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ABSTRACT. Let H be a densely defined linear operator acting on a Hilbert
space H, let P be the orthogonal projection onto a closed linear subspace £
and let n € N. The n-th order spectrum Spec,, (H, L) of H relative to L is
the set of z € C such that the restriction to £ of the operator P(H — zI)" P
is not invertible within the subspace £. We study restrictions which may be
placed on this set under given assumptions on Spec(H ) and the behaviour of
Spec,,(H, L) as L increases towards H.
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1. INTRODUCTION

Let H be a bounded self-adjoint operator on a Hilbert space H. In order to deter-
mine the spectrum Spec(H) of H, one can use the following projection method.
Let (L) be a sequence of subspaces of H and suppose that the corresponding
orthogonal projections Py : H — L}, converge strongly to the identity operator. Is
it true that

(1.1) klim Spec, (H, Ly) = Spec(H),
where Spec, (H, L) is the spectrum of the restriction to Ly, of the operator Py H Py,

and “lim” is defined in an appropriate sense?
One can show that the inclusion

klim Spec, (H, Lx) D Spec(H),

is always true (see, e.g., [1], Theorem 2.3 or Lemma 7.2 below). Whether the
equality holds depends on the essential spectrum Spec,(H) of H. If Spec,(H)
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is connected, then (1.1) is valid (see Corollary 7.3), but if Spec,(H) is not con-
nected, there exist sequences (L) such that klim Spec, (H, L) is strictly larger

than Spec(H) (see Theorem 6.1 and (2.10)). The projection methods of approx-
imating Spec(H) by Spec,(H, L) may lead to spurious points laying in gaps of
Spec,(H). In this paper we show that projection methods using higher order
relative spectra are free from this defect (see Theorem 7.1 and Corollaries 3.4,
4.2).

DEFINITION 1.1. Let H be a densely defined linear operator acting on a
Hilbert space H and let P be the orthogonal projection onto a closed linear sub-
space L. We assume either that H is bounded or that £ is finite-dimensional and
contained in the domain of H™ for a given n € N. Let M, (%) denote the restric-
tion to £ of the operator P(H — zI)" P, z € C. We define the n-th order spectrum
Spec,,(H, L) of H relative to L to be the set of z such that the operator M, (z) is
not invertible within the subspace L.

This definition is due to E.B. Davies, who suggested that second order relative
spectra might be useful for approximate computation of spectra of self-adjoint
operators and started the study of their connections with complex resonances (see
[2], Section 9).

Spec,,(H, £) is a non-empty compact set (see [2], Theorem 17) which may
contain complex numbers even if H is self-adjoint. In Sections 6-7 we investigate
the behaviour of Spec, (H, L) as L increases towards H. In particular, we prove
that for any bounded self-adjoint operator H

U i lir+n Spec,,(H, Lx) "R = Spec(H) if n is even,

where the union is taken over the set of all sequences (L) such that the orthogonal
projections onto L converge strongly to the identity operator (see Theorem 7.1).

Sections 3-5 are devoted to the geometry of Spec,,(H, L) for a fixed £. More
precisely, we study restrictions which may be placed on this set under given as-
sumptions on Spec(H) and in particular give an answer to a question posed in
[2], Section 9. The main conclusion of this part of the analysis is Theorem 3.1,
providing sharp restrictions on the possible location of Spec,,(H, £) when H is a
bounded normal operator. Theorem 3.1 implies the following simple result in the
case when H is self-adjoint and n = 2 (see also Theorem 2.6 and Remarks 3.2,
3.3).

Let ¥ C R be an arbitrary compact set,
a:=minY, b:=maxX, [a,b]\2= U]al,bl[, lag, bi[N]ag, be[ =0 if 1 # k,
1
and let B(ci,co) denote the closed disk with the diameter [c1,co]. If H is a self-
adjoint operator and Spec(H) C X, then

Specy(H, £) C B(a,b) \ | ) Int B(as, by).
l
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For any point z belonging to the right-hand side there exists a self-adjoint operator
H acting on H = C? and a one-dimensional subspace L C C? such that

Spec(H) C ¥ and =z € Specy(H, L).

In order to formulate the restrictions on Spec, (H, L) when L is fixed and
characterize its behaviour as £ increases towards H in the case of normal operators
(see Theorems 3.1 and 6.1), we have to define for an arbitrary compact set X the
set 9, () (see (2.6) and (2.7)), whose geometric structure is analysed in Section
2. The simplest results of this section are Theorems 2.6 and 2.8.

Throughout the paper, except Section 4, we deal only with bounded linear
operators.

2. AUXILIARY GEOMETRIC RESULTS

Let K C C\ {0} be an arbitrary compact set,

o(K) = {w

:weK}.
|wl

It is clear that o(K) lies in the unit circle T = {¢ € C: |¢| =1} . The set o(K) is
compact as a continuous image of a compact set. Then A(K) := T \ o(K) is an
open set in T. Consequently, A(K) is a union of an at most countable family of
open arcs. Let us denote the length of the longest of these arcs by «(K).

For an arbitrary compact set ¥ C C we introduce the set

{RP(E) ::EU{ZGC\Z:Q(Efz)g(Qf%)w} ifp>1,

(2.1) R,() := 0 if p<1.

It is clear that z ¢ R,(X), p > 1, iff ¥ is seen from z at the angle less than
7 /p. In particular, z ¢ Ry (X) iff ¥ lies in some closed half-plane not containing z,
i.e. iff z does not belong to the convex hull of ¥ (see, e.g., [7], Theorem V.4 (c)).
Thus

(2.2) R1(X) = conv(X).
In the case ¥ = [a,b] C R the set

23)  R,([a.b]) = R,({a,b}) = [a,b] U {z €C\ [ab]:

b—z T
arg ‘2})
a—z p

p = 1, where
(2.4) —m < arg --- <7,

is bounded by two mutually symmetric circular arcs.
It is easily seen that

(2.5) R,(30) C R,(X) if ¥pC 3.

