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ABSTRACT. We construct the pure states of O, that extend a given pure
state of the fixed point algebra F, of the gauge action, and we show that
the gauge group acts transitively on these extensions. We apply this to
construct and classify the ergodic endomorphisms of B(H) whose tail algebra
has a minimal projection. We discuss examples arising from product states
of F,, and from the trace on the Choi subalgebra of O,.
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INTRODUCTION

Let B(H) denote the algebra of bounded linear operators on a separable complex
Hilbert space H. An endomorphism of B(H) is a homomorphism of B(H) into itself
which preserves adjoints. The main goal of this paper is to find complete conjugacy
invariants for a certain class of endomorphisms of B(H). Two endomorphisms are
conjugate if there is an intertwining isomorphism of the underlying algebras. Every
isomorphism of B(H) is unitarily implemented, so conjugacy for endomorphisms
of B(H) is spatial equivalence, the strongest reasonable equivalence relation in any
classification scheme.

If an endomorphism « fixes only the scalar operators it is called ergodic, and
if its tail algebra (o (B(H)) consists only of scalars it is called a shift. The class

k

of endomorphisms we shall consider includes every ergodic endomorphism whose
tail algebra has a minimal projection; in particular, it includes all shifts.

We shall only consider endomorphisms which preserve the identity operator
I on ‘H. At the other extreme are those endomorphisms « which are completely
nonunital in the sense that o*(I) decreases strongly to zero; we refer the reader to
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Section 2 of [10] for the classification of such endomorphisms. Since any endomor-
phism can be decomposed into unital and completely nonunital components which
determine its conjugacy class, our focus on unital endomorphisms is justified.
As is customary, for 2 < n < oo we denote by O,, the C*-algebra defined by
Cuntz in [6]. Let {v, : 1 < n } denote the distinguished generating isometries
n

in O, so that > v}

a=1
algebra generated by such collections of isometries. There is a correspondence
between endomorphisms of B(H) and representations of Cuntz algebras, which
stems from the observation by Arveson ([3]) that every endomorphism « of B(H)
can be implemented by a collection Si,...,S, of isometries on H via a(A) =
> S, ASY; if o is unital then such a collection gives rise to a representation of
O,, via v, — S,. Conversely, any representation 7 : O,, — B(H) gives rise to an
endomorphism Ad w of B(H) via

(1) Adm(A) =Y w(va)An(va)®, A€ B(H);

a=1

NN

a
1, with equality if n is finite; O,, is the universal C*-

for infinite n the above sum converges in the strong operator topology for every
A. If n < oo then Adw is unital, but for infinite n this need not be the case. A

representation m of O for which Adr is unital (i.e., for which > 7(vg)m(vs)*
a=1

converges strongly to I) is called essential.

There is an obvious way to construct endomorphisms from states of O,,: use
the GNS representation for the state to implement an endomorphism via (f). This
correspondence allows us to study endomorphisms by looking at states of O,; e.g.
ergodic endomorphisms arise from pure states, and conjugacy of endomorphisms
corresponds to quasi-free equivalence of states ([10]).

A commonly used method of analyzing O, is to exploit the gauge action ~y
of the circle T on O,, determined by vx(ve) = Av,. We will denote by F,, the
fixed-point algebra of this action. When n is finite, F,, is canonically isomorphic
to the UHF algebra M, ® M, ® M,, ® ---, and hence carries a canonical unital
shift, given at the C*-algebra level by a formula analogous to (). This shift does
not exist on F, because the strong sum does not make sense at this level, but one
can always shift a state p of F,, (for finite or infinite n) by defining

a*p(z) = Zp(vam};), x € Fy.
a=1

A state p of O that extends p is essential (i.e., its GNS representation is essential)
if and only if each of the shifted positive linear functionals a**p is a state (Remark
2.10 of [10]); in this case we say that p is essential. We will only consider essential
states of F,,, with the understanding that the adjective is superfluous when n is
finite.

The state space of F,, is more tractable than that of O,,, and has often been
used to study representations of Cuntz algebras ([7], [1], [16]) and unital endo-
morphisms of B(H) ([10], [11], [4], [5]). Having a specific procedure for extending
states of F,, to O,, is extremely useful, especially if it allows one to apply Powers’
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criteria for states of UHF algebras ([14]) to decide when an extension is pure and
when different extensions are unitarily equivalent.

Perhaps the most obvious way to extend a state is by composition with the
canonical conditional expectation ® : O,, — F,, obtained by averaging over the
gauge action. This gives the unique gauge-invariant state of O,, which extends the
given state of F,,. Gauge-invariant extensions of states of F,, have been considered
before: e.g., by Evans ([7]), by Araki, Carey and Evans for product states and n <
oo ([1]), and later by Laca for factor states and any n ([11]). Extensions of diagonal
states (i.e., states of the diagonal subalgebra D of F,) have been considered by
Spielberg ([16], [17]), by Archbold, Lazar, Tsui and Wright ([2]), and by Stacey
([19]) in the context of extending the trace on the Choi subalgebra of Q. In
earlier work, Lazar, Tsui and Wright ([12]) dealt with pure state extensions of pure
diagonal states, and identified the unique pure state extension of a nonperiodic
(irrational) point in the spectrum of D ([6]).

A different procedure for extending pure states of F,, was given in Theo-
rem 4.3 of [10], where it played a key réle in the classification of shifts of B(H)
up to conjugacy. Roughly, the technique used there consisted of lifting the GNS
representation of a state from F,, to O, without changing the Hilbert space; see
also Section 5 of [4]. These two techniques for extending a pure state p of F,, are
in a sense opposite: the first one always works, but only gives an extension which
is pure if p is aperiodic in the sense that its translates by powers of the canonical
shift o* are mutually disjoint; the second only works if p is quasi-invariant in the
sense that it is quasi-equivalent to a*p, but then gives extensions which are pure.

Here we show how to extend any pure state p of F,, which is periodic in the
sense that p is quasi-equivalent to a*Pp for some positive integer p. Our procedure
interpolates between the two techniques described above, and explains them as
extreme cases of the same construction.

The paper is organized as follows. We begin with a preliminary section on
periodicity of states of F,. In Section 2 we construct and analyze a class of repre-
sentations of O,,. Roughly speaking, this class is indexed by pairs (p, #) consisting
of a periodic pure state p of F,, and a representation 6 of C(T). The quasi-orbit of
p and the unitary equivalence class of 6 determine the unitary equivalence class of
the representation up to a gauge automorphism. This ambiguity can be removed
with the addition of a third parameter, called a linking vector, which is related to
the periodicity of p and is determined up to a scalar multiple of modulus one.

In Section 3 we study the state extensions of a periodic pure state p of F,.
Propositions 3.2 and 3.3 form the technical core of the paper, and show that the
representations constructed in Section 2 include the GNS representation associated
with any state which extends p. Our main result, Theorem 3.5, parameterizes
the extensions of p to states of O, by the Borel probability measures on the
circle. In this parameterization the equivalence class of the measure is a complete
invariant for unitary equivalence of state extensions. We also compare states
which extend different pure states of F,,. The invariant we use for this is the set
of quasi-equivalence classes of the shifted states, called the quasi-orbit of p; see
Definition 1.2. In Corollary 3.6 we answer to the affirmative a conjecture made in
the final remark of [8], to the effect that a periodic pure state of F,, has precisely
a circle of pure extensions on which the gauge group acts transitively and p-to-1, p
being the period of the state. Aperiodic pure states, in contrast, have unique state
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extensions which are necessarily pure and fixed by the gauge action (Theorem 4.3
of [11]).

In Section 4 we use our representations to construct endomorphisms of B(H)
via (f). Our main classification result is Theorem 4.1, where we obtain complete
conjugacy invariants for these endomorphisms based on the parameters p and 6. In
Corollary 4.2 we apply this theorem to classify the endomorphisms which arise from
extending periodic pure states of F,, to O, as described above. The second main
result of the section is Theorem 4.3, where we characterize the endomorphisms
that arise from state extensions in terms of their tail and fixed-point algebras.

Although the pure extensions of a pure state p are mutually disjoint, the
(ergodic) endomorphisms they produce are all conjugate. In Corollary 4.4 we
classify these endomorphisms using the action of quasi-free automorphisms on
the quasi-orbit of p, and in Corollary 4.5 we characterize them as those ergodic
endomorphisms whose tail algebra has a minimal projection.

