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1. INTRODUCTION

There is now a well developed non-commutative stochastic calculus which deals
with non-commutative analogues and generalisations of classical stochastic pro-
cesses. Recently attention has turned to the example provided by the full Fock
space, F, over L?(R). The basic processes are provided by the annihilation, cre-
ation and gauge operators [(h),1*(f),p(T) for h, f € L?>(R,), T € B(L*(R,)) (the
bounded operators on L?(Ry)). One of the features of this situation, in contrast
to [1], [2], is the absence (thus far) of a (formal) conditional expectation acting on
the processes with which one can define the (formal) notion of martingale and as-
sociated processes. Without this one cannot introduce the projections associated
with random times and exploit their relationship with stochastic integration ([3]).
Since we shall have some more to say on this and other matters in this context
([4]), we demonstrate here that it is possible to construct a family of conditional
expectations in a straightforward manner. The construction proceeds as one might
expect; for example it is clear that (x;h) should be the time ¢ conditional expec-
tation of [(h). From these easy beginings the expectation is extended to the whole
of B(F). Many of the proofs are obvious, we omit these. Others demand a fuller
explanation, we include some details.
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2. PRELIMINARIES AND NOTATION

We define the full Fock space F over L*(R) as follows:
(a) F=co (Pr®y);
n=1

here C denotes the complex numbers and F has the usual scalar product. Note
that all scalar products are linear in the left argument. 2 will denote the vector
(1,0,0,...). We define the annihilation operator [(f) and creation operator I*(f)
for f € L2(Ry), as follows

(b) (Hfig - @fu=(f,Nf2®@ & fn
(c) FHA® - @f=f0H® & fa
(d) NHa=o

(e) riH=f

for n > 1 and fi,..., f, in L?(R;). The operators [(f) and I*(f) are bounded
and mutually adjoint. Furthermore,

ICON =T CHI = N1£1l2-
Given any 7 € B(L?*(R.)) we define the operator p(7) by:

PR @fa=THO - ®fn, pT)2=0

for fi € L?(Ry), 1 < i < n. The operator p(7) is bounded and ||p(7)| = ||7],
and p(7)* = p(T*). For g € L>(R,), g will be considered to be the element of
B[L?(R, )] obtained by letting g act by multiplication on L?(R). This makes the
meaning of p(g) clear. Moreover the following identities hold:

() Wg) - "(f)=(f-9)T
(2) p(T1) -p(72) = p(Th - To)
(h) p(T)(f) =1"(Tf)
(i) Ug)p(T) = UT"g).

Let D° C F be the set consisting of AQ with A € C and |A| < 1 and vectors of
the form u; ® - - - ® uy, with k € N, the natural numbers, u; € L?(Ry) N L®(Ry),
llujlla <1, |lujlloc <1 for 1 <j<k Fork=0,u ®- - @u, =0 D will denote
the linear span of DY. We denote the bounded operators on F by B(F) and by 7,
the strong operator topology on B(F). We collect together some elementary facts
and definitions needed for the sequel.

2.1. D is dense in F.
2.2. F is separable.

2.3. We note a useful lemma about the strong topology 75 on bounded sets

of B(F).

LEMMA. The strong operator topology on S [the unit ball of B(F)] is metris-
able. This metric is given by a norm on B(F).
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For z € B(F) the norm is given by

0o 1
1 2
fell = {3 pelloc?}

n=1
where (¢,)52; is a countable base for F.

2.4. DEFINITION. We define A to be the x-algebra generated by the an-
nihilation and gauge operators I(f),p(g) respectively and Z, where f € L?(R,),

g € L=(R,). We shall denote by V the Von Neumann algebra A" in B(F).

2.5. DEFINITION. A; is defined to be the *-algebra of A which is generated
by Z and the operators I(f),p(g) with g € L>([0,¢]) and f € L?([0,¢]), for any

t € Ry. By V; mean the strong-operator closure of A;. By (f), (g), (h) and (i) we
note that any element of A can be written as a sum of basic elements of the form
AT or

() U frp(@)i(hy) - - U(hs)

with the convention that r = 0 (respectively s = 0) denotes an element with

no creation (respectively no annihilation) operators. Here r,s € N U {0} and
fihj € L>(Ry) and g € L>®(Ry), 0 <i <7, 0 < j < s. Furthermore if f;, h;, and
¢ have support in [0, ¢] then we get basic elements for Aj.

2.6. DEFINITION. We define a process F(t) to be a function

F :R*" — {operators with domain containing D}.

AV adapted process is a process such that F(t) € V; and similarly for A adapted
processes. We shall call a process simple if it can be written in the form

n

Z F(tj)X[tj,tj+1)

Jj=1
WithO:t1§~~tj<tj+1§~'<tn+1:oo,lgjgn,F(tj)EAtj.

