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ABSTRACT. We develop standard models for commuting tuples of bounded
linear operators on a Hilbert space under certain polynomial positivity con-
ditions, generalizing the work of V. Miiller and F.-H. Vasilescu in [6], [14].

As a consequence of the model, we prove a von Neumann-type inequal-
ity for such tuples. Up to similarity, we obtain the existence of in a certain
sense “unitary” dilations.
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1. INTRODUCTION

Let H be a separable Hilbert space and T' = (T1,...,T},) a commuting tuple of

n
bounded linear operators on H. T is called a spherical contraction, if > T;*T; <
i=1

n
17, and a spherical unitary, if > T;*T; = 13 and in addition, all components

of T are normal. We say that lflhas a spherical dilation if there is a spherical
unitary U which dilates T, i.e. T* = Py U*|H for all & € NJ. There is no easy
generalization of the famous Dilation Theorem for contractions of Sz.-Nagy (see
[12]) to spherical contractions: in general, spherical contractions have no spherical
dilations, and there is not even a von Neumann-type inequality over the unit ball
in C™ for spherical contractions ([3]). Athavale has shown in [1] that under certain
additional positivity conditions a spherical contraction 7" has a spherical dilation,
and Miller and Vasilescu have developed a model for T" under these conditions
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which reproduces this result ([6], [14]). This model consists of a spherical unitary
part and a weighted backward multishift part which for suitable order coincides
with the adjoint of the tuple of multiplication operators with the coordinates on
a Hardy space over the unit ball in C™. For n = 1, this is just the well-known
coisometric extension for contractions.

In the current paper, we will develop a model for a commuting tuple 7" un-
der certain polynomial positivity conditions. We call T' a P-contraction, where

P = 3" a,27 is a polynomial with non-negative coefficients of a certain type,
YENg
if > ayT*'T7 < 1y, and a P-unitary if > a,T*"TY = 14, T4,...,T, nor-
YENy veENy

mal. We will show that P-contractions satisfying additional positivity conditions
of suitable order have a model consisting of a P-unitary part and a weighted
backward multishift part, which may be identified topologically with the adjoint
of the multiplication tuple on a Bergman space. In particular, up to topological
equivalence, T has a P-unitary dilation and therefore a rich functional calculus.

The crucial tools in identifying the weighted backward multishift with the
adjoint Bergman space multiplication tuple are a theorem of A. Cumenge from
complex analysis which allows to extend Bergman space functions on a complex
submanifold M to Hardy space functions on a strictly pseudoconvex set containing
M and the simple idea of regarding a P-contraction as a spherical contraction in
a higher dimension.

2. PRELIMINARIES AND NOTATION

A commuting tuple T' = (11, ...,T,) of bounded linear operators on the separable
Hilbert space H will be called a commuting multioperator or just a multioperator.
For A € L(H), let C4 be the bounded linear map

(2.1) L(H) — L(H), X — A*XA,

and for a commuting tuple T' = (T1,...,T,) € L(H)" let Cp = (Cp,,...,Cr,).
IfP= > ayx? € C[Xy,...,X,] is a polynomial, then P(Cr) is the bounded

YeNy
linear map L(H) — L(H), X — > a,T*"XT7. This map is well-defined, since
YENG
Ty, ...,T, commute.

If T =(Ty,...,T,) is a commuting multioperator on H, S = (S1,...,5,) a
commuting multioperator on some Hilbert space H and A:H — H is a linear
map, then we will write AT = SA for the identity AT; = S;A, i = 1,...,n.
In this situation, we call T' and S topologically equivalent or similar if A is a
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topological isomorphism. We will call a commuting multioperator normal in case
all components are normal.

For z = (z1,...,2n), w = (w1,...,w,) € C", we will denote the tuple
(Ziwy, . .., Zpwy) by Zw and the tuple (|z1]%,..., |z.]?) by |2|2.

Let us introduce the class of polynomials from which our positivity conditions

are obtained. A polynomial P € C[X7,...,X,] is said to be positive regular, if

(i) the constant term is 0;
(ii) P has non-negative coefficients;

(iii) the coefficients of the linear terms X1, ..., X,, are all different from 0.

There is a complete Reinhardt domain in C™ associated to each positive

regular polynomial P, namely
(2.2) P={zcC"|P(z) <1}

n
which we call the P-ball. For P = > z;, the P-ball is just the unit ball B™ in C™.
i=1

(3

For a positive regular polynomial P, X € L(H) positive and m € N, we will

call a commuting multioperator T' (P, m)-positive for X, if

(2.3) AP(X) = (1= P)(Cr)(X) >0
and
(2.4) ARV (X) = (1= P)™(Cr)(X) > 0.

In this case,
(2.5) AP(X) = (1= P)*Cr)(X) >0 for1<k<m,

as one obtains completely analogously to Lemma 2 in [6]. The tuple T is said
to be (P,m)-positive, if it is (P, m)-positive for 1p;. Furthermore, we call T a
P-isometry, if Ag) = Ag)(lH) =0, and a P-unitary, if in addition T is normal.

For P = f: x;, the (P, 1)-positive operators are just the spherical contrac-

=1
tions.
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3. STANDARD MODELS

We will now develop in analogy to [6] a standard model for (P, m)-positive com-
muting tuples, consisting of a part which is the adjoint of a multiplication tuple
— or, equivalently, a weighted backward multishift — and a P-unitary part.

