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COMPLETELY COMPLEMENTED SUBSPACE PROBLEM
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ABSTRACT. We will prove that, if every finite dimensional subspace of an
infinite dimensional operator space E is 1-completely complemented in it, E
is 1-Hilbertian and 1-homogeneous. However, this is not true for finite di-
mensional operator spaces: we give an example of an n-dimensional operator
space F, such that all of its subspaces are 1-completely complemented in F,
but which is not 1-homogeneous. Moreover, we will show that, if F is an
operator space such that both F and E™ are c-exact and every subspace of F
is A-completely complemented in it, then F is f(c, \)-completely isomorphic
either to row or column operator space.
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1. INTRODUCTION

The problem of characterizing the Banach spaces for which all subspaces are com-
plemented goes back at least to Kakutani. It is known that if £ is a Banach space
of dimension more than 2, 2 < k < dim E and every k-dimensional subspace of
E is 1-complemented, then F is linearly isometric to a Hilbert space. This was
first stated (without proof) for k = 2 by Kakutani in [6]; for general k it was
proved by Papini in [12]. Both of these facts can be found in [1] (Theorems 12.4
and 12.8, respectively) in the real case. In the case of complex scalars the same
results can be proved by using a similar argument. In [9] it was shown that if F is
an infinite dimensional Banach space and every finite dimensional subspace of it
is A-complemented in E, then E is f(A)-isomorphic to a Hilbert space, where we
can take f(A\) = KA* for some numerical constant K. In [4] a similar result was
proved for finite dimensional Banach spaces.
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Below we will consider the operator space version of this problem. For general
information on operator spaces we refer the reader to [2], [3] or [17]. As usual,
M, will stand for the space of n x n matrices, and R,, and C,, will stand for
spanfey; | 7 =1,...,n] and spanfe;; | i =1,...,n], respectively. More generally, if
H is a Hilbert space, we may equip it with row (column) operator space structures
by identifying it with H, = B(H*,C) (H. = B(C, H)). In particular, R,, = (¢3);,
Cn = (f5).. We will say that an operator space E is A\-Hilbertian if it is A-
isomorphic to a Hilbert space (in the Banach space sense); if E is A-Hilbertian for
some A, we will call it Hilbertian. We will say that E is A-homogeneous if every
bounded operator T : E — E is completely bounded, and ||T||er, < AT If E is
A-homogeneous for some A, it will be called homogeneous. These definitions were
introduced in [14].

Two different settings of the “completely complemented subspace problem”
will be considered:

(1) Every subspace of F is 1-completely complemented (an operator space
analog of the problem solved by Kakutani). This case will be considered in Sec-
tion 2. Clearly, in this situation E is 1-Hilbertian. If F is infinite dimensional, it is
also 1-homogeneous (Theorem 2.1). On the other hand, if E is finite dimensional,
it need not be 1-homogeneous (Proposition 2.3).

(2) Every subspace of E is A-completely complemented (an operator space
analog of the problem solved by Lindenstrauss and Tzafriri). This case will be
considered in Section 3. In this case, if we assume that both F and E* are exact
(see below for the definition of exactness), we can prove that E is completely
isomorphic either to row or column operator space (Theorem 3.1, Corollary 3.2).

2. ALL SUBSPACES OF E ARE 1-COMPLETELY COMPLEMENTED

The main result of this section is

THEOREM 2.1. (i) If E is an n-dimensional operator space (n > 1) such
that all of its k-dimensional subspaces are 1-completely complemented, then E is
1-Hilbertian and n/k-homogeneous.

(ii) If E is an infinite dimensional operator space such that all of its finite
dimensional subspaces are 1-completely complemented, then E is 1-Hilbertian and
1-homogeneous.

