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BILINEAR OPERATORS ON HOMOGENEOUS GROUPS

LOUKAS GRAFAKOS and XINWEI LI

Communicated by Norberto Salinas

ABSTRACT. Let H? denote the Lebesgue space L for p > 1 and the Hardy
space H? for p < 1. For 0 < p,q,r < oo, we study H? x H? — H" mapping
properties of bilinear operators given by finite sums of products of Calderén-
Zygmund operators on stratified homogeneous Lie groups. When r < 1, we
show that such mapping properties hold when a number of moments of the
operator vanish. This hypothesis is natural and the conditions imposed are
the minimal required for any operator of this type to map into the space H".
Our proofs employ both the maximal function and atomic characterization
of HP. We also discuss some applications.
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0. INTRODUCTION

The study of multilinear operators is not motivated by a mere quest to general-
ize the theory of linear operators, but by their wide applicability and usability
in analysis. The relation between the Cauchy integral along Lipschitz curves and
the Calderén commutators is an example of this situation: the boundedness of
the (bi)linear commutators is clearly connected to that of the Cauchy integral.
Multilinear operators have also proved to be very useful in other fields of mathe-
matics such as partial differential equations. The need to invert some linear partial
differential operators occasionally leads to the study of multilinear singular inte-
grals. The remarkable solution of the Korteweg-de Vries equation by the method
of inverse scattering is a dramatic corroboration of this point of view.

In this article, we systematically study boundedness of bilinear operators
given by sums of products of Calderén-Zygmund operators on stratified homoge-
neous groups. We are interested in mapping properties of these operators from
X XY to Z, where XY, and Z are Lebesgue spaces or Hardy spaces. We con-
centrate our attention on the case where Z is a Hardy space, otherwise the result
is a trivial consequence of Holder’s inequality. We prove that boundedness into a
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Hardy space holds exactly when a necessary number of moments of the operator
vanishes. To avoid cumbersome notation we state our results for bilinear operators
only; however, we note that our methods work for general multilinear operators of
the same type.

1. NOTATION AND STATEMENT OF RESULTS

Let G be a stratified homogeneous Lie group with ambient space R™ and
group dilations {4, },~o. Then for some 1 =d; < dy < -+ < dp,

opx = (rPzy,...,r%z,) forall == (x1,...,2,) € R" and r > 0.

The number D = dy + --- 4+ d,, is called the homogeneous dimension of G. For a
multi-index a = (aq,...,ay) € N?, let |a| = a1 + -+ + ap, and d(«o) = diog +
w4 dpay. Let P(z) = Y aqz® = > agei™ - 28" be a polynomial on G. The

[e3
largest d(a)) with nonzero coefficient a,, is called the homogeneous degree of P(x).
Let p(x) be a C§° (away from the origin) homogeneous norm on G. Then, there
exists a positive constant ¢ such that for all z,y € G,

(L1) pley) < elple) + ply) and  pla~") = p(a).

Note that by [8], we can always choose an equivalent norm which has the
subadditivity property with constant ¢ = 1. In the rest of this paper we will
assume that the constant ¢ in (1.1) is equal to 1. All balls below will be left balls;
that is, sets @ = {z : p(célx) < R}, where R is the radius of @ and ¢ is its
center. We denote by dx Haar measure on G, normalized so that the measure of
the unit ball {z : p(x) < 1} is 1. Under this normalization, the Haar measure |Q|
of the ball Q is RP and therefore Q = {z : p(célm) <|Q|5}. For a > 1, aQ will
be the set Q = {z : p(célx) <alQ|P}.

Let {Xi,...,X,} be a basis for the space of left-invariant vector fields on
G. For a = (aq,...,q,), write X* = X{"* -+ X Similarly, let {Y1,...,Y,} be
a basis for the space of right-invariant vector fields on GG, and define Y* likewise.
Unless stated otherwise, all our Taylor expansions will be based on left-invariant
vector fields as in [6].

For 0 < r < 1, the Hardy space H"(G) is defined to be the set of all distri-
butions f on G for which the maximal function sup |f * ¢:(z)| is in L"(G). Here

>0

x is the group convolution on G, ¢; = t%(ap ) 6%), and ¢ is a Schwartz function
which is also a commutative approximate identity on G that is, [¢dax =1 and

G
V1 *x s = g * g for all s, > 0. Note that the definition of H"(G) is independent
of the function ¢. It was communicated to us by J. Dziubanski that every strati-
fied homogeneous group admits a compactly supported commutative approximate
identity. See the appendix at the end of this paper for a proof of this fact. In the
sequel, we will work with such an approximate identity.
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The Hardy space H"(G) can also be characterized by its atomic decomposi-
tion. Every element f in H"(G) can be written as

(1.2) f=>Aouq,
Q

where @) is a ball, Ao > 0, and ag is an atom, i.e., a compactly supported bounded
function with support in ) which satisfies:

(i) lag(2)| < |Q|~7 and
(ii) [ag(z)P(z)dz =0
for all polynomials P(z) of homogeneous degree not exceeding a fixed integer N,
with Ny > [D(7l — 1)] The number N; can be taken arbitrarily large.
Consider a doubly indexed family of Calderén-Zygmund singular integral

operators {Tf}jzllzg N on G. The Tij’s are given by Tijf = fx Kf, where *
i=1,2,...,

is the convolution on G, and Kf are standard Calderén-Zygmund distribution
kernels. We assume that there exists a large enough positive integer M and a
constant A such that for all 4, j the following hold:

(i) the T/’s are L?-bounded, that is
172512 < ANFl2,

for all f in a suitable dense subset of L*(G);
(ii) for all multi-indices o with d(«) < M,

(XK (2)] < Ap(a) P4,

REMARK 1.1. Condition (ii) on G is equivalent to condition (ii)’ below:
(ii)’ for all multi-indices o with d(a) < M,

| (YoK7)(x) | < Ap(z)~P—d@),

This is a consequence of Proposition 1.29 in [6], which states that Y* can be
written as a sum of homogeneous polynomials of degree d(3) — d(a) times X*.

REMARK 1.2. Direct consequences of (ii) and (ii)" are:
(iii) for all o with d(a) < M —1,

}(XaKij)(:ry) - (XaKf)(x)| < Ap(x)gs-?il)(am whenever p(z) > 2p(y);

(iii)’ for all & with d(a)) < M —1,

a sl apsd p(y)
|(YK)) (yz) — (YOK])(z)| < AW whenever p(z) > 2p(y).
REMARK 1.3. We do not need to assume that Kf is homogeneous of degree
—D. This property is essentially contained in (ii). However, in most interesting
examples, we have this homogeneity.
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REMARK 1.4. Singular integral operators with kernels satisfying (i) and (ii)
can be extended to bounded operators from LP(G) to LP(G) for 1 < p < oo, and
those with kernels satisfying (ii) and (iii) can be extended to bounded operators
from H"(G) to H"(G) for 0 < r < 1. See [6] and [12] for details.