2.7. For a subset K of F we will use the term “75-on K” to refer to pointwise
convergence on K.
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3. CONSTRUCTION OF THE EXPECTATION

For each t € Rt we will construct an expectation E; : V — V;, t > 0 with all the
standard properties. We show further that FE, is strong-operator continuous on
bounded sets. _

In order to construct E; we need to define a map E; : A — A; with the
appropriate properties, and we shall then extend E; in the following stages:

(a) For a sequence (a,),>1 in A, for which (a,(§)) is Cauchy in F for each
¢ € D" we shall demonstrate that (Eian(§)),>1 is also Cauchy in F for each
¢ € D°. Furthermore, if (@n)n>1 is a sequence in A such that a, — 0, 7s-on DO,
then we shall show that (E;a,),>1 is a sequence in A; with E;a,, — 0, 75-on DO,

(b) Here we will show that for any element a € A, ||Ewal < |la]. In the
process of proving this result we shall obtain most of the properties related to
conditional expectations.

(c) We will use the previously obtained results to extend Ei - A— A to
E; : V — V, and we shall show that F; satisfies the properties of a conditional
expectation between two von Neumann algebras.

3.1. NOTES ON NOTATION. We shall use the letters f and h to denote
elements of L2(R, ) which will be arguments of I*(-) and I(-) respectively, we will
use g to denote arguments of p(-), g € L (R4).

Furthermore, the letter a will denote elements of the algebras A and the letter
x will denote elements of V. In addition, for any basic elements of A the letter r
will represent the numbers of creation operators and s the number of annihilation
operators. Finally, x; will denote the indicator function of [0, ¢].

4. THE MAP E;

We shall start this section with an important property of elements a € A, which
will enable us to define the map E; : A — A;.

An element of A is a sum of basic elements. Recall that basic elements have
the form

(a) AZ;

(b) I*(fr) -~ " (fr)p(g)l(ha) - - U(Ds);

(e) I (fr) - (fr)l(ha) - - U(hs).

We shall write an element a of A in a particular way that reflects how the
basic elements which comprise a act on F. So if a = > a;, we shall denote by as 4

3
the sum of those basic elements a;, for which the difference between the number
of creation operators and the number of annihilation operators is ¢; and the sum
of the number of annihilation and gauge operators is g. Then we can write

(4.1) a=>» Y as,
s q
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For example if

a=1"(fu) + 1" (f2)p(gr) + 1 (fs)l" (f)l(ho) + 1 (fs)I" (f6)p(g2)I(h2)

then
a=a1o0+ai1+ais

where

aro =1"(f1)
ar =1 (f2)p(gr) + 1" (f3)I" (fa)l(h1)
ar2 =1"(f5)I" (f6)p(g2)l(h2).

n
4.1. DEFINITION. Given a = ) a; in A, with a; basic elements of A we

i=1
define:

{(f) - U (fp(@llha) -+ 1(hs)} =T (xef1) - U O fr)p(xeg)U(xeha) - - 1xehs)
{(f) - 5 (fr)l(ha) - - l(hs)}t = (xefr) - U (e fr)l(xeha) - - - Uxehs).
Note that all a! lie in A;.
4.2. NOTE. a' = ZZagq just by regrouping the basic elements of a;.
Given a vector u; @ -+ ® ug in D® and 0 < j < k, define,
Vi = XtU1 @ -+ - @ XUy

Again we shall use the convention: vy, = Q and for £ =0, u1 ® --- ® up, = 2. We
can write

Q(9) A Q(9)
SR M S Sis
—A g=max(0,—6) 0=—A g=max(0,—0d)

with A the maximum |§| of those in appearing in equation (4.1) and with a5, =0
for all (4,¢) not appearing in equation (4.1). For each §, Q(d) will denote the
maximum ¢ appearing in as 4 of equation. Since the number of creation operators
has to be non-negative, we need ¢ > —9 and when ¢ = —§ the basic elements cannot
contain any gauge operators. The following result underpins our construction.

A QW)
4.3. THEOREM. Fora in A witha= Y, Y asg andu; @ @uy in D°
d=—A q=0

we have that:

k
la*ur @ - @ we] < (4k +2) Y llaw,||?
=0

for k € Nu{0}.
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Proof. Fix k € NU {0}. We first observe that:

af;)qul ® - Qui € Lz(R+)®(k+6) for k > ¢,

=0 for k < ¢;
Q%)
Z ag U1 ® - @ uy € LZ(R+)®(k+§) for k > q,
q=0

=0 for k < gq.

Notethat k > ¢=k—q>0=k+9d >0, and L2(R+)®O will represent C. So for
d < &' the vectors, afg’qul ® - ® ug, ag,,qul ® --- @ uy are orthogonal. Hence:

A Q(é)
Y Y dme-ceu

§=—A g=max(0,—6)

2
||atu1 ® P ®U/k}||2 =

A Q(9) 2
Y| Y dme-sw
0=—A" g=max(0,—98)
by orthogonality of the vectors, established above, and
A Q%) 2
(42 lawmeeulr< Y { 2, lame--e “}
0=—A “g=max(0,—3)

by the triangle inequality.
Before going further with our proof, let us make the following remarks.