For |P(z)| < 1, we have

(3.1) W _ (gpj(g;))m.

Therefore the function « — 1/(1 — P(x))™ has a power series representation which
converges compactly on {z||P(z)| < 1} and coincides with the Taylor series ex-
pansion at 0. For positive regular P, all Taylor coefficients are positive.

DEFINITION 3.1. Let P be a positive regular polynomial in n variables and
let m € N. For each o € Nj, let pB () be the Taylor coefficient at index « of the
function z +— 1/(1 — P(x))™ at 0.

We will denote the coefficients pB (), o € N§, as (P, m)-weights.

Now let H%(p'?) be the linear space of all formal power series QZN" cq2® such
that > |cal?1/pH(a) < co. The space H2(p'H) is obviously a HilbeGrtospace with
the ir?rfljl? product

(3.2) < Z Caz®, Z ba/z“/> = Z cabap’];l(a)'

a€eNy a’eNg a€eNY

It can be regarded as a space of holomorphic functions on the P-ball P, and there
is an obvious reproducing kernel:

LEMMA 3.2. The elements of H%(p'%) define holomorphic functions on the
P-ball P. Furthermore, let

(3.3) E:PxP—C, E(z,w):m.

For each z € P, the function €, = €(z,-) is a holomorphic function on P and by
identification with its Taylor series expansion at 0 an element of H*(p'%) such that

<fagz>:f(z)v f€H2(p7lg)

We have ||t.]| = (1/(1 = P(|2[2))™)"/? for z € P.
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Proof. For f = Y cow® € H*(p') and z € P, we have

aeNy

S el < (el ) (X sper)”

(34) aENS OLGNS’ prfg(a) aENg
1
= a-pgpye il

Thus f converges uniformly on compact subsets of P and defines a holomorphic
function on P (see [9], Corollaries 1.16 and 1.17), which we again call f. Further-
more, one obtains for z € P

e = | 3 opeEet| = X 1 Pon

(3.5) a€Ng €Ny
1
= s <O
(1= P(z?)™
and (f.£.) = > ca2®=f(z). 1
aeN]

We define multiplication operators M., i = 1,...,n, on H?(p%) by
M., > caz®= > caz®tei.

a€eNy a€eNy

For the study of the multiplication operators and the construction of the
model, we need more information about the (P, m)-weights (p(a)). Thus we
give a more explicit form and a recursion formula for the weights.

Let us first introduce some notation. For a given positive regular polynomial
P,let Ip = {y € N§j | ay > 0} and mult(P) = |Ip| be the number of nontrivial
coefficients in P. We form the vector of the coefficients of P, A = (a,)er, € CI7.
Furthermore, let for K = (ky)yerp, L = (Iy)er, € CI7

(3.6) AR =T o, K| =Y ks,

v€elp velp
K| |K|! L by

(3.7) < S, -1
K)7 Ik k)~ Ak,

and

(3.8) [K]:=(K]1,...,[K]n), where[K];:= Z viky for i € {1,...,n}.
v€lp

Write K < L if ky, <[, for all v € Ip. We need some combinatorial results:
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LEMMA 3.3. For L € N} and m € N,

ILI\ (L] +mY\ |IL— KN (KN (|K|+m-—1
(39) ( L m B Z:I L-K)\ K m—1 '
KenlP
K<L
Proof. We obtain the identity

(3.10) > (f{) = <f|> for r=0,...,|L|

K<L
|K|=r

by induction over the number of nontrivial coefficients |Ip| of P and the well-known
fact

(3.11) q;) <|Lq_ l) (T i q) = ('f') for 0 <1 <|LJ.

Now, we have

3 (IE - ?) (I?) (IKN:Z— 1)

12 > [Z (]
DR O
)z

It remains to show that (T:;:f;l) = (lL‘:{m) for m € N, which is an easy

induction. 1 -
Furthermore, Equation (3.10) yields the identity

e 3 () (008 ) - (1) X (o) - ()

K<L K<L
|K|=r |K|=r

for 0 < r < |L|. Now we can characterize the (P, m)-weights more explicitly.
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LEMMA 3.4. Let P be a positive regular polynomial and m € N. Then

K -1 K
(3.14) pp(a) = Z AE (| [+ m ) (| |) for a € N.
KeNP 1] K
[K]=«

Proof. For m =1 and |P(z)| < 1, we have

1 = . - K
1—13@:.2”@“2[ > (%) HW”C”“]

j=0 j=0 KENéP yElp
(3.15) N 1= |
_ K |K| K]| _— «@ K K|
| x a()e)- zoe x an (),
7=0 KeNéP aeNy KeNéP
|K|=j [K]=a

So, by uniqueness of the coefficients, (3.14) holds for m = 1. Now let (3.14) be valid
for an arbitrary m € N. Then we obtain again by uniqueness and by Lemma 3.3
the identity for m + 1 :

g = (X @) (3 st

a€eNy a€eNy
K| [K|+m =1\ k[ ]|
= AK K] A7 ]
(x (%) (")) (s ()
KeNyP JeNyF
(3.16) _ AL 1] IL - K| [K|+m—1)\ (|K|
ZI v ZI L-K m—1 K
LeN,” KeNyP
K<L
_ o L (1L (1L +m
vl s ()M
aeNy LeNgP
[L]=«

Let from now on p(«) = 0 for o € Z™ \ Nj. Then we obtain the following
recursion formulae for the (P, m)-weights:

