic
cohomology groups HC%(A) of A relative to a closed subalgebra B of A. This
concept was introduced and exploited by L. Kadison ([16]) in the algebraic theory.
We establish a connection between the Banach cyclic cohomology group HC™(A)
of A and the Banach B-relative cyclic cohomology group HC’;(A) of A. The key
result (Theorem 5.1) is that, for a Banach algebra A with a bounded approximate
identity and an amenable closed subalgebra B of A, HC"(A) = HC(A) for all
n > 0. With the aid of this theorem we show, for example, that if R is a von
Neumann algebra then, for each n > 0, HC"(R) is the direct sum of the cyclic
cohomologies HC"(Ry,) and HC™(Ryy,) of the finite von Neumann algebras Ry,
and Ripr, of types I and II appearing in the standard central direct summand de-
composition of R (Corollary 5.7). Another application is to A# B, the join of two
norm closed unital operator algebras A and B. We show that, for each n > 0,
HC"(A#B) = HC"(A) & HC"(B) (Proposition 5.8). In this paper equality of
cohomology groups means topological isomorphism of seminormed spaces.

In establishing the connection between the Banach cyclic cohomology groups
and the Banach relative cyclic cohomology groups of a Banach algebra A, we
need to know the connection between the Banach simplicial cohomology groups
H™(A, A*) of A and its relative analogue H%; (A, A*). Here A* is the dual Banach
space of A. In Section 2 we prove Theorem 2.6 that for a Banach algebra A,
an amenable closed subalgebra B of A and a dual A-bimodule M, H"(A, M) =
HE(A, M) for all n > 0. I am grateful to B.E. Johnson for suggesting that this
result should be true. In the special case of a Banach algebra A with an identity,
an amenable closed subalgebra B of A which contains the identity of A and a
unital dual A-bimodule M, the identical result was proved by different methods
by L. Kadison ([17]). E. Christensen and A.M. Sinclair in [3] used the same version
of relative Hochschild cohomology group for the computation of the Hochschild
cohomology groups of von Neumann algebras; see also [23].

In Section 4 we introduce the Banach relative cyclic cohomology of a Banach
algebra and show that the relative Connes-Tsygan exact sequence exists for a
Banach algebra with a bounded approximate identity. We do this using ideas of
A.Ya. Helemskii ([13]). In this section we also show the existence of morphisms
of certain Connes-Tsygan exact sequences.

The results of Section 2 allow us to find, in Section 3, a connection between
the cohomology groups of a Banach algebra A and those of a quotient algebra
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A/I by an amenable closed bi-ideal I. We prove (Theorem 3.1) that in this case,
for a dual A/I-bimodule M, H"(A,M) = H"(A/I, M) for all n > 0. Thus we
obtain, in Theorem 3.4, the following information about the Banach simplicial
cohomology groups: H™(A, A*) = H"(A/I,(A/I)*) for all n > 2 and amenable I.
A connection between the Banach cyclic cohomology groups of a Banach algebra
A and those of a quotient algebra A/I by an amenable closed bi-ideal I is given
in Theorem 5.4 of Section 5.

1. DEFINITIONS AND NOTATION

Let A be a Banach algebra, not necessarily unital, and let A, be the unitization
of A. We denote by e, the adjoined identity and by e an identity of A when it
exists.

We recall some notation and terminology used in the homological theory of
Banach algebras. Let A be a Banach algebra, not necessarily unital, and let X be a
Banach A-bimodule. We define an n-cochain to be a bounded n-linear operator of
Ax---x Ainto X and we denote the space of n-cochains by C™(A, X). For n =0
the space C%(A, X) is defined to be X. Let us consider the standard cohomological
complex

CA, X)) 0—C%Ax) 25 L ona,x) L oA X))

where the coboundary operator 6" is defined by

n

(6" f)ar, s ans1) = ar- flag,. - ansr) + Y (=1 fla1,.. - aiaisns - anga)

i=1
+ (—1)”+1f(a1, ceyQp) Qg

The kernel of 6™ in C™(A, X) is denoted by Z™(A, X) and its elements are called
n-cocycles. The image of §"~! in C"(A, X) (n > 1) is denoted by N"(A, X) and
its elements are called n-coboundaries. An easy computation yields 6"*1 0" =0,
n = 0. The nth cohomology group of C(A, X) is called the nth Banach cohomology
group of A with coefficients in X. It is denoted by H™(A, X). Thus H"(A, X) =
Z™(A,X)/N"™(A, X); it is a complete seminormed space.

Recall that a Banach A-bimodule M = (M,)*, where M, is a Banach A-
bimodule, is called dual. A Banach algebra A such that H'(A, M) = {0} for
all dual A-bimodules M is called amenable. A Banach algebra A such that
H (A, X) = {0} for all Banach A-bimodules X is called contractible.
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Now let D be a closed subalgebra of A. We denote by C7,(A, X) the closed

subspace of C"(A, X) of n-cochains p such that

plday,as,....an) =d-play,...,a,),

plat, ... a;—1,0;d,Giv1, 012, an) = plar, ..., a;—1,0;,da;i11,Giy2,. .., ap)

and

plai,as,...,and) = pla,...,an,) - d
for all ay,as,...,a, € A, d € D and 1 < i < n. These cochains we shall call
D-relative n-cochains. For n = 0 the space C% (A4, X) is defined to be Cenp X def
{reX| d-x=x-dforalld e D}.

Note that, for each p € C%L(A, X), 6"p is also an D-relative cochain. There-
fore there is a subcomplex in C(A, X) formed by the spaces C7(A, X). We de-
note this subcomplex by Cp(A4,X). The kernel of 6" in C}(A,X) is denoted
by Z}(A,X) and its elements are called D-relative n-cocycles. The image of
L O A X)) — CB (A, X) (n = 1) is denoted by N} (A, X) and its elements
are called D-relative n-coboundaries. The nth cohomology group of Cp(A4, X) is
called the n-dimensional Banach D-relative cohomology group of A with coeffi-
cients in X. It is denoted by H% (A, X). When D = Cey the subscript D is
unnecessary and we omit it.

Throughout the paper id denotes the identity operator. We denote the pro-
jective tensor product of Banach spaces by & and the projective tensor product of
left and right Banach A-bimodules by ®4 ([20]). Let E and F be Banach spaces.
The Banach space of bounded operators from E into F is denoted by B(E, F).
Instead of B(E, E) we write B(E).

2. RELATIVE COHOMOLOGY OF BANACH ALGEBRAS

We need a strengthening of Theorem 4.1 of [15] to prove the isomorphism
of the cohomology and the relative cohomology of a Banach algebra A for dual
A-bimodules.

PrOPOSITION 2.1. Let A be a Banach algebra, let B be an amenable closed
subalgebra of A, let M be a dual A-bimodule and let n > 1. Suppose p € C™(A, M)
is such that

") ar,. . ang1) = 0
if any one of ay,...,ans1 lies in B. Then there exists £ € C"1(A, M) such that
(p— 0" (ar,...,a,) =0

if any one of ay,...,ay lies in B.