4.4. NOTE. asqu1 ®--- @ u =0, aquul ® ---®ug = 0 for ¢ > k since the
first k£ annihilation acting on u; ® - - - ® uy, give the vector €2 and the next operator
(gauge or annihilation) acting on Q gives 0. Hence, without loss of generality, we
can take Q(0) < k. The general term for af , is

n

afs,q = Zl*(thli) e 'l*(th§+q71>p(Xt9i)l(Xthli) T l(Xthfzq)

i=1
+ E l*(xt]?{) . "l*(XtE+q) . Z(Xtﬁji) . "Z(Xtﬁg)
=1

with m,n € NU {0} and when m or n is 0, there is no basic element of that
corresponding form. In the particular case = 0, ¢ = 0, we have ag ¢ = aé’o =\
with A € C. So

laf,qu1 @+~ @ ug||?

p(Xt){Z PO (e f3) - - U (e fiq1)POxeg N Oxehs - - Uxehg_y)
i=1

m 2

S P ) T e ) ~l<xtﬁg>}ul ©- - @ u

Jj=1
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Since we need to refer back to this last equation let us write it as
(4:3) lajqu @ @ url| = [p(xe)bh g © - @ x|

where bg o 18 the term between braces above. Observe that the last creation oper-
ator to act in each of the terms of bfZ o does not involve x;.

Before starting a lemma we introduce some notation. We write
LAY = (DU () - U (fg-1)
and _ ' _
L(W) = 1(h}) - 1(h, ).

We also write u = u1 ®- - - ®up and Ugpq = Ugt1 @ O U For a permutation 7 of
the indicies 1,2,...,d +q— 1, we write m(f*) for the vector ffr(l) ® - ® fi(5+q_1).

4.5. LEMMA. Let 7 be a permutation of the indicies 1,2,...,6+q— 1, then

(L™ (F)plg") L(h ), L*(F)p(g" ) L(R' Ju)
= (L*(x(f)plg") LW Yu, L (w (F7))p(g” ) L(W Y.
Similarly
(L*(Fpg ) LA Y, L*(F)L( u) = (L (x(f)p(g") LA Y, L (w () LR )

and
(L (F)L0 Y, L (F VL ) = (L (e () L Y, L (P ) L (W ).

Proof. We look at one case only; the others are similar.

' _ _ q—li d+q—1
L (f)p(g') L) = (H<xthq T ) ® fed o

r=1
So
(L*(fp(g") LR Y, L*(F7)plg” )L(A" Yu)
is equal to
g—1 q—1 S+q—1 d+q—1
(H( thy_pu >><H<Xt g—r> U )< ® flog'@ug,, & f;i®gi/®uq+1>;
r=1 r=1 s=1

this in turn is equal to

<H<xhu>) <ﬁ<xthz o)) (+H< LA Mg

r=1 r=1 r=1

which is

(T <ﬁ<Xthq o) <6ﬁl<fi<s>,f:<i')><gi )

r=1 r=1 r=1
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which is equal to

(L (w(f)plg) DY, L (w(f))p(g” ) LA Ju). 0

4.6. COROLLARY. Let v be a vector in F which is a finite sum of tensor

product vectors ey, €s, . . ., e, each of which being a k-fold tensor product of elements
of L*(Ry). For a vector of the form u = u; ® - -- @ ug and a permutation p of the

first k integers, write p(u) = up1) ®@ -+ @ up) and p(v) for 3-p(e;). Then

[vll = llp(v)]]-
Moreover, if w = w1 @ wa ® -+ - Q@ wy, and

U®w=Zei®w

7

then

lo @ wl| = o] - [Jwl]

Here e; ® w means the tensor product of the elements of e; and w taken in the

order indicated.
Proof. The proof of the lemma is easily adapted to this case. 1§

Proof of Theorem 4.3 continued. Return now to the equation (4.3); since

p(xt) is an operator of norm less than one, we have
la§ g1 @ -+ @ uk|* < 1B gu1 ® -+ @ w1

Now we can express [|bf ,u1 ® - -+ ® ug|* as a sum of (products of) inner products
of the form encountered in Lemma 4.5. We can apply the permutation which
interchanges the first two terms in each inner product involving f’s, that is f}
with f3, ff' with fi with similar interchanges for the f7 and f4". This amounts
interchanging [*(f¢) and I*(x;f4) and the corresponding creations involving the
other f terms in the expression for bg’ 4~ This done it leaves us with an operator

which we can write as p(x:)ch o, and we have

165,401 @ -+ @ up || = [[p(xe)ch qu1 ® -+ @ ug]* < [|ch yu1 @ -+ - @ ug ]