Proof. By the result of Kakutani quoted above, E is 1-Hilbertian. Assume
first that dim £ = n < co. To prove that F is n/k-homogeneous, it suffices to show
that, if u : £ — E is a linear operator and |u| < 1, then ||ul|s, < n/k. By the
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results of Kuo and Wu (see [7], [8]), if v : E — F satisfies rankv < n and |v| <
1, then there exist orthogonal projections Pi,..., P, such that v = P;--- Py,.
Moreover, the projections can be chosen in such a way that rank P; = rankv
(1 < i < m). By assumption, all orthogonal projections of rank k (or less) have
c.b. norm 1. Therefore, if v : E — E is a linear operator, ||v|| < 1 and rankv < k,
then [[v]le, < 1.

Now consider an orthonormal basis eq,...,e, in E, and let P; (1 < i < n)

be the orthogonal projection onto span[el, ey €1, €itn—ks---s€pn]. Then, if u :

E — E is a linear operator, u = Z Pyu/k. Therefore,
i=1

1 & 1 < n
flullen < T Z | Piwlcn = T Z | Piull < EIIUII-
=1 i=1

This proves part (i) of the theorem. To prove part (ii), we must show that if
F is a finite dimensional subspace of F and v : E — FE satisfies ||[v|| < 1, then
lv|Flles < 1. To this end, define w : E — FE as w = vPp, where Pr is the
orthogonal projection onto F. Then |lw|| < |[v|| < 1 and, since w is finite rank, it
can be represented as a product of finite rank orthogonal projections (here we are
using the results of Kuo and Wu again). Since all orthogonal projections of finite
rank are completely contractive, ||v|g|lcb < [|wller < 1. This proves (ii).

COROLLARY 2.2. If E is an n-dimensional operator space (n > 1) such that
all of its subspaces of dimension k (1 < k < n) are 1-completely complemented,
then all k-dimensional subspaces of E are 1-homogeneous and completely isomet-
ric to each other, and all subspaces of dimension less than k are 1-completely
complemented.

The estimate for the maximal homogeneity constant of an n-dimensional
1-Hilbertian operator space in which all rank k orthogonal projections have c.b.
norm 1, obtained in Theorem 2.1, is, in a sense, optimal, as is demonstrated by
the following example.

PROPOSITION 2.3. For every n > 2 and 2 < k < n there exists an n-
dimensional 1-Hilbertian operator space E, all of whose subspaces of dimension

k or less are 1-completely complemented in it and a unitary U : E — E with
Ulleb > 1+ (n—k)/(8n), if n >k >n/2, and ||Ul||er = n/(5k), if 2< k < n/2.

Proof. First consider the case n > k > n/2. We will use an idea of Zhang
(see [19], Example 8). Fix an orthogonal basis ey, ..., e, in £5. We will denote
by J the formal identity map from ¢4 into C),,. To describe the operator space
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E which will provide us with a counterexample, define a norm on ¢§ ® B(H) as
follows: for aq,...,a, € B(H) set

'®ai

E®B(H)

ZMﬁZ

def {
= max
i=k+1

,Sup H(J ® idp(#)) (ZP@z ® al)

i=1

Cn®B(H)},

where the supremum is taken over all rank k orthogonal projections P. One can
easily verify that the norm on F ® B(H) satisfies Ruan’s conditions (see, e.g.,
[2] or [3]), i.e. E is indeed an operator space, and the underlying Banach space
of E/ is £5. Since every orthogonal projection of rank < k acting on E can be
represented as a product of rank k£ orthogonal projections, it has c.b. norm 1.
However, consider an operator U : E — FE, defined as follows:

U def [ent1—i 1<i<n—kork+1<i<n
e;, =
! e; n—k+1<i1<k.

U is unitary; we will show that |[Ullecr, > 14 (n — k)/(8n). To this end, consider

n n—k

1
xr = Z 6i®6i1+zﬁ61®811€E®Mn.
=1

i=n—k+1

Then, (U ® idpm)) ()| = V/k+ (n —k)/4. We will show that ||z|| = Vk; this

will imply the inequality

—k n—=k
>/14+ ——>1 .
1U]]cb +Z TR e

To prove that ||z| = vk, note that for every rank k orthogonal projection P,

JPei /2

n—~k

€i1
JPe; ® + JPe; Qe
Z i \/i _ nz;ﬂ_l % 3l

JPen,k/\/i
Co®M, JPen k1

JPe,,

JPe; Y :
(Z” P ||JP62||2> < (X 1ral?) = 1Plus = VE.
=1

i=n—k+1
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Thus,
n k n—k %
|x||—max{H Z ehein + Z z1611) Z ef el ,\/E}—\/E.
i=k+1 1=n—k+1

This implies the lower estimate for ||U]|cb.