Proof. Is the same as that of Theorem 4.1 of [15]. &



RELATIVE COHOMOLOGY OF BANACH ALGEBRAS 27

The following is essentially Lemma 4.1 of [21], but with a weakening of the
hypothesis.

LEMMA 2.2. Let A be a Banach algebra, let B be a closed subalgebra of A,
let X be a Banach A-bimodule and let n > 1. Suppose p € C"(A, X) is such that

((5”/))(0'17 oo 7a’n+1) =0

if any one of ay,...,a,41 lies in B and

plai,...,a,) =0

if any one of a1, ..., a, liesin B. Then p € CE(A, X).
Proof. Is the same as that of Lemma 4.1 of [21]. 1

COROLLARY 2.3. Let A be a Banach algebra, let B be an amenable closed
subalgebra of A, let M be a dual A-bimodule and letn > 1. Suppose p € Z™(A, M).
Then there exists £ € C"1(A, M) such that

(p—06""1)(a1,...,an) =0

if any one of ay,...,ay lies in B. Moreover (p — 6"~ 1€) € ZB%(A, M).

PROPOSITION 2.4. Let A be a Banach algebra, let B be a closed subalgebra
of A with a bounded approzimate identity e,,v € A, let M = (M,)* be a dual
A-bimodule and let n > 1. Suppose p € C%(A, M) is such that

(2.1) (6"p)(a,...,ant1) =0
if any one of a1, ...,any1 lies in B. Then there exists g € C'g_l(A7 M) such that
(p—0""tB)(a1,...,a,) =0

if any one of ay,...,a, lies in B.

Proof. For n =1, by assumption, for each b € B and v € A,
0= (8"p)(es,b) = ey - p(b) — plesd) + ple,) -b = p(e,) - b,
since p € C5(A, M) and e, € B. So we obtain
p(b) = 1il{n pleyd) = liin pley)-b=0.

Hence we can take £ = 0.
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For n > 1, we construct, inductively on k, &1,...,&; in Cgfl(A,M) such
that
(p— 0"t (ar,...,a,) =0
if any one of aq,...,ax lies in B for 1 < k < n. The conclusion of the proposition
then follows, with £ = &,,.
To construct &, we consider g, € C"~1(A, M) given by

gu(ar,...,an_1) = pley,ar, ..., an_1),

for ai,...,a,—1 € A and v € A. Since the Banach space C"~1(A, M) is the dual
space of A® ---®ARM,, for the bounded net ¢,,v € A, there exists a subnet
Gy, b € A, which weak* converges to some cochain g € C"~!(A, M). It is routine
to check that g € C (A, M).

By assumption, for each b € B and v € A,

0= 5np(€l/7b7 az, ... 7a'fb)
=e, plbyas,...;a,) — pleybas, ... a,) + pley,bag, ... an)

n—1
+ Z(_l)i+1p(evab7 az, ... 7aiai+17 L 7an)
=2

22) + (=1)"p(e,,b,az,...an_1) - an
n—1
= pley,bag,...,a,) + Z(—l)”lp(ey, byag, ..., Q41 .., 0p)
i=2
+ (=D p(e,,byaz, ... an_1) - ap.
Thus

p(b7a27~ . ';an) - 5nilg(b7a2,~ B 7a’n.)
=p(b,as,...,an) —b-glas,...,an)+ g(bas, ..., ay)

n—1
+ Z(_1)7+1g(b7 A2y ooy AjQj41, - - - 7an) + (_1)ﬂ+1g(b, az,, ... 7011'7,—1) *Qp
=2
= p(b,asa,...,an) —liﬁnb~p(eu,a2,...,an)
n—1
+ h/in |:p<eu7 ba27 s 7an) + Z(—l)""lp(em ba A2y AiAj41s - - - >an)
=2

+ (71)”“;)(6#, byag,...,an—1)" an]

The first two terms cancel, and the remaining ones add up to zero by (2.2). This
proves the existence of a suitable cochain & = g.
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Suppose now that 1 < k < n, and a suitable cochain &, € Cgfl(A, M) has
been constructed. With p — §"~1¢, € C(A, M) denoted by o,

(2.3) o(ay,...,an) =0

if any one of ay,...,ax lies in B. In order to continue the inductive process (and
so complete the proof of the theorem), it suffices to construct ¢ in Cg‘fl(A, M)
such that o — 6"~ 1¢ vanishes whenever any one of its first k + 1 arguments lies in
B. For then we have p—3d""1(& +() = 0 — " 1(, and we may take &4 1 = & +C.
To this end, we consider g, € C""1(A, M) given by

guar, ... an_1) =0(a1,..., 0k, €y, Aft1y .-, an-1),

for aj,...,a,—1 € A and v € A. By the same arguments as in the case k = 1,
there exists a subnet g, € A’, which weak* converges to some cochain g €
O™~ 1 (A, M). Tt can be checked that g € C5~'(A, M) and

(2.4) glar,...,ap—1) =0

if any one of ay,...,ax lies in B.

In view of the assumption (2.1), for any b € B and v € A,

6710.(0/1’ s Ak, €y, b7a7€+27 RN an)
=(0"p— (6" 06" ) (&) a1, ..., ak, v, b, apio,. .., a,) = 0.

Hence by the coboundary formula,

0=10"0(a1,...,ak, ey, b, ak12,...,a,) = a1 -o(ag,...,ak, ey, b, akr2,...,a05)
Z i
+ (_1) 0(a17"'7aiai+17"'aakael/7b7a’k+27"'7an)

olay,...,axey,b, a2, ..., 0n)

i

+ (=1%o (a1

+ (- 1)k+10(a1,...,ak,eyb,akﬁ,...,an)

+ (=) o(a,...,ak, ey, bakia, ..., a,)
1

+ (_1)i+10.(a1, sy Ok el/7b7 Ak+25 - Aiit 1, -+ an)

n+1
+ _1) a(a17~'~7akaeu7baak+27~-~7an—1)'an-
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By the inductive hypothesis (2.3) the first two terms vanish, and since o €
C%(A, M), the third and fourth cancel. Thus

0= (—1)k+20(a1, cey gy ey, bagga, ... an)
n—1
(25) + Z (—1)’+10(a1, ceey A, 61,7[)7 Af42y ooy Qg 1y ..y an)
i=k-+2
+ (=D"o(ar,...,an, e, b, arr,. .. an_1) - Q.