In Section 5 we examine several examples arising from pure product states
of F,,. In Example A we show how our Theorem 3.5 generalizes Fowler’s result on
pure product states (Theorem 3.1 of [8]). In Example B we consider product states
which are constructed from periodic sequences of unit vectors in n-dimensional
Hilbert space. We show that the ergodic endomorphisms which correspond to
such periodic sequences are completely classified up to conjugacy by a geometric
invariant used in their construction. This generalizes earlier conjugacy results for
shifts from [15], [18], [10], [4] and for the ergodic endomorphisms constructed in
[11]. Finally, in Example C we apply our techniques to the problem of extending
the trace on the Choi algebra to Os.

1. PRELIMINARIES

A multi-indez is a k-tuple s = (s1,...,8;), where 1 < s; < n for each ¢, and
k is any nonnegative integer. We write |s| := k and set vy := vy, - vg,, With
the convention that vs := 1 if |s|] = 0. Then O, is the closed linear span of
monomials of the form v,v}, where s and ¢t are arbitrary multi-indices, and F,
is the closed linear span of such monomials for which |s| = |¢|. The canonical
conditional expectation ® : O,, — F,, is given by
O(vv)) = {’Usvr if ‘S‘ :.|t|
(vevr) 0 otherwise.
There are two ways to shift an essential state p of F,,: “backwards” by o*,
as defined in the introduction, and “forwards” by (*, as defined by

B*p(x) = p(vizvy), =€ F,.

The arbitrary choice of vy is irrelevant up to unitary equivalence. The shift §* is
a quasi-inverse of a* in the sense that o*3*p = p L B*a*p for any essential state
p of F, (Lemma 3.1 of [11]). (We use < and ~ to denote quasi-equivalence and
unitary equivalence, respectively.)
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EXAMPLE 1.1. It is helpful to see how the shifts o* and §* act on product
states. Suppose n is finite and £ is the n-dimensional Hilbert space spanned
by the v;’s, so that K(£) is isomorphic to the algebra M, of n X n matrices.
Then F,, is isomorphic to the UHF algebra M, ® M, ® M, ® --- via vsv} —
Es1t; D Conty, @+ Pegt, ®1®1® -+, where s and ¢ are multi-indices of the same
length %k, and {e;;} is the obvious system of matrix units in M, ([6]).

Suppose w; is a state of M,, for each i, and let

W=w; Quwy Vwz K ---

be the corresponding product state of F,,. Let w,, be the pure state of M,
determined by w,, (e11) = 1. Then

W =wr Qw3 Qs ® -

and
fw=w, Qwi Quwas ®---.

Similar considerations apply to product states of F, (Section 3 of [11]).

DEFINITION 1.2. The quasi-orbit of an essential state p of F,, is the set of
quasi-equivalence classes of the states o**p and §**p for k > 0.

Let us describe the quasi-orbit of an essential factor state p. The states a**p
and 3*'p for k,I > 0 are factor states (of the same type as p) (Corollary 3.5 of
[11]), so any given pair of these states is either disjoint or quasi-equivalent. In
the latter case, since both a* and (3* respect quasi-equivalence of factor states
(Corollary 3.6 of [11]) we can apply an appropriate power of one of the shifts to

the quasi-equivalent pair to obtain p L orp p for some p.
DEFINITION 1.3. Suppose p is an essential factor state of F,,. The period of

p is the smallest positive integer p for which p is quasi-equivalent to a*Pp. If no
such p exists, we say that p is aperiodic, or that it has period p = co.

The quasi-orbit of an essential factor state p with finite period p is thus

{lo): [a*pl, ., [ Dpl},
or alternatively
{l]: 187l -, [PV},

where the brackets denote quasi-equivalence classes. In particular, the period of
an essential factor state is the cardinality of its quasi-orbit.

REMARK 1.4. Although it would be more accurate to refer to a state which
is quasi-equivalent to its p'" translate as quasi-periodic, we will adhere to the
prevailing practice and use the term “periodic” in an asymptotic sense. Examples
of strictly periodic states (i.e., states which are equal to their translate by some
power of a*) will appear in Section 5.

Quasi-equivalence of essential factor states of F,, is an asymptotic property
(by Theorem 2.7 of [14] for n < oo and Proposition 3.6 of [10] for n = c0), so two
essential factor states p and w have the same quasi-orbit if and only if they are
shift-equivalent in the sense that there exists k such that

|a* ) p — a¥w|| -0 as j — oo.
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When p and w are pure this condition simplifies significantly. Since §* preserves
purity (Lemma 4.2 of [10]), p and w have the same quasi-orbit if and only if

p~ By or w~ gy for some k > 0.

It should be noted that a*p need not be pure even if p is. Some examples of this
have been given in [5].

We close this section by highlighting some relations between the shifts of a
pure essential state p with finite period p:

(1.1) Gkp X plp = aFp L atlp —= p divides k —1,
and
(1.2) oFfp L gy — p divides k+ 1.

2. A CLASS OF REPRESENTATIONS OF O,.

Suppose p is a state of O, p is the restriction of p to F,, and 7 : O,, — B(’)—Y) is
the GNS representation for p with canonical cyclic vector £. From the unit vectors
a(vh)e, with k = 0,1,2,..., we see that the states 3*Fp are vector states in the
restriction of o to F,:

3% p(x) = (7(2)5 ()€, 5 (21)E), @ € Fu.

As an immediate result, the GNS representations of these shifted states appear
as subrepresentations of the restriction of o to F,,. Because of this simple fact,
whenever we are extending states or representations from F,, to O,,, we are forced
to consider the shifted states. It is therefore convenient to establish the following
notation, to be used throughout this paper.

NOTATION 2.1. Suppose p is a pure state of F,, with finite period p; if n = oo
assume that p is essential. For i = 0,1,...,p — 1, denote by 7 : F,, — B(H?)
the GNS representation for 3*/p with canonical cyclic vector £&/. When there is no
chance of confusion we will drop the superscript p.

For notational convenience we define H,, := H, and 7, := my. Our convention
for &, will be somewhat different:

DEFINITION 2.2. A linking vector for p is a vector £, € Hp such that
BPp(x) = (mo(2)&p, &)y T € Fn.

Since 3*Pp ~ p, there is always a linking vector, and it is determined up to a scalar
multiple of modulus one because p is pure.

In the following proposition we use a pure essential state p and a linking
vector &, to construct a representation 7[p, £,] of O,; we will see later (Remark 2.6)
that this representation is irreducible.
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PROPOSITION 2.3. Suppose p is a pure state of F, with finite period p; if
n = 00 assume that p is essential. Let &, € Hy be a linking vector for p.
(i) Ifl<a<nand0<i<p—1, then there is an isometry Sq,; : H; —
Hir1 determined by

(21) Sa 17&(30)51 = 7r¢+1(va:cvf)§i+1, S .7'-”

(ii) Let S, be the isometry @ Sai on @ Hi. There is a representation
=0
7[p, &p) of Oy, essential if n = oo, such that

[0, &p)(va) = Say 1< a <.

(iii) If k =i +mp with 0 <i < p—1 and m > 0, then S¥&y is a unit vector
in H; which implements 3**p as a vector state in m;. For 0 < k < p we have

Skey = &, and for k = p+ 1 we define &, := S¥&,.
Proof. If x € F,,, then
i1 (vazv}) i [P = (mipr (12  vivame))ir, Egr) = 87O p(orz*zo)
= 3" p(a*z) = (mi(z"2)&, &) = |mi(2)&|.
Since vectors of the form ;(x)&; are dense in H;, this gives (i).

We will next show that S, ;5; ; = = 7;+1(vav}), for which we first need to find
a formula for S; ;. If z,y € F,, then

(Saimit1 (@)1, mi(Y)&i) = (Tiv1(2)&it1, Sa,imi(y)&i)
= (Tit1(2)&it1, Tig1 (Vay07)&iv1) = (Tip1 (V1Y va2) 11, Gitn)
= B p(orytvge) = B p(y viavr) = (mi(y viav1)&i, &)
= (mi(vazv1)&i, mi(Y)&i),

o)

(2.2) SeiTit1(T)6ir1 = mi(vaav1)&i, @ € Fyp.

Using the definition of S, ; we have

Sa,isz,iﬂi+1($)fz‘+1 = Sa,im(v*wvl)ﬁi = 7Ti+1(vavzﬂfvlvf)§i+1

= Tit1(Vay) i1 (2) Tig1 (107 )&ig1,

so to show that S,;S5; ; = = ;41 (vav}) we must verify that

(2.3) Tip1(v1v7)&iv1 = &ip1, 0<i<p—1

Since ;41 (v1v}) is a projection, this follows from the calculation

1751 (010]) €11 ]|? = (i1 (V1] i1, Eiv1) = BT p(vrn]) = B*p(1) = 1.

