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ABSTRACT. It is proved that the lattice of closed, two-sided ideals in a C*-
algebra classifies the class of unital C*-algebras which are inductive limits
of sequences of finite direct sums of C([O, 1}) ® O2 and have totally ordered
lattice of ideals, up to *-isomorphism.

Furthermore, it is proved that if the lattice of ideals of a separable,
unital C*-algebra is totally ordered, then it is compact metrizable and has
an isolated maximum in the order topology. Conversely, each totally ordered
space (containing at least two points) which is compact metrizable and has
an isolated maximum in the order topology appears as the lattice of ideals of
a C'"-algebra which is an inductive limit of a sequence of finite direct sums
of C([0,1]) ® Os.
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0. INTRODUCTION

Consider the class of unital C*-algebras which can be realized as inductive limits
of sequences of finite direct sums of C ([O, 1]) ® Oy, where O is the Cuntz algebra
with two generators, i.e. the universal C*-algebra generated by two isometries, s;
and sq, satisfying the relation s;s7 + s2s5 = 1. This C*-algebra was introduced in
[3] where it was also proved to be simple. It follows by continuity of Ko and K; and
[4], Theorem 2.3 that a C*-algebra in the above class must have trivial K-theory.
It also follows that any closed two-sided ideal in such a C*-algebra must have
trivial K-theory. Furthermore, by definition, C'*-algebras in this class can have no
tracial states. This indicates that this class of C*-algebras could be classified up
to #-isomorphism by the lattice of ideals (i.e. the set of closed, two-sided ideals
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ordered by inclusion). The purpose of this paper is to prove that this is the case
for C*-algebras in the above class which have totally ordered lattice of ideals.

The following properties of Oy will be used frequently in this paper. Any
pair of non-zero projections in Oy are unitarily equivalent. This implies that the
unit of O3 can be split into any finite number of mutually orthogonal projections,
that if e is any non-zero projection in Oy, then O is isomorphic to eOse and,
finally, that M, (Oz2) is isomorphic to Oy for all n € N.

1. THE LATTICE OF IDEALS

1.1. Let A be a C*-algebra. Denote by Z(A) the set of closed two-sided ideals in
A. Tt is a distributive lattice when ordered by inclusion. The infimum of two ideals
I and I is their intersection and the supremum is {a1 +as | a1 € I and as € I }.
Furthermore Z(A) is a complete lattice, i.e. it has the property that any family
of ideals has an infimum (their intersection) and a supremum (the intersection of
the ideals which contain all ideals in the family). In the following proposition a
topology is put on Z(A), however it should be emphasised that in the classification
Theorem 5.1.1 the invariant will be Z(A) considered as an ordered set.

PropoOSITION 1.1.1. (i) If A is a C*-algebra, then Z(A) is a compact Haus-
dorff space when given the weak topology induced by the maps a : T(A) — Ry
defined by a(I) = |la + I||, a € A. If A is unital, then A is an isolated point in
Z(A) and if A is assumed to be separable, then T(A) is metrizable.

(ii) If ¢ : A — B is x-homomorphism between C*-algebras, then the induced
map @ : Z(B) — I(A) defined by (1) = o~ 1(I) is continuous and infimum

preserving.

Proof. For part (i) only compactness will be proved. Let I be a universal
net in Z(A) and let a € A. Since a([y) is a universal net in [0, ||a||], which is
compact, it follows that @([l,) is convergent. Put I = {a € A | lima(I)) = 0}.
Then I is a closed, two-sided ideal in A. Define a map, v : A — Ry, by setting
y(a) =lima(ly). This is a C*-semi-norm on A and v~ 1(0) = I. Hence v induces
a C*-norm on A/I. Then by uniqueness of the C*-norm a(I) = v(a) = lima(Iy).
This proves that Z(.A) is compact.

To prove (ii) it is enough to show that if @ € A, then @ o @ is continuous.
Let I be a closed two-sided ideal in B. Let 7y : B — B/I and T A— A/p(I)
be the quotient maps. Since $(I) is the kernel of the map m o ¢, it follows
from the first isomorphism theorem that there exists an injective *-homomorphism
¥ A/p(I) — B/I such that ¢ o Ty = 71 0. Hence lla 4+ @) = lle(a) + I]|.

This proves that @ o @ = ¢(a) so that @ o  is continuous.
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Hence taking A to Z(A) and ¢ to @ defines a contravariant functor from the
category where the objects are C*-algebras and the morphisms are *-homomor-
phisms, to the category where the objects are distributive lattices (with the ad-
ditional property that any family of elements has an infimum and a supremum)
which are also compact Hausdorff spaces and the morphisms are infimum preserv-
ing continuous maps. Note that if ¢ is onto, then @ preserves supremum of finite
sets.

In the remaining part of this section the topology on Z(A) introduced in
Proposition 1.1.1 is described in some special cases. First for inductive limit C*-
algebras where it is also proved that the functor defined above is well-behaved

with respect to taking inductive limits.

PROPOSITION 1.1.2. Let (A, ¢n @ Ay — Apy1)5%; be a sequence of C*-
algebras and x-homomorphisms with inductive limit A. Let p, : A, — A be the
natural x-homomorphism. Then:

(i) the weak topology on the set of closed, two-sided ideals in A defined in
Proposition 1.1.1 coincides with the weak topology induced by the maps fi, (here
Z(A,,) is given the topology from Proposition 1.1.1);

(ii) Z(A) is an inverse limit of the sequence (Z(An), @n : Z(Ant1) —
I(Ap))eL, in the category described above.

Proof. Since Z(.A) is compact when given the weak topology from Proposition
1.1.1 and Hausdorff when given the weak topology induced by the fi,,’s, it is enough
to show that the identity map between these two spaces is continuous. This will
follow if fi,, is continuous and this is the case by Proposition 1.1.1 (ii). This
proves (i).

Assume that £ is a lattice in the category introduced above and that m, :
L —I(A,), n €N, are continuous and infimum preserving maps such that m,, =
On 0Ty for all n € N. Define amap I' : £ — Z(A) by sending « € L to the ideal
in A determined by the sequence of ideals (m,(x))22 . Clearly, fi, oI’ = 7, and T

is the only map with this property. It is also continuous and infimum preserving. 1

Next it is proved that, in a special case, there is a particularly nice metric

which induces the topology defined in Proposition 1.1.1.

ProroSITION 1.1.3. Let I1, I, ..., I, be a finite family of mutually disjoint
closed intervals contained in [0,1], each containing more than one point. Let dp

be the Hausdorff metric on the set of non-empty, closed subsets of [0,1]. Extend
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it to set of all closed subsets of [0,1] by defining d(
number bigger than 1/2 could be used here) and dg (0,

A=c( 0 1, 0s).
j=1

Let I and J be closed two-sided ideals in A with corresponding closed subsets F'

and G of |J I,. Define a metric d on Z(A) by setting
j=1

F) =dg(F,0) =1 (any

0,
0) =0. Put

d(1,7) = dy (F.G).

This metric has the following properties:
(i) it induces the topology on I(A) defined in Proposition 1.1.1;
(i) if I, J € Z(A) \ {A}, then d(I,J) < 1;
(ii) if I € Z(A) \ {A}, then d(I, A) = 1;
(iv) if I,J and K are closed two-sided ideals in A and I C J C K, then
d(J,K) < d(I,K) and d(I,.J) < d(I, K).

Proof. The statements (ii), (iii) and (iv) follow directly from the definition
of d.

n
Since the set of closed subsets of |J I, equipped with the metric dg is com-
j=1
pact and Z(A) is Hausdorff, it is enough to show that the bijective map, which

maps a closed subset, F', to the corresponding ideal, Irp = {f € C( U I, (92) ‘ fIF
j=1

= O}, is continuous. This is the case since the map F +— |la + Ir|| is continuous
forallae A. 1
n
REMARK 1.1.4. Let A= @(C[0,1]) ® O2. If I1,Is,...,1, is any choice of

=1
mutually disjoint closed intervals contained in [0,1], each containing more than

n
one point, then A is *-isomorphic to C’( U Ii,@g). Hence there is a metric
i=1

(depending on the choice of the intervals) on T (A) with the properties stated in
the proposition.

Finally it is proved that if Z(.A) is totally ordered, then the order topology
coincides with the topology defined in Proposition 1.1.1.