Now consider

(U—(—1)k5"*19)(a1,..‘,ak,b,ak“,...,an) =o(a,...,ak,b,ak12,...,a,)
+ (—1)k+1a1 ~g(ag,...,ag,b,ak12,...,0,)
k—1
+Z(_l)l+k+1g(a1a'"7aiai+17'"7akvb7ak+27~'7an)
i=1
—g(ay,...,agb,agy2,...,an) +g(ar, ..., ak,bagsa, ..., a,)

n—1
i+k+1
+ Z (_1)Z+ + g(a17"'7akvb7ak+27"’7aiai+17"'7an)
i=k+2

+ (=D g(ar, ... apg, b apro, ... Q1) - Gn.
By (2.4), the second and third terms vanish. So, by definition of g, we have
(0 — (=1)k6"g)(ay,. .. ,ar,b,arsa, ... an)

=o(a1,...,ak,b,ax12,...,0n) —lilgno(al,...,akb,eu,ak+27...,an)

+ (_l)k li;n[(_l)k+20.(a’17 s Ak, €,y bak+2a s 7a'n)

n—1
E i+1
+ (_1)1 U(a'17~-'7ak7eu7b7a‘k+27"'aaia/i-‘rl;"'aan)
i=k+2

+ (=1)""o(as,. .., a, €us by A2, ooy A1) - Gp).
The first two terms cancel, and the remaining ones add up to zero by (2.5). This
shows that, if ¢ = (—1)¥g, then (0 —6""1()(a1,...,a,) vanishes when its (k+1)th
argument lies in B. When a; = b € B for some i,1 < i < k, by the inductive
hypothesis (2.3) and (2.4), we obtain

(0 — (=D 6" g)(a1,...,b,...,a,)
= (1) g(ar, ..., ai1b,aigy, - an)+ ) g(an, g, b, an)

0,

since g € O *(A,M). Thus (¢ — 6" '(¢)(a1,...,a,) vanishes when any of its
first k 4+ 1 arguments lies in B. As noted above, this completes the proof of the
proposition. 1
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PROPOSITION 2.5. Let A be a Banach algebra, let B be an amenable closed
subalgebra of A, let M be a dual A-bimodule and let n > 1. Suppose p € CE(A, M)
NN"(A, M). Then there exists £ € Cly (A, M) such that

571—1&- =p.

Proof. For n = 1, by Proposition 2.4, there exists {5 € C%(A, M) = Ceng M
such that
(p—08°p)(a1) =0

if a; € B. By assumption, there exists & € C°(A, M) = M such that p = §°¢;.
Hence

(p—8°€p)(a1) = (6°61 — 8°¢p)(a1) = 8° (& — €B)(a1)
=ar1-(§1—¢p)—(&1—E&p) a1 =0
if a; € B. This implies §; —&p € Cenp M, and so & € CenpM.
For n > 2, by Proposition 2.4, there exists {g € Cgfl(A, M) such that
(p—06""Y¢p)(a1,...,a,) =0
if any one of aq,...,a, lies in B, and by Lemma 2.2, pp def (p— " 1p) €
C%(A, M). By assumption, there exists £&; € C"1(A, M) such that p = §"1&.
Hence
pp=p—0""tep=0""1¢ — " =" (& — €B).

Further, n def & — &g satisfies the assumption of Proposition 2.1, and so there
exists 3 € C"~2(A, M) such that

ne(ai,...,an-1) def (n—é"fg/@)(al,...,an,l) =0

if any one of ay,...,a,_1 lies in B. Therefore
pp =08""H& —€p) = 8" In=0"" (np +8"77B) = 6" Inp.
By Lemma 2.2, np € Cgfl(A, M); this implies
p=pp+08"p=0""np+8""p=0"""(np +¢p)

and so, for € =ng +&p € Cg_l(A,M), we have " 1 =p. 1

As was said in the introduction, the following result is based on a communi-
cation of B.E. Johnson.
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THEOREM 2.6. Let A be a Banach algebra, let B be an amenable closed
subalgebra of A and let M be a dual A-bimodule. Then

H' (A, M) =Hy(A, M)
for allm > 0.
Proof. The inclusion morphism of cochain objects C%(A, M) — C"(A, M)
induces a morphism of complexes Cp(A, M) — C(A, M) and hence morphisms
Fn: HE(A, M) — H" (A, M)

given, for each p € ZZ(A, M), by Fp(p+ NE(A,M)) = p+ N"(A, M) (see, for
example, [11], Section 0.5.3).

For n = 0 we have H% (A, M) = H°(A, M) = Cen 4(M). In the case where
n 2 1, the morphism F,, is injective by Proposition 2.5 and surjective by Corol-
lary 2.3. Hence, by Lemma 0.5.9 of [11], F, is a topological isomorphism. 1

In the particular case when A is a unital C*-algebra, B is the C*-algebra
generated by an amenable group of unitaries and M is a dual normal A-bimodule,
the statement of Theorem 2.6 is given in Theorem 3.2.7 of [23].

THEOREM 2.7. Let A be a Banach algebra, let B be a contractible closed
subalgebra of A and let X be a Banach A-bimodule. Then

H' (A, X) =HE(A X)

for alln > 0.

Proof. 1t requires only minor modifications of that of Theorem 2.6, since
H(A, X) = {0} for all Banach A-bimodules X and B has an identity (see [12]). &

PROPOSITION 2.8. Let A; be a Banach algebra with identity e;, i = 1,...,m,
let A be the Banach algebra direct sum @ A; with some norm || - ||a such that

i=1

|14 s equivalent to ||-||a, on Ai, 1 < i < m, and let X be a Banach A-bimodule.
Then the canonical projections from A to A;, i = 1,...,m, induce a topological

isomorphism of complexes Cp(A,eXe) — @ C(A;,e;Xe;), where B is the Banach
i=1
subalgebra of A generated by {e;,i =1,...,m}. Hence

H™(A,X) = EPH"(Ai e Xe;)
i=1

forallm > 1. If X is unital, then we have also

m
HO(A, X) = @HO(AZ, eiXei).
i=1
(Here e;Xe; = {e; - x - e;,x € X} is a Banach A-bimodule and e = Y ¢;.)
i=1
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Proof. For n =0 it can be checked that

C%(A,eXe) = Ceng(eXe) = @(eiXei) = @C’O(Ai,eiXei).

=1 =1

Forn > 1 and p € C}(A,eXe), we have
m m
P(ah .. -7an) = P(Zawz‘,az, .- ~7an) = Zei 'p(a16i>a2€i7~~~7anei) T €4
i=1 i=1

for ai,...,a, € A. We define cochain maps from C% (A, eXe) to @ C™(A;,e; Xe;)

=1
and back by
jn:p_) (p17~-~7pm)
where p;(at,...,al) = p(a},...,a%) forat,...,al € A; and for i =1,...,m, and
gn : (plv'-'7pm) - P
m
is given by p(a1,...,an) = > pi(aie;,aze;, ..., ane;) for ay,...,a, € A.

i=1
It is clear that J, o G, = id, G, o J,, = id and the maps 7, and G, are

bounded. It is routine to check that collections of {7,} and {G,} are mor-
phisms of cochain complexes. Thus there is a topological isomorhism of complexes

Cp(A,eXe) — @ C(A;,e;Xe;), and so, for all n > 0,
i=1

HE (A eXe) = PH (A, eiXey).
i=1
Note that B = € Ce; is contractible. Hence, by Theorem 2.7, H"(A,eXe) =
i=1
H%(A,eXe) for all n > 0, and by [14], H" (A, X) = H"(A,eXe) for all n > 1. The
result now follows directly. 1