REMARK 3.5. Let P = ) a,2” be a positive regular polynomial and let

YENR
Q=1-(1-P)"= 3 byz". Then
veNy
(3.17) pE(e) =Y bypla—17), aeNj

YENg
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and for m > 1,

(3.18) pE(@) = pp M)+ Y aypB(a—7).
YENG

Proof. For a € Nj, > bypp(a — ) is the coefficient at index a of the

~ENG
product power series ( > p’ﬁ(a)x")( > byx”Y). We obtain Equation (3.17)
a€eNg ~ENE

by comparison of coefficients, since for |P(z)| < 1 we have

S 0 3 bplla ) =0 - P) M1~ (- P)™)
aeNy YENG

(3.19)
= Z pp(a)z® — 1.

aeNY

Similarly, > a,pP(c — ) is the a-coefficient of the product power series
YENg

( > p’ﬁ(a)xO‘)( > apyx“’), and we obtain for |P(z)| <1, m > 1

aeNy YENG

> o (hB(@) = Y anpla =) ~1

a€eNy YyENG
(3.20) =(1-Pz)™—-(1—-Px) ""P(x)-1
=(1-P@) "™ 1= Y ppHa)z* 1

aeNY
implying (3.18). 1

Now we can prove that the multiplication operators are well-defined bounded

operators on H?(p™%).
LEMMA 3.6. M,,,..., M, € L(H?*(p)).

Proof. Let e; be the ith unit vector in C", ¢ = 1,...,n. It is sufficient to
show that for some constant ¢ > 0, pB(a + e;) > c¢pB(a) for all @ € Nj. But by
Remark 3.5,

(3.21) pRate) > Y apBlate —7) > ac (o)
veENy

for a € N{j, which proves the lemma. 1
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The multiplication operators are obviously commuting.
For the separable Hilbert space H, we can consider the Hilbert space tensor
product H ® H?(pp) =: H,(p'%). This space can obviously be identified with the

space of formal power series with coefficients in H, > hyz* with h, € H for
a€eNy

o € Ni, such that >~ |ha||?(1/pB(a)) < co. The inner product on HZ (ph) is
aeNY
then given by

< 3 haz, Y h’a,zo‘/> -y <ha,h;>p;(a).

aeNy o/ ENg aeNy

We can view HZ(p') as a space of H-valued holomorphic functions on P. From
now on, we will denote the multiplication operators with the coordinates on
HZ,(p'B) as well as the ones on H?(p%) by M.,,...,M,,. By Lemma 3.6, these
operators are also well-defined and bounded on H%,(p’p).

As in the case of spherical contractions, the spectrum of a (P, 1)-positive

multioperator is contained in the closure of the P-ball:

LEMMA 3.7. Let P be a positive reqular polynomial and T a (P, 1)-positive
commuting multioperator. Then the Taylor spectrum o(T) of T is contained in the
closure P of the P-ball.

Proof. This lemma is a special case of a more general result ([11], Theorem
1.12). We give a more elementary proof for our situation.

Let A € C*\ P. We will show that ) is not contained in the joint spec-
trum of T relative to the closed commutative subalgebra A of £(H) generated by
Ti1,...,T,,i.e. we will show that the ideal I generated by A1y —T1,..., A1y —T),
in A is equal to A. Since the Taylor spectrum o(7T') of T is contained in the joint
spectrum of T relative to any closed commutative subalgebra of £(H) containing
T, this means that A is not in o(T).

Let Qx(2) = (1/P(|A|*))P(\z). Then Qx()\) =1, and for h € H, ||h|| < 1,

1(T)h] = 7 IPODIR
/2 1/2
(322) < g (2 aWE) (X airne)
yElp velp
1 1

Or)(Ly)h, b)'/? < 1

= oy PN =



374 SANDRA PoTT

by definition of P. Thus ||QA(T)|| < 1, and 15 — Qx(T) is invertible in A. On the
other hand, one easily verifies that

(3.23) 13— Q(T) = Qx(A) — QA(T) w Zaw (Nly —T7) €1,

which finishes the proof. 1
We are now in the situation to state our model theorem:

THEOREM 3.8. Let P be a positive reqular polynomial in n variables , T =
(Th,...,T,) a commuting multioperator on the separable Hilbert space H and m €
N. Then the following are equivalent:

(i) T is (P, m)-positive;

(ii) there exist a Hilbert space N', a P-unitary operator N = (Ny,...,N,) €
LN)" and an isometry V. = Vi @& Vo : H — HZ(pB) ® N such that VT =
(M@ N)V.

Proof. First we prove (i) = (ii).

CLAM 1. Let T be (P,1)-positive for the positive operator X € L(H).
Then the sequence (P(Cr)*(X))kren converges to some positive operator Px in
the strong operator topology (SOT) on L(H).