Let HP(G) = LP(G) for p > 1. We would like to study H?(G) x HY(G) —
H"(G) mapping properties of bilinear operators of the form

N
B(f.9)(x) =Y (T} f)(@)(TPg) (),

i=1

3

where 0 < p, q,r < oo. Such boundedness properties can hold only when %—i—% ==
Since the case r > 1 is trivial, we consider below the following three situations:
(a) pg>1,7<1,
(b)yp>1,¢<1,r<1,and
(©)pg<l,r<L

N
Below we shall write > for the Y. In the sequel, all constants will depend
i i=1
on N.

THEOREM 1.5 Let p,q > 1 and % =
nonnegative integer k < D — 1 such that

(1.3) e B9 =0,

for all multi- indices a with d(a) < k and all f,g € L*(G) with compact support.
Then, for D+k+1 <r <1, B can be extended to a bounded operator from LP(G) x
LY(G) into H"(G).

%. Assume that there exists a

THEOREM 1.6. Let 0 < p <1, ¢ > 1, and % = Assume that there

exists a monnegative integer k such that

(1.4) /xo‘B(f,g)(x) dz =0,

for all multi-indices o with d(a) < k, all f being p-atoms and g € L*(G) with
compact support. Then, for ﬁ < r < 1, B can be extended to a bounded

operator from HP(G) x L1(G) into H"(G).

+

1
r

=

THEOREM 1.7. Let 0 < p,q,7r < 1 and % = % + %. Assume that for some
integer k > [D(% — 1)] + [D(% — 1)] + D 4+ 2 we have

(1.5) /x“B(ﬁg)(m) dz =0

for all multi-indices « with d(a) < k and all f being p-atoms and g being q-atoms.
Then B can be extended to a bounded operator from HP(G) x H1(G) into H"(G).

REMARK 1.8. Note that the hypotheses of Theorem 1.7 imply that
r<1.

D+k+1 <
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REMARK 1.9. Having k vanishing moments is a necessary requirement for
B(f,g) to belong to H" for r > %.

REMARK 1.10. It is easy to see that the integrals in conditions (1.3), (1.4)
and (1.5) are well-defined. Moreover, by the Campbell-Hausdorff formula, (1.5) is
equivalent to either one of the following two conditions:

(15) / (y2)*B(f.g)()dz =0 Vye G,

(1.5)" /(xy)"‘B(f, 9)(x)dz =0 Vyeq.

REMARK 1.11. Theorems 1.5 and 1.7 generalize the results in [1] and [7] to
the context of stratified homogeneous groups; however, the approach taken in the
proof of Theorem 1.7 is different. Theorem 1.6 fills in the missing link between
Theorems 1.5 and 1.7 and does not seem to have appeared in the literature before.

Although we discuss bilinear operators only, our methods can be adapted to
multilinear operators of this kind as well.

We would like to thank J. Dziubanski for communicating to us the existence
of a smooth compactly supported commutative approximate identity on stratified
homogeneous groups. We are also grateful to Professors B. Blank, M. Christ,
G. Folland, Y. Han, A. Hulanicki, M. Taibleson, and G. Weiss for helpful discussion
and suggestions.

2. THE PROOF OF THEOREM 1.5

Let ¢ be a smooth compactly supported commutative approximate identity on G
as in Section 1. Without loss of generality, we may assume that suppp C {z :
p(a) < 1}. For g € G, let pyq,(2) =t~ P (1 (27 20)),2 € G. We need to show
that the function /

20— sup| [ @1y (0)B(S.9)(2) ]

is in L"(G). Fix a function n(z) in C*°(G) satisfying n =1 on {z : p(z) < 2}, and
suppn C {z : p(x) < 4}. Let no(z) = 77(6% (z7'z0)) and mi(x) = 1 — no(x). Also
fix f,g € L?(G) with compact support. Split the operator B as follows:

(2.1) B(f.g9) = B(nof,nog) + B(f,mg) + B(mf,9) — B(nf,mg).
Let us consider the term B(f,n:g) first. For p(z~'x) < t, we have

sup|T7 (mg) (@) = TF (mg)(xo)|

(2.2) = sup / (K2 (y~"2) = K2y~ o)) m(y)g(y) dy
p(y~1mo) 22t
< csup / p(xglx)w dy by condition (iii)
t>0 p(y—twg)P+1
ply=ao) 22t
< eM(mg)(xo),
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where M is the Hardy-Littlewood maximal operator on G, and c is an absolute
positive constant. Throughout this article, ¢ > 0 will denote a constant whose
value may vary. Thus

SUP‘/%% B(f,mg)(x )dl"

t>0

< Zigg/ bta0 (@) [T f ()| |17 (mg) (z) — T} (mg) (w0)| dz

(2.3)
+ o / (Pt ()] [T £@)] T2 a9 o) o
CZM (T3 £) (0) M (11.9) (o) +CZM T} ) (20) | T2 (m19) (o) -
Since 2 == —|— , Holder’s inequality gives
/Sup’/apt oo (@)B(f,mg) (@) da| dag
(2.4) >0

CZHM (T DI, UM g g + [T mg)|[) < el £11; lalls.

The estimate for term B(n f,g) is similar and is omitted. We now consider
the last term in (2.1). Write B(n1 f,mg) = X1 + X2 + X3 + Xy, where

T (x) = Z (T (1 f) (@) = T} (. f) (o)) (T (g) () = T7 (1m1g) (0)).

ZTl m.f)(@)T7 (mg)(xo),

(2.5)
ZTl (m f) (o) T7 (mg)(x),

ZTI m f) (o) T7 (m1g) (o)

By (2.2), ¥ (x ) < eM(m f)(xo)M(nig)(xo) for all z in the support of ¢y 4.
Holder’s inequality now gives the desired estimate for 3.

Terms Yo and X3 are similar to the second sum of (2.3) and are estimated
likewise. The estimate for X4 is easier and is omitted. We conclude that

26)  [sw| [ @B f.mo)w) da] dao < el ol
Now we consider the main term B(no f,n0g). Hypothesis (1.3) implies that
(2.7) Z (Til)*(Pka(nog)) =0 ae. onG,

i
for all polynomials Py of homogeneous degree less than or equal to k, where (T7})*
is the adjoint operator of T7'. Since % + % =1 < DEHL and k+1 < D, we can
choose 1 < p; <pand 1< ¢ < g, such that

1 1 D+k+e
- == -
P11 @ D

)
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for some 0 < € < 1.
As in [5], let Ty 4. be the homogeneous Lipschitz space of G, defined as the
set of all continuous and bounded functions on G which satisfy

|(X*h) (uv) — (XR)(u)]
h _= sup sup < o0
” ||Fk+ u,v€G d(a)<k p(v)s

Let P¥(2) = > Cauo(z)(z712)® be the Taylor polynomial of homogeneous
d(a)<k

degree k of the function ¢ ,,(-) at the point xz. Using Taylor’s theorem and

the easy fact that the C*° compactly supported function ¢y ,, is in I'y4. with

0,20 ITss. < ct™P7F ¢, we deduce that

(2.8) |@t,a0 (y) — PE(zty)| S et PFep(aty)kte

for some constant ¢ > 0 depending only on ¢, k and ¢.