PROPOSITION 2.9. Let R be a von Neumann algebra, let
R =Ri; ® Ri, ® R, ® Rir.. ® Rin

be the central direct summand decomposition of R into von Neumann algebras
of types It (finite), 1o, Iy, Iy, III with the identity e of R decomposing as
e=e ®er, Dem Pern, dem ([22], Section 2.2), and let X be a Banach R-
bimodule. Then
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(i) for alln > 1,

H™ (R, X) =H" (le, BIfX(BIf) o H" (Rloo s eIooXelac)
® H" (R, em, Xer, ) @ H"(Ru, en.. Xern, ) ® H" (Rur, emn X er);

(i) in particular, for alln >0,
H" (R7 R*) =H" (le’ Rikf) S H" (th ) Rfll )

Proof. Part (i) follows from Proposition 2.8. In part (ii) we apply (i) to the
unital Banach R-bimodule X = R*. By Proposition 2.2.4 of [22], for a properly
infinite von Neumann algebra U there exists a sequence (p,,) of mutually orthog-
onal, equivalent projections in U with p,, ~ e. Thus, by Theorem 2.1 of [5],
each hermitian element of U is the sum of five commutators. Hence there are no
non-zero bounded traces on Y. Thus, by virtue of Corollary 3.3 of [2], for a von
Neumann algebra U of one of the types I, 1o, or III, the simplicial cohomology
groups H"(U,U*) = {0} for alln > 0.

REMARK 2.10. As for finite von Neumann algebras of type I, by [22], The-
orem 2.3.2, they are the [.-direct sum of type I,, von Neumann algebras Rj,,,
where m < oo. By Theorem 2.3.3 and results of Section 1.22 of [22], Ry, is -
isomorphic to the C*-tensor product Z Q) B(H), where Z is the centre of Rp

min

and dim(H) = m. Hence, by Theorem 7.9 of [14], finite von Neumann algebras

m

R1,, of type I,,, are amenable, and so their simplicial cohomology groups vanish
H"(Ri,,,Ri ) = {0} for all n > 1. It is still not clear to the author whether
H™(Ry,, Ry,) = {0} for all n > 2.

Note that the statement of Proposition 2.9 (i) is proved in [23], Corol-
lary 3.3.8, for the particular case of a dual normal R-bimodule X.

Now let us consider two unital Banach algebras A; and As, a unital Banach
Aq-As-bimodule Y, and the natural triangular matrix algebra

T

0 A2 Y A2
with matrix multiplication and some norm || - ||y such that || - ||/ is equivalent to
|| “1la; on A;; 1 <4< 2, and to || - ||y on Y. For example,

= [lrillay + ll72llas + llylly-
u

1 Yy
0 T2

0 0 o
Let e;;, © = 1,2, denote the idempotents e;; = e and egg =
0 O 0 ea,

respectively; and let e = e11 + es2. Let us also consider the Banach subalgebra B
of U generated by {e;,i = 1,2}.
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Now we shall give examples of operators algebras of such form. Let A and B
be norm closed unital subalgebras of B(H) and B(K), where H and K are Hilbert
spaces. Then the join of A and B, denoted by A#B, is the operator algebra on
H & K consisting of operators represented by block-matrixes

o)

where a € A, b€ B and u € B(H, K) (see [6]). It is easy to see that

0 0 b 0
. =lala ||y o
alllaxB

Il o

ProroSITION 2.11. Let Ay and Ag be unital Banach algebras, let Y be a
unital Banach A1-As-bimodule, let

= [|bl|5
A#B

and

= ||“HB(H,K)-
A#B

u=|" Y tively, t=|" 0
= respectively, =
0 A peeteety Y A
be the natural triangular matriz algebra with some norm || - |l such that || - |y
is equivalent to || - ||la, on A;, 1 < i< 2, and to || ||y onY, and let X be a

Banach U-bimodule. Suppose that e11Xeas = {0} or ey1ldess = {0} (respectively,
esnXeyr = {0} or exxlleyy = {0}). Then the two canonical projections from U
to Ay and to Ay induce a topological isomorphism of complexes Cp(U,eXe) —

2
C(A;,e;i Xe;;) and hence
=1

K3

H"(U, X) - H"(Al, 611X€11) D Hn(A27 622X€22)
for allm > 1. If X is unital, then we have also

HO(Z/{,X) = HO(Al, 611X€11) D HO(AQ, 622X€22).

Proof. We give a proof for the upper triangular form of /. For the lower

triangular case the proof requires insignificant changes.
1

0 T2
and egaa = egaaeqy. For n = 0, it can be checked that

One can see that, for a = , we have ae;; = ejiaerr, essaeq; = 0

2 2
C%(U,eXe) = Cen p(eXe) = @(eiiXe“-) = @C’O(Ai,eiiXeii).

i=1 =1
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Forn > 1 and p € CR{(U,eXe), we have

plai,...,an) = (e11 + e22) - pla1, az, ..., a,) - (e11 + e22)

=ey1 - plar,as,...,a,) - e11 +e11-plag,as, ... a,) - e
+ €99 - p(al,ag, R an) ce11 + ean - p(a1, as, ..., an) ©€99.
Note that
ez2 - plai, az,...,a,) €11 = ez - pleear, ag, ..., ane11) - €11
= €22 P(€22111€11, €1102€11, ..., 611Gn€11) ~e1n =0,
since egzaie1; = 0. As to the term eyq - p(ay,asg,...,ay) - €22, it is obvious that

it is equal to 0, when ej; Xeqss = {0}. If the other condition is satisfied, that is,
e11lless = {0}, we have the following:

€11 p(al,a2, BRI ¢ 7% ) €22 = €11 * pl€11a1,02, ... ,anegg) * €22

= e11 - plenarern +er1aien, ag,. .., anean) - €22
P(611a1611, €1102€11 + €11G2€22, . . . 7an622) $ €22

=e1 - plenaiern, eriazen, ..., €11ane22) - €22 = 0.
Thus

P(al, ceey an) = €11 0(611616117 €1102€11, .. -, 611Gn€11) t€11

+ €22 - p(e22a1€22, €22a2€22, . . ., €220 €22) - €22,

for ag,...,a, € A.
We define cochain maps from C%U,eXe) to C"(A,ennXenn) @
C"™(As, 20X e92) and back by

Ly :p— (p1,p2)

1 1
1 N ry 0 ry, 0
pl(rl,...,rn)—p<[0 O]"”’{O 0})
0 O 0 0
=) 2o [0 %)

for ri,...,rl € A;,i = 1,2, and

where

and

Gn: (p1,p2) — p

2
by p(al, ey an) = Z €4 * pi(eiialeii, ey e“aneii) * €44 fOI' ai,...,0n € A
i=1
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It is clear that £, o G, = id, G, o £L,, = id and the maps £, and G, are
bounded. It is routine to check that collections of {£,} and {G,} are morphisms
of cochain complexes. Thus

2
HE (U, eXe) = @ H"(Ai, eii X ei).

i=1
2
Note that B = € Ce;; is contractible. Hence, by Theorem 2.7, H™(U,eXe) =
i=1
H% (U, eXe) for all n > 0; and by [14], H™(U, X) = H"(U,eXe) for all n > 1. The
result now follows directly. 1

COROLLARY 2.12. Let Ay, A and U be as in Proposition 2.11. Then
H™(U,U™) = H" (A1, AT) © H" (A2, A3)

for alln > 0.