PROPOSITION 1.1.5. Let A be a C*-algebra and assume that Z(A) is totally
ordered. Denote by (Z(A),T) the set of closed two-sided ideals in A equipped with
the order topology. Then the identity map, id : Z(A) — (Z(A), 1), is a homeomor-
phism. Hence the the weak topology defined in Proposition 1.1.1 coincides with the
order topology.
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Proof. Since I(A) is compact and (Z(A),7) is Hausdorfl, it is enough to
show that id is continuous. Assume that Iy C I C I, are three ideals in A. Put
B = Iy/I; and J = I/I;. Then J is an ideal in B. Let # : B — B/J be the
quotient map. Since J # {0}, it follows that there exists b € B\ J such that

07 =@ <[o]-

The map I' : I/I — B/J, defined by I'(a + I) = w(a + I1), is a *-isomorphism.
Hence there exists a € I such that I'(a + I) = w(b) # 0. It follows that a € I\ I
and that

0<fla+ Il =T(a+ Dl =[x <[Ibl = lla+ L]-

Hence a=1(]0,a(I1)[) is an open set in Z(A) contained in |I1, Is[ and it contains I.
Using similar methods it can be proved that the sets of the form [0, I| and
I, A] are also open sets. This proves that id is continuous. 1

COROLLARY 1.1.6. If A is separable C*-algebra and Z(A) is totally ordered,

then Z(A) is order isomorphic to a compact subset of the real line.

Proof. Since any totally ordered space, which is compact and metrizable in
the order topology, is order isomorphic to a compact subset of the real line, this
follows from Propositions 1.1.1 and 1.1.5. &

1.2. This section gives a converse to the last corollary using building blocks of

the form @ (C[0,1]) ® O2. Let K be a compact subset of R containing at least
i=1

three points and having an isolated maximum. Put K’ = K \ {max K'}. Then K’

is compact and contains at least two points. Set
!/ : / !/ !/ 1
K, = {SER‘ min K’ < s <maxK'and 3t € K’ : |s — t| < —}.
n

Then K], is a disjoint union of a finite number of intervals all containing more

o0
than one point, K, ; C K], and K’ = (| K},. Put
n=1

An = C(K,, Myn-1(02)) (2 C(K7,, 02)).

Let (¢n)52; be a dense sequence in K’ with the property that any tail of the
sequence is also dense in K’ (i.e. each isolated point in K’ appears an infinite
number of times in the sequence). Define a continuous function, A, : K, ; —

K] (€ K}, by setting
t < qn,
)\n(t) _ dn X 4n
t t2qn.
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Define a unital #-homomorphism,
©on A = Anga,

by

where t € K, ;. Put
A =1m(A,, ),

and let u, : A, — A, n € N, be the natural *-homomorphisms.

THEOREM 1.2.1. The C*-algebra A constructed above is a non-simple C*-
algebra with the following properties:

(i) If I is an ideal in A, I # A, then there exists a unique t € K' such that
for all n € N the ideal 1,(I) corresponds to the closed set [t,o0o[NK'. Conversely,
for any t € K' the sequence ([t,00[NK')32, determines an ideal in A. Hence
mapping the ideal determined by the sequence ([t,00[NK’)52; tot and A to max K
defines an order isomorphism between I(A) and K.

(i) If Z(A) is identified with K and Z(A,,) is identified with the set of closed
subsets of K, then the natural map m, : Z(A) — Z(A,,) is given by

() = { [t,00[NK" t < maxK;
" 0 t =max K.

In particular m, is continuous and descending.
(iii) The connecting maps @n = Z(Apnt1) — I(A,) are contractions with
respect to the metrics induced by the Hausdorff metric on the set of non-empty,

closed subsets of [min K', max K'| (see Proposition 1.1.3).

Proof. Let I be an ideal in A which is not A itself. Put I,, = f1,,(I) and let F,
be the non-empty closed subset of K, corresponding to I,,. Since @, (Ip41) = In,
it follows that

Fp = Fpy1 UMp(Fag1).

Hence Fj,+1 must be contained in F,, so that min F,, < min F,, ;. On the other
hand, since A, (t) >t for all t € K|, it follows that min F},;; < min F,. This
proves that min F,, = min F},, for all n and m in N. Let ¢ be this common minimum.

Now fix V € N. By construction of the connecting *-homomorphism

Fn =Fni1U({gn} N[t 00[).
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Iterating this, it follows that for all j € N

Fy =Fni; U{an, an+1,- - qn4j—1} N [t,00[).

Hence Fy C K?Vﬂ- for all 7 € N so that Fiy € K’. This proves that Fy C
[t,00[NK".

If s € [t,00[NK', s > t, then by the choice of the sequence (g,,)22 it has
a subsequence contained in [¢,c0[NK’ with limit s and such that all elements in
the subsequence have index larger than N. By the above, all elements in the
subsequence belong to Fy. Since Fy is closed, s must be contained in Fy. Hence
Fn = [t,00[NK".

Let t € K'. Since

([t, 00[NK") U Ay ([t, 00[NK") = [t, 00[ NK,

the sequence ([t,00[NK’)22, defines an ideal in A. The statement about the
order isomorphism now follows. This proves (i), and (ii) follows directly from
(i). The statement (iii) follows from the observation that if s,¢ € K], then
An(s) = (@) < |s—t]. 1

The following theorem summarizes the results in Corollary 1.1.6 and Theo-
rem 1.2.1 and takes into account the fact that a simple C*-algebra can be obtained
as a limit of these building blocks.

THEOREM 1.2.2. If A is unital C*-algebra which is an inductive limit of a
sequence of finite direct sums of C([0,1]) ® Oz and Z(A) is totally ordered, then
Z(A) is compact metrizable and has an isolated mazimum in the order topology.
Conwversely, each such totally ordered space containing at least two points appears
as the lattice of ideals of such a C*-algebra.

REMARK 1.2.3. Let A be a C*-algebra which can be realized as an inductive
limit of a sequence of finite direct sums of Q5. It follows from Proposition 1.1.2 (i)
that Z(A) is totally disconnected, hence the class of C*-algebras considered in the
classification Theorem 5.1.1 can not be obtained in this way. It can be proved that
every totally ordered set which is totally disconnected compact metrizable and has
an isolated maximum in the order topology appears as the lattice of ideals of a
unital C*-algebra which is an inductive limit of a sequence of finite direct sums of

Os.

1.3. Let A be a C*-algebra which is an inductive limit of a sequence A,,, n € N,
of C*-algebras. In this section the natural map m, : Z(A) — Z(A,,) is studied. It
is proved that in a special case it has certain properties if n is large enough.
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LEMMA 1.3.1. Suppose that I and J are ideals in a C*-algebra, A, such that
1 C J and ala = aJa for some positive a € A which generates J as an ideal. Then
I=J.

Proof. Let b be a positive element in .J and let € > 0. Since b'/* € J and J
is the ideal generated by a it follows that for every & > 0 there are finitely many
elements, z; and y;, in A such that

Hb1/4 - Z Tiay;

< 0.

and

Put ¢ = 3 bY8z;ay;b'/8. Then ||b'/% — ¢|| < ||bY/8))? Hb1/4 — D way;

3

1o — ce* || < 16721612 — ell + 3]lel| |12 — el
<22 = el + 3(lle — b2 ]| + [[o™2 )62 — ] .

By choosing § small enough it then follows that ||b — cc*|| < €. Furthermore
cct = Z Z bl/gmiayib1/4y;ax;bl/8
i

and since
ayib1/4y;a caJa=alaClI,

it follows that cc* € I. 1
The rest of this section contains the proof of the following proposition.

ProOPOSITION 1.3.2. For alln € N let

where A, ; = C([O, 1}) ® Os. Let ¢y : Ay — Apy1 be a unital x-homomorphism
and put
A =1lm(A,, p,).

Let py, : A, — A be the natural x-homomorphism. Assume that T(A) is totally
ordered.
Let I) C Iy C --- C Iy C J be ideals in A such that Iy, 15, ..., I} all belong

to the same component of I(A) and J belongs to some other component. Then



CLASSIFICATION OF CERTAIN NON-SIMPLE C*-ALGEBRAS 231

there is n € N such that for all m > n the following holds: there are indices
J1sd2s -y g, €{1,2,...,kn} so that
pm,jiﬁm(*])pmdi = AmJi

for all i (where py, ;, is the projection onto the j; 'th summand of Ap,),

P b (1)Pm. g, C Am,j,
for alli and | and so that if pm = Pm.j, + Pmj, +** + Pmj,, » then

pmﬁm(Il)pm c---C pmﬁm(lk)pm~

For all n € Nand all j € {1,2,...,k,} put
Knj={1 € Z(A) | in(1) N Apj = An;}-

Since A, ; is a unital C*-algebra, it follows from Proposition 1.1.1 that {.A,, ;} is
a clopen set in Z(A, ;). Let ¢y, ; : An j — A, be the natural inclusion. Then K, ;
is the pre-image of {A, ;} under the continuous map 7, ; o fi,. Hence K, ; is a

clopen set in Z(A). Put

JIp,; = min K, ;,

then K, ; = {I € Z(A) | J,,; C I}. Fix in the following n € N and j €
{1,2,...,kn}.