The set R,(X) has a very simple structure.
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THEOREM 2.1. Let X C C be an arbitrary compact set, p > 1. Then:
(i) R,(E) = R, (conv(S));

(i) R,(X) is arcwise connected;

(ili) C\ R,(X) is arcwise connected.

Proof. (i) It follows from (2.5) that R,(X) C R,(conv(X)).

Let us take an arbitrary z ¢ R,(X). The compact set 3 lies in an angle with
vertex z and size less than 7/p. This angle is a convex set. So, conv(X) lies in this
angle too. Consequently, z ¢ R,(conv(X)).

(ii) According to (i) we may suppose that ¥ is convex. In this case o(X — z)
is connected for an arbitrary z ¢ ¥ as a continuous image of a connected set. Thus
(3 — 2) is a closed arc and it easily follows from (2.1) that

V21,29 € RP(Z) A, A, A3, A0 €EX 21 € Rp({)\l,)\g})7 29 € 'R,p({>\3,)\4}).

Let us connect z; with Ap by a curve lying in R,({A1, A2}) C R,(X) (see (2.3) and
(2.5)). Then let us connect Ao with A3 by a curve lying in R,({\2, A3}) C R,(X)
(we may take the segment [Ag, A3]). Finally, let us connect Az with 29 by a curve
lying in R,({A3,As}) C R,(X). So, for arbitrary z; and 2, from R,(X) we have
constructed a curve which connects this two points and lies in R ,(3).

(iii) The compact set 3 is seen at small angles from points lying sufficiently far
from it. Thus, the complement of a sufficiently large disk is an arcwise connected
subset of C\ R,(X) and the statement will be proved if we construct a curve
connecting an arbitrary point z € C\ R,(X) with a point of this subset and lying
in C\ R,(X). The set X lies in some angle with vertex at z and size less than m/p
and it is clear that the ray opposite to the bisector of this angle lies in C\R,(3). 1

Let ¥ C C be a compact set, z € C, n € N,

(2.6) i={(A-2)": xe X},

(2.7 9,(2):={z€C:0€conv(Xl)}.
It follows from the definition that ¥ C Q,,(X) and

(2.8) On(Z0) C Qu(X) if XoCX.

THEOREM 2.2. 9, (X) is arcwise connected.

Proof. Let us first prove that the set Q,({A1, A2, A3}) is arcwise connected
for arbitrary A1, Ao, A3 € C. It is clear that the circular arcs
A — 20 —1
(2.9) {wEC:arg)\J v w}, j,k1,2,3,ll,...,{
n

k— W

n+1
2 )

lie in 9, ({A1, A2, Ag}). So, it is sufficient to prove that for any z € Q, ({A1, A2, As})
there exists a curve connecting z with one of the points A1, A2, A3 and lying in
Qn({A1, A2, As}).

If 0 belongs to the boundary of the triangle with the vertices (\; — 2)",
j =1,2,3, then z belongs to the arc (2.9) for some j, k and [. In this case, we may
take a part of it to play the role of the connecting curve. Let now 0 belong to the

interior of the triangle conv({(\; — z)"}j’zl) Then there exists zy > 0 such that

0 belongs to the interior of the triangle conv({(\; — z — m)"}le) if0 <o <ao
and to its boundary if © = . It is clear that the curve consisting of the segment
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[2, 2+ x0] and of a part of the corresponding arc (2.9) has all necessary properties.
Thus we have proved that 9, ({1, A2, A3}) is an arcwise connected set.

Let us take an arbitrary z; € Q,(X). According to the definition (2.7),
0 € conv(X2 ). Then 0 lies in the convex hull of some subset of X7 that contains
at most 3 points (see, e.g., [8], 3.25, Lemma), i.e. there exist points A1, A2, A3 € &
such that 0 € conv({(\; — zl)”}jzl), ie. z1 € Q,({A1, A2, A3}). Analogously, we
have Vzo € Q,(2), 31, A5, 06 € 1 22 € O, ({4, A5, A6 }). Now acting as in the
proof of Theorem 2.1 (ii), we can construct a curve lying in Q,,(¥) and connecting
z1 with zo in three steps. 1

It is clear that
(2.10) 91(%) = conv(X) = R1(X%)
(see (2.2)). For arbitrary n € N we have the following result.

THEOREM 2.3. Let X C C be an arbitrary compact set, n € N. Then:
(i) Qn(X) C Rn(%);

(i) @n(X) =Rn(X) if ¥ is connected;

(iii) Rn(X) = Qn(conv(X)).

Proof. (i) Let us take an arbitrary z ¢ R, (X). Then the set ¥ — z lies in an
open angle with vertex at 0 and size less than m/n. Consequently X7 lies in an
open half-plane whose boundary contains 0. Thus 0 ¢ conv(37), i.e. z ¢ Q,(X).

(ii) Let ¥ be connected and z € R, (2). If z € 3, then clearly z € Q,(%).
Let now z belong to R, (%) \ . Then

(2.11) (X —2) < (2 - 1) .

n

The compact set (X — z) is connected as a continuous image of a connected set.
Therefore o(X — z) is a closed arc. It follows from (2.11) that the length of this
arc is not less than 7/n. Consequently, there exist A1, Ay € ¥ such that
M—z . (M —2)"
ar =—, le,arg— =
SN — 2 g —2)m
The last equality means that 0 € [(A; —2)", (A2 —2)"] C conv(X7), i.e. z € Q,(%).
(iii) The equality follows from (ii), Theorem 2.1 (i) and the fact that conv(X)
is connected. 1

The statement of Theorem 2.3 (ii) is not generally true if ¥ is not connected.
The set 9, (X) may have rather complicated structure, unlike the set R, (X). For
example, if ¥ consists of two points a and b, the set 9, (X) = 9, ({a,b}) is the
union of the circular arcs

b— 20 —1 1
{wE(C:arga w‘: 71'}, l:l,...,{njL },

—w n 2

(cf. (2.3), (2.4)). Gaps in ¥ may cause gaps in Q,(X). We will demonstrate this
effect in the case ¥ C R.
Suppose —00 < a < ag < bgp < b < +oo. Let

Sy (a, ag,bo,b) :=Int R _»__([ag, bo]) \ (RQT:H ([a, b))
UR”([G’GO]) URH([b0>b]))7

m=1,...,[2], where “Int” denotes the interior of the corresponding set.