Note that in particular Corollary 2.12 applies whenever U is the join A1# Az

of two unital operators algebras A; and As.

Proof. We apply Proposition 2.11 to the unital Banach U-bimodule X = U*.
It can be checked that we have e11 Xeqs = {0} for the upper triangular form of U
(respectively, eaaXe1; = {0} for the lower triangular form of U). 1

The same assertion in a purely algebraic context was proved by L. Kadison
in [16].

3. THE CONNECTION BETWEEN THE COHOMOLOGIES OF A AND A/I

Recall Proposition 5.1 of [14] that a quotient algebra of an amenable algebra is
amenable, and that an extension of an amenable algebra by an amenable bi-ideal
is an amenable algebra (this can also be found in Corollary 35 and Proposition 39
of [10]). The following theorem gives some additional information about the coho-
mology of Banach algebras A and A/I without the assumption that A be amenable.

THEOREM 3.1. Let A be a Banach algebra and let I be a closed two-sided
ideal of A. Suppose that I is an amenable Banach algebra and M is a dual A/I-
bimodule. Then

H'(A, M) =H"(A/I,M)

for alln > 0.
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Proof. For n = 0 we have H°(A, M) = H°(A/I, M) = Ceny,;(M). In the
case where n > 1, the inclusion morphism of cochain objects C™(A/I, M) —
C"™(A, M) induces a morphism of complexes C(A/I, M) — C(A, M) and hence
morphisms

Lo H(A/I, M) — H"(A, M)

given, for each p € Z"(A/I, M), by
En(b\+Nn(A/IaM)) =p+ N"(4, M),

where p(a,...,a,) = p(6(a1),...,0(ay)) and 6 : A — A/I is the natural epimor-
phism. It is straightforward to check that if p = 5”’1gf0r some fAG C"YA/I, M)
then p = 6"~1¢ where £(aq, . .., an_1) = &(0(ar), . ..,0(an_1)).

By Corollary 2.3, for n € Z™"(A, M), there exists £ € C"~1(A, M) such that

(n—0"")(a1,...,a,) =0

if any one of a1, ..., a, lies in I. We can therefore define

def _ ~ def
w6 and Ar(a 4L an+ 1) S (e, a0).

Hence for each nn € Z™(A, M) there exists j; € Z™(A/I, M) such that
Ly (7 + N"(A/I,M)) =n+ N"(A, M),

and so L,, is surjective.

Let L, (p+ N"(A/I,M)) = 0, that is, p(a1,...,a,) = p(6(a1),...,0(an)) €
N™(A,M). This implies that there is 8 € C""1(A, M) such that p = 6"~ 1.
Further, § satisfies the assumption of Proposition 2.1, and so there exists a €
C"=2(A, M) such that

(B—6"2a)(ay,...,an_1) =0

. . . def
if any one of a1,...,a,_1 lies in I. We can define §; =

p=06""13 = §""13;. Therefore p = 6""13;, where

B — 6" 2a and see that

EI(al +1,...;a,+1) def Br(at,...,an).

This proves the injectivity of £,,. Hence, by Lemma 0.5.9 of [11], £,, is a topological
isomorphism. 1
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PROPOSITION 3.2. Let A be a Banach algebra and let I be a closed two-sided
ideal of A. Suppose that I has a bounded approzimate identity. Then HY(A,I*) =
CenrI* and

Hi (A, 17) = {0}
foralln > 1.

Proof. Let us consider the Banach space C} (A, I*) which is isometrically iso-
morphic to the Banach space ;hi(A®; --- ®;A, I*) of all Banach I-bimodule mor-
phisms from A®; - - - ®;A into I*. The latter Banach space is isometrically isomor-
phic to Ceny(A®y --- @7A®rI)* by Proposition VI1.2.17 of [11]. By virtue of the
assumption, I has a bounded approximate identity, and so Proposition I1.3.13 of
[11] gives us an isomophism of Banach I-bimodules AR ®;A®;I = I. There-

fore, there exists an isometric isomorphism of Banach spaces
Fn: CPH(AT") — CenyI*

for all n > 0.

Now it is routine to check that the diagram

50 sn

0 — CYATY) — - — CHATY) — C?JFI(A,I*) —
Fo Fn Frnt1
| ) | i |
0 — Cen;I* — -+ — CenjI* — CenyI* — ey

is commutative, where n™(f) = 0 for all even n and n™(f) = f for all odd n. The
cohomology of the upper complex is, by definition, H}(A,I*). Thus the result

now follows directly. 1

COROLLARY 3.3. Let A be a Banach algebra and let I be a closed two-sided
ideal of A. Suppose that I is an amenable Banach algebra. Then H°(A,I*) =
CenyI* and

H"(A, I7) = {0}
for alln > 1.

Proof. By Theorem 2.6, H"(A,I*) = H}(A,I*) for all n > 0. Hence the

result follows from Proposition 3.2. 1



40 ZINAIDA A. LYKOVA

THEOREM 3.4. Let A be a Banach algebra and let I be a closed two-sided
ideal of A. Suppose that I is an amenable Banach algebra. Then

(i)
H™ (A, A™) = H"(A/1, (A/T)7)

for all n > 2, and the natural map from H'(A/I,(A/I)*) into H'(A, A*) is sur-
jective;
(ii) if CenyI* = {0} then

H™ (A, A") = H"(A/1, (A/T)")
for alln > 0.
Proof. We consider the short exact sequence of Banach A-bimodules
(T) 0 A/T L A T,

where ¢ and j are the natural embedding and quotient mapping respectively, and

its dual complex
(T*) 0— (A/1)" 25 4* 51—,

By virtue of its amenability, I has a bounded approximate identity and so
the complex (Z*) is admissible. Hence, by Corollary II1.4.11 of [11], there exists a

long exact sequence

0 —H(A, (A/I)*) — H(A, A%) — HO(A, I*) — H (A, (A)T)*) — H (A, A¥)
s SHTTHA T — HY (A (A)D)*) — HY(AAY) — HY (A TF) — -

Recall that, by Corollary 3.3, H™(A, I*) = {0} for all n > 1. Thus H"(A, (4/1)*)
=H"(A, A*) (see Lemma 0.5.9 of [11]) for all n > 2. Therefore, by Theorem 3.1,

H"(A/L(A/D)7) = H"(A, (A/1)7) = H" (A, A7)

foralln>2. 1
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Note that Cenyg A* coincides with the space A™ = {f € A* | f(ab) = f(ba)
for all a,b € A} of continuous traces on A.