It is now easy to see that the range projections S,S; sum to the identity op-
erator, from which the existence of the representation 7[p, §,] follows immediately:
since each m; is essential,

Sssi=d
a=1 a=1

=1 i=

n p—1

1
Sa,isg Z@Werl VgV @Iz+1 =1
0

a=1 =0

p—
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This completes the proof of (ii).
To see that SF¢, implements 3*%p as a vector state in m;, first observe that

(2.4) Simjp1(x)S1 =mj(vizv), ze€F,, 0<j<p—1;

this is an easy consequence of (2.1) and (2.2). Thus

(mi(2)SF &, STE0) = (StFmi(2) ST o, o) = (mo(vi*mvf)&o, &)
= p(vi*at) = B**p(x).

By (2.3) we have S1& = a1 (v107)€hy1 = Eppr for 0 < k < p—1, s0 & = Sk
forO<k<p 1

We are now ready to construct the representations of O, that will be used
to classify the state extensions of p to O,. Suppose Uy,...,U,—1 are unitary
operators on a Hilbert space K. It is immediate from Proposition 2.3 that the

p—1
range projections of the isometries @ S, ® U; for 1 < a < n sum to the identity
i=0
p—1 '
operator on @ H; ® K. Consequently there is a unique representation of O,
i=0
7 -
essential if n = co, which maps v, to @ S, ® U;. We will restrict our attention
i=0
to p-tuples (Up, ...,Up—1) in which every component but the last one is equal to
the identity; up to unitary equivalence of the resulting representation there is no

loss of generality in this, as we will see in Proposition 3.2.

NOTATION 2.4. Consider a triple (p,&p, ) in which
(i) p is a pure state of F,, with finite period p, essential if n = oo;
(ii) & € Ho is a linking vector for p; and
(iii) @ is a representation of C(T) on a Hilbert space K.
Let Uy be the p-tuple (I, I, ...,0(z)) of unitaries on Ky, where z is the identity
function on T. We will denote by 7[p,&p, 0] the representation of O,, on Ko =

p—1
P H; @ Ky which is determined by
i=0

n.

N

p—1
(25) 7~T[P> fpa 9](1}@) = @Sa,i & UG,ia 1 < a
=0

PROPOSITION 2.5. Suppose p is a pure state of F, with finite period p; if
n = 0o assume that p is essential. Suppose &, € Hy is a linking vector for p and
0 is a representation of C(T) on a Hilbert space Ky.

p—1
(1) The restriction of T[p,§p, 0] to F,, is @ m @ Iy.
i=0
(ii) If ¢ is another representation of C(T), then 7(p,&p, 0] and T(p, &y, ] are
unitarily equivalent (resp. disjoint) if and only if 0 and 1 are unitarily equivalent
(resp. disjoint).
(ill) 7[p, &p, 0] is irreducible if and only if 0 is irreducible (i.e., dim Ky = 1).
(iv) If n € Kq, then @ is cyclic for TT(p, &y, 0] if and only if n is cyclic for 6.
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(v) For each A € T let Ty be translation by A on C(T); that is, Txf(z) =
fOATt2) for f € C(T) and z € T. If y» = A € T, then

(2.6) 7lp, )\ﬁp,o] = 7p, f;meOTX] ~ 7lp, fp,Q] © Y-
p—1
Proof. (i) For the moment write 7 for 7[p, ,, 6] and o for @ m; ® I. Since
i=0

both ¢ and the restriction of 7 to F, are unital representations and F,
= span{vsvf : |s| = |t|}, it suffices, by induction, to show that 7(y) = o(y)
implies that 7(v;yv}) = o(vjyv;) whenever y € F, and 1 < j,k < n. If z € F,,
0<i<p—1,and n € Ky, then

T (vyvp) (i1 (2)&iv1 @ 1) = T(v)o (Y) 7 (vk)" (i1 (2)&i11 @ 1)
=7 (vj)o(y)(mi(vgzv1)& @ Uy im) = 7 (vy)(mi(yvgzv)& @ Uy ;m)
= Tit1(V;yvpav1v])&iv1 ® Up,iUg i = o (vyvg) (mip1 ()€1 ®@m)  (by (2.3)).
(ii) Let Z be the intertwining space
T :={T € B(Ko,Ky) : TTp, 6, 0)(2) = Tp, &, ¥)(2)TV 2 € On },
and let

p—1

To = {T =D LeT) e B(KsKy): Tod(f) = b(f)To¥f € O(T) }

=0

We claim that Z = Zy, from which (ii) follows immediately.
As a first step we describe the space J O Z defined by

T ={T € B(Kq,Ky) : TR(p,&,.6)(x) = Fp. & W) (1) TV € F, ).

p—1 p—1
By (i), J is the set of operators which intertwine @ m; ® Iy and €@ m; ® I ;. Since
0

i=0 i=
To, ..., Tp—1 are irreducible and mutually disjoint, we have
p—1
T={T=@PLeT: T cB(KoKy) }.
i=0
p—1

Suppose that T'= @ I; ® T; € J. For notational convenience let T), := Tp.
i=0
IfxeF,, 0<i<p—1andn e Ky, then
T7[p, &p, 0] (va) (mi(2)&; @ M) = T(mig1 (vazv])ipr @ Up,in)

(2.7)
= Tit1(Va20])&ip1 ® Ti41Up,m,

whereas

2.8) 7P, &p, Y] (va)T (13 ()& @ n) = T[p, &p, ] (va) (mi ()& @ Tim)

= Tit1(va207)&ip1 @ Uy i Tim.
Now suppose that T € Z. By (2.7) and (2.8) we have
(2.9) Tit1Ug,i = Uy, T;, 0<i<p-—1
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Setting ¢ = 0,1,...,p—2 gives Ty = T1 = --- = T,_1, and setting ¢ = p —1
gives Tpf(z) = ¢ (z)T,. Since z generates C(T) this implies that T' € Zy, and thus
7C1,.
p—1
Conversely, suppose Ty intertwines 6 and 1, so that T := @ I; ® Ty € Tp.
=0
By setting T; := Tp for 1 < i < p, we see that (2.9) holds. By (2.7) and (2.8)
it follows that T7[p, &p, 0](ve) = T[p,&p, ¥](ve)T for each a, so that T' € Z. Thus
T =TIy as claimed, completing the proof of (ii).
(iii) Setting ¢ = 6 in the proof of (ii) gives

p—1
(2.10) 70 & 0000 = {T=PlLiaT: T e 0(C(T)) },
i=0
from which (iii) is immediate.
(iv) Let M C Ky be the cyclic subspace for 7[p,§,, 6] generated by & ® n.
The orthogonal projection P of Ky onto M commutes with 7[p, &, 0](O,,), so by
p—1
(2.10) there is a projection Py € (C(T))’ such that P = €@ I; ® Py. On the other
i=0
hand, M is the closed linear span of vectors of the form 7[p, &y, 0](vsv]) (& ® 1),

where s and t are multi-indices. Given such a vector, express |s| — |t| = j +mp for
j€{0,...,p—1} and m € Z. By (2.5),

7[p, &p, O] (vsvy) (S0 @ 1) € H; @ 0(2™)n,

from which it follows that the range of P, is the closure of §(C(T))n. Assertion (iv)
now follows easily.
(v) If z € F,, and n € Ky, then

~ _ miri(varv])€irr ® if0<i<p—2
g Ao on - {TRlEn s Ho<i<y

_ [ mipi(vazo])&p @y if0<i<p—2
- WO(UaxUT)gp ®0(Az)yp ifi=p-—1

- { 7o (Va2v})Ep ® 0o T(z)n ifi=p
= 7[p,&ps 0 0 73] (va) (mi(2)€: @ 1),

Tit1(Va®V] i1 @M fo0<i<p—2
-1

p—1 ) ~
giving the first half of (2.6). Let T be the unitary operator @ I; ® u"Ip on Ko.
=0
Then
7[p, &ps 0] © Y (va) T (i (2)8: @ ) = i [p, Ep, 0] (va) (mi ()€ @ ')

S mi (e @ pitiy if0<i<p—2
N WQ(UQIUT)é-p [029] )\G(Z)n if 1 = p— 1

S mi (e @ pitiy if0<i<p—2
T mo(verv})ép @0 oTx(z)n ifi=p—1

= T%[pa ép? 9 o TX](UG)(ﬂi(x)gi ® n)a
from which the second half of (2.6) follows. &
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REMARK 2.6. The representation 7[p,§,] of Proposition 2.3 is irreducible
because it is unitarily equivalent to 7[p, &y, 1], where €1 is evaluation at 1 € T,
and 7[p, &p, 1] is irreducible by Proposition 2.5 (iii).