LEMMA 1.3.3. Ifm > n, then there existsi € {1,2,...,kn} such that Jp, ; =
Inj-

Proof. Let F be the pre-image of { 4,, ;} under the continuous map z,, ;0@ ».
Then F is clopen and since i, = fiym © @, it follows that the pre-image of F'
under L, is K, ;.

Since F is clopen in Z(A,;,) it follows that the pre-image of F under fi,, can
be written as a finite intersection, () Fj, where each Fj is either K, ; or ng- for
some i. Since () F; = K, ; it follows that at least one of the F;’s must have the
form K, ; for some i. By the above description of the K,, ;’s it follows that the

minimum of () F; must be attained on such an F;. &
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For all m > n put
m = me,z

where py, ; is the projection onto the 7’th summand in A, and the summation is
over the set {i | A C I (Jn,;)}. By the previous lemma this set is non-empty.
Let I,,, be the ideal generated by the projection pi,, (pm) in A. From the definition
of py, it follows that gy, (pm) € Jn,; so that I, C J, ;. Use the above lemma to
choose K, ; such that Jp,; = J, ;. Then note that fi,,(Iy,) is an ideal in A,,
containing p,,. Hence I,,, belongs to K,, ;. By the minimality of J, ;, Jn; C I,
50 Jnj = I, for all m > n.

LEMMA 1.3.4. Ifn <k <m, then om 1(Pk) < Pm.-

Proof. Put F' = {i | 0 k(Pr)Pm,i # 0}. Since @ k(Dk)Pm,i < Pmi it follows

that
Samkpk Z@mkpkpmifzgomkpkpmz Z
F

Hence it is enough to prove that F' is contained in {7 | Ay, ; C fm(Jn,;)} By
the above, J, ; is the ideal generated by the projection i, (¢m k(pr)). This im-
plies that the ideal generated by ¢, k(pr) in A, is contained in [y, (Jn ;). If
Om.k(Pk)Pm,i 7 0, then this projection is equivalent to p,,; (all non-zero projec-
tions in A, ; are equivalent). Hence in this case the cut down of the ideal generated
by ©m,k(Dk)Pm,i, by the projection py, ;, is Am; i.e. Ami C fim(Jnjy). 1

Now let Iy C I, C J be ideals in A. Assume that I, and I belong to the
same connected component of Z(.A) and that J belongs to some other component
of Z(A). Then there exists n € N such that for all m > n there exists j €
{1,2,...,kn} (depending on m) so that J € K, ; while I, I> ¢ K,, ; (this uses
that if I and J belong to different components of Z(A), then eventually fi,,(I) and
fm(J) belong to different components of Z(A,,)). Hence Iy C I, C J, ; and, as
proved above, Jy, ; = I, for all m > n.

LEMMA 1.3.5. IfI) C I, (C Jn; C J), then there exists k € N, k > n, such
that for m > k,
pmﬁm(fl)pm - pmﬁm(IQ)pm

Proof. If not, then there is a sequence n < m; < mg < ---, such that
pmiﬁmi (Il)pmi = pmiﬂmi (12)pmi'
By Lemma 1.3.4, @, n(Pn) < Pm, so that

Pmin (pn )pmi ﬁm, (Il )pmi Pm;n (pn) = Pm;,n (pn)ﬁmi (Il )‘Pmi n (pn)
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and the same with I; replaced by I>. Hence for all 4,

Hn, (pn),umi (ﬁmL (Il)),un (pn) = Hn (pn),umi (Fin; (12))Mn (pn>

so that

o (p2) ( U o (11))> () = i (Pr) ( U s <12>>) ().
This implies that
Mn(pn)jlﬂn(pn) = Mn(pn)IQNn(pn>‘

By Lemma 1.3.1 this implies that I; = I which is a contradiction. 1

Proposition 1.3.2 now follows.

2. THE UNIQUENESS THEOREM

2.1. This section is devoted to proving that if h; and ho are self-adjoint elements
in C([0,1],02) with spectra contained in [0, 1] such that sp ki (t) and sp ho(t) are
close with respect to the Hausdorff metric for all ¢ € [0, 1], then there is a unitary
u in C’([O, 1], (92) such that uhju* is close to hy. In fact something slightly more

general will be proved.

LEMMA 2.1.1. Let Iy, 15, ..., I, and J1,Ja, ..., Iy be two families of mutu-
ally disjoint, closed and bounded sub-intervals of R each containing more than one

point. Let ¢ > 0. Let d be the Hausdorff metric on the set of closed non-empty
m n

subsets of |J J;. If m is a continuous function from |J I; into the set of closed,

j=1 i=1
m
non-empty subsets of |J J;, then there exist continuous functions A1, Az,..., AN
=1
n m !
from U I; into |J J;, such that
i=1 j=1

AL(t) < Ao(t) < -+ < An(2)

and

d(m(t), { (), Na(t),..., An(t)}) < €

forallte | I;.
i—1

1=
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Proof. Assume first that 7 is a continuous map from [0,1] into the set of
non-empty closed subsets of [0,1]. Since 7 is uniformly continuous, there is a
0 > 0 such that

s —t] < 8 = d(n(s), 7(t)) < g

for all s,¢ € [0,1]. Choose 0 =ty < t; < --- < t, =1 such that |t;y; —t;| < . For
each i € {0,1,...,n} choose a finite subset F; of 7(¢;) which is £/2-dense in 7 (¢;).

Let F be the set of piecewise, linear functions such that if A € F, then
A(t;) € Fy and |A(t;) — A(tiv1)| <efori=0,1,...,n—1.

If r € F;, then by the choice of ¢ there is s € 7(t;41) so that |r — s| < &/2.
By the choice of F;q there is t € F;yq such that |s — | < /2, i.e. |r—t| <e.
This proves that F; = {\(¢;) | A € F}. Since each F; is finite, F is finite. It is not
hard to check that this family of functions has the property that

d(n(t), {\t) | A€ F}) < e

for all ¢ € [0,1]. The lemma now follows in this special case.
Let i € {1,2,...,n} and j € {1,2,...,m}. Define a continuous map m; ;
from I; into the set of closed subsets of J; by setting

ﬂi}j(t) = 7T<t) n Jj.

Since 7 is continuous, either m; ;(t) = 0 or m; ;(t) # 0 for all ¢ € I;. In the last
case use the above to choose a finite family of continuous functions from I; into
J; with the desired properties. In this way, some finite families of functions are
defined on I; for i = 1,2,...,n. It can be assumed that these families have the
same number of elements. Note that for each i there is j € {1,2,...m} such that
mij(t) #0 forallt € I;. 1

If  is a self-adjoint element in C([0, 1], O2) with spectrum contained in [0, 1],
then the lemma states that the map ¢ — sp h(t) can be approximated by a map
determined by a finite family of continuous functions from [0, 1] into [0, 1].

Recall that a C*-algebra is said to have real rank zero (this was defined in
[2]) if the set of self-adjoint elements with finite spectrum is dense in the set of
self-adjoint elements. By [11], Os has real rank zero. Using this, the following
lemma can be obtained:

LEMMA 2.1.2. Let h be a self-adjoint element in Oz and let F be a finite
subset of R. Then for every § > 0 there is a self-adjoint element, h', in Oy with
spectrum F and ||h — W'|| < d(F,sp h) + 0, where d is the Hausdorff metric.

The next lemma is a corollary of [1], Lemma 7.1 stated for Os.
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LEMMA 2.1.3. For every € > 0 there is a § > 0 with the following property:
If w is a unitary in Oz, h is a self-adjoint element in Oy with spectrum contained
in [0,1] and
[luh — hul] <6,

then there is a continuous path of unitaries u;, t € [0,1], in Oy such that ug = 1,
uy = u and
||uth — hut|| <e

for all t € ]0,1].

ProrosiTioNn 2.1.4. Let Iy,1s,..., I, be mutually disjoint closed and
bounded intervals contained in R and each containing more than one point. For

every € > 0 there is a § > 0 with the following property: If h is a self-adjoint
element in C’( U L, (92) with spectrum contained in [0,1] and A1, Aa,..., AN are
i=1

n
continuous functions from |J I; into [0,1] such that
i=1

d(sp h(E), P (t) Ao(t), .. An(B)}) < 6

n
for allt € \J I;, then there are mutually orthogonal projections ey, ea, ..., en with
i=1

sum 1 in C’( 'Ql I;, (92) such that
Hh(t) - iv: /\j(t)ej(t)H <e

Jj=1

forallte | I;.
i=1

Proof. Tt is enough to consider the case where n = 1 and the interval is [0, 1].
Let € > 0 and let ' > 0 be the number corresponding to £/3 in Lemma 2.1.3. Put

5:min{%l,%}.