(2.12)
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THEOREM 2.4. Let ¥ = [a,ap] U [by,b], n € N. Then

3]
(2.13) Q,(2) = Rau([a,8)) \ | S7'(a, a0, bo, b).
m=1

Proof. We will first prove that the LHS of (2.13) is a subset of the RHS. Let
us take an arbitrary z not belonging to the RHS of (2.13). Then

2]
z ¢ Ry([a,b]) or z€ U ST (a, ao, bo, b).

m=1

In the first case z ¢ Q,(X) according to Theorem 2.3 (i). So, we have to consider
the second case, i.e. the case

(2.14) z € Si*(a,ag,bp,b) for somem=1,..., [g} .

Suppose that
(2.15) aXl) <

(see (2.6)). It is clear that A(X?) consists of two arcs at most. If A(X7) is empty
or cousists of one arc, then it is easy to see that (2.15) implies the existence two
points 1, p2 € o(X7) such that pu; = —pg. If A(X?7) consists of two open arcs
l1,15, then o(X7) consists of two closed arcs v; and 2 (one or both of them may
be degenerate, i.e. contain only one point). The set —v; cannot be covered by
l1 or I, because in this case the covering arc would contain a point diametrically
opposite to its end-point and, consequently, its length would be greater than .
This, however, contradicts (2.15). Therefore, the connected set —y; cannot be
covered by the union of the disjoint open arcs /3 and 5. Thus

(2.16) Jui €y Co(BY): pa=—p € a(X7).
So, (2.15) implies (2.16).

We can rewrite (2.16) in the following form

(A] _ z)'ﬂ
(2.17) I, A € [a,a0] U [bg,b] : arg—— =
(A2 —2)"

It follows from (2.3), (2.12) and (2.14) that if Ay, A2 € [a, a], then the angle
between A\; — z and Ay — z is less than 7/n. This, however, contradicts (2.17).
By the same reason we can exclude the case A1, Ay € [bp, b]. Let us suppose that
A1 € [a,a0] and Az € [bg, b] (or A2 € [a,a0] and A; € [bg, b]). Using the inclusion

sy ([@0, b)) \ R 5z ([, b))

(see (2.12), (2.14)), we obtain the following inequality for the angle 8 between
A —zand Ay — 2

zeIntR

2m —1 2m +1
T<pB<

It is clear that (2.18) contradicts (2.17).

(2.18) .
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So, we have proved that (2.17) leads to a contradiction. Therefore (2.15)
leads to a contradiction. Consequently, we have proved that a(X7) > w, i.e.
0¢ R1(27) =conv(Xl), ie. z¢ Q,(2) (see (2.1), (2.2), (2.7)). Thus the LHS of
(2.13) is a subset of the RHS.

Now we have to prove the opposite inclusion. Let us take an arbitrary z from
the RHS of (2.13). There is nothing to prove if

z € Ru([a; ao]) U Rn([bo, b]) = Ln(la, aol) U Qn([bo, b)) C Qn(%)
(see Theorem 2.3 (ii) and (2.8)). If z ¢ R, ([a, ag]) U Ry ([bo,b]), then there exist
n+ 1}

)\16[&,0,0], )\Qe[bo,b] and lzl,,|: 9

such that the angle between \; — z and Ay — z equals 2 ~ 2= because otherwise z
would belong to S7*(a, ag, by, b) for some m. It is clear that for these \; and Ay we

have
ar Qa2 ™
Le. 0 € [(A —2)", (A2 — 2)"] Cconv(X?), ie. z € Qu(X). 1
REMARK 2.5. We have proved in fact that if z belongs to the LHS of (2.13),
then there exist A\; and Ay € ¥ such that
(2.19) 0e [(/\1 — Z)n, (/\2 - Z)n]

A similar result holds in a more general situation. Namely, if a compact set
¥ C C is connected or consists of two connected components, and z € 9, (%),
then there exist A; and Ay € ¥ satisfying (2.19). Indeed, if z € 3, we may take
M=X==z1Ifz€ Q,(X)\ X, the inclusion 0 € conv(X?) = R1(X?) (see (2.2))
is equivalent to a(X7) < 7 (see (2.1)) and we can repeat a part of the proof of
Theorem 2.4 (from (2.15) to (2.17)).

Above we considered the case of one gap in . Let now X C R be an arbitrary
compact set,

(2.20) a=min¥, b=max.

The open set a, b[\ X is a union of an at most countable family of mutually disjoint
open intervals

(2.21) Ja, o[\ 2 = JJas,bi].
1
Theorem 2.4 implies

(2]
(2.22) Q.(2) € Rulla, )\ |J | Si*(a, a1, b1, b).

I m=1

The equality in (2.22) generally does not hold if n > 4. Let for example ¥ = {0, £1}
and z = icot ,n =4 Taking into account the fact that the angle between +£1— 2
and 0 —z = —z equals 1, We can easily see that

z € Ro([-1,0]) N R,([0,1]), 0 ¢ conv{(£l—2)", (—2)"}.
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Consequently, z belongs to the RHS of (2.22) (see (2.12)) and does not belong to
the LHS (see (2.6), (2.7)).