PROPOSITION 2.7. Suppose p and w are periodic pure states of Fy,, essential
if n =o00. If p and w have the same quasi-orbit (and hence the same period p),
then there are linking vectors &8 and &' such that T[p,&p, 0] and T[w, &, 0] are
unitarily equivalent for every representation 0 of C(T).

Proof. Define a relation ~ on the pure essential states of F,, with finite period
p as follows: p ~ w if there are linking vectors £/ and £ such that 7[p, &L, 0] ~

Tlw, &, 0] for every representation 6 of C(T). Then ~ is an equivalence relation.
To show transitivity recall that the linking vector for a pure essential state is
unique up to a scalar of modulus one and observe that if 7[p, £/, 0] ~ Tw, &, 0
and p € T, then by (2.6)
lp, 175, 0] ~ Tp, 0, 0] 0 v, ~ T[w, &, 0] 0 7y, ~ Tlw, uPEy, 6)].

The proof of the proposition is based on the following two claims.

CLAIM 1: If p ~ w, then p ~ w.

CLAIM 2: p =~ (3*%p for every positive integer k.

Given the claims, the proof is easy: if p and w have the same quasi-orbit,
then p ~ §*Fw for some positive integer k, and by the two claims p ~ f*Fw ~ w.

Proof of Claim 1. If p ~ w, then there is a vector ¢ € H} such that w(z) =
(76 ()¢, C) for x € Fy,. Let &f be a linking vector for p, and let S; be the isometry

p—1
on @ H? defined in Proposition 2.3. If 0 < i < p and = € F,,, then by (2.4)
i=0

Brw(a) = w(vi'zvy) = (mg (vf'zvi)¢, ¢) = (S1'f (2)S1¢, O, = (7] (x)S1¢, S1¢),
so Si¢ implements $*'w as a vector state in 7. Hence for each i € {0,...,p — 1}
there is a unique unitary operator V; : HY — H! which intertwines 7 and 77 and
maps £ to Si¢. Define & = Vi SP¢; then &, is a linking vector for w. Let 6 be

p—1 p—1
a representation of C(T), and let V : @ HY ® Ky — @ H? @ Ky be the unitary
i=0 i=0
p—1
operator P V; ® Iy. Then V intertwines 7w, &, 0] and 7[p,&F,0]. To see this,
i=0
suppose 1 <a<n,0<i<p—1, 2 € F, and n € Ky. Using Proposition 2.5 (i)
and the convention V, := Vj,

V7w, &, 0](va) (77 (2)€ @ m) = Vig1m g (varvy)E5 1 @ Ugin
= 11 (vazvi) ST C ® Upin = 7 lp, €8, 0] (varv}) (ST ¢ ® Up,im)
= 7[p, &8, 0] (vaw) (S1C @ ) = T[p, &5, 0] (va ) (7] (2)S1¢ @ )
= 7p, &5, 0(va) V(77 ()& @ ).
This completes the proof of Claim 1.
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Proof of Claim 2. It suffices to prove the claim for £ = 1. Let w := G%p.
Then 7y =7l , HY =HY, ; and & =& for 0 <i<p—2.

Fix a linking vector £ for p. By Proposition 2.3 (iii), & := £/, is a linking
vector for w. Let 6 be a representation of C(T). We claim that 7[p,&f, 0] ~
Tlw, &, 0]. To construct the intertwining unitary, let Wo : Hg — My be the
unlque unltary operator which intertwines 7§ and 7, and maps £, to &1 Let

W @ H @ Ko — EB HY ® Ko be the unitary operator which is the identity

1=0
from H{ , @ Ko to H‘*’@IC(; for 0 < p—2, and Wy ® 0(z)* from Hf @ Ky to
Hy 1 ®@Ke. f1<i<p,zeF, andnEICg,then
®n if1<i<p—1
1574 P p® — ﬂ-z) 1( )51 1 o
(ﬂ'l(l’)ﬁz n) { e Lz )ﬁp L ®0(z)*n ifi=p,
so for each a € 1,...,n we have

W(nl, (vaxv})ly ®@m) if1<i<p—2
W7lp, &8, 0] (va) (nf (2)&0 @ n) = & W(ng(vazvi)Ep @ 0(z)n) ifi=p—1
W(Wf(vazvl)prrl X 77) if ¢ = p
=77 (vazv) &7 @
— {i[w7£;¥79](va)(ﬂ-f_l(fﬂ) ;U_1®77) 1f1 < \p—l
Tlw, &, 0] (va) (ms_ (2)€5_1 @ 0(z)™n) if i =

= Tlw, &, 0] (va) W (n] (2)€] @ n).

Thus W intertwines 7[p, £/, 6] and 7[w, £, 0], completing the proof of Claim 2. #

CORROLARY 2.8. Suppose p and w are pure states of F,, with finite periods
p and q, respectively; if n = oo assume also that p and w are essential. Suppose
¢ and ¢ are representations of C(T). Then 7[p,&p,0] and 7w, &, ] are unitarily
equivalent (for some choice of linking vectors &8 and &) if and only if
(i) p and w have the same quasi-orbit, and
(ii) @ is unitarily equivalent to v o Ty for some X\ € T.

Proof. Suppose 7[p, £, 0] ~ 7w, &7, 9], By Proposition 2.5(i), the unitary

operator which implements this equivalence also intertwines the representations
~1 -1

690 7l ® Iy and @ ¢ @ Iy of . From this it is evident that Ky = Ky, p = g,
=

and 7§ ~ o for some k € {0,1,...,p—1}. Thus w ~ B**p, so p and w have the
same quasi-orbit.

By Proposition 2.7 and the essential uniqueness of linking vectors, there
are scalars a,b € T such that 7[p, a&f, ¢ R Tw, b7, ] for every represention ¢ of
C(T). By (2.6) we then have 7[p,{p, po7g] ~ Flw, &, poTy] for each ¢, and taking
¢ =1 oT, gives T[p, 5,1/10%&] ~ %[waggaw] Thus 7[p, gp 9] ~ 7p, 1/1 o Tyal, S
by Proposition 2.5(ii) we have 6 ~ ) o Ty5.
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Conversely, suppose p and w have the same quasi-orbit and  ~ ¢ o 75. By
Proposition 2.7, there are linking vectors { and 7 such that

Tp, 0, o TA] ~ Tlw, &, o 7.
The first of these representations is unitarily equivalent to 7[p, fg,@] (Proposi-
tion 2.5 (ii)), and the second to 7[w, A&, ¥] (Proposition 2.5 (v)). Thus 7[p, &7, 0] &
%[W,XE;;’,#J]. |

3. EXTENSIONS OF PERIODIC PURE STATES OF F,, TO O,,.

In this section we use the representations constructed in Section 2 to parameterize
and classify the state extensions of periodic pure essential states of F,,. Our main
result, Theorem 3.5, is preceded by a general technical lemma and two technical
propositions.

LEMMA 3.1. Suppose 7 is a representation of a C*-algebra A on a Hilbert
space H and {m; : i € I} is a collection of subrepresentations of 7, each of which is
quasi-equivalent to a given representation p. Let H; be the representation space of
mi. If U H; has dense linear span in H, then no subrepresentation of 7 is disjoint

=
from . If in addition ¢ is factorial, then 7 is factorial and quasi-equivalent to .

Proof. Suppose 9 is a subrepresentation of m, and let ¢ be a nonzero vector
in the representation space of ¢. Since |J H; has dense linear span in H, there

=
is an i € I such that ¢ ¢ H;. Express £ = & + & € H; @ Hi, and let we,
weg, and we, be the corresponding vector functionals. Then we = we, + we,, so
we, < we. Let m¢ and 7, denote the GNS representations associated with we and
we,, respectively. Then g, is unitarily equivalent to a subrepresentation of 7,
which in turn is unitarily equivalent to a subrepresentation of ¥. But m¢, is also
unitarily equivalent to a subrepresentation of 7;, which is quasi-equivalent to .

Thus v and ¢ are not disjoint. If ¢ is factorial, this means that = < ¢.