Assume that % is a self-adjoint element in C([0, 1], O2) with spectrum contained
in [0, 1] and that A1, Mg, ..., Ay are continuous functions from [0, 1] into [0, 1] such
that

d(sp h(t), {A1(t), Aa(t), ... An(1)}) < 6

for all ¢t € [0, 1].
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Choose a partition 0 = ¢p < t; < -+ < t, = 1 of [0,1] with the following

properties:

\)\j(s)—)\j(t)|<min{%73%} and  [|h(s) — h(t)]| < &

for all s,t € [t;,tiy1],7=0,1,...,n—1and j =1,2,..., N. By Lemma 2.1.2 there
is a self-adjoint element h'(¢;) in O such that

Ih(t:) = W' (t:)ll < 0
and
Sp h/(tl) = {Al(tl), )\Q(ti), ey /\N(tz)}
Then h/(t;) can be written
N .
() = Ai(ti)el
j=1

where ef, e}, ..., el is a family of mutually orthogonal projections in Oy with

sum 1. Find a unitary u’ in Oy such that

i+1
€j

= uieé(ul)*
for j=1,2,...,N. Then
1B (t:) = u'h'(83) (w')* || < [|B () =Rt | + | h(t) =h(tiz) | + |h(tie) =R (i) |

+| i(&(tiﬂ)—xj(ti))e;‘.ﬂH 5
j=1

Hence, by Lemma 2.1.3, there is a continuous path of unitaries u¢, t € [t;,t;11], in
Oy such that uj, =1, uj, = u' and

i i\ €
17! () — wgh' () (up)*|| < 3

for all ¢ € [t;, t;41]. Putting e;(t) = uje’(uf)* for t € [t;, ;1] we define a projection
ej in C([0,1],03). Set
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Ift e [ti,ti+1]7 then
[A(t) = B @) < 1h(t) = h(ta)|| + [1h(t:) = B/ ()| + 10 (£:) — ugh’ (£:) (ug)* |

+ [lugh' () (uy)* = 1 (1)

N
g
FSHY ) Al <e

j=1

9 3
— 4+ =

<
6 6

It follows from Lemma 2.1.1 and Proposition 2.1.4 that if ¢ > 0 and h
is a self-adjoint element in C'([0,1],0,) with spectrum contained in [0, 1], then
there is a finite family of continuous functions A1, Ag,..., Ay from [0,1] into
[0,1] and mutually orthogonal projections ey, ez, ..., ey in C([0,1], O2) such that

Hh(t) - g )\j(t)ej(t)H <cforalltel0,1].

THEOREM 2.1.5. Let I, 1Is,...,I, be mutually disjoint closed and bounded
sub-intervals of R each containing more than one point. Let d be the Hausdorff
metric on the set of non-empty, closed subsets of [0,1]. For every ¢ > 0 there
is a § > 0 with the following property: If hy and ho are self-adjoint elements in

C’( U Ii,(92> with spectra in [0, 1] and
i=1
d(sp ha(t),sp ha(t)) < 6

for allt in | I;, then there is a unitary u in C’( U L, (’)2) such that
i=1 i=1

i
|luhiu* — ho| < €.

Proof. Again it is enough to consider the case with only one interval which
can be assumed to be [0,1]. Let §' > 0 be the number corresponding to /2 in
Proposition 2.1.4. Assume that i1 and hy are self-adjoint elements in C’([O7 1], (’)2)
such that

/

)
d(sp hu(t),sp ha(t)) < 5
for all ¢ in [0, 1].

Use Lemma 2.1.1 to find continuous functions A1, Ag, ..., Ay from [0, 1] into
[0,1] such that

d(sphi(t), {1 (t), A2(t), ..., AN (D)}) < é

for all t € [0,1]. Then

d(sp ha(t), I (), Aa(), . A (B)}) < &
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for all t € [0,1]. By Proposition 2.1.4 there are two families of mutually orthogonal

projections e, es,...,en and f1, fa,..., fy in C([O, 1], (’)2) with sum 1 such that
N €
[0 = > 20e;0)]| < 5
j=1
and
N €
[n2()) = > M 0| < 5
j=1

for all ¢ € [0,1]. There is a unitary u in C([0,1],02) such that e; = ufju* for
7=12,...,N. Then

N

Ju(®ha(u()* = b ()] < [u®ha@u®) = a@) (3 A 50 )u(®)*

2.2. Let ¢,v : A — B be unital *-homomorphisms between unital C*-algebras.
Then ¢ and v are said to be approzimately unitarily equivalent if for all € > 0 and
all finite subsets F of A there is a unitary « in B such that

lup(z)u” — ()| <e

for all x € F.
In the following unital #-homomorphisms between C*-algebras which are
finite direct sums of C([0,1]) ® Oy will be studied. From [7], Theorem 5.1 it

n
is known that any pair of unital *-homomorphisms from Oy into € C([0,1]) ®
i=1
05 are approximately unitarily equivalent. Reducing to the case with only one
interval and using that Rgrdam’s proof is constructive, the following lemma can

be obtained by repeating the proof in [7] with some extra bookkeeping.

LEMMA 2.2.1. For every € > 0 there is a § > 0 with the following property:
let s1 and sy be the canonical generators of Os and let Iy, 1, ..., I, be mutually
disjoint closed and bounded intervals all containing more than one point. If ¢ and

n
1 are two unital x-homomorphisms from Oq into C( U L, (92), h is a self-adjoint
i=1

element in C’( U L, (92) with spectrum contained in [0, 1],
i=1

Il(s), Al <6
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and

IT(s5), Alll < 6

n
for 5 = 1,2, then there exists a unitary u in C’( U L, (’)2) such that
i=1

lup(sj)u” —d(s;)]| < e

for i =1,2 and
luhu® — h|| < e.

The proof of the following lemma consists of applying the previous lemma

to the restrictions of ¢ and ¢ to Oz and the self-adjoint element (h ® 1). The

details are left to the reader.
LEMMA 2.2.2. Let Iy, 1, ..., I, be mutually disjoint closed and bounded in-
tervals contained in [0,1] each containing more than one point and let h be the
n
canonical generator of C( U Ii) (in particular the spectrum of h is contained in
i=1

[0,1]). Let s1 and sz be the canonical generators of Oz. For every e > 0 there is a
0 > 0 with the following property: let Ji,Ja, ...,y be another family of mutually
disjoint closed and bounded intervals each containing more than one point. If ¢

and 1) are two unital x-homomorphisms from C’( U Ii> ® 09 into C’( U Jj) ® 09
i=1 j=1

such that
[p(h® 1) —p(h@ 1) <4,

m

then there exists a unitary u in C( U Jj) ® Og such that
j=1

lup(l @ s)u” —yp(1@s)l| <e

forl=1,2 and
[up(h @ Du* —yp(h@1)|| <e.

The following theorem is the uniqueness theorem.

THEOREM 2.2.3. Let I1,1s,..., 1, be a family of mutually disjoint closed
intervals contained in [0,1] each containing more than one point. For alle > 0
and all finite subsets F ofC'( U Ii> ® O, there exists a § > 0 with the following

i=1

property: if Ji,Jo, ..., Iy i another family of mutually disjoint closed intervals
all contained in [0,1] and each containing more than one point, d is the Hausdorff

metric on the set of closed, non-empty subsets of [0,1], h is the canonical generator
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ofC'( U Ii) (in particular h®1 € C’( U Ii) ® Oy has spectrum contained in [0, 1])
‘ i=1

and
n

<p7w:C(UIi)®Oz—>C(6Jj)®OQ

i=1 j=1

are unital x-homomorphisms with
d(spe(h ®1)(t),sp¥(h®1)(t)) <

for allt € \J Jj, then there is a unitary u in C’( U Jj> ® Oy such that
j=1 j=1

lup(z)u” — ()] <e

forallxz e F.

Proof. Let s; and ss be the canonical generators of Os. Since F is finite and
n

h®1l, 1®s; and 1 ® s, generate C’( U Ilv) ® Os it is enough to prove the theorem
i=1

with F = {h®1,1® 1,1 ® sa}. Let &' > 0 be the number corresponding to €
in Lemma 2.2.2. Then let § be the number corresponding to taking € equal to ¢’

in Theorem 2.1.5. Assume that ¢ and ¢ are two unital *-homomorphisms from

C( Ol IZ-) ® O into C( Gl J]-) ® O, with
i =

d(spp(h @1)(t),sp(h ©1)(t)) <6

m

for all t € |J J;. By Theorem 2.1.5, there is a unitary v in C( U Jj) ® Og such
j=1 j=1

that

lvp(h @ 1)v* —p(h@1)|| < 4.
Then by Lemma 2.2.2 there is a unitary w in C( U Jj> ® Oy such that
j=1
lwvp(1 ® siyo*e” — p(1 @) <
for [ = 1,2 and such that
[lwve(h @ Dv*w* —y(h@1)|| < e.