Proof. Since P is positive regular, (P(Cr)*(X))ren is a sequence of positive
operators and thus bounded below by 0. Moreover, the sequence is decreasing
because of

P(Cr)*(X) = P(Cr)*1(X) = P(Cr)*(1 = P(C1))(X) > 0

and consequently converging to some positive operator ﬁX in the SOT-topology. 1

Now define for X € L(H), X > 0, and T (P, m)-positive for X the map

TH = Hy(pB), h—= > pP(a) (1= P(Cr))™(X))"* Tha",
OCEN"

As one proves by induction completely analogously to [6], Lemmas 4 and 5 (see
also [11], 2.1 and 2.8), we have

k .
> (7 ) rena - pen)

.S (k;rj)P(C’T)’““(l _P(Cr)Y, keN

=0

(3.24)
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and

(3.25) Jim <k +‘7> (P(Cr)F (1 = P(Cr))(X)h,h) =0, heEH,

k—oo J

for j=1,...,m — 1. We obtain

(3.26) [V R|* = [|2]}* = Jim (P(C7)* (X)h, h) = IR)* = (Pxh,h), heMH

by
IVERI2= 37 p(a) (1 — P(Cr))™(X)Th, Th)
a€eNy
_ K] +m =1\ (KN i o - T
- (C2(1 — P(Cp))™(X)h, h)
aeNglKEZNIP< m—1 )<K> 4 ’ |
K=« _
_ oo j+m—1\/7 AK CPEFK}(I—P(C )™ (X)hh
(3.27) ;o[;%;ép( m—1 >(K) < T >
K=
X (j+m—1 ,
=Z< m—1 ><P(CT)](1—P(CT))m(X)h7h>
7=0
o immil k+j e }
= ||7]] kl%o%( ; ><P(CT) (1= P(Cr)) (X)h, )

= [B][> = lim (P(Cr)*(X)h, B,

according to (3.24) and (3.25), with the limits existing because of Claim 1. For T
(P, m)-positive and V; = V;***, one gets

ViTih= ) pp(a)((1 = P(Cr)™ (1) 2T h 2"

aeNy
=2 ,,%p%(a +e) (1= P(Cr))™ (1p) /2T h 2
(3.28) aeny PP g
= MZ( > pRla+e) (1= P(Cr)™ (1)) /?T* z““f?)
a€eNY
= M: Vi h.

So we have constructed the first part of our model. In a second step we construct
the P-unitary part, using the fact that P = P1H is invariant under P(C7). In the
following, we write s-lim for the limits in the strong operator topology on L(H).
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LEMMA 3.9. Let T be a (P,1)-positive commuting multioperator on H and
P= ]51H =s -khj& P(Cr)*(13). Then there exist a Hilbert space N, a P-unitary
multioperator N € L(N)™ and a contractive linear mapping Vo : H — N such that
[Vah||2 = (Ph, k) for h € H and VoT = NV;.

Proof. Let K = PY/2H and Vs : H — K, h — PY/2h. For i = 1,...,n, the
linear map W; : PV/2H — K,

(3.29) W;Voh = VoT;h  for h € H,
is well-defined and bounded, since

(3.30) [|W;Vah|? = (T} P Tih, h) < aZY(P(Cr)(P)h, h) = a_||Vah|?, heH.

i

So we can extend W; to a bounded linear map X — X, which we also call
W;. By (3.29) and continuity, we have WV, = V4T for W = (Wy,...,W,) and

consequently
(331) Vi (P(Cw)(Lc)Ve = P(Cr)(V5'Va) = P(Cr)(P) = V5'Vy

because of the SOT-continuity of P(Cr).
Now P(Cw)(1k) = 1k, since VoH is dense in K. Thus W is a P-isometry.

To replace W by a P-unitary tuple, we need the following lemma:

LEMMA 3.10. FEvery P-isometry is subnormal, and its minimal normal ez-

tension is a P-unitary.

Proof. Let W € L(W)™ be a P-isometry. Then the tuple (a},/QWV),YQP is
a spherical isometry and consequently by [1], Proposition 2, a subnormal tuple.
Since ae,,...,a., are all not 0, in particular the tuple W = (Wq,...,W,,) is
subnormal. Let N = (Ny, ..., N,) be its minimal normal extension on the Hilbert
space N' 2O K. Then (a}/2N7)761P is the minimal normal extension of the tuple
(a#/ 2W“Y),ye 1» and by [1] also a spherical isometry, which implies that N is a

P-unitary. 1

Now let for a (P, m)-positive multioperator T on H

(3.32) V=VieV:H— H}(pp) o N.
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The mapping V is an isometry, and VT = (M} & N)V. Note that only the first
part of the model depends on m.

For the proof of the reverse direction, we have only to show that M} €
L(H?(p'B))™ is (P, m)-positive for arbitrary m. Then the (P, m)-positivity of M}
on H%(p'B) follows, and we obtain the (P, m)-positivity of T by the fact that any
P-unitary is (P, m)-positive for every m and that (P, m)-positivity is preserved
under the direct sum M} @& N, the restriction to the invariant subspace V'H and

the unitary transformation H — V'H.