Obviously we can iterate this procedure enough times to remove the x;’s from the

first § + ¢ — 1 creation operators in every term of af;y ¢ At the same time observe
that

(xth',u) = (W', xeu),  (xegu, xef) = (gxeu, f).
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Note also that in u; ® - - - ® uy, the vectors ugy1,ug+2,. .., u; are unaffected by the
action of the elements of afi 4 Putting all of this together we arrive at

o @@ i

sz () 1 (F qmP (gAY -+ LR )

2

+ Zz ) U (L DU O S IR -+ z(ﬁg)}ml ® - ® xetlg

® @ firg 1 ®Xeg ug(hl, xeug—1) -+ (hi_y, xeua)

2

m
+Y A @@ fl 1 @ xafl, (W xaug) - (g xawm)

R[50 ® firq1 ® fi{hL, Xeug—1) -+ (hi_1, xew)

2

+ Zthngq & fg Q- ®f§+q,1 & f{(thXth> e <h‘é7xtu1>
j=1

we have interchanged the first and last terms of the tensor products as above

o @ @ |

‘p(

S AL efe e, ®E<E{,xtuq>---<ﬁz,xtu1>}
j=1

n
m){Zglmq ® f5@ - ® farq1 ® fi(hi, xeug-1) -~ (hi_y, xew)
1=1

2

QR f§+q_1 ® giXtuq<thXth—1> e <hé_17XtU1>

2

fI ®-® .}’F5j+q<’ﬁJ1‘7Xtuq> T <E57Xtul>

o+
iM:

by using ||p(x¢)|| = 1 and interchanging the first and last terms of the products as
above

g @ @l

‘{Zl (f1)- f5+q Dp(gHi(hy) - 1( fzfl)

2

Z ()1 (h{')-'-z@@}xtul ®-- @ xitig
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or in other words

las gur ® -+ @ u]| < llasgxeus @ -+ ® xeugl.
Recalling the notation of Corollary 4.6,

G5,gXtU1 @+ @ XtUqg @ XtUg+1 @+ @ XtUgtr

is equal to
{aé,thlh X Xtuq} @ XtUg+1 & -+ & XtUgtr-

When ¢ = 0, this amounts to:
asoXtul @ -+ @ Xeur = (a5,092) @ Xeu1 @ -+ @ XU

For convenience, we define

Q(9)
Z as.q = ag-
g=max(0,—d)
For 1 < ¢’ < Q(9), we can write
Q(%)
asxtu1 @ -+ @ Xeug = Z a5 gXtu1 @ -+ & XtUg
g=max(0,—0d)

and the right hand side of the last equation is equal to

’

q

Z (@s,gXtu1 ® -+ ® Xtlg) @ XiUgr1 @ -+ @ XelUg's
g=max(0,—9)

also

{a5XtU1 Q- ® Xtuq’fl} & XtUg
q -1

= Z (asgxtur ® - ® XilUg) @ XtlUgr1 @ - Xilg'—1 @ Xtlg -
g=max(0,—3)

Substracting
Qs XtU1 @ - - @ XUy = AsXtU1 & - -+ Q XtlUg — {a(SXtul Q& Xtuq’—l} & Xtlg! -
By taking norms and using the triangle inequality:

llas,g xtur @ -+ @ xeug || < |lasxiur @ -+ @ xeug || + |lasxiur @ -+ - @ xeug—1||

since ||xsuq ||2 < 1 while for ¢ = 0 we have ||as 09| < ||as€?||. We combine these
inequalities in the following

llafu1 ® - @upll < llasxiur ® -+ @ xeug || + [lasxeur @ -+ @ xpug—1l|;
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substituting in equation (4.2) we get

llatur ® - @ ug?

A Q) ,
Z{ ) (||a6vq||+|aavq1||)+||a59||}

—A “g=max(1,-6)

<
§—
A Q(9)

<Z<2Q<6>+1>-{ 3 <||aavq||2+||awq1||2>+|a59||2}
5=

—A g=max(1,—9)
since there are at most 2Q(6) + 1 terms in the expression in {-}

latur @ -+ @ ug|?