Using the Campbell-Hausdorff formula, we can write the polynomial y —
Pk(x71y) as a sum of powers of y with coefficients in z. Applying (2.7) to this

polynomial we obtain

(2.9) D (1) [Pt )T (0g) ()] = 0.

%

Then we have

sup /wt 2o B(10f;m09) (x) dz —bup‘/mole 10.f)(@)T7 (110g) (« )dw‘
(2.10) —sup‘/z m0f) (@) (TH)" (@120 T7 (M09)) () dw‘
= | [N (oo )= PEE )T 00 )0 ]

where we used (2.9) in the last inequality above. Let p% + pi, = 1. We claim that
1

(T (bt (+) = PE(@™ ) T2 (n0g)( )] |

—D—k—
et “lIm0glla:
_ 1 _ Ek+e

T D -

Assuming the claim, we control (2.10) by

Ziglg 170 f 1o (T [(220 () = PE@@™ ) T2 (0g) (-]

where ¢; > 1 and pi,

|p’1
< esup [0 [t~ 5 In0gllg,
t>0
—D—k—¢ 1 D 1 D
< csupt M| f[Pr)er (wo)ter M([g|™ ) (zo)tn
t>0

— eM(|f|P*)75 (o) M(|g|™) 7 (o),
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since 2 + 2 = D+ k + . Thus
p1 q1

0| [ euaBlms.mg)daf dao < [ MOFPE o) M (g1 (a0)

t>0
< c(/M(|f|”1)%(xo)dx0>%(/M(Iglql)%(ﬂﬁo)dﬂfo)g < |\ flly llglly

since p > p; and q > ¢q;.
To complete our proof we need to prove the claim. Let (K})* be the kernel
of (T}1)*. Using (2.8) we obtain

(T [(prae () = PE(™" )T (n09) ()]
<o [0 Wl P pla ) T2 ) )]

T2
< Ct—D—k—e/M%dy by condition (ii).

This last estimate, together with the fractional integral theorem on homogeneous

groups ([6]), and the boundedness of Calderén-Zygmund operators give

(T [(prao () = Pr@@™" ) T2 (m0g)( )]

—D—k—¢ |72
p St 1T (no9) |,
<t P mogllgr s
1 k+e
Q1 D -
This finishes the proof of the claim and thus of Theorem 1.5 1§

where ¢; > 1 and pi, =
1

3. THE PROOF OF THEOREM 1.6

Fix 0 < p <1, f € H?(GQ), and g € L*(G) with compact support. Let f have a
decomposition as in (1.2). We will show that for any atom ag that appears in the

decomposition of f, the following holds:

t>0

(3.1) /sup ‘ /apt,xo Z (T ag) (T} g) dx‘ dzo < cllglly-
i
Then, summing (3.1) over all such atoms will give the conclusion. Let

I(xo) = igg( / pua ) (Thaq) (T7g) dl“r

We will use the notation C’Q = célxo. Pick a fixed [ with 1 < < gq.
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Case 1. zg € 3Q. In this case

/I(xo) dzo < Z/sup (/|<pt7$0\|Ti1aQ1}2g|dm)rdx0
i b t>0
CZ/ ’TlaQTQQD dzg
i 30

l—7r

<o ([artimaarte)az) ([ ram)

3Q

<™ X ([ Iriagrel as)”

l

< C|Q\l77' Z (/|T aQ‘q ldx>TT(/|Ti2g|ng;)a
< c|Q‘ T /|aQ|q 7 dx)77||g||T since % >1
< cflglly-

Case 2. xo € 3Q. We have
Ia)<  sw | f a3 (Tlog) (729) )da||

0<t<y plcg)

sup ‘/‘Ptmoz tag) (T2 g) dx‘ = I1(zg) + I2(zo).

t> 5p(cs)

We now have I (zg) < I11(zo) + Ilg(zo) where

Iy (zo) = sup ’/cpt zo TlaQ)(aﬁ)(ng)(a:) dx‘
0<t<3p( CA

haw) = _sw | / Prea() Y (Thag) &) (T29) w) da|
0<t<ip (cq (QQ)C

Consider I11(xg) first. As before, let PC’“Q (y) be the Taylor polynomial of
homogeneous degree k of ¢ ., (-) at the point cg. We claim that in this case,
Pk (-) = 0, since for ¢ < %p(C/Q), V1,2, is identically equal to zero near cg.
Therefore P’C ( 5'x) =0 for = € 2Q. By Taylor’s Theorem we have

_ 1 _
|t () — Pk (cq 'z)| < CtD+k+1/’(Cle)kHXp(w*lmo)ét
k+1

et
= p(x—le)D-Fk-H since x € 2Q)

QI
< CW by (1.1) since zo ¢ 3Q.

p(eq 7o)
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Replacing ¢y 5, (x) by @14, () — PfQ (Célx) in the definition of I;;(x) and using
the estimate above, we obtain:

r(k+1)

Q| r
I (2) < c (D+kr)r Z ( [T aq ()] [T79(=)] dx)
P(CQ xO) i
Q™5 11
(3:2) Sc _1 (D+E+1)r Z HTl ||T29H where -+ == 1
p(cq wo) T 1
r(k+1) D+k+1 .
<—1d ol gl < clgll; 2=
S¢ 1 ~(Drkinr1%liglly cllg . (DikiD)r”
o(egiao) " (g a0)
Integrating the above over (3Q)¢ and using that
D+k+1
[
(3:3) / R WS¢
waye Pcq @)
we obtain that for r > ﬁ
Ii(zo) dzo < cllgllg-
(3Q)e°

Now consider I12(zo). Let N7 be as in Section 1. For any nonnegative integer
m < Ny, let P.(-) be the right Taylor polynomial of K}(-z) at 2 of homogeneous
degree m. By (iii)’,

_ _ ply teg)™t!
(34) |Ki (y~ ) — Py (y leg)| < C%v
pleg')
whenever p(célx) > 2p(y~1eq). Now
65) [Tl = | [ (K1) - P o)) aol)

by the cancellation property of ag and the Campbell-Hausdorff formula. Thus,
using (3.4) and (3.5), we obtain the following pointwise estimate,

QI 7

p(célx)m+l+D’

(3.6) T ag(z)| < c x €20,

for all nonnegative integers m < N;. We now have that I12(xg) is bounded above
by