Now consider the case k < n/2. Once again, we use the ideas of Zhang. In
an n-dimensional Hilbert space F, fix an orthonormal basis eq,...,e,, let m =
k|n/(2k)|, and define the norm on F ® B(H):

def {
= max

where the supremum is taken over all rank k orthogonal projections P (the range

i Pe;®a;

i=1

, Sup
max(£y )QB(H)

max(¢5)®B(H) } 7

of such a projection can be identified with £5) and max(Z) denotes the Banach
space Z endowed with its maximal operator space structure (see [13], [17]). The
above norm satisfies Ruan’s conditions, and hence, F is an operator space; E is
1-Hilbertian. Moreover, every orthogonal projection P : E — FE of rank k or less
has c.b. norm 1. Consider an operator U : E — E defined by

€itm 1<e< m;
def .
Uei = { eim m+1<i<2m;

e; otherwise.

We will show that ||U||e, = m/(2k). By Theorem 2.16 of [13], there exist operators
A1, ..., Am € B(H) such that

. ® A; >
max(£y )®B(H)
but .
Yotz

2m
Let x = ) € ® Ay, Clearly, |[(U ® idgmy)(z)|| = m/2. We will show that
1=m-+1
[lz] < < k.
Indeed, if f1,..., fx form an orthonormal basis in the range of P,
i @ A; Zzpezafj f7®A
j=11i=1

3

Zij(fj Pez«,fj>|2)é < k.

<y

J=1

Z Pemfj f]®A

1=

=
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Therefore,

Ul > === o > -
This completes the construction. 1

REMARK 2.4. Similarly, for every positive integer £ we can construct an
infinite dimensional 1-Hilbertian operator space E such that all orthogonal pro-

jections of rank k, acting on F, have c¢.b. norm 1, but F is not homogeneous.
3. ALL SUBSPACES OF E ARE A-COMPLETELY COMPLEMENTED

Below, we will need the notion of exactness of operator spaces introduced in [15].
An operator space FE is called ezact if there exists ¢ > 0 such that for every finite
dimensional subspace F of E, there exists a subspace F' — My with d., (F, F') <
c. The infimum of all such ¢’s is called the exactness constant of E, and is denoted
by ex(E). For more information on exactness of operator spaces see [15] or [17].
In [16] it was proved that if F is an infinite dimensional operator space, and
for every finite dimensional subspace F' — F there exists a projection P : £ — F
with || P||en < A, then E is M-homogeneous and X' -Hilbertian, where \' = K\? (K
is a constant). Unfortunately, Pisier’s proof cannot be applied to finite dimensional
spaces. However, if we assume that both F and E* are exact and every subspace of
FE is completely complemented in F, we can not only show that E is homogeneous

and Hilbertian, but in fact, we can show something stronger. Namely, we have:

THEOREM 3.1. If E is an n-dimensional operator space such that
ex(E)ex(E*) < ¢ and for every subspace F' — FE there exists a projection P :
E — F with |P|la, < A, then min{de,(E, Ry,),de,(E,Cp)} < kc!?A0 (k is a

constant, independent of ¢ and ).

COROLLARY 3.2. If E is an operator space such that both E and E* are
exact and for every finite dimensional subspace F' — E there exists a projection
P : E — F with ||Plle, < A, then E is completely isomorphic to either row or

column operator space.