A Q(9) Q(8)—-1
SDICCREIEE (D DR AR SR
o0=—A g=max(0,—(5+1)) g=max(0,—(6+1))
A Q(9)
<2 ) (2006 +1)- > lasvyl|®
f=—A g=max(0,—(5+1))
A k

< (4k +2) Z Z llasv,|*  since Q(8) < k

0=—A g=max(0,—(5+1))

A k k A k
SEE+2) Y Y llasu P = (4k+2)D > llasy,l? = 4k +2) > [lay,||?
d=—A q=0 q=0 6=—A q=0
A
because asv, are orthogonal for different value of §, and a = > as. 1
S=—A

Each a € A can be written as a sum of basic elements in a non unique way.
We shall denote these different representations by , p, o, .... So for a in A with a

representation m:
a = E a; = Q(r)
i

[
a = Z aj = a(p).
J
Note that the definition of a’ depended on a given representation of a and so we

now have:
t t t 1t
%)—Z% a<p>—Zaj
i J

for two different representations 7, p of a. To define E‘t we need to show that in
fact a%w) = af p for different 7 and p. Given any

Umy =Y 0 by =D b
i=1 j=1

and a representation p:
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define

(4.4) (@—="b)(r—0) Zal Zb]

which is a representation of a — b in A. Hence,

t - t t (A
(@=0)(rgy = Zai - ij = (m) = b(o)-
i=1 j=1

Thus:
t t _ t
ey = @) = (@ = )(rp)
and
k
o=y @l < (42 3 10—yl =0
=0

for all u; @+ ®uy, € D, hence (a—a){,_, =0.So af = a(,y- Now we can make

)
4.7. DEFINITION. We can now define the function Et A — A by
Ei(a) = af,r)
for any representation 7 of a.

Before we discuss the properties of Et we prove a theorem used in the exten-
sion to V.

4.8. TueorEM. (i) If (a(™)2, is a sequence in A which is Cauchy Ts-on
D° then so is (Eya(™)> .

(ii) If (a\™)22, is a sequence in A with a™ — 0, 1,-on D° then E,a™ — 0
likewise.

Proof. (i) Let u; ® --- @ ug, € D for k € NU{0}. With Uy = XtU1 @ Xtz @

Xt ® -+ ® xtuq we have that a(")yq is Cauchy in F for 0 < ¢ < k. Hence Ve > 0,
I N(e) such that Vn,m > N(¢)

||[a(”) — a(m)]qu <e, 0<qg<k
By Theorem 4.3

k
q=0

hence (Eya™u; @- - @uy )22, is Cauchy in F. So (Eta(”)) ©_, is 7-on D° Cauchy.
(ii) Suppose now that a(™ — 0, 7,-on D°. Let u; ® --- @ up € D; Ve > 0,
I N(e) such that Vn > N(e):

||a(”)yq|\ <eg 0<g<k
Again by Theorem 4.3
|Era™uy @ -+ @ ug|? < (4k + 2) (k + 1)e?
Hence Eta(”)ul ® -+ ®@ur — 0in F, and so Eta(”) — 0, 7-on D%, 1
4.9. REMARK. The above results can be extended to “rs-on D” by linearity.
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5. PROPERTIES OF E

5.1. THEOREM. (i) E; is a surjective linear map onto A, with Ey(I) = I;
(ii) EtQ = Et;

(iii) Va € A, (Ea)" = Ey(a®);

(iv) E;[(Era) -b] = Eva- Eb = Ey[a- (Ewb)].

Proof. Tt is enough to consider basic elements and then to extend the result
to A. The proofs are straightforward, the details may be found in [7]. 1

We shall now prove the following fundamental property of E, : Et(aa*) >0,
Va € A (with positivity in the operator sense).
First we introduce the notation we will use in the proof of this property. In
particular:
(i) |a]? = a*a, Va € A, and so |a*|? = aa*.

(ii) R(a) = a+2’l* , the real part of the operator a.

n
(iii) For any a € A we write a = Y a; where a; denotes the sum of those
i=1
basic elements which have the same number, s(¢), of annihilation operators and

where 0 < s(1) < s(2) <--- < s(n),neN.
m)
(iv) Further, we write a; = > a™ with
i=1

@ = ) e (g OB ) 1)

where 7(4,7) is the number of creation operators for the basic element a®J, v; ;
( = 0 or 1) is the number of gauge operators of a*/, and py(g*?7/) = I; while
p1(g°d) = p(gs(i)’j). Let us make some contractions of notation. So, much as
before, we will write

* S(i))‘ _]* S(i)7l * 5(7;)7‘
L (fr(i,jg)_l ( 1 j)l (fr(i,jg)
p’/i,j :p’/i,j (QS(Z)J)

L(5)7) = 1) -1,

Notice that in the notation for L* it is implicit that the index that counts the
f’s runs from 1 up to r(¢,j) while in L the index runs from s(i) down to 1. We
will need to consider different ranges for the counting indicies, so we will indicate

these with the sufficies of the arguments of L* and L. So, for example L(hig?)’i)

is the product of the annihilation operators I (hf«(i)’j ) with 7 running from s(1) to
k as we read left to right. It is worth noting that taking the adjoint of an L or L*
reverses the order of its counting index.