Theorem 3.4 applies whenever I is a nuclear C*-algebra. Other examples
are given by the Banach algebra A = B(FE) of all bounded operators on a Banach
space E with the property (A), which was defined in [7], and the closed ideal
I = K(E) of compact operators on E. In this case K(E) is amenable ([7]). The
property (A) implies that IC(F) contains a bounded sequence of projections of
unbounded finite rank, and from this it is easy to show (via embedding of ma-
trix algebras) that there is no non-zero bounded trace on K(E). Thus we can
see from Theorem 3.4 (ii) that, for a Banach space E with the property (A),
H"(B(E),B(E)*) =H"(B(E)/K(E), (B(E)/K(E))*) for all n > 0. Several classes
of Banach spaces have the property (A): I,; 1 < p < oo; C(K), where K is a
compact Hausdorff space; L,(, 1); 1 < p < oo, where ({2, 1) is a measure space
(for details and more examples see [14] and [7]).

In the case of C*-algebras, we know that the Banach simplicial cohomology
groups vanish for C*-algebras without non-zero bounded traces [2], Corollary 3.3.
Therefore, for an infinite-dimensional Hilbert space H, we obtain

H"(B(H)/K(H),(B(H)/K(H))") =H"(B(H), B(H)") = {0}

for all n > 0, since K(H)"™ = {0} by [1], Theorem 2 and B(H)" = {0} by [9]. One
can also see directly that the Calkin algebra has no non-zero bounded trace, and
hence has trivial Banach simplicial cohomology.

Recall from [4], Sections 4.2, 4.3, that a C*-algebra A is called CCR (or
liminary) if 7(A) = K(H) for each irreducible representation (m, H) of A. A C*-
algebra A is called GCR (or postliminary) if each non-zero quotient of A has a non-
zero closed two-sided CCR-ideal. Finally we say that A is NGCR, (or antiliminary)
if it contains no non-zero closed two-sided CCR-ideal. By [4], Propositions 4.3.3
and 4.3.6, each C*-algebra A has a largest closed two-sided GCR-ideal I, and
A/I, is NGCR. The following result allow us to reduce the computation of the
simplicial cohomology groups of C*-algebras to the case of NGCR~algebras.

ProrOSITION 3.5. Let A be a C*-algebra. Then
HY (A, A*) = H"(A/ I, (A/1,)7)
foralln > 1.

Proof. By [8], Corollary 4.2, H'(A, A*) = {0} for every C*-algebra A. By
Theorem 7.9 of [14], I, is amenable. Thus the result directly follows from Theo-
rem 3.4 (i). 1
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4. THE EXISTENCE OF THE CONNES-TSYGAN EXACT SEQUENCE

Let A be a Banach algebra, not necessarily unital, and let D be a closed
subalgebra of A, . In this section we introduce the Banach version of the concept
of D-relative cyclic cohomology HCT(A) (compare with [16]). We also show that
the D-relative Connes-Tsygan exact sequence exists for every Banach algebra A
with a bounded approximate identity. This is accomplished with the aid of ideas
from [13].

When D = Cey the subscript D is unnecessary and we omit it. We denote
by C}(A), n=0,1,..., the Banach space of continuous (n + 1)-linear functionals
on A such that

f(dag,as,...,a,) = f(ag,a1,...,a,d)

and, for j =0,1,...,n—1,

f(a07...,ajd,aj+1,...7an) = f(ao,...,aj,daj+1,...7an)

for all d € D and ag,...,a, € A; these functionals we shall call D-relative
n-cochains. We let

t, : CH(A) - CH(4), n=0,1,...
denote the operator given by
t’nf(a07 ag, ... 7an) = (_1)nf(a17 .o 7a’n7a0)7

and we set tg = id. The important point is that ¢, f is a D-relative cochain since

tnf(dag,ay,...,an) = (=1)"f(a1,...,an,dag)

(71)nf(a17 cee ,CLnd, aO) = tnf<a07 cee 7and)

and the other identities follow just as readily. A cochain f € CP(A) satisfying
tof = f is called cyclic. We let CCP(A) denote the closed subspace of C7,(A)
formed by the cyclic cochains. In particular,

CCY%(A) = C%(A) = CenpA* = {f € A* | f(da) = f(ad) for all a € A, d € D}.
From the D-relative cochains we form the standard cohomology complex Cp(A):

00 L om) 2L o) —
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where the continuous operator 6" is given by the formula
n
(5 f)(a()a a1,.-.., a‘n-‘,—l)

= Z(*l)if(ao; Qi@ s Ang) (*1)n+1f(an+1aoa ey @n).
i=0

One can easily check that 6”1 o 6™ is indeed 0 for all n and that each §"f is
again a D-relative cochain. It is not difficult to verify that every 6™ sends a cyclic
cochain again to a cyclic one. Therefore there is a subcomplex in C, p(A) formed by
the spaces CCP,(A). We denote this subcomplex by cCp (A), and its differentials

are denoted by
5c™ : COPB(A) — CCE(A).

Note that Cp(A) is a subcomplex of C(A) and CCp(A) is a subcomplex of
CC(A) respectively.

DEFINITION 4.1. The nth cohomology of Cp(A), denoted by H7(A), is
called the nth Banach D-relative simplicial, or Hochschild, cohomology group of

the Banach algebra A. The nth cohomology of CCp (4), denoted by HC',(A), is
called the nth Banach D-relative cyclic cohomology group of A.

Note that, by definition, 6¢® = §°, so that HC%(A) = HY(A) coincides with
the space A" = {f € A* | f(ab) = f(ba) for all a,b € A}. We define HC,'(A) to
be {0}.

REMARK 4.2. The canonical identification of (n 4 1)-linear functionals on
A and n-linear operators from A to A* shows that H(A) is just another way of
writing H7 (A, A*).

Further, we need the following complex CR p(A):

570

00— C%(A) 25 o on(A) I8 ontiA) — -

where the continuous operator ér" is given by the formula

n

((57“”]“)(0,0,0,1, ey an+1) = Z(—l)if(ao, ey QA4 1y ey an+1).

=0

The nth cohomology of CRp(A) is denoted by HRY,(A).
Following [13] we consider the sequence

0 — CCp(A) —= Cn(A) M CRp(A) 2 CCh(A) — 0
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of complexes in the category of Banach spaces and continuous operators, where i
denotes the natural inclusion

M, =id —t, : CL(A) — CL(A)
and
Ny =id +t, + -+ 17 : CB(A) — COB(A).

PROPOSITION 4.3. Let A be a Banach algebra and let D be a closed subal-
gebra of A. Then the sequence

0 — CCp(A) - Cn(A) M CRp(A) s CCp(A) — 0
18 exact.

The proof is the same as that of Proposition 4 of [13]. 1

PROPOSITION 4.4. Let A be a Banach algebra and let D be a closed sub-
algebra of Ay. Suppose that A has a left or right bounded approrimate identity
ev,v € A, such that, for any d € DN A, limde, = lime,d. Then HR},(A) = {0}
for alln > 0. ' ’

Proof. Let e,,v € A, be aleft bounded approximate identity. For f € C7,(A)
we define g, € C""1(A) by

g,,(ao, B an71) = f(ew ag, - - - aan—l),

for ag,...,a,_1 € Aand v € A. Since the Banach space C"~!(A) is the dual space
of A®---®A, for the bounded net g,,v € A, there exists a subnet G, it € N,
which weak* converges to some cochain g € C""!(A). It can be checked that
g€ CEHA).