Hence v = wv is the desired unitary. &
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Let ¢ and h be as in the theorem and recall that if I is an ideal in C’( U Jj) ®
j=1
n
O3, then §(I) denotes the ideal ¢~ 1(I) in C’( U L-) ® Oy. If F is a closed
i=1

n m
subset of either J I; or |J J;, then let Ip denote the corresponding ideal in
i=1 j=1

either c( U Ii> ® Oy or 0( U Jj) ® 0, If f e C( U Ii) — C(sph), then
i=1 j=1 i=1
fol=f(hel)ec () if and only if fls, s(he1)) = 0. Hence

o(Iny) = {f € C( LnJ Ii) ‘f ®le @(I{t})} ® Oy = Iy p(he1)(1)

i=1

and it follows that

) =81y ) =8( N I) = N i) = ) Epetren® =1 wpnen
teF teF teF teF teF

(since the map ¢t — spp(h® 1)(t) is continuous and F is compact, the set

U spp(h ®1)(t) is automatically closed). From these observations the follow-
teF
ing corollary can be obtained. It will be used in the proof of the classification

theorem.

COROLLARY 2.2.4. Let I1,15,...,1I, be a family of mutually disjoint closed
intervals all contained in [0,1] and each containing more than one point. For all

€ > 0 and all finite subsets F ofC( U L, (92), there is a § > 0 with the following
i=1
property: if Ji,Ja, ..., JJm is another family of mutually disjoint closed intervals all
contained in [0,1], d is the metric on I(C( U L, (92>) coming from Proposition
i=1

1.1.3 and

n m

(p,w : C(UII702) — C( U Jj,@g)
i=1 j=1

are unital x-homomorphisms with

~

d(@(I),¥(I)) <6

for all ideals I in C’( U Jj,Og), then there exists a unitary u in C’( U Jj,(92>
j=1 j=1
such that
[up(z)u” —Y(z)| <e
forallxz e F.

REMARK 2.2.5. A consequence of the above is the following. Two unital
*-homomorphisms ¢ and 1 between two finite direct sums of C([0,1]) ® O are

approximately unitarily equivalent if and only if ¢ = .
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3. THE EXISTENCE THEOREM

3.1. This section contains the existence theorem.

LEmMA 3.1.1. Let I1,Is,..., I, and J1,Ja, ..., Jpn be two families of mu-
tually disjoint closed intervals contained in [0,1] such that each of the intervals

contain more than one point. If w is a continuous map from |J I; into the set of
i=1
m
non-empty closed subsets of |J J; equipped with the Hausdorff metric, then there
j=1

is a self-adjoint element h € C(

K2

n
1;, Og) such that
=1

sp h(t) = 7(t)

n
for all t in U I; and such that Oy can be embedded into the commutant of h via
i=1
a unital x-homomorphism.
Proof. Since Oy is isomorphic to Oz ® Os (see [8]), it is enough to find a
self-adjoint element h such that

sp h(t) = 7(t)

n
forall t in J I;.
i=1

Let d be the Hausdorff metric on the set of non-empty closed subsets of [0, 1].

For all 7 in N use Lemma 2.1.1 to find continuous functions A7, A3, ..., A} from
U i into {J J; such that AJ(f) < A5(t) <--- < A} (t) and
i=1 j=1

d(m(t), {AT(8): A5(8), - -5 AR, (B)}) < 277

n
for all ¢t in |J I;. Then choose non-zero orthogonal projections e, e5, . .., ey, with
i=1

n n
sum 1 in C( U IZ-,Og). Define h, in C( U IZ',OQ) by setting
i=1 i=1

he(t) =D Nj(t)e) ().

j=1

Then (sp h, (1)), is uniformly Cauchy in the set of non-empty, closed subsets of
U Jj-
j=1
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Take ¢ = 27! in Theorem 2.1.5 and let §; > 0 be the corresponding §. Find
r1 in N such that
kvl =Zr = d(Sp hk(t)vsp hl(t)) < 51

for all t in |J I;. Next take e = 272 in Theorem 2.1.5 to get o > 0. Find 75 in N
i=1
such that ro > r; and

k1> 1o = d(sp hy(t),sp hu(t)) < 02
for all t in |J I;. Continue by induction to find §; and r; for all j in N.
i=1
By Theorem 2.1.5 there are unitaries u; in C’( U I, Og) such that
i=1

|hr, — ulh

j Tj+1uj|| < 2_j'

Put A = h,, and h;j =wujus - uj_jheujquj_o---ug for j > 2. Then

sp ., (t) = sp hy, (t)

for all ¢ in Ul Ii and ||hy, — Ry || < 277 It follows that (hy.,)52 is Cauchy. Let

1=

h be the limit of this sequence, then sp h(t) = w(¢) for all tin |J I;.
=1

K2

The following is the existence theorem.

THEOREM 3.1.2. Let I1,1I,...,I, and J1, Ja, ...,y be two families of mu-
tually disjoint, closed intervals contained in [0,1] each of the intervals containing
more than one point. Let D,, (respectively D,,) be the set of non-empty closed

m

n L
subsets of |J I; (respectively |J J;) equipped with the Hausdorff metric.
i=1 j=1
Let A : D,, — D,, be a continuous map such that

A(FUG) = A(F) UA(G)

for all F,G € D,,. Then there is a unital x-homomorphism
cp:C(U Jj,OQ) —>C(U-[i702>
j=1 i=1

with the following property: if Ir is a closed, two-sided ideal in C’(

3

I, 02) with
=1

corresponding closed subset F' in D,,, then

PUIr) = Iz(ry,
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i.e. the closed two-sided ideal P(IF) corresponds to the closed set A(F) in Dp,.

n m

Furthermore, if A( U Ii) = U Jj, then any unital *-homomorphism which in-
i=1 j=1

duces A in the above sense is injective.

Proof. Define 7 : |J I; — D, by setting w(t) = A({t}). Then 7 is continu-
i=1

ous. By Lemma 3.1.1, there is a self-adjoint element A’ in C( U L, (92) such that
i=1
sph/(t) = 7(t) and Oz can be embedded into the commutant of A’ via a unital

x-homomorphism. Then, using that A is continuous and preserves finite union, it
follows that

A(F) = U w(t) = U sph'(t)

teF teF
(the right hand side is automatically closed). Let s; and s, be the canonical

generators of Oy and let h be the canonical generator of C' ( U Jj). Then h ® 1,
j=1
1® s; and 1 ® so generates C’( U Jj) ® Oy (= C( U Jj,(92>). By the above,
j=1 j=1

n

there is a self-adjoint element h’ in C’( U L, (92) and a copy of Os commuting
i=1

with A’ such that

A(F) = Jsph'(t).
teF
Mapping h ® 1 to h’ and 1 ® s; and 1 ® sy to the canonical generators of the

copy of Oy commuting with &’ defines a unital *-homomorphism ¢. Since (Ir) =

1 U spehe1)(®) it follows that ¢ has the desired property. The condition A( U Ii>
i=1
teF

m
= |J J; translates to the statement that ¢=1(0) = {0}, i.e. that ¢ is injective. 1
j=1

4. INTERTWINING THE INVARIANT

Throughout this section the following conventions will be used. If K is a compact
subset of R, then D(K) will denote the set of non-empty closed subsets of K
equipped with the Hausdorff metric which will be denoted d. If K and L are
non-empty compact subsets of R, then a map A : D(K) — D(L) will be called

liftable if it is continuous and

AFUG) = A(F)UA(G)



CLASSIFICATION OF CERTAIN NON-SIMPLE C*-ALGEBRAS 245

for all F,G € D(K). This condition should be compared with the condition in the
Existence Theorem 3.1.2.

4.1. Given non-empty closed subsets Fy, Fs, ..., Fy and G1,Gs,...,Gy of [0,1],
one can ask if there is a continuous function f from [0, 1] into [0, 1] such that
f(F) = G; for i = 1,2,...,N. In the following it is proved that under certain
conditions such a function exists. The proof of the next lemma is left to the reader.

LEMMA 4.1.1. Let 7 : [0,1] — D([0,1]) be a continuous and descending
map. For each t € 7(0) there is a continuous function v; : [0,1] — [0, 1] such that
~:(0) =t and v(s) € ©(s) for all s € [0,1].