S sup /|got,m<x>||T3aQ<x>y”x<2Q>cdx )'( flew@l|z29@) az)"

i 0<t<2p(c

r
2

<cz sup /\%10 HT ag(x | X(2Q)° dx) (’TZ ‘l) (z0).
i 0<t<2p(c
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Integrating the above on x¢ ¢ 3Q and applying Hélder’s inequality, we obtain the
following estimate for [ I12(z0) dzo:
(3Q)°

CZ( / S (/|§0t’fo(x)||Tz‘1aQ(x)|l/X<2Q)cdw)

T giyye OSESEA(R)

P
77

dxo) g

(3.7)

T

([ m(z2g)) @y da)
(3Q)°

By the Hardy-Littlewood maximal theorem, the second factor in (3.7) is bounded
by cl|g[l5- By (3.6), the first factor in (3.7) satisfies

P r
([ sw ([lom@lTliao@] veoyds)” da)’

<1
(3Q)¢ 0<tszr(cq)

IQ|< e RN TN
gc(/ sup /|<Ptzo ‘ )(m+1+D)l’ dx) dxo)

0<t<
(3Q) 2205Q) " e

(=5 +1+25%)p -
< C( ‘Qll P dl’o) p
pleg @) (m 1P
(3Q)°
< C<|Q|—1+p+%’1p |Q‘%(D—(m+1+D)p))§ —¢c

)

where we use that p(célx) = p(célxoxalx) > p(célxo) — p(xalx) > %p(célmo).
We also picked an m in (3.6) with m > % — D — 1 to make the last integral
convergent.

We have now proved (3.1) for I (zg). Next, we discuss I3(xg). Note that by

(1.4), Holder’s inequality, and the LY boundedness of T7, we have

e = s | [ (oras(@) = Pl (1) Y (Fhao) @) (229) (o) o]

t>2p B

p(c_lm)k+1 r

<cz sup (/t,grikﬂmlag(x)‘ ‘ng(a:)]dx)

i t>%p(cb)

-1\ (k+1)q’ .
plestz 5

(38)  <clgl;Y_ suwp (/%\T}m( )| de)”

i t>%p(c’Q)

Since 5 < 1, we have that the supremum in (3.8) is controlled by

sup (/ dx)LlJr ?up/)</ dI)L’_Igl(ZO)+IQQ(I0).

t>35p(cy) 220 t>35p(cq 2620
It is easy to obtain that
| |7‘(lc+1) |Q| 14 Dtktl D+k+1
(3.9) In (o) < ¢ . \(DtkiD)r 1T aqlly < e (D+k+D)r
(3 x0) (3 0)
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For Iy (xg), we use (3.6) (taking m = k) to obtain

—1,.\(k+1)q’ (—2+1+554)q

CH T
(/ pleg @) |Q‘ dx)
)

+(D+k+1)q’ p(célw)(k+1+D)q

s

Iso(xg) < ¢ sup
t>%p(c'Q

‘Q|(*%+1+%)r

1 7
—— 7 4z
1 O)(k+1+D)r( / p(célx) )

p(CQ z zg2Q
(3.10) <c D
g
Combining (3.8), (3.9), and (3.10), we deduce
D+k+1
r |Q| HTo
Ix(xo) < cllgll;

plcg'e L) (DHk+Dr”
Integrating the above over the set xg ¢ 3Q, and using (3.3), we obtain
[ ) dzo < el

(3Q)°

We have now finished the proof of (3.1) and we derive Theorem 1.6. Let
f=>"Agaq be a finite sum of atoms in H?. We have

[su| [ o) ST @) @20 @) daf dag
<300 [ [ et Sirtaciarta e o] an
CZA lgllg by (3.1).

Since ¢ > 1, we claim that £ < 2; otherwise, £ > 2 which would imply that

r<§<%and§<i<%. Hencelzpi/r—i—ﬁ<%+%:1whichgives

1 1
a contradiction. Therefore $ < 2 and we have that (%: Xé) "L c(% )\%) =
c|l fll e
To see this last inequality, we assume that AG = 1 and that each Ag <1
Q
Then

S

(X%)
Q
We have now shown that

([sup] [ eua) X (@0 @) r20) @ da] a0)” < ellslamlglse

t>0

< (ZA&)Q <23y <2d .
Q Q Q

and the proof of T heorem 1.6 is complete.
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3. THE PROOF OF THEOREM 1.7

We are now going to prove that if B satisfies the hypotheses of Theorem 1.7, the
L™ norm of the function

20 = sup| [ @1, (0)B(S.9)(2) ]

is controlled by c||f|la»||g|| e Write f =" Agag, 9 =Y urbr, where A\g, ugr >
0, ag are p-atoms, and bgr are g-atoms. Denote

S(aqubr)a0) =5up| [ pr.cy ) Blac, b)) d,
>
Then
sup | [ .y (0)B(F,9)(2) de| < 3 AomnS(ag.bn)z0)
>0 on
< X1(xo) + Xa(zo) + B3 (xo) + Za(xo),
where the Y1, Y5, X3, ¥4 are defined below.

Silzo) = Y AeurS(aq,br)(z0),  Talwo) = Y AgurS(ag,br)(wo)
Q,R Q,R

z0€5Q z0€5Q
z0EBR To@5R
Ss(z0) = Y AourS(aq.br)(xo),  Ta(zo) = > AourS(aqg,br)(xo).
Q.R O.R
z0€5Q z0€5Q
ToESR To¢5R

It suffices to show that for each j, ¥; € L™(G), and ||Z;||z~ < c||fllar|lgl #a-
Case 1. xg € 5Q, xg € BR. In this case we have

S(ag,br)(zg) < Zigg’/npt,mo(m)(TilaQ)(x)(beR)(x) dx’

<o ([l @iTiool) ar) " ( [ louwa @720 ar)
< ¢S M(|Thaql) o) M (726 ) ao).

Therefore

/(Zl(mo))rdxog/< Z )\QMRS(GbeR)(.rODdeO

Q,R
zoE5QN5R

< [(X X ramM(Taal) m(r2nf")t) arg
3

Q,R
o ESQN5R

ch/( 2@: oM (|Thagl) ) (30 nrM(T20m[)})  duo

R
0 €E5Q ToESR
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T

<X ([ X rem(iigh)?) )’
! 20£50

(/( XR: MRM(|Tz‘251~2|2)%)q01%0)g

roESR

ZAP /M T ag)?) # (o) dx())g
ZMR/M |T2bR| % $0 dl‘o)%.