For each f € C}(A) such that §r™(f) = 0 and for each v € A,

0= 5Tnf(6wa07 .- 'aan)

(4.1) ol
= f(el/a()valv ey a’n) + Z(_l)H—lf(elM AQy e v vy Qg 1y e v vy an)~
=0

Thus we obtain

n—1
6" tg(ao, ..., an) = Z(—l)ig(ao, ey Qi1 e Gp)
=0
n—1
:h/,I;,n Z(i]‘)lf(elu A0y v vy QiQig 1y ey an):f(a()a ag, ... 7an)7
i=0
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Note that in the case where D = Ce, it is easy to see that the statement
of Proposition 4.4 is true for every Banach algebra with left or right bounded
approximate identity. That and other conditions on the vanishing of HR"(A) are
given in detail in [13], Section 2.

PROPOSITION 4.5. Let A be a Banach algebra and let D be a closed sub-
algebra of Ay. Suppose that A has a left or right bounded approrimate identity
ey, v € A, such that, for any d € DN A, limde, = lime,d. Then the D-relative

Connes-Tsygan exact sequence for A

o (A) B et a) S et (a) T8 mnra) B men (A) — -

exists.

Proof. 1t follows from Propositions 4.3 and 4.4 by the same arguments as
that of [13]. The mappings B™,S™ and I" are natural ones; their definitions are
analogous to those in [13]. &

PROPOSITION 4.6. Let A be a Banach algebra and let D be a closed sub-
algebra of Ay. Suppose that A has a left or right bounded approrimate identity
ey, v € A, such that, for any d € DN A, lilznde,, = HIEne,,d. Then the inclu-
ston morphism of cochain objects C} (A, A*) — C™(A, A*) induces a morphism of
Connes-Tsygan exact sequences for A, that is, a commutative diagram

C— Hp() e Hep () S e (a) T Hpta) T

Proof. Note that the inclusion morphism of cochain objects CF (A4, A*) —
C™(A, A*) gives morphisms of two pairs short exact sequences of complexes

0 — CCp(A) —» Cp(a) M CSp4) — o0

L |

0 — coA) = ca Mocs) — o

! ! !

0 — CS() L cr@A) X occa) — o,
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where aS'D(A) is the subcomplex Im (M) = Ker(N) of CRp (A).
By the cohomology analogue of Proposition I1.4.2 of [19], a morphism of two
short exact sequences of complexes induces a morphism of long exact cohomology

sequences. Hence we have two commutative diagrams

C s HH(A) — HSH(A) — HCHT(A) — HBTHA) — -

o 1 1 1

- — HY(A) — HS"(A) — HC"T(A) — H"TH(A) — -
and

- — HRH(A) — HCH(A) — HSHT(A) — HRBH(A) — -

() | | | |

- — HR"(A) — HC"(A) — HS"T(A) — HR" T (A) — ---

Note that, by [11], Section 0.5.4, these long exact cohomology sequences consist
of complete seminormed spaces and continuous operators. By Proposition 4.4,
HREH(A) =HR"(A) = {0} for all n > 0. Thus we can see from (xx) and Proposi-
ton 8 of [13] that there exists a commutative diagram

HCB(A) = HSH(A)

! l

HC(A) = HS"M(A)

for all n > 0. By setting HC" '(A) instead of HS,(A) and HC™ ' (A) instead of
HS"(A) in (%), we get the required commutative diagram.

PRrROPOSITION 4.7. Let A and D be Banach algebras with right or left bounded
approximate identities. Suppose there exists a continuous homomorphism k : A —
D. Then the associated morphism of cochain objects C™(D, D*) — C™(A, A*) in-
duces a morphism of Connes-Tzygan ezxact sequences for A, that is, a commutative

diagram

w1 (D) B wer (D) 2L menrip) UL wmrpy B

! | | |

c— r(A) B men ) B e ) TS ey B

Proof. It requires only minor modifications of that of Proposition 4.6. &
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5. RELATIVE CYCLIC COHOMOLOGY OF BANACH ALGEBRAS

THEOREM 5.1. Let A be a Banach algebra and let B be an amenable closed
subalgebra of A. Suppose that A has a left or right bounded approximate identity
ey, v € A, such that, for any b € B, limbe,, = lime,b. Then

HC™(A) = HCL(A)

for alln > 0.
Proof. Consider the commutative diagram of Proposition 4.6

0 — HC%A) —

Js:

0 — HC'(A) —

HY(A) — HCZY(A) — HCH(A) — HE(A) — HCH(A)

B | s |~ Jsn

HO(A) — HCTH(A) — HCY(A) — HY(A) — HC(4)

HE(A) — HCHY(A) — HCE(A) — HETA) — HCE(A) -

l]—'" J/gn—l Jrgn-i—l l]:n+1 J/g"

- HY(A) — HC"YA) — HC"TH(A) — HMTY(A) — HC™(A)

Note that HC ' (A) = HCZ'(A) = {0} and HC"(A) = HCH(A) = A, Thus G,
and Gy are topological isomorphisms. By Theorem 2.6, H"(A) = H"(A4, A*) =
HE(A, A*) = HE(A) for all n > 0, that is, F; is a topological isomorphism for each
i > 0. As an induction hypothesis suppose that the vertical map G; : HC%(A) —
HC'(A) is an isomorphism for each i < n. Then it follows from the five lemma of
[19], Lemma 1.3.3, that the middle vertical map G, +1 above is an isomorphism.
Hence by Lemma 0.5.9 of [11], G,,11 is a topological isomorphism. &

We note that the assumptions of Theorem 5.1 are obviously satisfied by all
C*-algebras A and all nuclear C*-subalgebras B of A . Recall that all nuclear C*-
algebras and only these C*-algebras are amenable. For example, all GCR-algebras,
in particular, all commutative C*-algebras are amenable. Other examples are given
by the Banach algebra A = B(E) and B = K(F), where E is a Banach space with
the property (A) (see [7]).
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PROPOSITION 5.2. Let A be a Banach algebra for which one of the following

conditions is satisfied:
(i) A has a left or right bounded approzimate identity;

(ii) A coincides with the topological square A2 of A, and that either A is a
flat right Banach A-module or C is a flat left Banach A-module.

Then the following are equivalent:

(a) HC™(A) = {0} for all n > 0;

(b) HC,(A) = {0} for alln > 0;

(c) H™(A, A*) = {0} for alln > 0;

(d) Hn(A, A) = {0} for alln > 0.

The definition of flat module can be found in [11], and the definition of
Banach cyclic homology of a Banach algebra can be found, for example, in [13],
Section 5.