We will say that an operator space X is A-injective if it is A-completely
complemented in every operator space containing it. We will say that X is injective
if it is A-injective for some A. Corollary 6.4.13 of [17] states that if E is a A-injective

finite dimensional operator space, then E is A-exact. This implies
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COROLLARY 3.3. If E is an injective homogeneous Hilbertian operator space
and E* is exact, then E is completely isomorphic to either row or column oper-
ator space. In particular, if both E and E* are injective homogeneous Hilbertian
operator spaces, then E is completely isomorphic to either row or column operator

space.
To prove Theorem 3.1, we need the following lemmas:

LEmMA 3.4. If E is a 1-Hilbertian operator space of dimension n and ex(E)

ex(E*) < ¢, then we can find orthonormal vectors uy, ..., uy, € E (m > n/50c%),

such that either
1
| X wea] > ] Sata

SIS

or

Nl

S P

[Suon

holds for any ay,...,a, € B(K).

Proof. This proof is due to Alvaro Arias; the original one was more com-
plicated and yielded a worse constant. Let (e;) be an orthonormal basis in
E — B(H), and let (f;) be the dual basis in £*. By Theorem 1.4 of [5],

n<4cmax{HZe’{ei Zeief %}maX{HZfi*fi Zfz‘fi*

However, max { || = £7 £i[| /. | = £ /*} < v/, hence

E ee;

1 1
2 2
) )

}

1
2
’

)

1/2
Assume without loss of generality that H > efe; > y/n/4c. Then there exists

€€ H, |[¢]| = 1 such that (Z||ei£||2)1/2 > /n/5c. Consider an operator 7' :
E — B(C,H) = H, : e — e€. Clearly, |T] < ||T]lev < 1 and rank(T) < n. On
the other hand, ||T||gs = (> ||Tei||2)1/2 > \/n/5c. Hence, T has m > n/50c?
singular values \; > 1/10c. Denote the corresponding orthonormal vectors by
ULy .oy U Then (Tu;, Tuj) = A0

NS 4cmax{H Zefei

ij, where 0;; is Kronecker’s delta. Thus,

1/2

HZW@CM

for any aq,...,a, € B(K). This completes the proof. &

2 : *
aiai

1
> Tu; ® a; > —
E®B(K) H Z w®a coB(K) 10c
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LEMMA 3.5. Suppose E is an n-dimensional 1-Hilbertian operator space with
ex(E)ex(E*) < ¢, and for every subspace G — E* there exists a subspace F — G
such that dim F' > adim G and a projection P : E* — F with ||P|lco < A. Then

there exists a subspace E1 — E of dimension m > cin such that
min{de, (E1, Cpm), den(Er, Rin) } < c2;

and furthermore, if n > 2.5 -107c®A\*/a, we can take ¢c; = a/(2500c¢*\?) and
co = 100c2\2.

Proof. If E; and E5 are operator spaces which share the same underlying
Banach space, we can consider a formal identity operator id : Fy — FE3. By
Lemma 3.4, we can assume without loss of generality that there exists a subspace
F — E* of dimension k > an/(50¢?) such that [[id : F — Ck||lc, < 10c and F is
A-completely complemented in E*. Therefore, F* is A-completely isomorphic to a
subspace of F, and ex(F)ex(F*) < c¢\. Hence, by applying Lemma 3.4 again, we
can find an m-dimensional subspace G < F* (m > k/(50c2\2) > an/(2500c*\?))
such that either

(3.1) id : G — Rplleb < 10X

or

(3.1) [id : G — Cple < 10eA.

However,

(32) llid : Ry — Glleb < [lid : Ry — F*[|ep = [[id : F' — Cillep < 10c.

If (3.1’) holds,
Vvm = lid: Ry — Chlleb < [id : Ry — Glleplid : G — Crn[leb < 100c2A,

which contradicts our assumptions about n. Then, by (3.1) and (3.2), |lid : G —
Ryl < 10eX and |id : R, — Gllen < 10c, ie. dep(G, Ry) < 100c2X. To
complete the proof, we need only to recall that G is A-completely isomorphic to a

subspace of E. 1
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LEMMA 3.6. Suppose E is an n-dimensional 1-Hilbertian operator space such
that ex(E)ex(E*) < ¢ and every subspace of E is A-completely complemented.
Then

min{dcb(E’ Cn)7 dcb(Ev Rn)} < f(C, )‘)

(if n > (10%8¢20X\59)2 " we can take f(c, \) = 10%8c?0N60).