The reason of the described effect is that different gaps in ¥ may “inter-
act” and cause new gaps in Q,(X), which cannot be predicted by Theorem 2.4.
However, this does not happen if n = 2 or 3 (see also (2.10)).

For arbitrary ci,co € R, let B(cy,c2) be the closed disk with the diameter

[Cl, CQ].

THEOREM 2.6. Let ¥ C R be an arbitrary compact set. Then Qz(¥) =
B(a,b) \ U Int B(a, b;) (see (2.20), (2.21)).
1

Proof. Note that Ra([a,b]) = B(a,b) and Si(a,a;,b;,b) = Int B(a, b;) (see
(2.12)). According to (2.22) it is sufficient to prove that an arbitrary z from
the RHS belongs to Q2(X). It is easily seen that «(3?) < 7. Consequently, 0 €
R1(22) = conv(X?) (see (2.1), (2.2)), i.e. 2 € OQ2(X). 1

THEOREM 2.7. Let ¥ C R be an arbitrary compact set. Then Q3(X) =
R3([a,b]) \ U S2(a, ar, by, b) (see (2.20), (2.21)).
1

Proof. According to (2.22) it is sufficient to prove that an arbitrary z from
the RHS belongs to Q3(X). If z € [a,b], then z € Q3(X) (see Theorem 2.8 (ii)
below). Let now z belong to R3([a,b]) \ [a, b].

If each interval Ja;, b;[ is seen from z at an angle less or equal to 7/3, then
a(X2) < 7. Consequently, 0 € conv(X?), i.e. z € O3(%).

If there exists [ such that the interval |a;,b;[ is seen from z at an angle
(r/3) + B, B > 0, then either [a, a;] or [b;,b] is seen from z at an angle greater or
equal to /3, because otherwise z would belong to Si(a,a;,b;,b) (see (2.12)). Let
us suppose for definiteness that [a,a;] is seen from z at angle (7/3) +~, v > 0.
Note that (7/3) + 8+ (7/3) + v < 7. Consequently, 5+~ < 7/3 and 3,y < 7/3.
It is easy to see that

a({a, a, bl}‘z) =max{m — 38,7 —37,3(6+7)} < 7.
Therefore, 0 € conv({a,al,bl}i) C conv(X?), ie. z € Q3(2).

THEOREM 2.8. Let ¥ C R be an arbitrary compact set. Then:
(i) Qn(X)NR =X if n is even;
(ii) 9n(X) NR = conv(X) if n is odd.

Proof. (i) Since ¥ C Q,(X), we have to prove only that the LHS of (i) is a
subset of ¥. Let us take an arbitrary z € R\ X. Then

(A=2)" =2 const >0, VAeX.

Consequently, 0 ¢ conv(X?), i.e. z ¢ Q,(%).
(ii) Let us take an arbitrary z € [a,b] := conv(X). It is clear that

(a—2)"<0< (b—2)".

Therefore, 0 € [(a — 2)", (b— 2)"] C conv(X?), i.e. z € Q,(X). So, the RHS of (ii)
is a subset of the LHS.
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Now let us take an arbitrary z € R\ [a, b]. If z > b, then
—(A=2)">const >0, VieX.

If z < a, then
(A=2)" > const >0, VAeX.

In both cases 0 ¢ conv(X?), i.e. z ¢ Q,(X). Thus, the LHS of (ii) is a subset of
the RHS. 1

3. ENCLOSURES FOR HIGHER ORDER RELATIVE SPECTRA
OF NORMAL AND SELF-ADJOINT OPERATORS

THEOREM 3.1. Let X C C be an arbitrary compact set and n € N.
(i) If H is a normal operator and Spec(H) C %, then

(3.1) Spec,,(H, L) C Q,(X);

(ii) For an arbitrary z € Q,(X) there exists a normal operator H acting on
H = C3 and a one-dimensional subspace L C C* such that

(3.2) Spec(H) C ¥ and =z € Spec,(H,L).
Proof. (i) Let us take any z € C\ Q,,(X). According to (2.7), 0 ¢ conv(X?).

Then X7 lies in some open half-plane {w € C : Re(e'®w) > 0}, 6y €]— m, ] (see,
e.g., [7], Theorem V.4 (c)). Therefore

Re(e (A —2)") >0, VYieX
(see (2.6)). The compactness of ¥ implies the existence of ¢ > 0 such that
Re(e (A —2)") > ¢ >0, V& Spec(H)C X.
Now applying the spectral theorem we obtain
Re(e'® M, (2)u, u) = Re(e!% (H — 2I)" Pu, Pu) = Re(e!® (H — 2I)"u, u)
= / Re(e'% (A — 2)") d(E(\)u, u)
Spec(H)
>c / d(E(\)u,u) = c||ul|*, VYue L.
Spec(H)
It is well known that the inequality
(3.3) Re(e'® M, (2)u,u) > c||lu||?, VYueL,

implies invertibility of M, (z) within £. Thus, we have proved that if z ¢ Q, (%),
then z ¢ Spec,, (H, L).

(ii) According to the definition (2.7), 0 € conv(27). Then 0 lies in the convex
hull of some subset of X7 that contains at most 3 points (see, e.g., [8], 3.25,
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Lemma), i.e. there exist the points A1, Ao, A3 € ¥ and ¢1,t9,t3 > 0 such that
tl +t2+t3:1 and

(3.4) th()\j —2)"=0.

j=1
Let
(3.5) H = diag(\;)3_,,
(3.6) Ez{ueC3:uj:t;/2w7we(c7j:1,2,3}.