LEMMA 3.11. For every m € N, the commuting multioperator M} €
L(H?(pp))™ is (P,m)-positive. Moreover, (1 — P(Cy»))™(1) is the orthogonal

projection onto the subspace of constants in H?(p'%).
Proof. For o, 8 € Nj, we have

Pp(a—p)
(3.33) MPM:P 2 = { PR @)
0 otherwise.

z* if<a,

So obviously (1 — P(Ch+))"(1)2* = 2 for a = 0. Let as before pf(a) = 0
for a € Z™ \ NZ. Since the spaces C - z* are invariant under MZM*” | thus also
invariant under (1 — P(Cy:))(1) and (1 — P(Cysx))™ (1), it remains to show that

(3.34) (1= P(Cp:))(1)2", 2%) =
(3.35) (1= P(Cun:))"(1)2%,2%) =

)

0
0

By Equation (3.33), we have

(336) (1 P(Cars)) (D)% 2%) = — L (p$<a>— T awpzs(a—w))

2
pp(a) ~elp

and

(337)  {(1 - P(Car:))™(1)2",2%) = ,ﬁ(pm) =Y b w),

2
pp (@) ~eNn

where )" b,x7 is the polynomial 1 — (1 — P)™. The rest of the proof now results
YENg
from Remark 3.5. 1

This finishes the proof of Theorem 3.8. 1
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Via the isometric isomorphism

2/ m 2 /" a 1
R A N S L

b
) N’L
a€eNy <o

the multioperator M} may be looked upon as a weighted multi-backward shift. So
ViH C H3(p’?) may be regarded as the shift part of our model, and VaH C N is
the P-unitary part.

In case m = n =1 and P = x, the (P, m)-positive operators are just the con-
tractions, and our model is the well-known coisometric extension for contractions.

If P is the polynomial > x;, the P-ball P = {z € C" | P(]2|?) < 1} is just
i=1
the unit ball B” of C”, and the P-unitaries are just the spherical unitaries. For

this case, Theorem 3.8 was proved by V. Miiller and F.-H. Vasilescu in [6]. The
positivity conditions A;’”) >0, 1 < m < n, were examined earlier by A. Athavale,
who showed in [1], Remark 1 to Proposition 4, that the tuple 7" then has a spherical
dilation.

The standard model of Miiller and Vasilescu reproduces this result: as one
easily verifies, for the above P the space H?(p'%) is just the Hardy space

H?(B") = {f : B" — C holomorphic | || f||* :== sup / |f(rz)|*do < oo}7
0<r<1
oBn

where o is the normalized surface measure on dB™, since

|2%2do = (n — Dlal/(n — 1 — |a|)!

oB"

for o« € Ny (see e.g. [10], Proposition 1.4.9). The adjoint of the multiplication
tuple here of course has a spherical dilation, for example the multioperator Mz €
L(L?*(0B",0))™ via the isometric inclusion H2(B") — L?(0B", o). Thus M & N,
where N is a spherical unitary, has a spherical dilation, and T, being unitarily
equivalent to the restriction of M} @ N to an invariant subspace, has a spherical
dilation, too.

The existence of a spherical dilation implies a von Neumann-type inequality
over B™ and consequently the existence of a contractive A(B"™)-functional calculus
for T', where A(B") = {f : B" — C continuous | f[B" holomorphic}.

But since the multioperator M} € L(HZ (pp))™ = L(HZ(B™))"™ has an ob-
vious H>°(B")-functional calculus defined by

(3.39) fFOMD) = (Mp)*,  f e H*(B")
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with }(z) = f(2), every (P,n)-positive operator for which the model given by
Theorem 3.8 consists only of the first part has even an H> (B™)-functional calculus.
So, according to Lemma 3.9 in the proof of Theorem 3.8, every (P,n)-positive
multioperator T with s- klin;o P(C7)¥(13) = 0 has a H>(B")-functional calculus.
This result is contained in [6] and may also be obtained by means of an operator-
valued Poisson integral formula ([14]).

So for general positive regular polynomials P, a natural question to ask is
whether H?(p'%) may be identified for suitable m with a well-known Hilbert space
of holomorphic functions on the P-ball P and thus one can obtain a rich functional
calculus for M} € L(H?(p?))" (and consequently for (P, m)-positive T') by this
identification.

In the next section, we will show that such an identification is possible by
passing to an equivalent norm.

4. THE FUNCTIONAL MODEL

THEOREM 4.1. Let P be a positive reqular polynomial and m = mult(P) > n.
Furthermore, let pu be the mnormalization of the positive measure
(1= P(|z[*))™ =1 dX on P, where d\ denotes Lebesque measure. Then the space
H?(p™) and the Bergman space

B3P, p) = {f : P — C holomorphic | /|f(z)|2 dp < oo}
P

coincide as sets of functions on P, and the identifying map id : B*(P,u) —
H2(p™) is a topological isomorphism.

Proof. Let us first introduce some notations. With P = 3 a,2?, Ip =
~ENp

{y € Ny | ay, > 0} and |Ip| = mult(P) = m, identify C™ with C/” and denote

the elements of C™ by w = (wy)yerp. Let 7 : C" — C", w = (Wy)yerp —

1/2 —~1/2 )

(Weyy-vvyWe, ), and & : C™ — C", w = (Wy)yerp — (G Weyy- .o\ ae, “We,).

Now define the holomorphic map

m m a’l‘//2w’>’ if YEe1,...,6n,
(4.1) p:C" = C", pw)y=

Wy + a#/ *7(w)?  otherwise.
The map ¢ is biholomorphic, since
—-1/2 .
a w ify€ee,...,e
(4.2> (,0_1 N LN (Cm7 90_1(71])7 _ { vy Y 1 nHy

1/2 .
vy .
wy — ay “k(w)?  otherwise;
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is obviously a holomorphic inverse map. Let D = ¢~*(B™). Then D is strictly

pseudoconvex, since B™ is strictly pseudoconvex (see e.g. [9], I1.2.7), and we have
N(C" x {0} x --- x {0})
(4.3) :{w eC™ ‘wﬁY =0for vy ¢ {e1,...,en}, Z ay|T(w)7]? < 1}

YyElp

=P x {0} x --- x {0}.