Proof. Below, we will heavily use the ideas from [9]. Consider an arbitrary
k-dimensional subspace G of E, with k = [n/(2-10*c*)5)]. Then, there exists a
projection @ : E — G with ||@Qllcb < A. Let Y = ker@. Since Y is A-completely
complemented in F, ex(Y)ex(Y™*) < cA. Since every subspace of Y is A-completely
complemented in Y, by Lemma 3.5 we may assume without loss of generality that
Y contains a k-dimensional subspace F such that de,(F,Cy) < K = 400c2\*. Let
A =de, (G, F)Y/?. We will show first that A < 84/2X\2K?2. Indeed, there exists an
operator T : G — F such that ||T||c, = ||T7"||c, = A. Consider the space

S={(z,Tx)|lxr € G} - @B F — G D Y.

The space G @ Y is 2(A + 1)-completely isomorphic to E; hence, there exists
a projection P : G @4 F — S with ||P|la, < 4A%. Then there exist operators
a:G— Gand (B : F — G for which

P(z,y) = (a(z) + B(y), T(a(z) + B(y)))-
Then,
(3.3) r=a(z) + BT (x) =T (Ta)(x) + BT (z).

One can see that ||3]|ep < 422 and || Talla, < 4A2. Set s = 4A\?/A and consider the
space
G ={(Ta(z),sT(x))|r € G} — F @ F.

Consider an operator u: G — G : z — (Ta(z), sT(x)). Then ||ufla < max{||5||cb,
| Tallen} < 422, Moreover, by (3.3), u=!(y, 2) = T~ 1y + s~ 182; hence, ||[u™!||ep <
1T leb+]1B]lcb/s < 2A. Therefore, de, (G, G) < ||l ||u™t|er < 8A2A. However,

den(F, G) < den(Cr, G)dew (Cry F) < dep(F ®oo F, Coi)den (C, F) <

dev(Cl, F)de, (Ck, @ oo C, Cax)den (C, F) < V2K

Hence, do,(G, F) = A? < 8V/2AN?K?, which implies A < 8v/2A\2K?2. Thus, every
k-dimensional subspace of E is 128\* K®-completely isomorphic to either Cj, or
Ry. Since we assume that n > (10%8¢20\59)2 & > (128M\1K°)2.
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Our next step is to show that either every k-dimensional subspace of E is
128 \* K-completely isomorphic to Cj, or every k-dimensional subspace of E is
128\* K5-completely isomorphic to Ry. If G and G’ are k-dimensional subspaces of
E, set dy(G,G") = ||Pg — Pg-||, where Pg and Pgs are the orthogonal projections
onto G and G’, respectively. The set G, 1 (E) of k-dimensional subspaces of E,
equipped with the metric dg (-, ), can be identified with the Grassman manifold
G - Note that for every 0 < e < 1/2 there exists § = d(e,n) > 0 such that if G
and G are k-dimensional subspaces of E and dy(G,G’) < 6, then d.,(G,G') <
1+ ¢. Indeed, for any such ¢ we can find a § > 0 such that if dg (G, G’) < §, then
there exists a linear isometry U : G — G’ such that ||Jo'U — Jg|| < £/(4n), where
Jo : G — Fand Jg : G — F are the injection maps. Therefore, ||Jo:U—Jg||cp <
n||JoU — Jg| < €/4. Similarly, ||Jg: — JoU | < €/4. Thus, ||U||en < 1+ /4
and ||[UYe» < 1+ &/4, which implies that de,(G,G") < |U||eb]|U " Heb < (1 +
e/4)? <1+e.