Then, for an arbitrary u € £, we have
3
(H — zI)"u,u) = |w|? th()\j —2)"=0

j=1

(see (3.4)). Therefore, P(H — zI)"P = 0, where P is the orthogonal projection
onto L. Thus, z € Spec,,(H, £). It is clear that Spec(H) = {A1, A2, A3} C X, 1

REMARK 3.2. Let 3 C C be an arbitrary compact set and let z € Q,,(X) be
such that 0 belongs to a segment [(A; — 2)™, (A2 — 2)"] for some A1, Ao € 3 (see
Remark 2.5). Then the proof of Theorem 3.1 (ii) shows that there exist a normal
operator H acting on H = C? and a one-dimensional subspace £ C C? satisfying
(3.2).

REMARK 3.3. If A1, Ay, A3 from the proof of Theorem 3.1 (ii) belong to R,
then the operator (3.5) is self-adjoint. The same is true for the operator from the
previous remark.

Using the results of Section 2 one can formulate obvious corollaries of Theo-
rem 3.1, which describe enclosures for higher order relative spectra of normal and
self-adjoint operators in more clear geometric terms (see also Remarks 3.2 and
3.3). We will not dwell on this.

COROLLARY 3.4. Let H be a self-adjoint operator and z € Specy(H,L).
Then

(3.7) Spec(H) N[Rez — |Im 2|, Re 2z + |Im z|] # 0.
Proof. Suppose the LHS of (3.7) is empty. Then there exists € > 0 such that
Spec(H)N[Rez — [Imz| — g,Rez + [Im 2| +¢] = 0.
According to Theorems 2.6 and 3.1
Int B(Rez — [Imz| —e,Rez + [Im z| + ¢)

does not intersect Specy(H, £). On the other hand, z belongs to this open disk and
to Specy(H, L). The obtained contradiction proves that the LHS of (3.7) cannot
be empty. 1
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4. A REMARK ON UNBOUNDED SELF-ADJOINT OPERATORS
Above we dealt with bounded operators only. Let now H be an arbitrary self-
adjoint operator acting on H.
LEMMA 4.1. Ifag,bg € R and
lag, bo[ N Spec(H) = 0,

then
Int B(ag, by) N Specy(H, L) = 0.

Proof. Let us take an arbitrary z € Int B(ag, bg). The interval Jag, bo[ is seen
from z at an angle equal to /2 + €, where € €]0,7/2]. It is clear that the set

F={(A=2)%: )€ Spec(H)}

lies in an angle with vertex at 0 and size m — 2¢. The distance from 0 to F' is
obviously positive. Therefore there exist 8y €] — 7, 7] and ¢ > 0 such that

Re(e® (X —2)?) > ¢, VA€ Spec(H).
The remaining part of the proof coincides with that of Theorem 3.1 (i). 1
COROLLARY 4.2. If z € Specy(H, L), then
Spec(H)N[Rez — [Im z|,Re z + |Im z|] # 0.
Proof. Cf. Corollary 3.4. 1

5. AN ESTIMATE FOR HIGHER ORDER RELATIVE SPECTRA
OF BOUNDED OPERATORS

We start by an auxiliary result.

LEMMA 5.1. Let 2o > 0, yo > 0, 2o/yo = cot 3, 0 < k < sinB. Then
Xo+ T

(5.1)  sup { =

Proof. For the fixed (xq,yo), the set
{@o+a,90 =) -2 +9* <K (2§ +0) }

is obviously a disk with the centre (x,y0). The condition &k < sin 3 implies that
the interior of this disk does not intersect the abscissae axis.

Let us draw the tangent to the corresponding circle passing through the origin
and lying below the disk. Let (z1,y1) be the point of contact. An elementary
geometric argument shows that the LHS of (5.1) equals
no_ cot(f — arcsink). 1
Y1

THEOREM 5.2. (i) Let H be an arbitrary bounded operator. Then

cx,y >0, 22+ y? <K (a] +y8)} = cot(8 — arcsin k).

T —1
. < (sin — .
(5.2) |z|\(bm2n) |H|l, V=€ Spec, (H,L)
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(ii) There exist a normal operator H acting on H = C* and a one-dimensio-
nal subspace L such that |H|| =1 and

(5.3) sin~! % € Spec,,(H, L).

Proof. (i) Let us fix an arbitrary z € C such that

om L
(5.4) 12| > (sm %) I1H]|.
It is convenient to rewrite M, (z) in the following form
(5.5) M, (z) = (=2)"P(I — R)"P,
where R = 271 H,
. m(l—¢

(5.6) [IR| < sin %

for sufficiently small € > 0.
Let us take an arbitrary u € £\ {0} and consider the vectors

(5.7) up = (I — R)*u, k=0,1,...,n.

We have
[Quill _ QU — R)up| < [Qui—1]| + [[QRug—1 | L n
|Pull  [[P(I = R)yug—1|| ~ ||[Pug—1] — [|PRug—1]’ T

where ) := I — P. Taking into account that

2
ol —¢
|QRu | + | PR |? = | Rup | < ((2”)) o2

(5.8)

= (5 D) Qua? + P
= ™ k-1 ug—1[%)

(see (5.6)) and applying Lemma 5.1 with

zo = [|[Qui—1ll,  vo = [[Pug—1l,
.oom(l—
o =||QRup-1ll, y=I[IPRux—1], k=sin™5-,

we obtain successively

[|[Quo| T
arccot = arccot ) = —,
[ Puo| 2
| Qua|| [Qui—1]|  7(1—¢) ™ ( k >
arccot = arccot — > 2—-(1-=1-9)],
| Pu Pucal 20 s\t nt-9

k=1,...,n. Thus
|QU ~ Ru|| _ e

———— L cot —.
[P(I = R)"ull 2

(5.9)
Further,

QU = R)"u| _ (L = R)™u|

IP(I = R)mull = | P(I = R)"u

(5.10) 1,
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I(Z = R)"ull > (1 = B)" ™ ull = |RIN|(1 = R)""u]
= (1= [RDIT = R)" "l == (1= [R])" Jul

. w(l—e)\"
2| 1l-sin—7—
( sin 5 ) [l

(see (5.6)). It follows from (5.9)—(5.11) that

(5.11)

—1 1— n
IP(I — R)"u|| > (1 + cot %) (1 — sin ”(%5)) ]|

So, there exists ¢ > 0 such that

(5.12) [ M (2)ull = ellull, Vue L\{0},
(see (5.4), (5.5)). This inequality implies that
(5.13) Ker M,,(z) = {0}

and the image of M, (z) is closed (see, e.g., [9], Chapter III, Theorem 5.1).
The image of the operator P(H — zI)"P : H — H coincides with Im M, (z)
and, therefore, is closed. Consequently,

(5.14) veImP(H —2I)"P <= (v,9) =0, VgeKerP(H"—ZzI)"P
(see [9], Chapter III, Theorem 3.4 and note that in our case P is orthogonal, i.e.
P = P*).