Moreover, M = ¢(P) is a complex submanifold of B™ such that M = {w € B™ |
1/2 ~
wy = ay “k(w)'}
Let @ be the polynomial in m variables that corresponds to the unit ball,

Q € Cl(Xy)rerp), @= > x4

velp
We will now construct the identifying map B2(P, u) — H?(p'%) in several

steps.

Step 1. THE RESTRICTION. As in (3.8), let [-] : NJ* = NP — N2, [8]; =
z: Wﬁﬁv-

velp

LEMMA 4.2. With A = (ay)er, and the notation in (3.6), the map

(4.4) m H2B™) — H*(pF), Y cpuw’ = > cgA?2P)
BENT BENT

is well-defined, surjective, linear and has norm 1.

Proof. First notice that the (P, m)-weights may be expressed in terms of
(Q, m)-weights: For a € NjJ, we have

as o= Y (M) - 5 e

BENg BENT

[Bl=a [Bl=c
As one shows easily by induction over r, for any ai,...,a., b1,...,b. € R with
ai,...,a, = 0and by,...,b. > 0 one has

(4.6)

(Eriaz)Q L
T ji:‘gk‘
Yo =

=1
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Consequently we obtain for arbitrary f = . cpw” € H2(B™), a € Nj

BEND
2 2
\ S A2, ( > Aﬂ/ﬂcm)
T, T, ]2
= =« Cﬁ
(4.7) — < <
Py (a) >, APpg(B) Bezl\,:m g (B)
BEND 0
[Bl=a (Fl=a
and
(4.8) 1= 3 )] T | <
QEND aC BeEND
[Bl=a

To show the surjectivity of m, consider the map ¢ : H?(pt) — H%(B™), g =
ST oaz®— > e D A'B/Q(pg(ﬁ)/p?(a))wﬁ. Then ¢ is well-defined and iso-

a€eNy a€eNy BENG"
[Bl=e
metric, since (g) € HA(B™) with [«(@)|> = X lcal? 5 A%(o3(8)/p(0)?) =
a€eNy BeNg"
[Pl=a

llgl|? by Equation (4.5), and mor=1. 1

Thus the map 7 can be regarded as the orthogonal projection from H?(B™)
onto the closed subspace H?(p'%). This close relationship between H?(p'%) and
H?(B™) and the definitions of ¢ and m become clearer by considering the following
idea:

Let T = (T1,...,T,) be a (P,m)-positive multioperator on H and let V; :
H — HZ,(p’?) be the map constructed in Theorem 3.8. Let W be the commuting

m-tuple (W5) erp, Wy = a#/Q . Then
(4.9) (1=P)(Cr) = (1-Q)(Cw)

and thus W is (Q, m)-positive. Again by Theorem 3.8, now applied to the m-tuple
W, we obtain the map Vi : H — H721 (B™) as first part of the model for the tuple
W. Therefore

(1) o Vi(h) = (1xm) ( Z P (B)(1=Q)™ (Cw) (1)) /W hu?

=> > Pg(ﬂ)AB((l — PY"(Cr)(15)) 2 TP 2o

€N BeNp
[Bl=a

= > PR(@)((1 = P)™(Cr)(13)) /2 T*hz" = Vi (h)

aeNY

(4.10)
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for h € ‘H, and we have

(4.11) (1 @m)oVi=V.

In particular, the map 144 o 7 is isometric on ‘717'[, since

(4.12)  [Vah|* = lim (P(Cr)*(1)h, h) = lim (Q(Cw)* (12)h, h) = [[V1h]|*.

The submanifold M = {w c B | W, = ai/sz(w)”f} corresponds to the identities
W, = a#/ >T7. The map 7w may be regarded as the restriction of functions in
H?(B™) to the submanifold M, up to the biholomorphic map ¢. For z € P and
f= > cpw’ e H}B™), we have

BeENT
foplz)= 3 eslp(x))’ = 3 es [] a2
(4.13) BeND BeENr  ~yelp
= Z cg AP/ = 1(f)(2).
BeENm

Altogether, we have the following commutative diagram.
ViH —  H}(B™)

(4.14) no 10.:] [ 1@ =-oulp

H 2 ViH < HE(pR).

Step 2. THE TRANSFORMATION. Recall that the Hardy space HP(Q2), 1 <
p < 00, over a bounded strictly pseudoconvex set 2 C C"™ with C2-boundary can
be obtained in the following way (see e.g. [5], Section 8.3):

Let o : U — R be a strictly plurisubharmonic defining C2-function for €,
defined on some region U D Q. That means,

(4.15) Q={zecU]|o(z) <0}.

Now for e > 0 let Q. = {z € U | o(z) < €}. For sufficiently small £q, €. is a real
C?-manifold for each ¢ with 0 < & < €g. Let o be the surface measure on 9,
and define

1/p
(4.16) HP(Q):{f:QHC holomorphic’||f|p:< sup /|f(z)|pd05> <oo}.
Qc

go>e>0
7]



STANDARD MODELS UNDER POLYNOMIAL POSITIVITY CONDITIONS 383

Then HP(,|| - ||p) is a Banach space. The space HP(2) is independent of the
choice of the defining function p in the sense that any two plurisubharmonic defin-
ing C?-functions for ) induce equivalent norms on HP(f2). Furthermore, by pass-
ing to nontangential boundary values H?(£2) may be embedded topologically into
LP(0Q,0), where o is the surface measure on 0f2.