PROPOSITION 3.2. Let o be a representation of O, on a separable Hilbert

space l%; if n = oo assume that o is essential. Suppose there exists a pure state

p of F,, with finite period p such that the restriction of o to F, decomposes as a
p—1

direct sum @ o;, where o; is quasi-equivalent to the GNS representation m; for
i=0

B*'p. Then there is a linking vector &, for p and a representation 0 of C(T) such

that o is unitarily equivalent to 7[p, &y, 0]. Consequently, the multiplicity of m; in

o; 1s independent of 1 =0,1,....,p— 1.

p—1
Proof. Let 0 = @ o; be the restriction of ¢ to F,. Each o; is unitarily
i=0
equivalent to the representation m; ® I; of F,, on H; ® KC; for some separable Hilbert

~ p=l
space KC;, so modulo a unitary equivalence we may assume that L = @ H; ® K;
i=0
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-1
and 0 = @ m ® I;. Let &, be a linking vector for p, and adopt the notation

conventlon ICp = Ky. Of course 7, := my and H,, := Hy, as usual.
Fix i € {0,1,...,p— 1} and n € K;. We claim that there is a (necessarily
unique) vector U;n € ;41 such that

(3.1) o(v1)(& ®n) = &ip1 @ Uin.
To begin with, note that for any x € F,,
(o(z)a(vi)(& @n),0(v1)(& ®@n)) = (o(vizv)(& ©n), & © n)
= [lnll*{mi(vizo1)&, &) = Inl* 6 poizor) = [[n]*8* D p(a).
On the other hand, we can express & (v1)(&®n) = Zp: > Gk ®0 5, where (i € H;

=1k
and for each j the set {d;} is an orthonormal basis for IC;. Then

> ()60 6300 30610 9 31)
> (5 (@) G G-

k

(o(z)a(v1)(& ®@n),0(v1)(& @ n))

-1

<.
Il
—

Since [*(+Dp is pure, each of the positive linear functionals we; . ()
= (m;(2)Cj ks Giok) is a multiple of B+ p. However, we, , is also unitarily equiv-
alent to a multiple of 3*/p, because m; is irreducible. Since the states B*p for
j=1,2,...,p are mutually disjoint, we thus have (;; = 0 unless j =i+ 1. More-
over, we,,, , is a scalar multiple of 8*¢*+Yp if and only if (;11 5 is a scalar multiple
of &;41, so after simplifying and rearranging, the sum i > Gk © 0, turns out
=1k

to be an elementary tensor; specifically, it belongs to {che subspace &4+1 ® KCj41.
Thus we can define U; : K; — K41 by (3.1), as claimed.

We next claim that U; is a unitary operator. It is evident that U; is linear,
and since

(Uin,Ui¢) = (a(v1)(& @mn),0(v1)(& @ Q) = (& @n, & @) = (n,¢), n,¢ €Ky,
U, is an isometry. To see that U; is surjective, suppose ¢ € K; 1. By (2.3) we have

$ir1 @ ¢ =mig1(v107)&i11 ® ¢ = a(v107) (§ir1 @ ¢) = (v1)T(v7)(&iv1 ® ().

Now & (v])(&+1 ® ¢) can be approximated by a finite sum of vectors of the form
mj(x)¢; ®@n, where 0 < j <p—1, x € F, and n € K;, and for each such vector

(3.2) o (v1)(m;(x)&; @n) = & (v1)o(z) (& @ n) = o(vizvy)a(v1) (& @ n)
. = o(v12v]) (&1 @ Usn) = w1 (vi2v])€541 ® Ujn € Hjp1 @ ranUj.

Thus
p—1

i1 © ¢ =5(1)5(v]) (&1 ® Q) € PHjp1 @ranT;,

7=0
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which shows that ¢ € ranU;. Thus U; is surjective.

Define unitary operators Ty, ..., T,—1 inductively by Tp := Up—; and T34 =
U;T; for 0 < i <p—2. Then T,_; is a unitary operator on K,_1, so 6(z) = T,_1
determines a representation 6 of C(T) on K,_;. We claim that ¢ is unitarily

p—1 p—1
equivalent to 7[p,&p,0]. For this, let T : @ H; @ Kpm1 — P H; ® K; be the
=0 =0
p_l (2 K3
unitary P L;  T;. If 1

then by gOQ)
0 (va)T(mi(x)€ @ 1) =

N
S
/N
=
o
N

<p—1,z € F and n € Kp_q,

q

(Va7 (v1) (mi(2)& @ Tim)
= 0 (vav7) (Tig1 (v1zv])§i01 @ UiTin)
)

_ Jmiri(varv])&ipr @ Tipan i 0 < < p—2
mo(vazv})ép @ Tob(z)n  ifi=p—1

=T7[p, &p, 0](ve) (mi(2)& @ M),

so T intertwines 7[p, &y, 0] and o.
The multiplicity of m; in o; is the dimension of ;. Since each U; : IC; — K41
is unitary, this multiplicity is constant in 7. 1

PROPOSITION 3.3. Suppose p is a pure state of F, with finite period p;
if n = oo assume that p is essential. Let o be the GNS representation of O,

corresponding to a state p extending p. Then the restriction of o to F,, decomposes
p—1

as a direct sum € o;, with o; quasi-equivalent to the GNS representation m; of
i=0

B*'p. Furthermore, the decomposition is central and the multiplicity of m; in o; is

independent of i =0,1,...,p— 1.

Proof. Let H be the Hilbert space on which ¢ represents O,,, and let £ € H
be the canonical cyclic vector which implements p as a vector state. Let o denote
the restriction of o to F,,. For each k € 7Z let

G ={2€ 0, :a(2) = Nz, A e T}

Notice that Gy = F,, and, in general, that Gy is the k' spectral subspace of O,
under the action of the gauge group {7, : A € T}. Define

k= {5(2)5 VA Qk}

Then My, is invariant under o(F,) and H = span |J My. Let ¢ denote the
kEZ

subrepresentation of o obtained by restricting each of the operators o(z) to M.

We claim that

(3.3) o g,
where 4 is the unique element of {0,1,...,p — 1} such that k — i € pZ. The proof
follows Lemma 3.5 of [11].

Suppose k > 0. Since Gi, = F,,vf, the vector o(vi)¢ € My, is cyclic for .
Moreover, for z € F,, we have

{pr(2)a ()€, 5(v1)€) = (o (vi*avt)E, €) = 6% p(x).
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By the uniqueness of the GNS representation and (1.1) it follows that o ~ 7 ~
;.

Suppose now that & < 0. Using s to denote a multi-index, for z € F, we
have

o) = 3 pav) = 3 (o(var)e &) = 3 (on(@)F(vD)E, 50D)e).

s|=Ik s|=Ik| s|=Ik|

We claim that {&(v¥)¢ : |s| = |k|} is generating for ¢g. Since {v,v} : |r| — |t| = k}
has dense linear span in G, it suffices to show that

o (vrvy)¢ € span{o(z)o(vg)E : @ € Fu, |s| = K[}

for each such r,t. But this is easy: simply write ¢ = st’, where |s| = |k|, so that
F(0,0))€ = (007 )5 (07 <.

Since {a(v¥)¢ @ |s| = |k|} is generating for ¢, Lemma 3.2 of [11] gives that
@) is quasi-equivalent to the GNS representation for a*/*/p. By (1.2), this implies
that @y, ~ 7;, finishing the proof of (3.3).

Fori=0,1,...,p—1, let S; =span |J Mitpp. Each §; is invariant under

beZ

o(F,), and by Lemma 3.1 the corresponding subrepresentation o; of o is quasi-
equivalent to m;. The proof will be complete once we show that S; L S; if i # 7,

and hence that o = paal o0;. For this, suppose w € Gy and z € G;, where k — [ ¢ pZ;
we will show that El(wo)ﬁ 1 &(z)¢. Without loss of generality assume that k > [.
Let ¢ = 6(z*w)é € My_y, and write ¢ = (o ® (1 € Mo ® Mg. If ¢ # 0, then
the vector functional w is unitarily equivalent to (a nonzero multiple of) GrE=Dp,
Since *#=1p is pure and We = We, + wey, either we, ~ k=D or ¢y = 0. Since
we, ~ p and p does not divide k —I, by (1.1) we thus have ¢, = 0; that is, ¢ L Mo.

In particular,
(0(w)€,a(2)¢) = (o(z"w)§, &) = (¢, €) = 0.
p—1
The decomposition o = € o; is central because the o; are mutually disjoint;
i=0
the multiplicity of o; is constant in ¢ by Proposition 3.2. &
NotaTIiON 3.4. Let P(T) be the space of Borel probability measures on the
circle T. For each p € P(T), let M, be the representation of C(T) on L*(T, 1) by
multiplication operators. Let 1 be the function of constant value 1 on T.