We can prove analogously to (5.13) that
(5.15) Ker P(H* — ZI)"P = Ker P.
Comparing (5.14), (5.15) with the relation

veEImP < (v,9) =0, VgeKerP,
we obtain
ImM,(z) =ImP(H — 2I)"P=ImP = L.

Thus according to the Banach theorem, M, (z) is invertible within £ (see (5.13)).

(ii) Let

A= sin% —1icos %, Aoy = sin% +1icos %

It is clear that

(5.16) A1] = |Xo| = 1.

Further,

1 P T o—1 : ™
(sin 5= —sin™" g-) —icos 5

T o—1 : s
(sin g —sin™" g-) +icos 3

A1 —sin™

ust
2n
1

Ao — sin o

2 m : T o) s s s s
— COS 3 1COS 5n S11 5n COS by + 1sin 5n ei%
_ 2 T 1 T ooin s 1ein L :
COS on +1cos n S111 n COS n 1S1n n
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Consequently, for z = sin™' =, we have (A\; — 2)" = —(Ay — 2)". Let

(X 0
H= < 0 )\2>’
[,:{uE(C2:u1:uQ}.
It is clear that |H|| =1 (see (5.16)) and

(H — zD)™u,u) = [u1 (A — 2)" + (A2 — 2)") =0, YucL.
Therefore, P(H — 2I)"P =0 and (5.3) holds. 1

and

6. LIMIT BEHAVIOUR OF HIGHER ORDER RELATIVE SPECTRA

Above we studied the “statics” of higher order relative spectra, i.e. the case when
the subspace £ was fixed. Now we are going to consider their “dynamics”. It is
interesting to know what may happen to Spec,, (H, £) when £ “tends” to H. This
question is connected to the theory of projection methods.

Let A be the set of all sequences of closed linear subspaces L C H, k € N,
such that the corresponding orthogonal projections Py, : H — L}, converge strongly
to the identity operator I as k — +o0o. Let Ag be the subset of A consisting of
increasing sequences: Ly C Lg41, Vk € N.

For a sequence of sets M C C, k € N, we will use the following notation

lim M, := {ZE(C | 3z € My : lm 2z :z},
k—4o0 k—-4o00

klim*Mk ={z€C |k, €N, Iz, € My, :ky — +00
and zg, — z as m — +oo}.

Simple examples show that the limit behaviour of Spec,,(H, L)) depends in
general on the choice of the sequence (Ly),—, € A. So, it is natural to unite limit
sets corresponding to different sequences (L), in order to obtain an invariant
set depending only on H. It turns out that this set depends on the spectrum and
the essential spectrum of H.

In this paper we will adopt the following definition of the essential spec-
trum. Remove from Spec(H) all isolated points which are eigenvalues with finite
multiplicities; the remaining set Spec,(H) is the essential spectrum of H.

THEOREM 6.1. Let H be a bounded normal operator. Then

(6.1) U klim* Spec,,(H, Lx) = Spec(H) U Q,(Spec,(H)).
(Len”

)

This equality will remain valid if we replace “lim™” by “lim, ”.
for Ao instead of A.

Proof. Let us fix an arbitrary z ¢ Spec(H) U Q, (Spec,(H)). There exists a
closed neighbourhood F of Spec,(H) such that z ¢ Q,,(F). The set S = Spec(H)N

The same is true
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(C\ F) consists of an at most finite number of eigenvalues with finite multiplicities.
The operator

(6.2) Ps := E(95),

where F(-) is the spectral measure corresponding to the normal operator H, com-
mutes with H and is the orthogonal projection on the finite-dimensional subspace
spanned by eigenvectors corresponding to the eigenvalues belonging to S (see, e.g.,
[6], Section 4.5).

Let us take an arbitrary zp € F' and consider the operator
(6.3) Hy = (I — Ps)H + z9Ps = (I — Ps)H(I — Ps) + zoPs.

It is easy to prove that Spec(Hy) C F (see [6], Section 4.5). It follows from the
normality of H that the operators H, H* and Ps = P§ commute with each other.
Thus, Hp is a normal operator. Then the proof of Theorem 3.1 (i) (see (3.3))
implies that for an arbitrary orthogonal projection P

(6.4) |P(Ho — zI)"Pul| > c|Pul, Yu€H,

where ¢ does not depend on P.

For the operator H we have the representation H = Hy + T, where T =
PsH — 2y Ps is a finite-dimensional and, consequently, a compact operator. So,
the operator

(6.5) (H — 2I)" — (Hy — 2I)"

is compact. Taking into account that the operator (H — zI)™ is invertible and
applying (6.4) we obtain from [3], Chapter II, Theorems 2.1 and 3.1, that for an
arbitrary sequence (L;)y—, € A the corresponding operator Py(H — zI)"Py is
invertible within Ly, if k is sufficiently large. Thus, z does not belong to the LHS
of (6.1), i.e. the LHS is a subset of the RHS.