It is a simple fact ([12], Chapter 1, 8.15) that

/M(|Ti1“<2’2)g(ff0)dxo < C|Q|1_p/2(/|Ti1aQ’2dx)§
a1 s

r
2

<@ ( [ lagPas)” <
Similarly for M (|T2bg |2)% We now have that

@2 [ (Sitw) o < (ZAP) ()" < el gl
R

Case 2. mg € 5Q,z0 ¢ HR. For any integer j > 0, we denote by PJ(y) the
Taylor polynomial of homogeneous degree j of ¢ 4, (-) at the point a. Let cg be

the center of the ball R and ¢, = cglxo. We have

S(ag,br)(ro)<  sup ‘/gotyxoB(aQ,bR) dx‘—&- sup
0<t<n(c)y) t>1p(c))

/ Ytz Blag,br) dz

= S1(aq,br)(wo) + S2(aq, br)(zo).
Consider S; first. We have

S1(ag,br)(xo) < sup ‘/g@t,mOB(aQ,bR) dx‘
0<t<tplchy)

+ Sup ‘ / ¢t,20B(aq,br) dx‘ S11(zo) + S12(wo).
0<t<3p
(2R)
Since p(clz) > 2t, note that cg is not in the support of ¢; ., and thus Pl =0.
Here [ is a large integer to be determined later. Thus

S11(xo)

< sw

| (¢t (@) = PL, (5'2)) Tl aq ()T br(x) da
T 0<t<n(cl)

{z€2R: p(z—1z0) <t}
<CZ sup Ut

plcg' )T ag(@)|| T br(x)| dz
T 0<t<p(c))

{z€2R: p(z~1wo) <t}
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(using that % < L <e—24 since z € 2R, and zy € 5R)

e T20) S CplenTa0)

1 1 2 3
S11(zo) CZ Ty S (t—D / T} ag ()| dx)

t>0
plz=1zo) <t

1
. (/p(cglm)2(5+1)|j;2bR(x)‘2d$> ’

2R

_l_»'_l_i_l‘*'il
(4.3) CZM Thag|’)} (wo) 27

P(CRl ) s

since it can be easily seen that
1
_ 2 2 _ 1 +1
(] pleoP 0 220w o) < iR brla < olriEEFE
(2R)°
Next, observe that

1 1 +1
R _E+§+T q
(4.4) ("D) dro < o,
14

o €5R

provided that we have (% +1+ 1)q > D. Fix l to be the least nonnegative integer
such that [ > D(% — 1) + % — 1. We now deduce the inequality

/ Sp1(20) dzo < ¢l f s llgl5re

as a consequence of (4.1), (4.4), and Holder’s inequality.

Next consider Si2(xg). We have
% 3
S12(z0) < Sup ( / ot ,20 | T3 aQ’ di’? / lot,zo| | T7 bR| dl“)
i 0<t<
(2R)° (2R)°

|RZi

1 2 1
CZM(|T}aQ|2)2(I0 sup < / |90t7”0|(1D+l+1> d:z:) ,
z- plcx's)

0<t<3p(c
<t<3p(cR) (2R)¢

where we use (3.6) for br. Now, since p(cz'zo) > 2t and p(z~'zo) < t, we have

p(c;:lx) > p(cglxo) —pz~twg) > %p(cglxo). Therefore

_1 1+H’71
1 3 |R| A
Slg al‘() CZM ’T aQ‘ 2 W
(e o)
It is easy to check that
|R‘—%+1+% q
p(cr o)

(5R)¢
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So we have the inequality

/ St (20) dzo < || f s llgll5re

as a consequence of (4.1), (4.5), and Holder’s inequality.

We now turn our attention to Sa(ag,br). We have

Sa(ag b)an) = sup | [ (1 (o) = Pl (c')) S (T ag) (@) (T20m) o) d

t>%p(ch)

(by assumption (1.5))

1
<c sup / tD+l+1 Z‘TlaQ )HTisz(w)‘dx

t>5p(ck)
<c sup ( / dx) +c¢ sup ( / dx)
t>5p(ck) p(e—Tro) >4t t>35p(cR) p(a—1r0) <4t

= Sa1(xo) + Sa2(x0).

Consider first Sa1. The inequality p(x~1zg) > 4t implies p(c;blx) > p(z1xg)
— p(cglxo) > 2t > p(cglmo), thus # € 5R and p(z~txg) < 2p(c§1x). Using (3.6)
for br, we obtain

1
Sa1(20) < 02—71 DT
i P(CR xO)
1 1+L+2
—1,\!+1 R it
_sup plez'e) ! T aq(@)| -+ g du
>§p(cR)p(w71$0)>4t ( Cgr )
1 142
1 [Tlag(@)| |RI“a T
<c - sup / dz
1 D+1+1 1 D _1 D
T pleptao) 0 PETIEO eyt
R8T
<c _
= DFi+1
i p(cg'wo)
Tl 2 1 1 1
- sup ( / L(;Ci?a(jxilj dl’) 2 ( / — 573 dl‘) pl
t>0 0 -
” p(z—1zo) 24t (5R)e p(CR J?)
[ I L 2
1 12\z [R "«
chMﬂTi aQ| )? (w0) 1 \DHit1-
: o(crizo)

By (4.1), (4.5), and Holder’s inequality, it follows that

/ St (20) dzo < cl| 5o e
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Now consider Saz. We have Saa(xg) < Sa21(x0) + S222(x0), where

1 41
5221(960):62 sup ( / %WQGQ(@HT%B@” dx)
i t>3p(ck) {z€2R: p(z—1xo) <4t}

_ p(cl_zlz)lH 1 2
SQQQ(IQ)—CZ sup ( / T |Tl aQ(w)HTZ— bR(ac)| dx).

i 23P(R) " aRye  ple1a0)<at)

Arguing similarly as for the term Sy1, we obtain estimate (4.3) for Sag1. Next

—lpii2
5222 1’0 <c Z ﬁ
(CR )
1 1 2 3 1 3
t>0 N\t p(cg'z)
pz—lag) <4t (2R)c R

. ,%+l+l+71
< e M(|Thagl) o) T

- Dti+1’
p(cr'zo)
As before using (4.1), (4.4), and Holder’s inequality, we conclude that
(4.0 [ (2l dzo < el e

This finishes the proof of Case 2.

Case 3. xg € 5Q, z¢ € 5R. This case is the same as case 2. Let us denote by
m the least nonnegative integer satisfying m > D(;l) -1+ g — 1. (m in this case
plays the role of [ in Case 2.)

Case 4 xo Z 5Q,r9 ¢ 5R. Without loss of generality, we assume that

suppp C [— 10, 10] Divide this case into the following four nonmutually exclusive
subcases:

1° 0<t<pleg) 0 <t < p(cR);
2° 0<t< %p(c’Q), t> p(ch7

3% t>p(eg), 0 <t < 5p(cR);
4° t> %p(cb), t> Lp(cp).

Subcase 3° is similar to 2°. So we consider Subcases 1°, 2°, and 4° only. Let
k=m+ 141, where [ and m are the integers that appeared in Cases 2 and 3.