THEOREM 3.5. Suppose p is a pure state of F,, with finite period p; if n = oo
assume that p is essential. For i € {0,1,...,p — 1} let m; : F, — B(H;) be the
GNS representation for *'p with canonical cyclic vector &;. Let &, be a linking
vector for p (as in Definition 2.2), and for k = i+ mp > p+ 1 let & be the
corresponding vector in H; which implements 3**p as a vector state in 7; (as in
Proposition 2.3 (iii)).

(i) For each p € P(T) there is a unique state p[u,&p| of Opn such that

(3.4) mu,spmsv:)‘{ém(vsvzv{k)g’“é‘”{ AUt it divides &

otherwise,
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where s and t are multi-indices with k := |s|—|t| = 0. The state p[u,&p] extends p.

(i) If p is a state of O, which extends p, then p = p|u,&p] for some p €
P(T).

(iii) With the linking vector &, fized, the map u — p[u,&p] is an affine iso-
morphism of P(T) onto the states of O,, which extend p, and p|p,&p] is pure if
and only if pu is a unit point mass.

(iv) plu, &) and pv,&p] are unitarily equivalent (resp. disjoint) if and only
if the measures p and v are equivalent (resp. disjoint).

(v) Suppose w is another pure essential state of F,,.

(a) If p and w have the same quasi-orbit (and hence the same period p),
then there are linking vectors £f and &' such that p[u1, £f] and W[u, &) are unitarily
equivalent for every p € P(T).

(b) If plu, &p] and W[v, &7 are unitarily equivalent, then p and w have the
same quasi-orbit and p is equivalent to a translation of v.

Proof. (i) Suppose s and t are multi-indices such that k := |s| — |t| > 0.
Since elements of the form v,v; and their adjoints have dense linear span in O,
there is at most one state p[u,&,] which satisfies (3.4). For existence, express
k =i+ mp with 0 <i <p—1, and let 7 be the representation 7[p, &,, M,] of O,

p—1
on @ H; ® L*(T, u) defined in (2.5). Then
i=0

(T(vsvf) (o @ 1),& @ 1)
= (T (vsvf o) T (0f) (o ® 1), © 1)
(i (vsv; ViR @ 2™, & @ 1) = (m;(vsv;viF) e, €o) (2™, 1)

(mo(vs v} vi*)ER, E0) / ZFP qu(z) if p divides k

T
0 otherwise,

so plp, & is the vector state in 7[p,&,, M| implemented by & ® 1. Setting
|s| — [t| = 0 shows that p[u,&,] extends p.

(ii) Suppose p is a state of O,, which extends p. By Propositions 3.3 and 3.2,
there is a linking vector ¢ for p and a representation ¢ of C(T) such that the GNS
representation for p is unitarily equivalent to 7[p,{,%]. Let A € T be such that

¢ = A&y, and let 0 := ¢ o 75 by (2.6), 7[p, {,1)] & Fp, €, 0]. Hence there is a unit

p—1

vector £ € @ H; ® Ky which is cyclic for 7[p, £y, 0] and which implements g as a
i=0

vector state. By the argument used in Proposition 3.2 to derive (3.1), there is a

vector 1 € Ky such that £ = &y ® n. Thus

Since & ® 7 is cyclic for 7[p, &y, 0], by Proposition 2.5 (iv) the vector 7 is
cyclic for 6. It follows that if we define y € P(T) by

/ fdu=6(f)mn), feC(T),
T
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then Ty f = 0(f)n for f € C(T) determines a unitary operator Ty : L3(T, 1) — Ks.

-1 -1 -1
Let T : p@ H; @ L2(T,p) — pEB 'H; ® K¢ be the unitary operator pEB I1®T,.
i=0 i=0 i=0
Routine calculations show that T intertwines 7[p, &, M,,] and 7[p, &y, 0] and maps
& ® 1 to & ® n. It now follows immediately from (3.5) that £y ® 1 implements p

as a vector state in 7[p, &,, M,,], so by the proof of (i) we have p = p[u, ).

(iii) From (3.4) and part (ii) it is clear that u +— p[u,&,] is affine and sur-
jective. To see that it is injective, suppose u,v € P(T) and p # v. Then there
is a positive integer m such that [z du(z) # [2™dv(z). Let k := mp. Since
mo is irreducible and F,, = span { v,v} : |a| = |b] }, there are multi-indices a and
b of equal length such that (mo(vavj)&k,&o) # 0. Using viv; = d;;1, the element

VUi v can be written in the form vsv;. Since & = mo(vivi¥)€&, we then have

(mo(vs070T*) &k, €0) = (mo(vavy ) mo(VEv}*)Ek, €0) = (mo(Vav})Ek, €0) # 0.

By (3.4) it follows that p[u,&](vsvf) # p v, &pl(vsvf), completing the proof of
injectivity. Since p — p[u, &) is an affine isomorphism it preserves extreme points;
hence point masses correspond to pure states.

(iv) Since 1 is cyclic for M,,, by Proposition 2.5 (iv) the vector £ @1 is cyclic
for 7lp, &y, M,,]. Thus 7[p, &y, M,,] is unitarily equivalent to the GNS representation
for pu,&p]. Since M, and M, are unitarily equivalent (resp. disjoint) if and only
if 4 and v are equivalent (resp. disjoint) measures, (iv) follows immediately from
Proposition 2.5 (ii).

Finally, since p is equivalent to a translate of v if and only if M, ~ M, oty for
some A\ € T, (v) is an immediate consequence of Proposition 2.7 and Corollary 2.8. 1

COROLLARY 3.6. Suppose p is a pure state of F, with finite period p; if
n = oo assume that p is essential. The gauge group acts p-to-1 and transitively on
the pure extensions of p to O, and distinct pure extensions are disjoint.

Proof. Fix a linking vector &, for p. By Theorem 3.5 (iii), the pure extensions
of p are { plue, &) : ¢ € T}, where p. denotes the unit point mass at ¢. Since no
two different point masses are equivalent, it follows from Theorem 3.5 (iv) that
no two different pure extensions are unitarily equivalent; that is, distinct pure
extensions are disjoint.

If s and ¢ are multi-indices with k := |s| — |¢| = 0, then by (3.4)

- N k/p %, %k : I
p [Nca fp] ('Usvt ) = { (C) <7T0 (Usvt Uy )Ekv £0> if p lelldGS k
otherwise.
On the other hand, if A € T, then

~ o _ SO P (g (vsvivik) e, &) if p divides k
P les &l o (vsvi) = { 0 otherwise,

80 P lte;Epl © YA = P liare,&p]. Thus the gauge action is transitive on the pure
extensions of p, and for any pure extension p we have p o vy = p if and only if
AP =1. 1
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4. ENDOMORPHISMS OF B(H).

We are now ready to construct and classify endomorphisms of B(H) using the rep-
resentations from Section 2. We will use ~ to denote conjugacy of endomorphisms.

Recall that a representation ¢ : O, — B(H) gives rise to an endomorphism
of B(H) via

Adp(A) = 3 o) Ap(vy), A€ BH).
k=1

Recall also that the gauge action v : T — Aut(O,,) extends to an action of the
unitary group U(E) by quasi-free automorphisms, determined by yw (v,) = Wu,.
Modifying ¢ by a quasi-free automorphism does not change Ad ¢, and modifying
it by a unitary equivalence only changes Ad ¢ to a conjugate endomorphism. This
is indeed all the collapsing there is in the map ¢ — Ad¢: the endomorphisms
Ad; and Ad s are conjugate if and only if o ~ @1 o vy for some W € U(E)
(Proposition 2.4 of [10]).

Suppose p is a periodic pure essential state of F,, and 6 is a representation
of C(T). For each choice of linking vector &, for p we can form the representa-
tion 7[p, &p, 0] as in (2.5). By Proposition 2.5(v), two representations of the form
7[p, %, 0] differ by at most a gauge automorphism and a unitary equivalence, so
the conjugacy class of Ad7[p,&,, 8] does not depend on the choice of £,. We will
denote this conjugacy class, or a representative thereof, by

ap0 = AdT[p,&p, 0]

Since we only look at endomorphisms modulo conjugacy, this slight abuse of no-
tation will not cause problems.

Two endomorphisms coming from different states of F,, and representations
of C(T) can be conjugate, and the following theorem determines exactly when this
happens.