PROPOSITION 4.1.2. Let tg,t1,...,t, be points in [0,1] such that 0 =ty <
t1 < -+ < tp, =1 and let Fy, F1,...,F, be non-empty closed subsets of [0,1].
Assume that:

(i) F,, C F_q C -+ C Fy;

(ii) there is a continuous and descending function w : [0,1] — D([0, 1]) which
starts in Fy, passes through the F;’s and ends in F,.

Then there exists a continuous function f :[0,1] — [0,1] such that f(F};) =
[t;,1].

Proof. If F is a closed subset of [0,1] and ¢ € [0, 1], then put
dist (F,t) = inf{|s — t| | s € F}.

Choose z; € F; \ Fj41 for j = 0,1,...,n — 1. Define continuous functions f; :
[0,1] - [O,tj_H —tj],j:O,l,...,n—l, by

dist ({zo,z1,...,2;},1)

(t) = tivr —t;).
fj( ) diSt({on,xl,...,I’j},t)+diSt(Fj+17t)(J+1 j)
By the choice of the z,’s and assumption (i), the denominator is never 0. Since
fi(zo) = fi(x1) =+ = fi(z;) = 0 and f;(t) = t;j41 —t; whenever t € F; for some
i strictly larger than j, it follows that the image of [0,1] under f; is [0,¢;41 — ;).
n—1
Put f = ) f;; then f is continuous and the image of f is contained in [0, 1] since
§=0
n—1 n—1
FO =" F0) <Y (i —tj) =1
§=0 §=0

If t € F,,, then
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This proves that the image of F;, under f is {t,}.
Let i € {0,1,...,n—1}. Then f(Fp) C [0,1] and if i > 0 and ¢ € F;, then

n—1 i—1 n—1 i—1
=3 fi6) = (s —t;)+ > [i() =D (t1 —t;) = ta.
7=0 7=0 j=t 7=0

This proves that f(F;) is contained in [t;,1]. To show that f(F;) is all of [t;, 1]
choose s € [0,1], s < 1, such that m(s) = F;. Now Lemma 4.1.1 gives a continuous
function, 7y, : [s,1] — [0, 1], such that v,,(s) = z; and 7,,(t) € #(¢) for all ¢t €
[s,1]. In particular v,,(1) € F,. Note that v, (t) € F; for all ¢ € [s,1]. Consider
the continuous function f o~ : [s,1] — [0,1]. Since F; C F;_; C --- C Fy, it
follows that

n—1
O’Y:c ij 7951 —ti+2fj(7xi(t))'
j=i

By construction fi(2;) = fiy1(w;) = -+ = fno1(x;) = 0 so that f o, (s) = t;.
Since vy, (1) € F, it follows that fo~,, (1) = 1. Hence the image of f oy, is [t;, 1]
and since the image of v,, is contained in Fj, it follows that the image of F; under
f is [ti, 1] [ |

Applying the proposition on each of the intervals I, Io, .. ., I, the following
corollary is obtained.

COROLLARY 4.1.3. Let I,I5,..., I, be a finite family of mutually disjoint
closed and bounded sub-intervals of R such that each of them contain more than
one point. Let 0 =tg <t < - < t, =1 be points in [0,1] and let Fy, Fy,..., F,

be non-empty closed subsets of U I;. Assume that:

(i) F; NI, #(Z)forall@ andj,
(ii) F,, C Fj_1 C -+ C Fy;

m
(iil) there is a continuous, descending function, 7 : [0,1] — D( U Ij), which
j=1
starts in Iy, passes through the I;’s and ends in I,.

Then there is a continuous function, f : |J I; — [0,1] such that f(F;) =
i=1
[tja 1]

4.2. Let K be a compact subset of R containing at least two points and let € > 0.
Find a finite subset G of K containing at least two points such that G is £/6-dense
in K and has the property that if t € K \ G, then there are t; and ¢ in G such
that t; <t < to and max{t — t1,ty — t} < /6.
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Assume that I, Io, ..., I, is a finite family of mutually disjoint closed and
bounded sub-intervals of R so that each of them contains more than one point,

W:KHD(OIJ*)

j=1

and assume that

is a continuous, descending map with the following properties:
(i) If s,t € G, s # t, then 7(s) # 7 (t);
(ii) If C is a connected component of K and C NG = {s1,$2,...,5},
8; < Si+1, and s, < max G, then there exist ji,jo,..., 7k € {1,2,...,m} (both k
and the indices depending on the component C' and on the points s, $2,. .., S;)
such that
m(s;)NI; #0
for all 4 and 1,
n(s)NI;, =0

for all [ and all s € G with s > s,., and

ijfjl).

=1

m(s0) N (ijfjl) C-oCa(si) N (
=1

THEOREM 4.2.1. There is a liftable map

A:D( 6 I;) - D(K),

Jj=1
such that
d(Aom(t),{seK|s>t}) <e
for allt € K, where d is the Hausdorff metric.

REMARK 4.2.2. For all n € N, put
1
Kn:{SER‘EItEK:S—ﬂSand miansgmaxK}.
n

Then K, is the disjoint union of finitely many intervals K, 1 C K, and K =
N K,. Let m, : K — D(K,) be the continuous and descending map defined by

n=1

() = {s € K | s >t} (hence m, maps into D(K') which is contained in D(K,,)).
In the theorem, K should be thought of as the set of ideals in a C*-algebra (without
the C*-algebra itself) of the form

l m

A=lim (P C(10,1]) © Oz, ).

J=1
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The form of 7, should be compared with that of the natural map in Theorem 1.2.1.

The theorem then states that there is a liftable map A : D( U Ij) — D(K,), such
j=1

that d(A o 7(t), m,(t)) < e for all t € K. By Theorem 3.1.2, A can be “lifted” to
a unital *-homomorphism from C(K,,O2) into C’( U Ij,OQ). It follows from
j=1

Proposition 1.3.2 that the natural map from Z(A) to Z(A,,) will satisfy the re-
quirements put on 7 in the theorem (for a large enough m which will depend on
the choice of G).

EXAMPLE 4.2.3. Let K = {0,1} and let 7 : K — D([0,1]) be the continuous
and descending map defined by 7(0) = [0, 1] and 7(1) = F, where F is any proper
non-empty closed subset of [0,1]. Since D([0,1]) is connected (it is contractible)
any continuous function from D([0,1]) into D(K) must be constant. This proves
that the condition on the map 7 in the theorem is needed.

Proof. Let n € N. Write G = {to,t1,...,tn} where t; < t;11. Find iy as
large as possible such that ¢g,t1,...,%;, belong to the same component C' of K.
There are now three cases to be considered i; =0, 0 <i; < N, and i; = N.

If i1 = 0, then by the assumptions there is an interval I; such that 7(to)NI; #
0 and 7(¢t;) N I; = 0 for all ¢ > 0. Choose a finite subset F of {s € K | s > to}
which is £/6 -dense in this set. Define for s € F' a function f : I; — K,, by putting
fs(t) =sforallt € I;. Then |J fs(n(to) NI;)is €/6-dense in {s € K |s > to}.

sEF

If 0 < i1 < N, then by the assumptions there are indices ji,jo,...,Jjk
in {1,2,...,m} (depending on C' and the points si,s2,...,s,) such that 7 (tp),
7(t1), ..., m(t;;) all have non-empty intersections with all of the I;,’s while

k

w(tie1) N (Ufj,) =0

=1

and such that

(ti) N (ijl) C o C ot N (OIJ)
=1

=1

Use Corollary 4.1.3 to find a continuous function
k
FU L — [t ta]
=1

k
such that the image of 7 (¢;) N ( U Ijl> under this function is [¢;,¢;,] (which is
=1

contained in K) for all i < 4. Next choose a finite set F of {se K|s>
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t;,} which is £/6-dense in this set. Define for all s € F a continuous function

k k
fs + U I, = K, by setting fs(t) = s for all t € |J I;,. Then the union of the
=1 =1

k

images of 7(t;) N ( U Ijl> under these functions is €/6-dense in {s € K | s > t;}
=1

for all 7 < 4;.