Now we have to prove the opposite inclusion. Let us fix an arbitrary w €
Spec(H) U Q,,(Spec,(H)). If w € Spec(H) \ Spec,(H ), then w is an eigenvalue of
H. Taking an arbitrary sequence (Ly)p-; € Ao such that all of the subspaces Ly
contain an eigenvector of H corresponding to w, we obtain
(6.6) w E U lim , Spec,,(H, Lj).

k— 400

(Lr)EAo
Since
Spec(H) U Q,,(Spec.(H)) = (Spec(H) \ Spec,(H)) U Qn(Spec,(H)),

it is left to consider the case w € Q,(Spec,(H)). We can establish as in the
proof of Theorem 2.2 that there exist (not necessarily different) points A1, A2, A3 €
Spec,(H) such that 0 € conv({(\; — w)"}?zl), ie.

3
(67) E'tl,tg,tge[o,l]itl +t2 +t3:1, th()\]fw)”:O
Jj=1
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Let E(-) be the spectral measure corresponding to the normal operator H.
Using the fact that A; € Spec,(H), we can construct closed linear subspaces

H{ CH,leN, j=1,2 3, having the following properties:

(6.8) M} #{0}, HH{ CH|, 1eN,j=1,23,

(6.9) H] LH], if 1#1Uorj#j,

and for an arbitrary neighbourhood W7 of A; the inclusions

(6.10) H] C Tm E(W7) = E(W/)H

hold for sufficiently large [. Indeed, if \; is an isolated point of Spec(H), then it
is an eigenvalue of infinite multiplicity and we may take H; := span{e] }, where

ej are mutually orthogonal eigenvectors of H corresponding to A;. If \; is not an

isolated point, then we may take H? := Im E(le) = E(le)H, where (le)fil is
a suitable sequence of pairwise disjoint closed sets “tending” to A;.

Let vlj € 'Hf \ {0}, 1 € N, j = 1,2,3, be arbitrary vectors and Hy be the
closed linear subspace spanned by H{, leN, j=1,2,3. Let L be the subspaces

spanned by 'H{7 I <k, j=1,2,3, the orthogonal complement Hg of H, and the
vector

3
(6.11) up = Z Vi vl
j=1

Note that [Jug| = 1 (see (6.7), (6.9)). It is easily seen that (Ly)p—; € Ag. The
conditions (6.8) and (6.9) imply the equality

((H=¢D"ug,u) =0, YueHy U | H, v(eC.

j=1,2,3
<k
Therefore
(612) Pk(H - CI)"Pkuk = Pk(H - CI)”uk = ((H — CI)"uk,uk)uk.
It is clear that
(6.13) pi(C) = ((H — ¢I)"uy, u)

is a polynomial of degree n with respect to . The spectral theorem and (6.8)—(6.11)
imply that its coefficients tend to the corresponding coefficients of the polynomial

3
p(¢) =Y t;(\ = Q)"
j=1

as k — +4o00. According to (6.7), p(w) = 0. Consequently, pr(¢) has a zero wy
arbitrarily close to w if k is sufficiently large (see, e.g., [4], Theorem 4.10c). Taking
into account that Py (H — wyI)" Pyur, = 0 (see (6.12) and (6.13)), we obtain (6.6).
Thus

Spec(H) U Q,,(Spec,(H)) C U lim . Spec,,(H, Lg).

k—-+o0
(coene” "
Applying the following obvious relations
(l:k)EAo (ﬁk)EAo (Ck)EA (ﬁk)EA

we conclude the proof. 1
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Let now H be a separable Hilbert space. Then it is natural to consider

subsets A/ and Ag of A and Ay correspondingly, consisting of sequences of finite-
dimensional subspaces.

THEOREM 6.2. If H is a bounded normal operator acting on a separable
Hilbert space 'H, then (6.1) will remain valid if we replace A by AY or Ag. The
same is true for “lim,” instead of “lim*”

Proof. Theorem 6.1 implies:
U klim* Spec,,(H, Li) C Spec(H) U Q,(Spec.(H)).
(Lenr

So, it is sufficient to prove that

U lim , Spec,,(H, L)) D Spec(H) U Q,,(Spec,(H))

k— 400
(Lr)EA]
(cf. (6.14)). The only thing we have to change in the proof of Theorem 6.1 is
the definition of L. Let eim, m =1,..., be an orthonormal basis of H] and e,,,
m =1,..., be an orthonormal basis of Hg (see the proof of Theorem 6.1). These

basses exist because all subspaces of H are separable. Let L be the subspace
spanned by the vectors e, €], , I,m <k, j =1,2,3 and

3

Uk 2= Z \/Eei,r

j=1
The remaining part of the proof repeats that of Theorem 6.1. 1
REMARK 6.3. Let AJ be the subset of Ag consisting of sequences such that

dim L4+1/L, = 1. This class of sequences is often used in the theory of projection
methods (see, e.g., [3], Chapter II, Sections 4-6). It is clear that

U kllngom: U klggo..._
(Lr)EA] (Lr)EA]
Thus, Theorem 6.2 implies the equality
(6.15) U klim* Spec,,(H, Li) = Spec(H) U Q,,(Spec,(H)).
(Lr)EA]

It would be interesting to investigate the set

U Jim . Spec,(H, Li)

(Lr)ens

”

and, in particular, to know whether (6.15) is true for “lim,” instead of “lim*”.
For arbitrary r > 0 and a bounded linear operator H we will use the following
notation

B(r):={¢eC: (| <r},
[|1H]||| :=1inf {||H + T|| : T is compact on H} .

The last quantity is called the essential norm of the operator H.
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THEOREM 6.4. Let H be an arbitrary bounded operator. Then

-1
1 im* in — .
(6.16) U klgl(f)lo Spec,,(H, L) C Spec(H) U B ((sm 2n) |||H|||>
(Lr)EA
Proof. According to the definition of the essential norm, for an arbitrary

g > 0, there exists a compact operator T such that ||H + T'|| < |||H]|| + €. Let us
take an arbitrary

> ¢ Spec(H) U B ((sin %)*1 (IIH||| + 5>> .