Our aim is to show that the biholomorphic map ¢ : D — B™ induces a

topological isomorphism
(4.17) Uy,: H*(B™) — H*(D), fr~ foo.

This can be done by using the transformation formula and looking at the Jacobi-
matrix for ¢ on 9D, but an alternative characterization of H?(€2) and an equivalent

norm to || - ||, give a much shorter and less technical proof. We have

(4.18) HP(Q) = {f : © — C holomorphic | | f|” has a harmonic majorant on 7},
and if Q) is connected, for any z € {2

(4.19) 1fllp. = (inf{g(=) | g : @ — R harmonic, g > |f7})"”

defines an equivalent norm to || - ||, on H?(Q2) (see e.g. [15], Section 2.2).

Since composition with the biholomorphic map ¢ maps the class of real-
valued harmonic functions on B bijectively onto the class of real-valued harmonic
functions on D, for any fixed 29 € D and any f € H?(B™) we have

£ o l3.., = inf{g(z0) | g : D — R harmonic, g > |f o o[>}
(4.20) — inf{g(p(20)) | g : B™ — R harmonic, g > |f[?}
= |1f]

2
2,¢(20)?
and Uy, in (4.17) is thus a topological isomorphism with inverse U,-1.

Step 3. THE EXTENSION. Now we come to the main step of our construction
of the identification B?(P, u) — H?(p'), using a theorem of A. Cumenge.

We will show that for a measure i equivalent to pu, there is a bounded
linear extension operator E : B%(P, i) — H?(D) and that the restriction R :
H?(D) — B2(P, 1) is well-defined, bounded and surjective. To apply the theorem
of Cumenge, we first have to show that P may be extended to a complex manifold
transverse to 0D, i.e. that there is a complex submanifold P of C™ intersecting
0D transversally such that P = DN P.
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Let P = C" x {0} x --- x {0}. Then P = DN P by (4.3). The function

r:C™ =R, r(z) = > |24/ =1, is a strictly plurisubharmonic defining C*°-
Yelp
function for B™. Thus g = @or is a strictly plurisubharmonic defining C*°-function

for D.
To prove that P intersects 9D transversally, we have to show that

(4.21) do(z) A < /\ dzv> 40 forallzePNaD
}

’YEIp\{el,...,en

(see e.g. [9], p. 118). So it suffices to prove that for every z € PN 0D, there is an
i € {1,...,n} such that 9p/0z,(z) # 0. On P, identify z with z = 7(z) € C" to
obtain o(z) = Y. a,]27]%. Now let 2 € PN AD. Since 0 ¢ dD, there is an i with

yElp
7(2); # 0, and we obtain

Do do ) @)
o (2) = 371(57 = a6, 7(2), + Z YiayT(2)77(2)7
. velp\{e1...en}

7i#0

= %l (aei + Z %aﬁlT(Z)’y_ei |2> 7é 0,

’YGIp\{el,...,en}
7i#0

(4.22)

since the second factor is strictly positive.

Now P is a complex submanifold of codimension m — n of the smoothly
bounded strictly pseudoconvex set D. Thus we are in the situation of Theorem 0.1
in [2]: let 1z be the measure dist(z,0D)d\ on P. Then f|P € B%(P, ) for every
f € H?(0D), and there exists a bounded linear extension operator E : B%(P, i) —
H?*(D), Eg|P = g for g € B*(P, ).

Moreover, the restriction operator R : H?(D) — B?(P, i) is bounded since
1 is a Carleson measure on D by Hérmander’s formulation of Carleson’s Theorem
and by Lemme II.1.1 in [2] (see [2], Section II.1, and [4], Theorem 4.3). It is
surjective since Ro E = 1pg2(p z). The map mwo Uy 0 E : B*(P, i) — H?(plp)
now maps each function g € B?(P, 1) onto itself. It is bounded by construction and
has the bounded inverse RoU, o¢. Altogether, we have the following commutative
diagram:

U
H*(D) “- H?*B)™

£]|r Il

B(P.J) <o Hop)
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It remains to compare p and fi.

Step 4. THE EQUIVALENCE OF THE MEASURES. It suffices to show that
there are constants c1,co > 0 such that

(4.23) erdist(z,0D) < 1— P(|z1%, ..., |zal®) < codist(z,0D), =z € 9P.
Then B2(P, ) and B%(P, i) coincide as sets and carry equivalent norms.

The second inequality just follows by the Lipschitz continuity of the map
2 P(|z1)%,. .., |2]%) on the compact set P. For the first inequality, choose for
z € P some w € P such that z = Aw for a suitable A € [0,1). Then

2 2
L= P21/’ |zal®) = Y aq ([0 = 27)
YyElp

(4.24) > (1=2)) acfwil® > e(1 = A)|w]?
i=1

= c1(1 = N)|w|| = ci||lw — z|| = ardist(z, dP)

for suitable constants ¢, ¢; > 0, since 9P is bounded away from 0. Thus we obtain
(4.23), which finishes the proof of the theorem. 1

5. DILATIONS

The identifying map B2(P, u) — H2(p'#) obviously intertwines the multiplication
operators with the coordinate functions on B%(P,u) and H2(p#). So its adjoint
intertwines the adjoints of the multiplication operators, and we obtain the following
easy consequence of Theorem 3.8 and Theorem 4.1. Let as before P be a positive
regular polynomial with m = mult(P) > n, p the normalization of the measure
(1—P(z1]? ..., |20)*)™ ™ 1 dX on P and let M = (Mj, ..., M,) be the tuple of
multiplication operators with the coordinate functions on B72{ (P, 1).