If i1 = N, then there are indices j1, ja, ..., jr in {1,2,...,m} such that
R(t) (L, £0

for all 7 and [ and such that

(ta) N (OIJ) C - Crlto) N (CJIJ)
=1

=1

Use Corollary 4.1.3 to find a continuous function
k
[ UIjL — [to, tn]
1=1

such that the image of 7 (t;) N ( LkJ Ijl) under f is [¢;, txy]. Note that this interval
ise/6-densein {s€ K | s > ti}.lil

Next if ¢; < N, then choose iz > i; as large as possible such that t;, 41,
ti,+2,...,ti, belong to the same component of K. Again there are three cases to
be considered i = i1 + 1, i1 + 1 < is < N, and i = N. Find, in the same way
as above, a finite family of continuous functions defined on some of the intervals
I, I, ..., I, such that they have the following property: if Jy, Js,...,J, are the
intervals on which the functions are defined and i € {i; + 1,41 +2,...,i2}, then

v
the union of the images of m(¢;) N ( U Jj) under these functions is €/6-dense in
j=1

{s € K| s > t;}. Next i3 is determined, and so on until G is exhausted.
If f is one of the finitely many continuous functions defined above, then

m

extend it to |J I; by defining it to take the value max K on the intervals where it
j=1

is not already defined. This gives finitely many continuous functions f1, fo, ..., fi

such that

| ™

d( 6 i) {se K |s> t}) <
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for all t € G. Define A : D( U I]l) — D(K,,) by setting
j=1

M
Py = fi(F
=1
Then A is liftable and

dAon(t),{se K|s>t}) <

| ™

forall t € G.

If t € K\ G, then by the choice of G there is i € {0,1,...,n — 1} such
that ¢; < ¢t < t;41 and max{t — ¢;,t;41 —t} < £/6. Then, writing (¢) for the set
{se K |s>t},

d(y(t), Aom(t)) < d(y(t),7(t:) + d(v(t:), Ao m(t:)) + d(A o w(t;), Aom(t)).

Since A o7(tiy1) C Aom(t) C Aom(t;), it follows that the last term is less than
d(Aom(t;),Aom(t;s1)). Hence

d(y(t), Aom(t)) < d(y(t),7(t:)) +d(y(t:), Ao m(ti)) + d(Aom(ti), v(ti))
+d(y(ti), v(#) + d(v(#), y(tir1)) + d(y(tiga), Ao w(tipr)) <e,

where the fact that d(y(¢'),v(t)) = |t'—t| and the above estimate of d(y(t), Aom(t))
on the set G have been used. I

4.3. This section gives the proof of the following theorem which is analogous to
Theorem 4.2.1.

THEOREM 4.3.1. Let K be a compact subset of R containing at least two
points. For alln € N, put

K—{SER‘HtEK [s —t| < fandmmK s < maxK}

(then K, is a finite disjoint union of intervals, K11 C K, and K = [\ K,).

n=1
Let m, : K — D(K,,) be the continuous descending map defined by
m(t)={s€ K |s>t}
(hence m, maps into D(K) which is contained in D(K,)). Let I,I5,..., I, be

a finite family of mutually disjoint closed and bounded intervals, each containing
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m
more than one point. Finally, let m : K — D( U Ij) be a continuous and de-
j=1

m
scending map. Then there is n € N and a liftable map A : D(K,,) — D( U Ij)
j=1

such that
Aom,(t) =m(t)

forallt e K.

Proof. Define a map, A : D(K) — D( L_Jl Ij), by

tel

(the right hand side is automatically closed since 7 is continuous and F' is compact).
Then A is liftable. Note that since 7 is descending A(F) = m(min F') and hence
Aom, = m for any n € N. The aim of the proof will be to find n such that A
extends to D(K,,). If m has a continuous (not necessarily descending) extension
7 to K, for some n, then A can be extended (as a liftable map) to D(K,,) by
defining
AF) = | 7).
teF

In the following 7 is extended to K, for a large enough n.

Let P({1,2,...,m}) be the set of non-empty subsets of {1,2,...,m}. Define
a continuous map ¢ : K — P({1,2,...,m}) by

git)={je{1,2,...,m} | w(t)NI; # 0}.

Choose § > 0 such that if P, P, € P({1,2,...,m}), Py # P, then |s —t| > ¢ for
all s € g71(P1) and all t € g~(P,). Then choose n € N such that 1/n < §/2.

By definition, K, is a disjoint union of finitely many closed intervals. Next
it is proved that if I is one of these intervals, then g=1(P) N1 # () for exactly one
subset P of {1,2,... ,m}.

Since INK # (, it follows that there is at least one subset P of {1,2,...,m}
such that ¢g=1(P) NI # (). For P € P({1,2,...,m}), put

1
Ip={ter|3seg(P) st <}

Then Ip is closed and I can be written as the finite union

I= U Ip.

PeP({1,2,....m})
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Since I is a closed interval, it is enough to prove that the Ip’s are disjoint. Let
telIpand t’ € Ip,. Find s € g7 }(P) and s’ € g~1(P’) such that [t — s| < 1/n
and [t' — s’| < 1/n. By the choice of §, |s — s’| > 6. Hence

2
[t—t'|>86—=>0,
n

so that t # t'. This proves that Ip N Ip: = (.

Let I be one of the finitely many intervals which K,, consists of and let P
be the unique subset of {1,2,...,m} for which g='(P)N I # 0. It is enough to
extend the restriction of 7 to g71(P) NI to I. In order to do this, consider for
each j € P the continuous map from ¢~!(P) N I into D(I;) defined by

tl—>7‘(’(t)m_[j.

Using that D(I;) is path connected it follows that each of these maps has a con-
tinuous extension to I. 1

5. THE CLASSIFICATION THEOREM

5.1. The following is the main theorem of this paper.

THEOREM 5.1.1. Let By and Bs be unital C*-algebras which can be realized
as inductive limits of sequences of finite direct sums of C([O, 1]) ® Oy. Let Z(By)
(respectively Z(Bz)) be the lattice of closed two-sided ideals in By (respectively Ba).
Assume that Z(By) and Z(Bz) are totally ordered and order isomorphic via an
order isomorphism,

U : I(Bs) — Z(By).

Then there is a x-isomorphism, U : By — By, which induces U, i.e. W=(I) = ¥(I)
for all I € I(Bs).

REMARK 5.1.2. The proof given below does not apply in the simple case
(basically because the construction in Theorem 1.2.1 does not give a simple C*-
algebra). However, it is not difficult to make a proof for the simple case. That the
theorem is true in the simple case also follows from [6]. It also follows from this
paper that the C*-algebra obtained in the simple case is Os.

5.2. This section contains the proof of Theorem 5.1.1. For all m € N, let B,, =
lm,

@ C(]0,1]) ® Oz and let ¢y, : By, — Biy1 be a unital *-homomorphism. Put
j=1

B = lim(Boy, tm).
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l’?’?l
Recall that B, is *-isomorphic to C’( ‘U1 IJ’-“,(’)2>, where 17", I3%,..., I]"
=
is a family of mutually disjoint closed intervals contained in [0, 1] each contain-
lm
ing more than one point. Denote the set of non-empty closed subsets of J "
j=1

Im
equipped with the Hausdorff metric by D( U Ijm) Identifying Z(B,) \ {Bm}
j=1

lm
U I;”) gives a metric on the set of closed two-sided ideals which induces
j=1

the topology defined in Proposition 1.1.1 on Z(B,,) \ {Bm} (see Propositionl.1.3).

with D(

Assume that B is non-simple and that Z(B) is totally ordered. By Corollary
1.1.6 it follows that Z(B) is order isomorphic (in particular homeomorphic) to a
compact subset K of [0, 1]. Since B is unital, max K is an isolated point in K.

Let A be the C*-algebra constructed in Theorem 1.2.1 with Z(A) order
isomorphic to K via the canonical order isomorphism constructed in Theorem

1.2.1. In particular, this gives an order isomorphism
U : I(B) — I(A).
Put K’ = K\ {max K} and for n € N
K| = {tER‘ min K’ <t <max K’ and 3s € K’ : |s —t| < %}

Then K], is a disjoint union of finitely many intervals, K, , € K] and K’ =

N K,. Set A, = C(K],) ® O, then
n=1

A= 11i)n(f‘n, Qon)v

where the ¢,,’s are unital *-homomorphisms (for the definition of the ¢, ’s see
Theorem 1.2.1).