Denote the set of k-dimensional subspaces of E which are 128\* K®-comple-
tely isomorphic to Cj (respectively Ry) by Ec (respectively £g). By the above,
both & and € are closed in the metric dy(+,-). Since the Grassman manifold
G, is connected (see e.g. Chapter 1 of [10] or pp. 41-42 of [18]), either ¢ and
Er intersect or one of these two sets is empty. In the former case, there exists
a k-dimensional subspace of E which is 128\* K®-completely isomorphic to both
Cy and Ry. Therefore, d,(Ck, Ri) < (128A*K?®)2. On the other hand, by [14],
den(Cr, Ri) = k > (1280\*K?®)2. This shows that either - or £g is empty, i.e.
either every k-dimensional subspace of E is 128\* K®>-completely isomorphic to Ry,
or every k-dimensional subspace of E is 128\* K®>-completely isomorphic to C.

Pick a k-dimensional subspace G of E. By the reasoning above, there exists
an operator u : G — Cy, such that |[u|ep||u™t|lc < 128A2 K5 < 2171010 . c1ON24,
Since G is 1-Hilbertian, it makes sense to consider a formal identity operator
id : G — Ck. Then [id : G — Cilleb < |Jullen|u™t]] < 217100 . c19A24 and
similarly, [[id ™! ||lap < 217 - 100 - ¢!9A%4. Hence, if (e;)} is an orthonormal basis in

E and o is a subset of {1,...,n} of cardinality k,

ES
E a; a; E e; X a;
1€0

i€o

1

17 1()10,,10 \24
917 . 101010 )24 <27-107eA

<

2 : *
az’az’

i€o

for every aq,...,a, € B(K). Thus,

n
Z € @ ag|| < 218 - 1011030
i=1

n
*
E a; a||.

i=1

(3.4)
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Since every subspace of E* is (A+1)-completely complemented, we can prove, in a
similar fashion, that for every orthonormal basis (f;)} in E* and every by, ..., b €
B(K), either

(3.5) D fi@bil| <1075 ONP| Y " by
i=1 i=1

or

(3.5) D i @byl <10%5ON (S " brb |
i=1 i=1

By duality, (3.5") cannot be true if n satisfies our conditions, hence (3.5) holds.
Together, (3.4) and (3.5) imply

n n
*
E a; a; E e; X a;
i=1 =1

which completes the proof of this lemma. 1

1

e < < 1020610330

)

n
*

E a; a;

i=1

Proof of Theorem 3.1. Suppose ex(E)ex(E*) < ¢. Then, by Corollary 1.6 of
[5], there exists an operator u : E — % such that ||u|| < 4c and |ju™!|| < 1. Then,
we equip /% with an operator space structure (the resulting operator space will be
called F) as follows: for x € (5 ® B(H), define

12| P& B(rr) = max{[|(u™" @ idp(a)) (@) | o min BH) » [T | min(er) 9 BED)

(see [13] or [17] for the definition of min(¢})). Clearly, this is an operator space
norm (i.e. it satisfies the axioms of Ruan), ||u: E — F||¢, < 4c and ||u=!: F —
E||cb < 1. Thus, F is an n-dimensional 1-Hilbertian operator space, every subspace
of F is 4cA-complemented in F, and ex(F)ex(F*) < 16¢®. The statement of the
theorem now follows from Lemma 3.6 since de,(E, Cp,) < dep(E, F)den(F, Cr). 1

REMARK 3.7. A conjecture of G. Pisier and M. Junge (implicitly contained
in [5]) states that if w : E — F is a completely bounded map and E, F* are
exact operator spaces, then u completely factors through H, ®., H. for some
Hilbert space H. In particular, if both F and E* are exact, FE is completely
isomorphic to a completely complemented subspace of H, @, H¢; according to
[11], this implies that F is completely isomorphic to X, @ Y., where X and Y
are Hilbert spaces. Corollary 3.2 can be regarded as a proof of a particular case of
this conjecture — namely, the case of all finite dimensional subspaces of E being
A-completely complemented. In [11] we were able to prove another particular case:
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if E is a coordinate subspace of the space K of compact linear operators on /s, i.e.
E = span[E;j|(i, j) € o], (here o is a subset of N? and E;; are matrix units) and
ex(E*) < ¢, then dep (B, Ry, ®oo Crn) < 8¢2 for some k and m (finite or infinite).
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