Subcase 1°. In this subcase, P/ (-) = P! (-) = 0 for all j, since both ¢q

cQ
and cg are not in the support of ¢; ;,. We have
sup ‘ /gpt 20 TlaQ)(x)(Ibe)(m) dx‘ < sup ’ / ‘ / ’
10
2QN2R 2QN(2R)¢

/ / ’ = I1(wo) + I2(wo) + I3(wq) + I4(xo).

(2Q)°N2R (2Q)°N(2R)°
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Note that I1(xg) # 0 when p(z~1x¢) < t. So
1 1 1 .. 1 1
- < — <c—— and similarly — <c———~
t = pla=tzo) = pleg'ao) t = p(cg o)
P =0, we have

since x € 2Q N 2R but 2y € 5Q U5R. When |R| < |Q)], since
| (o) = Phlesta)) S ag) (TPbm) )

2QN2R

I (xg) = sup
10

p(CI:%lx)kH 1 2

m+1 +1
Q™ | 4 |R| D
< chup / WWZ aQ|t%+l+1

1 2 \3
<CZ -1 %+m+1(/|Q|2(m+l)’TilaQ‘ dm)
S olegte) FY,
1 2(141) |2y, |2 H
R %+l+1(/|R|( |70 dx)
p(cr' o) 2R
_ oIttt ety
¢ )%HH'

|T?bg| dz

p(célmo p(clexo

)%+m+1
If |R| > |Q|, we use PfQ (célx) instead of P% (cz'x) above to get the same estimate.

The inequality
/ 17 (20) do < || f s lg 2o

follows as before. Now consider I5. Since gg =0,

/ (#1.00(@) = PG ) )Xo 120yt (T Q) (T20r) o

Is(xg) < ¢ su
2( 0) EZ 1op
2QN(2R)¢

p(c_lx)m+1 1
e sup / t;imﬂ|Ti1acz(x)|g><p<rlzo><t|beR($>|df
v 2QN(2R)e
1 — m H
<e) - 2+m+1(/p(CQ1x)2( +1)’TZ-1aQ($)‘2dx>2
i pleg'mo)” 2Q
1 BRI NN
~s30p< / wxpwlxo)@(W) dx) :

(2R)°
Now p(c}_%lx) > p(c}_%lxo) — plz7tzg) > %p(c}blxo) whenever € supp ¢z, -
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Therefore
_1.1ym+1 gt
Iy(zo) < c <l A 5] A
= - D 1 _ D+I1+1
p(chxo) zmet P(chxo)

as desired. Term I3 is similar to I>. We now treat term Iy.

o) <Xsw [ o @[T aq(e)|[220(z)] dz
T eONER-

m+1

1 1
QI » T \? .\
< c§ :sup< / th,xo(z)l(w dz
—~ 10 P(CQ x)

(2Q)°

‘R|—%+1+% 2 3
'S}IOP( / |90t,zo(x)<)p+l+1) dx) :

—1
(2R)e p(cR €z

By the previous argument we have that p(cgglx) > %p(célxo),p(c;%lx) >

%Op(c;ilsco) . Thus

|Q‘7%+1+% |R|—§+1+l%1

14(1'0) < C

)D+m+1 p( )D+l+1

-1 -1
p(cQ o CRr To

as before.

Subcase 4°. In this subcase, because of symmetry we may assume that |R| <

Q.

% and 1 < —2— and (1.5) we obtain

p(cg o p(er'eo)
SEP‘/%OZ (T} aq) (T}0r) dx‘
[ (o) = P(e'0)) 3 (2a0) (120m) daf

Using % <

= sup
40

p(célm)k-H 1 2
échup/7|Ti aQHTi bR|dx

4 tD+k+1
<c Z ( sup / -+ sup / -+ sup / +sup / )
- 40 40 40 40
¢ 2QN2R 2QN(2R)° (2Q)¢N2R (2Q)eN(2R)¢

= J1(J30) + JQ(J?()) + J3(.130) + J4(.130).
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To estimate J; note that p(cp'z) < 2|R|? < 2|Q|P. Thus

m+1 l+1

R 3
J1($0)<CZ o +m+1 il Dt /|T1aQ| dx)
i p(célxo)z p(cp'zo)?
1
/yszR|2dx)2
QI P+ |RTEHET

P(CQ1$0)2+ m+1 p(CRlxo)%—H—H

as desired. Using (3.6) for br, we estimate J as follows:

— k+1 _1 1+M
plcr ) R
Ja(wo) < CZSBOP / t1§+k+1 ’ | 1 )D+m+l+3 dz
i 2QN(2R)* pleg'e
m +2
|@| a PR
<CZ 1 +m+1 /| | dx 1 Lt
= plcztan ) i
1 §
. dx)
((2146 p(C}lﬁ)z(DJrl)
o |R|-%+%+“Tl
" ol T pegtan) B

as desired. To estimate .J3 note that p(cy'z) < 2|R|D <2|Q|P < p(célm). Using

(3.6) for ag we obtain

1+1 _1liqymtl _1 ym+1
p(cr'@) 2 QI 5 p(cp )
<c sup / ————— T br(x
h ; 40 0ren ! ‘ v ()| 12 +m+1 p(célx)DerH
m+1
|R|Z“ ) b QI
S Z 1 +l+1 /’T br | d —1 Dim+1
i pler'@o p(cQ 7o)
1
(J *3 5]
(2Q)c p(CQ )
LRI QT
I ) KA

dx
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as desired. Finally using (3.6) for both a¢g and br we obtain

< QU 1 RIS plep'n)
J4(x0)\czsllop _1 D+m+1 t%+m+1 1 Dtk+1 t%_,’_l_‘_l
i (2Q)°N(2R)e p(CQ ﬁ) p(CR ‘T)
1 m+1
QI »H T m+1 1 E
s CZ -1 %+m+1|Q‘ i —1_3\2(D+m+1) do
v p(CQ .’L‘Q) (2Q)¢ p(CQ 1‘)
‘R|7%+1+L+Tl 1 3
_1 Lti+1 / —1,\2D dz
o) TN o)
_l 1y m+l _li1 41
P
Q" #*=t > |R|TatatD
<c

plegao) 1 plegta) T

as desired.

This concludes Subcase 4°. We are now left with Subcases 2° and 3°. Because

of symmetry we only consider the former.
Subcase 2°. We break up Subcase 2° of Case 4 into two subsubcases:

Subsubcase |R| < |Q|. In this subsubcase write

sup
20

/gpt,mg Z (TilaQ) (TZ-ZbR) dm‘
= sup ‘ / (Prae(@) = P (cg'2)) Y (Tlaq) (T7br) dx‘ by (1.5)

%
+1

—1 \k
< chup/ %!ﬂlad |Ti2bR‘ dx

<c Z ( sup / +sup / +sup / +sup / )
- 20 20 20 20
v 2QN2R 2QN(2R)e (2Q)°N2R (2Q)¢N(2R)°
= Ki(x0) + Ka(x0) + Ks(x0) + Ka(xo).