In the following it is proved that A and B are *-isomorphic via a *-isomor-
phism which induces T. The special properties of A will be used (see Theorem
1.2.1). Below, the natural map from the lattice of ideals of an inductive limit
C*-algebra to the lattice of ideals of one of the building blocks will be denoted by
7 (with a subscript if needed). In diagrams, the natural maps will just appear as

arrows as will the maps induced by the connecting *-homomorphisms.
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LEMMA 5.2.1. Let ¢ > 0 and p > 0. Assume that there is a unital
x-homomorphism & : B, — A, such that

I(A.) — Z(A)
3l
I(Bm) «— I(B)

commutes. Then there is k € N, k > m, and a unital *-homomorphism n : A, —
By, such that

I(By) «— ZI(B)
commutes within & (with respect to the metric defined in Proposition 1.1.3 on
I(A,)) and

Z(Bm) — Z(Bx)
commutes within p (with respect to the metric defined in Proposition 1.1.3 on
Z(Bm))-
Proof. Choose d; > 0 such that

~ ~

d(I,J) <61 =d(&(I),&(J)) <

Wi

for all I and J in Z(A,).
173
Identify Z(Ay) \ {A,} with D(K”,) and Z(By) \ { By} with D( U If) for all
j=1 "

k € N. Choose a finite subset G of K’ such that for all t € K’ \ G, there exist t;
and ty in G so that ¢ < t < ty and max{t — t1,t2 — ¢t} < min{dy,e}/6. It follows
from Proposition 1.3.2, Theorem 4.2.1 and 3.1.2 that there is ¥’ € N, ¥’ > m, and
a unital *-homomorphism, 7’ : A,, — By, such that

I(An) — I(A)

I(By) — I(B)

commutes within min{dy,e}. If I € Z(B), then by the choice of §; it follows that
d(€ o1 o mpr(I), ks m 0 mre (1)

<d(Eor omy(I),€ om0 U(1)) +d(§ o my 0 W(I)), i m 0 mie (D) <

Wi
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Consider the two uniformly continuous maps
Yrrm,§ o' 1 I(Byr) — I(By).

Choose d5 > 0 such that

~

d(1,.7) < 85 = max{d(Wp m (D), Y m (), d(§ 0 17 (1), € 0 17 ()} <

wiD

for all T and J in Z(By/). Find k € N, k > k', with the property that for all
I € I(By,) there is J € Z(B) such that d(tpp (1), 7 (J)) < 6.

Put n = Y s o7, then 7 is a unital *-homomorphism. Let I € Bj. Choose
J € I(B) with the above property. Then, by the choice of J; and the above
estimate, it follows that

~

(€ o (1), Yo (1)) < d(E 01 0 Py g (1), E 017 © mpr ()
+d(€on o Wk/(J)JZk',m om (J))
+ d({b\k/,m o Wk/(J)v{p\k’,m o Jk,k’ (I)) <p.

By definition, n makes
I(A,) «— I(A)

I(By) «— ZI(B)
commute within €. &

The proof of the next lemma is very similar to the proof of the previous
lemma (in fact it is easier) except that is uses Theorem 4.3.1 instead of Theorem
4.2.1. The details are left to the reader.

LEMMA 5.2.2. Let € > 0. Assume that there is a unital *-homomophism
n: A, — B such that the induced map 1 : Z(B,,) — Z(Ay) makes the diagram

I(A,) «— ZI(A)
I(Bn) «— I(B)

commute within €/3. Then there is a k € N, k > n, and a unital x-homomorphism

& By, — Ay, such that
I(A) — ZI(A)

I(Bn,) «— I(B)
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commutes and

Z(Bm)
commutes within € with respect to the metric defined in Proposition 1.1.3 onZ(A,,).

PRrROPOSITION 5.2.3. Let A and B be as above, then there is a x-isomorphism
U : A — B which induces V.

Proof. The proof consists of constructing an approximate intertwining in the
sense of [5], Theorem 2.1. See also [9].
Choose for all n € N a finite set of generators X,, of A,. Set F; = X; and

n

F, = U ¢n,i(X;) whenever n > 2 (¢, 5, is defined to be the identity map on A,,).
i=1

Then F, is a finite set of generators for A,,. For each m € N choose in the same

way a finite set of generators, G,,, for B,,.
Step 0. Identifying Z(A,)\ {4, } with D(K],) for all n € N and Z(B1) \ {B1}
51
with D( U I;) it follows from Theorem 4.3.1 and Theorem 3.1.2 that there is
j=1

n1 € N and a unital *-homomorphism & : By — A,,, such that
I(Any) — I(A)
& E
I(B) «— I(B)
commutes. Set F), = F, U&(G1).

Step 1. Let §; > 0 be the number corresponding to taking e = 1/2 and the
finite set equal to G in Corollary 2.2.4. Next take e = 1/2 and the finite set equal
to F,’“ in Corollary 2.2.4 to get do > 0. Use Lemma 5.2.1 with p = 6; and € = d5/3
to find mg € N, mg > 1, and a unital *-homomorphism, 1, : A,, — B,,, such that

I(An,) — I(A)

commutes within d,/3 and
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commutes within §;. By Corollary 2.2.4 there is a unitary u in B,,, such that

1

1Ad (u) 0 11 © &1(2) = Yy (@) < 5

for all z € G;. Replace nm; with Ad (u) o ;. Then the above diagrams will still
commute within the given values. Put G, = Gy, Uni(F,,)).

Step 2. Use Lemma 5.2.2 with € = 05 to find ny € N, ny > nq, and a unital
s-homomorphism & : B,,, — A,, such that

I(An,) — I(A)

commutes and
m N\ /&
Z(Bm.,)
commutes within do. From Corollary 2.2.4 it follows that there is a unitary u in

A, such that
1Ad (w) 0 & 01 (&) ~ P (@) < 3
for all x in F}, . Replace & with Ad (u) o §>. Again the above diagrams will still
commute within the given values. Set F, = &(G7,,) U Fny, U@, n, (F)).
Continue by induction and obtain, after passing to subsequences and renum-

bering, the following diagram of #-homomorphism and C*-algebras

Ay RN Ao REN A — . — A
51/‘ 7]1\ 52/ 7]2\« 53/
Bl — BQ — Bg — — B
P1 P2

which is an approximate intertwining. This gives a *-isomorphism p : B — A.
Let n € Nand & > n. Set pf = ,u;c“ 0 & © Yy n, wWhere ,u;j is the natural *-
homomorphism from Ay, into A, and p,,(b) = lim p¥ (b). Then

Fu(D) = lim 7 (1)
for all I € Z(A). Note that by construction the following diagram
I(An) — I(A)

I(B,) «— Z(B)



258 JAKOB MORTENSEN

commutes. It follows that if I € Z(A), then 5% (I) = m, o W=1(I). Hence
Tp O P = Pn :wnO@_l
for all n € N so that p = gL Putting ¥ = p~! completes the proof. 1

Theorem 5.1.1 follows from the above.

5.3. The following theorem is the homomorphism version of Theorem 5.1.1.

THEOREM 5.3.1. Let By and B be unital C*-algebras which can be realized
as inductive limits of sequences of finite direct sums of C([0,1]) ® Oa. Let Z(By)
(respectively T(Bg)) be the lattice of closed two-sided ideals in By (respectively Ba).
Assume that T(B1) and Z(Bz) are totally ordered and that

U : I(By) — Z(By)

is an order preserving map which is continuous with respect to the order topolo-
gies and has the property that U= ({B1}) = {Bs}. Then there is a unital *-
homomorphism U : By — By which induces U, i.e. U=YI) = U(I) for all
I €Z(Bs).

Proof. By Theorem 5.1.1 it can be assumed that By is on standard form,
i.e. it is as in Theorem 1.2.1. Using Theorem 4.3.1, the Existence Theorem 3.1.2
and the Uniqueness Theorem 2.2.4, a one-sided approximate intertwining can be
constructed (the unital *-homomorphisms going from the building blocks of B
into the building blocks of Bs). This uses that By is on standard form and gives
a unital *-homomorphism ¥ : B; — B;. To see that ¥ induces \Tl, the same
argument as in the proof of Proposition 5.2.3 can be used. I

5.4. This final section gives an application of the the Classification Theorem 5.1.1.
Let B be a non-simple unital C*-algebra which can be realized as an inductive
limit of a sequence of C ([0, 1]) ® Os. It can be assumed that the connecting
s-homomorphisms in such a realization are unital. Assume that Z(B) is totally
ordered. Then Z(B) is compact and metrizable in the order topology and has
an isolated maximum. Since the space of non-empty closed subsets of [0,1] is
connected (it is even contractible), it follows that Z(B) \ {B} is connected. Hence
Z(B)\ {B} is a compact connected Hausdorff space with more than one point.
By [10], Theorem 28.8, it follows that Z(B) \ {B} has at least two non-cut points
(for the definition see [10], Definition 28.5). It is not difficult to see that there
are exactly two non-cut points in Z(B) \ {B}; the maximum and the minimum of
this set. Imitating the proof of [10], Theorem 28.13, it follows that Z(B) \ {B} is
order isomorphic to [0, 1]. Hence Z(B) is order isomorphic to [0,1]U{2}. Applying
Theorem 5.1.1 then gives the following theorem.
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THEOREM 5.4.1. Up to x-isomorphism there s exactly one unital, non-
simple C*-algebra with totally ordered lattice of ideals which can be realized as
an inductive limit of a sequence of C([O, 1}) ® O,.
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