A preparatory lemma follows.
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5.2. LEMMA. Ford € A with
N m(i)

A= 3 U U P, (g DR - 1B D),

i=1 j=1

we have for any 0 < k < s(1),

N m(i) *
* * S(l) s(i),J s(i).4 HON]
dd” > ‘{Z Z L r i ]g Du; jL(hs(i),\js(l)+1)L(Xths(l)karlL(hk ])}
i=1 j=1

2

Note that for k =0 the term L(hz(i)’j) does not appear in the above expression.
Proof.

s(1)
< H RE ,h:<2>ﬂ>) L (f0)p,,  L(h3)

=333 S

i=14'=1 j=1 j

* ‘S(l )7 ‘S(i/)v i’ s(2
oL (hs(i),sj(l)-‘rl)L (hs(l)-:l,s(i )p,, i (fr((l/ 3/]> )

m(i) m(i")

The term on the right hand side is equal to

N m(i) %2
= (30, 0N 5(1),3 5(2),3
{30 B 0y B 00
i=1 j=1
«® (i), CENTOE i
]{ZZL* 0 MO LG )
i=1 j=1

The inequality is achieved simply by using the fact that for a,b € A with ||b]| < 1
we have ab*ba* < aa*. Now equation (i) of Section 2 tells us that l(hZJ?l’J p(xt) =
l (Xthz(_i)fj ). Notice also that in the expression for dd* and the last term, the annihi-
lation operators l(hi(i)’j) e l(hzg?)’j) interact with each other to give inner product

terms. As a consequence, the order of these terms can be varied (uniformly in ev-
ery term of the double sum) without changing it. (There is a variant of Lemma 4.5

here.) So, by permuting the annihilation operators in L(hzg?)’i o)l (Xthz(f;)l’j ) and
using the simple operator inequality above to insert a p(x:), we can arrive at the
inequality
N m(i) *(2
ad* > Hz S L0 pw,jL<hzizi§:£(1>+l>L<hz<’”>L<xthzﬁ?;fgﬂ>}

i=1 j=1

By one last permutation of the annihilation operators we get

— (i) () ().
{Z Z LA Py LRSSy ¢ ) L OGRS g ) LR ])}

=1 j5=1

2
dd* >

5.3. THEOREM. For each a € A, E;(aa*) > 0.
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n m(i)
Proof. Let a = > > a*’ as before with
i=1j=1

@ = L (1w, LU ).

S

i=n—k+1

Define
2

) 1<k<n7b0205

and note that b, = aa* = |a*|?; furthermore, define

* s z), ) s(4),7 s(4),7
ZL Xt 7 J pv”L(Xths(Z) s(n— M)+1)L(hs(n3m)

withn—2<u\n—1 and

m(1)

= 3 L OalE) Jpu, LR,

Finally, write p,, ;(x¢) for p,, (ths(")’ﬁ). We now consider

Eyby = By(ana; Et{z S i }

Jj=1 j'=1

m(n) m(n)
* s(n), s(n),j s(n),j’ s(n),
{Z D L P Ly L (B, L) )}

Jj=1 j'=1

n.9)

m(n) m(n) ,s(n)
(L) £t e e, (L)

j=1 j'=1\r=1

= L e3P, O) LU () VL (W00 Y, ) L £5877)

2

*

_ O, . O*

{30 L aszmn, (o))

We shall now show that:
E, (buy1) > |{(“)a +Wa, et (u)an_“}*|2
for 0 < p < n— 1. Indeed, we showed previously that:
Et(bl) _ (O)Cln . (O)G:L
We shall show this by proving that
Ey(b,) = [{# Vay +--- 40D an—u-‘rl}*’Q
:>Et pt) = |{(“ g () an_u}*|27 forO< p<<n—1.
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{2}

t=n—pu
n

{2 )£ ) )

(5.1) :Et{bu—FQR(an_u. 3 a;‘/>+|a2—u|2}

i'=n—p+1

(k—1)
o {0 0

+2R{Et<anu~ Z af/)}+Et|afLH|2

i'=n—p+1

To begin with

2
Ei(but1) = Ex

*|2

using the hypothesis and because Ey{R(a)} = R(E;a). Consider first:

Et|a’n ,u,| _Et(a” ©w an u)

m(n—p) m(n—p)
_ S(n w).J s(n—p),j
= Et{ Z Z r n— /_L]))pyn MJL(hS(n_#) )

A (e SV A € s )}

K3

(n—p) m(n—p) , s(n—p) . )
Z Z ( H <h;j(n—u)73 , hi("_“)73>)
j=1

j'=1 r=1

m

LSy, )P, O L)

T(n—w,5)

(n—p) *
- H OIS P LG |

| 2

2

- <“)an_# () al_, = |(/L)

—p

n/t

Now, the following inequality follows from Lemma 5.2

|{(”_1)an+~-~+(“_l)an_ 2> H(“)an—&—--~+(“)

using the notation of that lemma, d = #~Va, + -+ # Vg, 1 s(n—p+1)
is the minimum number of annihilation operators of d, corresponding to s(1) of
Lemma 5.2, and s(n — u) corresponds to k in Lemma 5.2.