We begin with term K7. If 2Q) and 2R intersect, it follows that p(c}_%lcQ) <
2\R|% + 2|Q|% < 4|Q|%. Observe that t > p(c;zlxo) > p(célxo) — plepteq) =
51Q|7 —4|Q|P = |Q|P. Hence p(célxg) < p(cg o) +4|Q|? < 5t. Using that
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both p(célxo) and p(cp'wo) are less than a multiple of ¢ we obtain

pler's)™™ el
Ki(z0) < ¢ sup —— il Tiael = e [TVbe| da
@ 2QN2R p(CQ @) * p(cg'zo)
|R% (/ 12 3 |R|l+1 9, |2 3
oy [ragar) L ( [iztuafar)
= Z:p( -1 )2+m+1 | Tiaq] p(cl—%lxo)gﬂﬂ | 770r]
QI FTEFIE R

P(chxo)7+m+ p( Rl 0)7+l+17

since p(cp'z) < 2|R|P and |R|D < |Q|P

We now control term Ks. Note that when z € 2Q N (2R)¢, then p(cglx) >
p(célxo) - p(célx) — p(C;%lZL'()) > %p(célxo) — p(cglxo) = llop(célxo), since
2p(célx0) > 10\Q|% > 5p(cc_21x) and (2 — 110)p(cQ z9) > p(cR zo). We now use
that t > p(cp'zo) and p(cp'w) > %Op(célxo) to obtain

1 \k+1 _; 1 k:+1n+2
(o)< e Y Pn ) g BT,
0) _ 5P DFk+1 (_1 >D+k+m+2
2QN(2R)* ‘R
[RZsH*S RS

1
CP(CJ_zla?o)D+k+1 pleg ) PHm+t / [Tl aq|d
I kel o

DT SRR e since|R| < Q).
) p(cq wo)

p(cg'zo 0
This concludes the estimate for K.

Consider K3 now. Since 5|R|D < p(cp'wo) < t, it follows that |R|D
L3, Hence p(z~'zg) < p(cilx ) + (cflx) <t < & (c T ) and (c 1m)
sl R 40 P\Cr N 57 N 10 p Q *0 p Q

<
>
X =
p(célxo) —plz™lag) = =

2 p(cg'mo). Now we have

k+1 1l mtl
plex') QI3+
CZS;}D / tg+k+1 | | (_1 )D+m+1 dx
i (2Q)°N2R Qg T
_1 m+1 k+1
QI 3+ IR|
gcz 1 \D+m+1 1 D+k+1/|T2bR |d1’
i p(CQ zo) p(cr o)
<. Q" F T |R|D At
b
p(c(—21x0)D+m+1 p(Cﬁll‘o)D+k+l

which is the desired estimate for Kj.
Finally, we discuss K4. Let A(zo, @, R) be the set of all z € (2Q)° N (2R)°
with p(célx) > Tl()p(célxo) and B(zo, @, R) be the set of all z € (2Q)° N (2R)°
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with p(célx) < Tl()p(cgglxo). Then,

_liqpmil —1 \k+1 1y kti42
Ku(zo) =c¢) su QI 7P pleg'w) [R| =D
alro) = P U NDTmil DAkt L DiEie
T ram P@?) p(er')
R AT .
p

)D+m+1 p(cglxo)DJrkH R|D W

dx

dx

<c

—1
pleq 70 o)

|Q‘7§+1+mg1 |R|—§+1+%

p(051$0)D+m+1 p(C]_%le) D+k+1"

Now suppose that x is in the set B(xo,Q, R). Then, p(z~1zg) > p(célxo) -
p(célx) > f’—op(célxo) > gt. Hence p(cl_%lz) > p(xilzo)fp(cl_%lxo) > %p(zilxo)
> %p(célmo). ‘We have

QI F I+ p(cgla)™ | RITHTIHEEE

Kaz(x0) = CZS;P "1 \DFmFL DRI 1 DrkErmyz 42
T Y o Pla @) pcr @)
|Q|f§+1+mT“ ‘R|—§+1+% it 1
ST DFrmii o Dk |R|™P Pt
(520" pleriao) o oleg)
|Q|_%+1+MT+1 ‘R|—§+1+%
<c
_1 D+m+1 -1 D+k+1
ei00) "7 plcitao)
since |R\mgl . \Q|’% < 1. Since K4 < K41 + K40, we conclude the estimates

for K4.
We now come to the second Subsubcase of Subcase 2° of Case 4:

Subsubcase |R| > |Q|. We use the hypothesis to subtract a suitable term and
we then split things in four parts as before.

s;lop’ / era0 Y (Thag) (T2br) de|
] (pra = Pl (') 3 () (T20r) aa]

< c(sup / +sup / + sup / -+ sup / )
z 2QN2R > 2QN(2R)° 20 (2Q)¢N2R * (2Q)¢N(2R)*
= Li(xo) + La(x0) + La(xo) + La(xo).
We observe that term Ly = 0. In fact, if there were some z in the intersection
of the doubles of Q and R that appear in term Lj, then p(célxo) < p(cglxo) +

p(eg'er) <t+p(cg'e) +p(cg'e) <t+2[R|P +2|Q|F <t+4|R|D < t+it <2t
which is impossible. Therefore L, = 0.

= sup
20
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We now proceed with term L,. As we showed for term Ko, we have that
p(c;ilx) > %p(célxo). Using this fact and that ¢ > p(c}blxo), we obtain

— k+1 k+1
plcg'@) |BIa
< CZS;P / Dkt T} aq (c7la) P dz
/ 2QN(2R)* P\CR T

QI |R|"+1+“1
<cz L \DFRFL D+k+1 /|T aQ|dx
i P(CR 960) p(

QI+ \Rra“*%

)D+k:+1 p(cfle)DJrk’*‘l '

P(Cleo R

This concludes the estimate for Lo.

We now consider term L3. As we showed for term K3, we have that p(célx) >
%p(célxo). Thus

—1 \k+1 7l+1+7n+k+2
n( Q ) 2 Q"7

S CZ Sp / (DFRF1 | T2br ()] T prmEe

' (2Q)°N2R p(cQ z)

k41 141 mtl

Q™ QI"#* ="

D+k+1 _ D+m+1
i P(CRl 0) P(CQlfo) "

<c |Ti2b3(x)’dx
(2Q)°N2R

m+1

_lyqy ktl —-14
ek
p(cn z0) P p(eg, Q 2g) DHm+1

since |Q| < |R|.