THEOREM 4.1. Suppose p and w are periodic pure states of F,, essential
if n = 0o, and let 0 and 1 be representations of C(T). Then o, and o,y are
conjugate if and only if

(i) there is a unitary operator W on £ such that p o yw and w have the
same quasi-orbit, and

(ii) 0 is unitarily equivalent to ¥ o Tx for some A € T.

Proof. Let £ and £ be linking vectors for p and w, respectively. The endo-
morphisms «a, ¢ and o, are conjugate if and only if there is a unitary operator
W on & such that 7[p,&f, 0] o yw and 7w, &Y, 9] are unitarily equivalent. The
proof will be by direct application of Corollary 2.8 once 7[p, &, 6] o yw has been
changed to an appropriate form. It suffices to prove the following:

CLAIM. For every unitary W on & there is a linking vector {57V for po~yw
such that

%[pv 6579] °Yw ~ %[p © 7W7£507Wa9]'
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Proof of Claim. Fix a unitary operator W on &, let £f be a linking vector for

p, and let S be the isometry on @ H? defined in Proposition 2.3. If 0 <4 < p
and x € F,, then by (2.4) and Proposmon 2.3 (iii)

(B (poyw))(@) = pomw (vi'wvi) = (mg o yw (vi'zv1)ER, €6)
= (S7*mf (viyw (v wo)oi*) $166, §6) = (] (viyw (v zoy)vi*)El, €F)
= (] o yw (@)} (yw (vD)vi)E7, 7 (vw (v1)01*)€7),

so 7 (yw (v])vih)EL implements 5% (p o yw) as a vector state in 77 o vy Hence
for each i € {0,...,p — 1} there is a unique unitary operator V; : H/*"™" — H’
which intertwines 77°"" and 7 o vy and satisfies

Vigl"™ = mf (yw (v1)o1")€! -

Define £5°7W = Vi'mg (yw (v])v1”)EP; then ££°7W is a linking vector for p o vy

p—1 p—1
Let 6 be a representation of C(T), and let V : @ H"™W @ Ky — @ H! ® Ky
i=0 i=0
p—1
be the unitary operator P V; ® lp. Then V' intertwines 7[p o yw, £, 0] and
i=0
7[p, &L, 0] oyw . To see this, suppose 1 <a < n, 0 < —1,z € F, and n € Ky.
Using Proposition 2.5 (i) and the conventlon Vp = VO,
Vo o yw &5, 0] (va) ("™ (2)€7°7 @) = Vigam 7" (vazv]))ETY @ Ugin
i *(141
= ml1 0w (oo )l (v (v oy )L
*(141)

z+1(’YW(’Uax'01)U1 )71 @ Ugan
= 7[p. 6, 0] (yw (vazv oy )7 [0, €6, 6] (v1) (€0 @ 1)
= 7[p, &5, 0)(yw (v} )vi*) (€ @ )
= 7[p. &5, 6] 0 yw (va) (! 0 yw ()7 (yw (vi)wi')el @ 1)
= 7o, €5, 0] 0 yw (va) V (0" (2)€0° @ 7).

This completes the proof of the claim, and hence the theorem. 1

i+1 ® U@,in

When 6 is the representation M,, by multiplication operators on L*(T, 1) we
write simply «, , in place of a, ar,. As an immediate corollary to Theorem 3.5
we can now parameterize and classify the endomorphisms constructed using the
strategy of [10], wherein one starts with a pure essential state p of F,,, extends p
to a state p of O, and then uses the GNS representation for p to implement an
endomorphism of B(H).

COROLLARY 4.2. Suppose p is a periodic pure state of F,,, essential if n =
00, and o is the GNS representation for a state p of O, which extends p. Then
there is a Borel probability measure pu on the circle T such that Adc is conjugate
to ;-

Let w be another periodic pure essential state of Fy,, and let v € P(T). Then
op. and oy, , are conjugate if and only if
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(i) there is a unitary operator W on € such that p o yw and w have the
same quasi-orbit, and
(ii) p is equivalent to a translate of v.

Proof. Fix a linking vector &, for p. By Theorem 3.5 (ii), p = p[u, &) for
some g € P(T), so that & ~ 7[p, &y, M,]. Thus Ado ~ a, .

Since the measure p is equivalent to a translate of v if and only if M, ~
M, o1y for some A € T, the second part follows directly from Theorem 4.1. &

There are two von Neumann algebras naturally associated with an endomor-
phism « of B(H): its tail algebra

Tail (o) := ﬂ o*(B(H)),

and its fized-point algebra
FPA (a):={A€B(H): a(A)=A}.

Assuming as we are that « is unital, one can always realize o as Ad ¢ for some
(essential) representation ¢ of O,. By Proposition 3.1 of [10], FPA («) is the
commutant of ¢(@,,) and Tail («) is the commutant of ¢(F,). If ¢ is the GNS
representation of some state p of O, then the canonical cyclic vector £ for ¢ is
separating for FPA («). In the following theorem we show that when the restriction
of p to F,, is pure, much more is true: FPA («) is abelian, and the projection onto
the closure of Tail («)’¢ is minimal in Tail (o). Moreover, the latter condition
characterizes these endomorphisms.

THEOREM 4.3. Suppose « is a unital endomorphism of B(H) with Powers
indexn (2 <n < o0). Then (i) and (ii) below are equivalent:
(i) « s conjugate to Ad T for & the GNS representation of a state extending
a pure essential state p of F.
(ii) Tail () has a minimal projection whose range contains a separating
vector for FPA («).

If « satisfies (i) and (ii), then the center of Tail () is finite-dimensional if
and only if p has finite period, in which case dim Z(Tail («)) is the period of p.
Moreover,

(a) If p has finite period p, then there is a Borel probability measure p on the
circle T such that Tail (o) is spatially isomorphic to

(4.1) { L ®T,: T; € B(L(T, u)) } c B(@}lm ®L2(T,u))
1=0

%

bS]
—

Il
=

and FPA («) is spatially isomorphic to the abelian algebra
p—1 p—1

(4.2) { PrLeT: Ty € My(L™(T, ) } c B(@Hi ® LQ(T,M)),
i=0 =0

where as usual H; denotes the GNS Hilbert space for 3*p.
(b) If p is aperiodic, then Tail («) is isomorphic to £>°(Z).
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Proof. (ii) = (i) Suppose Tail () has a minimal projection P whose range
contains a vector £ which is separating for FPA («). Let ¢ be a representation of
O,, such that a« = Ad p, and let p be the vector state of O,, in ¢ implemented by
€. Since ¢ is separating for FPA (o) = ¢(0,,)’ it is cyclic for ¢, so a ~ Ad& with
o the GNS representation for p. The restriction of p to F,, is pure because P is
minimal in Tail (o) = ¢(Fy,)".

(i) = (ii) If (i) holds and p has finite period p, then by Corollary 4.2 there
is a Borel probability measure y on T such that a ~ apu. Let &, be a linking
vector for p. The tail and fixed-point algebras of « are then spatially equivalent
to those of Ad7[p,§,, M,], which by the proof of Proposition 2.5(ii) are given by
(4.1) and (4.2), respectively; the second of these requires the extra observation that
M, (C(T)) = M, (L>(T, n)). Let Py be the rank-one projection onto the constant

p—1
function 1 € L?(T, ), let P, =0fori=1,...,p—1, and let P = @@ I; ® P;; then

=0
P is a minimal projection in the tail algebra. Since 1 is cyclic for M, (C(T)) it is
separating for M, (C(T))’, so any nonzero vector in the range of P is separating
for the fixed-point algebra.
If p is aperiodic, then p must be the gauge-invariant state p o ®. Let o be
the restriction of & to F,,. By Propositions 2.2 and 3.4 of [11], 0 decomposes as

oo
a direct sum €P oy, where o; is irreducible and quasi-equivalent to the GNS
i=—00
representation of 3*/p (resp. a*l’lp) if i > 0 (resp. i < 0). Since these irreducible
summands are mutually disjoint,

Tail (AdG) = o(F,) = (7).

Let P be any minimal projection in this algebra. Any nonzero vector in the range
of P is separating for FPA («) since « is ergodic. 1

ERCODIC ENDOMORPHISMS. By Proposition 3.1 of [10], Ad ¢ is ergodic if and only
if o is irreducible. Thus the pure extensions of a pure essential state p yield ergodic
endomorphisms via their GNS representations. Since these pure extensions are in
the same gauge orbit, the corresponding endomorphisms are all conjugate:

COROLLARY 4.4. Suppose p is a pure state of F,, essential if n = oco.