Finally, we consider the term

Et{an_u . Z a;»*,}
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which is equal to

n m(n—p)

= * S(nf )7‘ 5(77’7 )"
> Et{ > LG P L)
i =n—p+1 j=1

m(i)

* S(z ' s(i'),5’
Z L / ’//J,L(fr(i/7jl))}
m(n—p) m(i’") s(n—p) o 4
S0 D S0 98 { () (X EEEN L PR an

i'=n—p+1 j=1 j'=1 r=1

-L” (Xthig;li)+1’s(i/))pui/1j/ (Xt)*L(th:((Z/ )j’) ) }

m(n—p)
I S T AU ),
j=1
n m(z) *
S DLk P (O LOGRS ) ) LR T)
Xefpir )P o OV LOCR ) ) P
i'=n—p+1j'=1

=Wa, - Z (W) q,.

i'=n—p+1
Hence inequality (5.1) becomes

Et(bu+1)>’{(M)an"i_"'('u)anu+1}*|2+2R|:(H)anu' 3 <u)a;}+,<ma;u‘2

i'=n—p+1
|{(“)an g ()

as required. Finally, using this result (n — 1)-times beginning with E,(b;) =
©a, - ©a* we get

~ bn) > ’{(”71)(1”4—"'+("71)a1}*|2_
Hence - ~
Et(aa*) = Etbn 2 0. 1

5.4. COROLLARY. Ifbe A and b >0, then E,(b) > 0.

Proof. Let A™ denote the norm closure of A. For b € A, b > 0, there is an
clement a € A" with b = aa*, since A" is a C*-algebra. Since a € A" there
is a sequence (@), in A with a,, — a in 7,-topology. Since multiplication and
x-operation are T,-continuous a, - a;;, — b in the 7,-topology. Hence, ana) — b

pointwise on D° or b — a, - a — 0 pointwise on D°. Now by Theorem 4.8,

Ey(b—ay - a}) — 0 pointwise on DY. By linearity, Ey(b— ay, - a’) — 0 pointwise
on D. So Vu € D:

(Eybu,u) = lim (Ey(ay, - a%)u,u) >0

n—oo
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by Theorem 5.3.
Finally, for h € F, 3 a sequence (u,)52, in span D with w,, — h; then

(Etbh,h> = lim (Etbun,un>
since Eyb is a bounded operator and thus (Eybh, h) > 0. Therefore Exb > 0. 1

LEMMA 5.5. For every a € A
E‘t(a ca*) = Ea- Eta*,
and _
[ Eeall < llal.
Proof. By Theorem 5.3, for the element a — E,a we have
Et{(a - Eta) (a— Eta)*} >0
= Et{a-a* — Ea-a* —a- Ea* —|—Eta-Eta*} >
= Et(a ca’) — Eta . Eta* — EtaEta* + Eta . Eta*
(by Theorem 5.1 (iii)—(iv))
= Et(a ca¥) > Ea- E;a*
= |Bi(aa”)|| > |Bua - Bua”|
(since for any two positive operators a, b in A4 with

a = b we have |la|]| = sup (ah,h) < sup (bh,h) = ||b]|)
lInll<1 lInll<1

= || Ey(aa”) = || Erall?
(since the bounded operators on F form a C*-algebra).
Now ||a||*Z > aa* and E; is positivity preserving so |la|| = || E:al. ¥

0
20

We can now extend the expectation to V.

6. DEFINITION OF E}

6.1. LEMMA. (i) If (an)5%; is a sequence in A which is Cauchy in the Ts-

topology, then (Era,)%2 1 is also Cauchy in the Ts-topology.
(ii) If (an)22, is a sequence in A such that a, — 0 in the T5-topology, then

E'tan — 0 in the 75-topology.
Proof. (i) As (ay) is 75 Cauchy on F it is certainly Cauchy 75-on D. By
Theorem 4.8, (Eya,)22 , is Cauchy 7i-on D. By Banach-Steinhaus Theorem
sup ||a,|| < oo

and by Lemma 5.5 B
sup || Eran || < sup |lan| < oo.
n n

So we have a uniformly bounded sequence of operators pointwise convergent on a
linear set dense in F. It follows that (F:a,)52 is Cauchy in the 75-topology.

n=

(ii) The proof of this is similar to (i). &
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6.2. LEMMA. Ifx €V, 3(an)22, in A such that a,, — x in the T5-topology.

Proof. Kaplansky’s density theorem tells us that any operator T in V; is
the 74-limit of a net of operators from 4. Since in our case the 7s-topology is
metrisable on bounded subsets of B(F) we can choose a subsequence from this
net converging 75 to T'. 11

6.3. DEFINITION. Let z € V, by Lemma 6.2 we can choose an (a,)32; in
A with a,, — z in the 74-topology. By Theorem 4.8 (i), since (a,) is 75 Cauchy
then so is (Et(an)). Since V; is complete for the 7s-topology it follows that Etan
converges to an element of V;. Define

FEix = lim Etan € V.