Finally, we discuss Lys. We have

pleg'a)itt QI s IR\"+1+H1

)<e
;(QQ)CH(QR)C tD+k+1 P(CQ )D+m+k+2 p( R )D+k+1
|R|77+1+k+1 |Q|77+1+m+1+%
c—————— — dz.
P(choco)D*’”l(QQ)CQ(QR)c pleg x)PFmHlp(cpta)Dri+t

As we did with term Ky, we consider the sets A(zg, @, R) and B(zo,Q, R).
For z € A(zo, Q, R), use the estimate p(célx) > %p(célxo) to bound the integral
above by

QI
pleg'wo) "

For z € B(zo,Q, R), we showed before that p(cp'z) > 2p(cQ ). Then use this
estimate to bound the integral above by

QI+

(g eo) P
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In both cases, we have proved the desired pointwise estimate for term Ky,
thus concluding the proof of the second Subsubcase of Subcase 2° of Case 4.
Subcase 3° of Case 4 is similar. Theorem 1.7 is now completely proved. 1

Note that when D is even, m can be [D(% — 1)] + % and [ can be [D(% —

1)] + %. Thus k can be as small as [D(% - 1)] + [D(% - 1)} + D+ 1. When D is
odd, m can be [D(% —1)] + 2+ and I can be [D(é —1)] + ZFL. In this case k
can be as small as [D(% — 1)} + [D(% — 1)] + D + 2. Moreover, it is easy to see

that r > ﬁ

5. APPLICATIONS AND EXAMPLES

We can use Theorem 1.5 to extend, in the context of stratified homogeneous groups,
the result of [3] which says that the commutator of a Calderén-Zygmund operator
and multiplication by a BMO function maps LP(R™) into itself. More precisely,
we have the following;:

COROLLARY 5.1. Let b € BMO(G) and T be a Calderdn-Zygmund operator
as in Section 1. Then the operator

b, T](f) =bT(f) = T(bf)
maps LP(G) boundedly into itself for 1 < p < oo, and

116, THA 2o < ell Fllze bl BMO-

Proof. Let p’ be the conjugate idex of p. From Theorem 1.5, we know that
for all g € LP (@), g(Tf) — f(T*g) € H'(G) since assumption (1.3) is obviously
satisfied with k& = 0. Moreover, ||g(Tf) — f(T*9)||lzr < || fllzellgll; - Using the
duality between H' and BMO on homogeneous groups ([6]), we obtain

| [T @@ ds| = | [H@lo@)T @) ~ 10)(T*9) @) ds

< [bllemollg(Tf) = F(T )l < cllblsmollfllzrlgllper- 1

Next we discuss another application of our results. Consider the Heisenberg
group H™ which is a stratified homogeneous group of homogeneous dimension
2n + 2.

The Cauchy-Szegé projection on H" is defined as the following principal
value convolution

C(f)x) = /K(yilx)f(y) dy, f e L*(H") with compact support,
H‘II

where K is a homogeneous distribution of degree —(2n + 2) which equals the
smooth function c(t +i[¢[?) ™"~ away from the origin, z = [¢,t] € H", £ € R*™,
t € R, and ¢ = 2"~ lintlpl /antl i2 = —1. Let C* denote the adjoint of C. It is
easy to see that C' = C*.

The following is a consequence of Theorem 1.5 and Theorem 1.6. As before,
we set HP = LP for p > 1.
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COROLLARY 5.2. Let 0 < p,q < 0o and assume that at least one of the p,q

is bigger than one. Let r > 321% satisfy 1 = %Jr %. Then for f € HP(H") and

g € HI(H™) we have that B(f,g) = fC(g) — gC*(f) € H"(H"™), and
11C(g) = 9C* (Nl ey < Clf e ey 19 Haen

for some constant C independent of f and g.

It can be seen that this bilinear operator B does not have higher order

moments vanishing and thus we can not expect it to map into H"(H"), for r <
2n+2
TEEE

Examples of bilinear operators with vanishing moments of all orders are

given by

Bi(f,g) = f(Hg)+ (Hf)g and Bsy(f,g9)=(Hf)(Hg) - fg,

where H is the usual Hilbert transform on R!'. For these operators we obtain
H? x H? — H" boundedness for all 0 < p,q,r < oo, with % + % = %

Suitable combinations of Riesz transforms give examples of operators with
only a finite number of vanishing moments. For instance, if R; and Ry are the

usual Riesz transforms in R2, the operator

D(f,9) = (R1f)(R3g) — 2(R1Raf)(RiR29) + (R3f)(Rig)

has integral and first order moments vanishing (but no higher order moments
vanishing). This operator is naturally obtained from the determinant of the 2x2x2
matrix of all second order partial derivatives of the function (f,g) : R? — R2.
Theorem 1.7 gives that the operator D is bounded from HP x HY into H" for
> % This result is analogous to the theorem in [2] on the H' boundedness of
the Jacobian.

6. APPENDIX : EXISTENCE OF COMPACTLY SUPPORTED
COMMUTATIVE APPROXIMATE IDENTITIES ON STRATIFIED GROUPS

The following construction was communicated to us by J. Dziubanski.
Let G be a connected and simply connected stratified homogeneous Lie
group. Let A = fZXjZ be the sublaplacian on G. By [9], for any Schwartz
J

function m on [0, 00), there exists a Schwartz function m on G such that
/m()\) dEN)f = [ xm,
0

where [ AdE(MN)f = Af is the spectral decomposition of the sublaplacian on
0
G. Moreover, [m(z)dz = m(0), and if m*(\) = m(tA), ¢ > 0, then (m)(z) =
G

t=P/2m(8,-1/2x). Also, for m,n being Schwartz functions on [0, 00), we have m *
n=1%m.
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Let ¥ be a real smooth even function on the line supported in the interval
[—1,1] with integral 1. Let m = ¢. Since m can be extended to an even holomor-

phic function on the complex plane, the function 7(\) = m(v/)) is also a Schwartz
function on [0, 00) and 7(0) = 1.

We claim that the Schwartz function 77 on G is compactly supported. To see
the claim, consider the fundamental solution I'; of the wave equation (A+92)u = 0
on G x R with initial conditions u(x,0) = f and d;u(x,0) = 0. An easy calculation

shows that f+ Ty = [ cos(tv/A) dE()\)f. Furthermore,
0

frii= [ (VN AEWNf = [ [ (t)cos(tv/X) dtdE(N) f
/ /]

- / ol / cos(tVA) AE(A)f] di= / V(O * i) dt=f+ | / YT di].
4 0 21 21

By [10], the support of I'; is contained in the “cone” {(x,t) : ||z[| < [¢|}, where [|-|| is
the distance associated with the vector fields X as in the work of [11]. The support
properties of I'; and the identities above imply that 7 is compactly supported as
a distribution and hence as a function. By the properties of m, it follows that
ne(z) = t=P5(s 1 x) is a compactly supported commutative approximate identity
on G.
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