It follows from the proof of Theorem 5.2 (see (5.12)) that for an arbitrary or-
thogonal projection P, (6.4) holds with Hy := H + T. Taking into account that
the operator (6.5) is compact and (H — zI)™ is invertible, we conclude from [3],
Chapter II, Theorems 2.1 and 3.1, that for an arbitrary sequence (Ly)pe, € A the
corresponding operator Py(H — zI)" Py, is invertible within £y if k is sufficiently
large. Consequently z does not belong to the LHS of (6.16). Thus, the LHS of
(6.16) is a subset of

Spec(H) U B ((singl)_l (INH]I| —I—s)) , Ve>0. 1

7. FINAL REMARKS

We conclude this paper by some remarks concerning projection methods of finding
of spectra of bounded operators. We will not discuss the case when the opera-
tor under consideration is compact, because it is well understood (see, e.g. [5],
Section 18).

Theorems 6.1, 6.2 and 2.8 (i) imply the following result.

THEOREM 7.1. Let H be a bounded self-adjoint operator and n be an even
number. Then

J Jlim* Spec,(H,L)NR =[] lim. Spec,(H, L) NR
k—oo k—+o00
(7.1) (Lr)EA (Lr)EA
= Spec(H).
The same is true for Ag instead of A (and for AﬂAéc if H 1is separable).

Theorems 6.1 and 7.1 tell us what may happen for all sequences from A, but
they do not provide sufficient information about

(7.2) lim* Spec,,(H,L;) and lim . Spec,,(H, L)
k—oo k— 400
for a given (Ly),—, € A. The most interesting question is whether these sets cover

Spec(H). For normal operators the answer is in general negative. For example, if
H is the simple bilateral shift operator acting on H = 12(Z):

(HZ)p = Ting1, VmEZ NV = (x,)cl*(Z),
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then H is a unitary and, therefore, a normal operator and its spectrum coincides
with the unit circle. A simple proof of this well known fact follows from the
representation of H as the operator of multiplication by the function exp(if) acting

on Lo([0,27]) with the orthonormal basis ((271')_1/26””0)mGZ . On the other hand,
let us consider the following sequence (L), € AJ (see Remark 6.3):
Ly={z€lPZ): 2, =0ifm<—[k/2] oo m>k—[k/2]}, keN.

It is obvious that if Py : 1>(Z) — L}, is the orthogonal projection, then the matrix
corresponding to the operator PyH'Py, | € N in the standard basis is nilpotent,
i.e. is an upper triangular matrix with 0 on the diagonal. Thus

Spec,,(H,Lr) = {0}, VkeN,VneN.

So, Spec(H) and Spec,,(H, L) are totally unrelated.
It is not difficult to prove that the sets (7.2) cover Spec(H) if H is self-adjoint
and n =1 (see, e.g., [1], Theorem 2.3).

LEMMA 7.2. Let H be a bounded self-adjoint operator. Then
Spec(H) C lim . Specy(H, L) C lim* Specy(H, Ly), V (Ly)rey € A.
k—4o00 k—o0

Proof. Let (Ly)p; be an arbitrary sequence from A and E(-) be the spectral
measure corresponding to H. Let us fix an arbitrary A € Spec(H) and € > 0. We
will use the following notation

(7.3) d(\ e, k) =inf{[lu—v|| :u € ImE([A —e, A +¢€]), v € Ly, |Ju|| = ||v|] = 1}.
For an arbitrary ¢ > 0, there exist ux € Im E([A —&, A +¢]) and vy, € Ly, such that
[ur — vkl < d(A e, k) + 6, lurll = [Jox] = 1.

It follows from the spectral theorem that ||(H — AI)ug|| < e. Further,
| Pr(H — M) Prog|| = || Pe(H — Avg|| < [[(H — A vy ||
(7.4) SH = Mug|| + [|(H = ML) (v — w) |
< e+ 2 H|| lur — vl < e+ 2 H[[(d(A €, k) + 6).

Taking into account that the restriction of Py(H — A )Py to Ly is a self-

adjoint operator, we conclude from (7.4) that its spectrum intersects the segment
[—e = 2||H||(d(A\, &, k) + ), e + 2||H||(d(\, e, k) + §)]
(see, e.g., [8], 12.24). Consequently,
dist(\, Spec, (H, Ly)) < € + 2||H||(d(\, e, k) +6), V35 >0,

ie.
(7.5) dist(\, Spec, (H, L)) < e + 2| H||d(X, €, k).

The strong convergence of the orthogonal projections Py : H — Ly to the identity
operator implies

0<d\ e k) <inf{l|lu—v||:v €Ly, |v|=1} =0
as k — 400, Vu e ImE([A —e, A +¢€]) : |Jul| =1, Ve > 0.
Thus
A€ klirf « Specy (H, Ly), Y\ €& Spec(H). 1

Now from Theorem 6.1 and (2.10) we obtain the following result.
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COROLLARY 7.3. Let H be a bounded self-adjoint operator such that Spec,(H)
is a segment (or a point). Then

klim* Spec, (H, L) = klirf « Spec; (H, L) = Spec(H), V (Ly)pey €A,

and (7.5) holds for any A € Spec(H) and € > 0 (see (7.3)).

Theorem 7.1 shows that projection methods of approximate computation of
spectra of self-adjoint operators which use even order relative spectra do not lead
to spurious points. The method involving Spec,(H, L) is probably the simplest
one among these methods and thus seems to be the most attractive one (see also
Corollaries 3.4 and 4.2). It would be interesting to know whether this method
allows to find the whole spectrum, i.e. whether the sets (7.2) cover Spec(H) in
the case when H is self-adjoint and n = 2 (cf. (7.1)).
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