Suppose now that (b,) is another sequence from A converging 75 to x. Then
an—b, — 0 and (a,—by,) is a sequence in A. By Theorem 4.8 (ii), Et(an —b,) — 0
in the 75-topology, or Etbn — FEix. So FE; is well defined. Finally, we note that if
re A, Bux = Eta:.

6.4. LEMMA. (Properties if E;) (i) E: is a linear map from V onto Vy;

(ii) (Byzx)* = Ewx*, Yz € V;

(iii) E? = Ey;

(iv) Ex[(Eyz) - y] = Evx - By = Ey[x - (Evy)], Yo,y € V;

(v) Byx 20, Vo € Vo ;

(vi) || Bz < ||z||, Yz € V.

These properties show that Ey is a conditional expectation.

Proof. Ttems (i), (ii), (iii) are proved in the obvious way.
(iv) Suppose z,y € V with a,, — x, b,, — y in the 75-topology and (ay,), (by,) C
A. Then, by Banach—Steinhaus Theorem

sup ||an|lco < 00, sup ||bnllce < o0
n n
Furthermore, E,a, — E,a in the Ts-topology, and sup ||Etan|| < 0. Now,
n

= E;[ lim (Eran - by)]
(since multiplication is continuous in the 7s-topology)

(by definition of F; and since (Etan) by, € A, Vn € N)
= lim [(Etan) . (Etbn)]

n—oo
(properties of E;)

(continuity of multiplication in the 75-topology on bounded sets)
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= Etl' . Ety
Furthermore,
{Eifz- (Ewy)]} = E{ [z By} (by (ii))

=E{Ey" 2"} (by (ii)
= Ew* - Ex2™  (by above)

= [Ewx- Ey]™ (by (i)
E; [Et($) ’ y} =Lz -Ey=FE; [95 : (Ety)]v Vr,y € V.

Item (v) uses the fact that Vo € V,, Jy = y* € V such that y?> = z.

Approximating y with a sequence (a,) of Hermitian elements from A, we see that
(a2) approximates x, and each a2 is a positive operator.

Ei(a2) — E/(y?) = Eux

in the 75-topology. So E;x is a strong operator limit of positive operators, so it is
positive.
(vi) follows from (v) with x replased by (x — Eyx) - (x — Eyx)*. 1

6.5. THEOREM. E; is Ts-continuous on bounded sets of V.
Proof. Tt suffices to show that:
E, : (V1, 7s-topology) — (V1, 7s-topology)

is continuous. (||Ez|| < ||z|| so E;(V1) C V1.)
By Lemma 2.3, (V1, 75-topology) is metrisable, and we shall denote this met-
ric by p.
So all we need to show is that if z,, — = in p in V; then E;z, — FEix in p.
By definition of E;z,, Ja, € A such that:

1 1
p(xnaan) <— and p(Etxn,Etan) <-—.
n n
Hence
p(a’nam) < p(anyxn) + p(w’ﬂ7x) - 0

So a, — z in the p-topology.
By the definition of Eix, F:a,, — Eix in p.
Hence:

p(Erxn, Eyx) < p(Eytn, Evay) + p(Eray, Eyx) — 0

as required. 1



A CONDITIONAL EXPECTATION FOR THE FULL FOCK SPACE 23

bt
Q

o
> & ma

REFERENCES

. BARNETT, R.F. STREATER, [.F. WILDE, The Ito-Clifford integral, J. Funct. Anal.

48(1982), 142-212.

. BARNETT, R.F. STREATER, [.F. WILDE, Quasi-Free quantum stochastic integrals

for the C.A.R. and C.C.R., J. Funct. Anal. 52(1983), 17-47.

. BArRNETT, I.LF. WILDE, Random times, predictable processes and stochastic in-

tegration in finite von Neumann algebras, Proc. London. Math. Soc. (3)
67(1993), 355-383.

. BARNETT, A. VOLIOTIS, Stochastic integration on the full Fock space, preprint.
. FAGNOLA, On quantum stochastic integration with respect to free noise, in Quan-

tum probability and related topics, World Sci. Publishing, 1991, pp. 285-304.

. SPEICHER, Survey on the Stochastic integration on the full-Fock space, in Quan-

tum probability and related topics, World Sci. Publishing, 1991, pp. 421-435.

. VorioTis, Ph.D. Dissertation, Imperial College London, 1994.

C. BARNETT A. VOLIOTIS
Centre for Quantitative Finance C. Paleologou 73
Imperial College Nea Erythrea
Exhibition Road 14671 Athens
London SW7 2BX GREECE
U.K. E-mail: aeakis@netor.gr

E-mail: c.barnett@ic.ac.uk

Received September 16, 1996.