(i) Let o be the GNS representation for a pure extension of p. Then the
ergodic endomorphism Adc depends only on p up to conjugacy, so we denote it
by o, := Ado.

(ii) If w is another pure essential state of F,, then o, and o, are conjugate
if and only if there is a unitary operator W on & such that po~yw and w have the
same quasi-orbit.

Proof. First suppose p is periodic. Let &, be a linking vector for p. If p'is a
pure state of O,, which extends p, then by Theorem 3.5(iii) there is a unit point
mass p on T such that p = p[u,&p]. The GNS representation & for p is thus uni-
tarily equivalent to 7[p, &,, M,,], so that Ad ¢ is conjugate to a, . Since condition
(ii) of Corollary 4.2 is automatic for point masses, all such endomorphisms Ad &
are conjugate. The second assertion also follows from Corollary 4.2.
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Suppose now that p is aperiodic. By Theorem 4.3 of [11], the gauge-invariant
extension p o ® is the only state of O,, which extends p, and po ® is pure, so (i) is
trivial. Part (ii) follows from remarks following the proof of Theorem 4.3 of [11].

Finally we give an intrinsic characterization of the class of ergodic endomor-
phisms arising from pure states of F,, in terms of the tail algebra.

COROLLARY 4.5. (i) Suppose p is a pure state of F,, essential if n = co.
Let o, be the ergodic endomorphism associated with p as in Corollary 4.4. Then
Tail (o) is isomorphic to CP if p has finite period p, and (>°(Z) if p is aperiodic.

(ii) Suppose « is an ergodic endomorphism of B(H) whose tail algebra has
a minimal projection. Then there is a pure essential state p of F, such that o is
congugate to o,. In particular, if o is a shift then it is conjugate to o, for some
pure essential quasi-invariant state p.

Proof. (i) By definition, ¢, satisfies condition (i) of Theorem 4.3. The result
is thus immediate from this theorem for aperiodic p. If p has finite period p then
Tail (o) is given by (4.1) for some point mass x, and is hence isomorphic to CP.

(ii) Let P be a minimal projection in Tail (o). Every nonzero vector in the
range of P is separating for FPA (o) = CI, so by (ii)=-(i) of Theorem 4.3 and
Corollary 4.4(i), o = «,, for some pure essential state p of F,,. If a is a shift then
Tail (o) consists of scalar operators so the identity is a minimal projection. Thus
a = a, for some pure essential state p, and by Theorem 4.5 of [10], p must be
quasi-invariant. 1

We finish the section by pointing out that, as a consequence of the corollary,
there is an interesting restriction on the possible tail algebras of ergodic endomor-
phisms:

SCHOLIUM 4.6. If the tail algebra of an ergodic endomorphism has a minimal
projection, then it is isomorphic to either CP or £>°(Z), depending on the period p
of the state arising from a vector in the range of the minimal projection.

5. EXAMPLES

o0
Our main source of examples are the pure product states w = Q) w; of F,,, where
i=1
each w; is a pure state of K(&); cf. Example 1.1. For each unit vector v in &
let w, be the pure state of (&) given by w,(T) = (Tw,v); strictly speaking, w,
depends only on the one-dimensional subspace [v] := Cv and not on v itself. If f =
(f1, f2,...) is a sequence of unit vectors we let wy := Q wy, be the corresponding
i

pure product state of F,,. Thus
wf(vsl o "Usk-'U:k. o ‘UZ:) = <US1a f1> T <U5k3 fk><fk7vtk> e <f1avt1>'

A. PERIODIC PURE ESSENTIAL PRODUCT STATES. Suppose wy has finite period
p; this is equivalent to p being the smallest positive integer for which the series
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>-(1 = |{fis fi+p)|) converges (Section 4 of [10]). The GNS triple for wy is unitar-
ily equivalent to (m(), H{, &), where Hy, is the infinite tensor product £¥°° with
canonical unit vector & := f1 ® fo® - -, and

T (Vsy -+ Vg vf, - 0f ) @ ho @ -+ )
= <hl7vt1>~.~<hkavtk>vsl ®~..®U5k ®hk+1 ®h’k+2 SR

(See [13] and [9] for the definitions and basic properties of infinite tensor products.)
The state 3*'w; corresponds to the sequence (vi,...,v1, f1, f2,...), so we can
——

similarly define (7}, H}, &}). Replacing (m;, H;, &) with (7, H;, &) for 0 < i < p—1
in Theorem 3.5,
=00 - QuRfi® f2® - €H
—_—

P

is a linking vector for wy. For this choice of 5;, the vectors & for k =i+mp > p+1
are similarly given by

=01 Q- QU Ofi ® fo®--- € H.
N —’
k

It is routine to check that (3.4) yields the same formula for extensions of wy as
that given in Theorem 3.1 of [8].

B. GENERALIZED CUNTZ STATES. Next we use periodic sequences to construct
and classify examples along the lines of those from Section 4 of [10] and Corol-
lary 5.5 of [11]. When f is a constant sequence, the pure extensions of wy to O,
are the Cuntz states ([6]), and lead to shifts which admit a pure normal invariant
state ([15]). We consider here the more general case where f has period p, so that
it is determined by the p-tuple (fi,..., fp). For such a sequence, wy is periodic in
a stronger sense than that of Definition 1.3: indeed a*Pw; = wy.

Although the pure extensions of wy are mutually disjoint, by Corollary 4.4(i)
they induce the same endomorphism of B(H) up to conjugacy. In order to compare
the endomorphisms coming from two different sequences we use Corollary 4.4(ii).
The criterion is particularly easy to apply in this strictly periodic situation because
the quasi-orbit of wy is obtained by simply taking the cyclic permutations of the
p-tuple (f1,-.., fp)-

COROLLARY 5.1. Suppose f and g are periodic sequences of unit vectors in
n-dimensional Hilbert space €. Let ay (resp. o) be the ergodic endomorphism
associated to a pure extension of wy (resp. wy). Then ay is conjugate to oy if and
only if there is a unitary W on € such that the p-tuple of 1-dimensional subspaces

(W fal, ..., [Wfp]) is a cyclic permutation of ([g1],. .., [gp])-

Proof. Corollary 4.4 (ii) reduces the question of conjugacy to finding a quasi-
free automorphism vy of F,, that superimposes the quasi-orbit of wy to that of
wgy. By Corollary 5.3 of [11] the quasi-orbits of wy o v and w, coincide if and
only if the series > (1 — |[(W f;, gj+x)|) converges for some k. Since the sequences

J
f and g are periodic, this series converges if and only if all its terms vanish; i.e. if
and only if [W f;] = [gj+] for some fixed k and every j. 1
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REMARK 5.2. The orbit of the p-tuple ([fi],...,[fp]) of one-dimensional
subspaces of £ under the joint action of cyclic permutations and of the unitary
group U(E) (acting diagonally on p-tuples) is thus a complete conjugacy invariant
for the class of ergodic endomorphisms arising from pure essential product states
of F,, which are strictly periodic under a*.

This invariant also classifies the larger class of ergodic endomorphisms as-
sociated with pure essential product states which are eventually strictly peri-
odic, in the sense that there exists p > 1 such that for large enough k£ one has
Py e = oy

C. PURE EXTENSIONS OF DIAGONAL STATES. Assume n is finite. The diagonal

D in F,, is the abelian subalgebra generated by the projections vsv}, where s is

any multi-index. The spectrum D of D is canonically isomorphicA to the totally
disconnected compact space {1,2,...,n}N. A rational point in D is one which
corresponds to a sequence which is eventually periodic, and irrational points cor-
respond to aperiodic sequences ([6]).

When the sequence f = (f;) consists of basis vectors (that is, each f; € {vy :
1 < k < n}), the state wy of F, is a diagonal pure state; i.e. it corresponds to a

point in D. It was observed by Cuntz that if the sequence is aperiodic then the
state wy has a unique pure extension. Using our Corollary 3.6 we can say what
happens at the rational points.

COROLLARY 5.3. Suppose f is a sequence of basis vectors with periodic tail,
so that w¢|D is a rational point in the spectrum of D. Then the pure extensions
of wy to Oy, are mutually disjoint and indexed by the circle T (via the composition
of *™t 1 2™/P gnd the gauge action).

Setting n = 2 gives uncountably many inequivalent pure extensions of the
trace on the Choi subalgebra of Oy arising from each rational point in D.

Proof. The first assertion follows from Corollary 3.6; the second one is im-
mediate because if a state of O restricts to a diagonal state on F,,, then it extends
the trace on the Choi algebra ([2] and [19]). 1
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