Proof. The assumption gives the existence the Connes-Tsygan exact se-
quence for cohomology of A ([13], Theorems 15 and 16). We can see from this
exact sequence that the vanishing of HC"(A) for all n > 0 is equivalent to the van-
ishing of the simplicial cohomology H"™(A, A*) for all n > 0. The latter relation
is equvalent to the vanishing of the simplicial homology H, (A, A) for all n > 0
([14], Corollary 1.3). As was noted in [13], Section 5, for the given assumption,
the canonical Connes-Tsygan exact sequence for homology of A also exists. Thus
it is easy to see from the Connes-Tsygan exact sequence for homology of A that
all these relations are equivalent to the vanishing of the cyclic homology HC,,(A)
foralln>0. 1

COROLLARY 5.3. Let A be a C*-algebra without non-zero bounded traces.
Then
Hn(A,A)={0} and HC,(A) = {0}

for allmn > 0.

Proof. Tt follows from Proposition 5.2 and [2], Theorem 4.1 and Corollary 3.3,
which show that H™(A, A*) = {0} and HC"(A) = {0} for alln > 0. 1

Note that in particular Corollary 5.3 applies whenever A is a properly infinite
von Neumann algebra (see Proposition 2.8), or a stable C*-algebra, that is, an
algebra isomorphic to its C*-tensor product with X(H) ([5], Theorem 1.1). Recall
that the vanishing of the Banach (and algebraic) simplicial and cyclic homology
groups of stable C*-algebras, of B(H) and the vanishing of the algebraic simplicial
and cyclic homology groups of the Calkin algebra on a separable Hilbert space H
was given in [24].
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THEOREM 5.4. Let A be a Banach algebra with a right or left bounded ap-
proximate identity and let I be a closed two-sided ideal of A. Suppose that I is an
amenable Banach algebra. Then

(i) for all even n > 0 the natural map from HC"(A/I) into HC"(A) is
injective, and for all odd n > 1 the natural map from HC"(A/I) into HC"(A) is
surjective;

(i) if I'" = {0} (that is, Cen;I* = {0}) then

HC™(A) = HC™(A/I)

for alln > 0.

Proof. Consider the commutative diagram of Proposition 4.7 for the Banach
algebras A and A/T

0 — HC(A/) —

Jss

0 —  HC(A) —

HO(A)I) — HCY(A/I) — HCYAJI) — HY(A/I) — HC(AJI) ---

o Jo- Jo: e o

HO(A) — HCYA) — HCY(A) — HY(A) — HC(A)

- — WA/ — HC"THA/D) — HCTHA/T) —

lﬁn J{gn—l lgn-kl

- — H"A) — HC"YA) — HC"THA) —

HY(A/T) — HC™(A)I) — ---

ll:wrl lgn

Note that the maps G : HC*(A/I) — HC°(A) : f — fof and Lo : HO(A/I) —
HO(A) : f — fof are injective. Here 6 : A — A/I is the natural quotient mapping.
By Theorem 3.4,

H™(A) = H"(A, A) = H"(A/1,(A/I)") = H"(A/]),

so that £, is a topological isomorphism for all n > 2 and the natural map £;
from HY(A/I,(A/I)*) into H!(A, A*) is surjective. Then it follows from the five
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lemma that the middle vertical map G; above is surjective. Suppose, inductively,
that the vertical map, for each i < n,

Gi : HC'(A/I) — HC'(A)

is injective if ¢ is even and surjective if ¢ is odd. The result then follows from the
five lemma. 1

One can see that in particular Theorem 5.4 applies whenever A is a C*-
algebra and I is an amenable closed ideal. We noted in remark after Theo-
rem 3.4 that K(E)"™ = {0} for a Banach space with the property (A). Thus
one can see from the following theorem that HC™(B(E)) = HC"(B(E)/K(E)) for
all n > 0. In particular, for an infinite-dimensional Hilbert space H, we have
HC"(B(H)/K(H)) = HC"(B(H)) = {0} for all n > 0; and, by Corollary 5.3,
HC,(B(H)/K(H)) =HC,(B(H)) = {0} for all n > 0.

PROPOSITION 5.5. Let A and D be Banach algebras with right or left bounded
approximate identities and let k : A — D be a continuous homomorphism. If k
induces a topological isomorphism

H"(D,D*) — H"(A, A")
for all n > 0, then it induces a topological isomorphism
HC™ (D) — HC"(A)

for alln >0, and conversely.

Proof. The forward implication is a repetition of that of Theorem 5.1 with
the commutative diagram of Proposition 4.7. The converse statement follows easily
from the five lemma. &

PROPOSITION 5.6. Let A; be a Banach algebra with identity e;,i = 1,...,m,

m

and let A be the Banach algebra direct sum @ A; with some norm ||-||a such that
i=1
I 1|4 is equivalent to || - ||a, on Ai, 1 < i< m. Then

HC™(A) = é HC™(A;)

for allmn > 0.

Proof. By Theorem 5.1, HC"(A) = HCB(A), where n > 0 and B is the
Banach subalgebra of A generated by {e;,i = 1,...,m}. By Proposition 2.8, the
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canonical projections from A to A;, 7 =1, ..., m, induce a topological isomorphism
m

of complexes Cp(A, A*) — @ C(A;, AY). It can be checked that they also induce a
i=1

topological isomorphism of subcomplexes CCp(A) — @ CC(A;). Thus HC'3(A) =
i=1

m
@ HC"(A;). The result now follows directly.

1=1

COROLLARY 5.7. Let R be a von Neumann algebra, let
R =Ri ®Ri, ® R, R, ® R

be the central direct summand decomposition of R into von Neumann algebras of
types Ig, 1, 11y, I, III. Then

HC™"(R) = HC™"(Ry,) & HC" (Ruy, )

for alln > 0.

Proof. As we noted in the proof of Proposition 2.9, there are no non-zero
bounded traces on Rr__, Rir., and Riyr. Thus, by Theorem 4.1 of [2], their Banach

cyclic cohomology groups vanish for all n > 0. 11

Note that, by Theorem 25 of [13], for a von Neumann algebra Ry, of type
L,,,, where m < oo, we have HC"(Ry,,) = RY', for all even n, and HC"(Ry,,) = {0}
for all odd n.

PROPOSITION 5.8. Let Ay and As be unital Banach algebras, let Y be a
unital Banach Ai-As-bimodule, let

u=|4 Y ively, U= °
= T ive =
0 A espectively, Y A
be the natural triangular matriz algebra with some norm || - ||y such that || - ||z¢ is
equivalent to || - ||a, on A;, 1 <i <2, and to |||y onY. Then the two canonical

projections from U to Ay and As induce a topological isomorphism
HC™(U) = HC" (A1) ® HC™(As)

for alln > 0.

Note that in particular Proposition 5.8 applies whenever U is the join A # Az
of two unital operators algebras A; and As,.
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Proof. By Theorem 5.1, we obtain HC"(U) = HCB(U) for all n > 0, where
the contractible subalgebra B of U was defined before Proposition 2.11. By Propo-
sition 2.11, the two canonical projections from U to A; and to Ay induce a topolog-

2
ical isomorphism of complexes Cp(U,U*) — @ C(A;, AY). Tt can be checked that
i=1

2
they also induce a topological isomorphism of subcomplexes CCg(U) — € CC(A;).
i=1
Thus HCE(U) = HC™ (A1) & HC"(As). The result now follows directly. 1

The algebraic version of such statement was given in [16], Theorem 9
by L. Kadison.
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