COROLLATY 5.1. The following are equivalent:
(i) T is topologically equivalent to a (P, m)-positive multioperator;
(ii) T is topologically equivalent to the restriction of M*@®N € L(B3,(P, u)®
N)™ to an invariant subspace, where N is a P-unitary operator on some separable
Hilbert space N

Moreover, the functional model for a (P, m)-positive multioperator 7" implies
— up to topological equivalence — the existence of a P-unitary dilation for T.
Unlike the situation of the unit ball, we cannot obtain a P-unitary dilation directly.
We have to check the complete boundedness of the map ¢ — ¢(T") on the algebra
of polynomials, equipped with the supremum norm on P.
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THEOREM 5.2. Let T be a (P, m)-positive commuting multioperator. Then
T is topologically equivalent to a multioperator S which has a P-unitary dilation.

Proof. By Corollary 5.1, T is topologically equivalent to the restriction of
M* & N to an invariant subspace. Thus it is sufficient to show that M* has a
P-unitary dilation.

The algebra C[X7,..., X,] carries an operator algebra structure as a subal-
gebra of the commutative C*-algebra C(0P) of continuous functions on 9P. We
denote this operator algebra by Pol(P).

REMARK 5.3. The algebra homomorphism
(5.1) © : Pol(P) — L(By(P, ), q+ q(M")

is completely contractive.

Proof. Let M, (L(B3,(P,pn))) be the C*-algebra of n x n-matrices over
L(B3,(P,p)) and let M, (Pol(P)) be the algebra of n x n-matrices over Pol(P),
carrying the norm [|(g:;)|ln = sup{[[(¢;(2))|l| 2 € P}, where [|(¢: ;(2))|| denotes
the usual operator norm of the complex n x n-matrix (g; ;(z)). We have to show
that for each n, the map

(5.2) " My(Pol(P)) — Mu(L(BE(P, 1), (ai5) = (a5 (M)

is a contraction.
For ¢ € C[Xy,...,X,], let é be the polynomial obtained by complex con-
jugation of the coefficients of g. Then for (g; ;) € M,(Pol(P)), 2™ ((¢: ;)| =

ar (M) = [[(@54(M))], and for f = (f1,..., fa) € B(P,u)" = B3 (P, )

we have

1D A? = [ N3 ODNEI du= [ 5 L, 00,0 £ i

(5.3) P ; 7 ’

< NP IP i < )2 112 =) 2 111
’P

Thus &™) is a contraction, and the remark is proved. 1

To finish the proof of the theorem, note that by a corollary to Arveson’s
Extension Theorem (see [7], Corollary 6.7) the map ® dilates to a homomorphism
U : C(P) — L(K) with some Hilbert space K O B3, (P, u). Then the tuple K =
(U(z1),...,%(zy)) is a normal multioperator dilating M*, and the Taylor spectrum
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of K is contained in 0P. By the Spectral Theorem for normal multioperators
(see [13], Theorem 7.26), we have

(5.4) P(Cre)(1x) = / P(12)dE = 1,
oP

where F is the spectral measure for the tuple K on IC. &

In particular, Theorem 5.2 implies that each (P, m)-positive multioperator
satisfies a von Neumann-type inequality with respect to the P-ball P. Let A(P)
be the Banach algebra of complex-valued continuous functions on P which are
holomorphic on P, together with the supremum norm on P.

COROLLARY 5.4. Let T be a (P, m)-positive multioperator. Then T has a
continuous A(P)-functional calculus. In particular, there is a constant ¢ > 0 such
that

(5.5) lg(T)]| < csup {la(2)| |z € P} for q € C[Xy,..., X

Proof. As one easily sees by the Spectral Theorem for normal multioperators
(see [13], Theorem 7.26) and by Lemma 3.7, a P-unitary multioperator U satisfies
the von Neumann-inequality

(5.6) la@)ll < sup {la(=)| | 2 € P} for g € CX1...., X,

The corollary now follows from Theorem 3.8, since the polynomials are dense

in A(P). 1

In case the model for T" provided by Theorem 5.2 consists only of the multi-
plication operator part, i.e. in case P(Cr)®(14) converges strongly to 0 for s — oo,
we can strengthen this result. Let A : HZ (p5) — B3,(P, u) be the isomorphism
intertwining M7 on HZ (p'%) and M* on B%,(P, ) mentioned in the beginning of
this paragraph. Then

(5.7) H>®(P) — L(H), [~ V*AT'M;*AV,

\2
where V : ' H — H%(p}?) is the isometry constructed in Theorem 3.8, f is the

holomorphic map z — f(Z) on P and M 7 is the bounded operator of multiplication

A\
with f on B3 (P, i), defines a continuous algebra homomorphism with norm less
or equal to || A|| ||[A~||, mapping the coordinate functions to the components of T'.
Thus (5.7) gives a continuous H*°(P)-functional calculus for T'.
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In a forthcoming paper ([9]), the developed standard model for (P,m)-
positive multioperators T will be applied to give necessary conditions for the

existence of non-trivial joint invariant subspaces of T'.
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