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ABSTRACT. We introduce the notion of a C*-valued weight between two C*-
algebras as a generalization of an ordinary weight on a C*-algebra and as a
C™-version of operator valued weights on von Neumann algebras. Also, some
form of lower semi-continuity will be discussed together with an extension to
the multiplier algebra.

A strong but useful condition for C*-valued weights, the so-called regu-
larity, is introduced. At the same time, we propose a construction procedure
for such regular C*-valued weights. This construction procedure will be used
to define the tensor product of regular C*-valued weights.
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INTRODUCTION

In the papers [6] and [7], Uffe Haagerup introduced the notion of operator valued
weights on von Neumann algebras as a generalization of weights which take values
in another von Neumann algebra.

An application of this theory can be found in the theory of the Kac algebras
(M, A, ) (see [2]). There, we have a semi-finite faithful normal weight ¢ on the von
Neumann algebra M which is left invariant in the sense that (: ® ¢)(A(a)) = ¢(a)l
for every a € M. But one has to give a meaning to the expression (¢ ® ¢)(A(a)).
This can be done using the theory of operator valued weights. In this case, t ® ¢
is an operator valued weight from M ® M into M.

Now we turn to the case of quantum groups in the framework of C*-algebras
instead of the framework of von Neumann algebras. In this case, we have a C*-
algebra A, a comultiplication A from A into the multiplier algebra M (A® A) and
a densely defined lower semi-continuous weight ¢ on A which is left invariant in
the sense that (¢ ® ¢)(A(a)) = ¢(a)l for every a € M. Also in this case we
have to give a meaning to the expression (¢ ® ¢)(A(a)) for a € M. This can be
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done by regarding ¢ ® ¢ as a C*-valued weight from A ® A into A (which can be
extended to certain elements of M (A ® A)).

We want to perform the construction of t®¢ in a purely C*-algebraic setting,
not in a von Neumann algebra one. For instance, we do not want to extend ¢ to
a normal weight on a bigger von Neumann algebra and work with this extension.
Partly, because there are no guarantees that ¢ can be extended in the case of
C*-algebraic quantum groups.

If we look at the left invariance of ¢, we see that (¢ ® ¢)(A(a)) has to belong
to M(A) for every a € M,,. But also in the case of quantum groups there is some
interest to let C"*-valued weights take values in the set of affiliated elements. This
can be seen as follows.

A C*-algebraic quantum group will (possibly) have the analogue of a modular
function for classical groups. This will be a strictly positive element ¢ affiliated
with A such that (¢ ® ¢)(A(a)) = dp(a) for every a € MF. We have to give
a meaning to the expression (¢ ® ¢)(A(a)) but we see already that it will be
unbounded in many cases.

In the first section, we will give a possible definition for C*-valued weights.
Loosely speaking, they will be completely positive linear mappings between C*-
algebras which are unbounded. We will restrict the domain of our C*-valued
weights and let them take values in the multiplier algebra of another C*-algebra.
Later, we will discuss some extensions and even let them take values in the set of
affiliated elements.

We will also introduce a KSGNS-construction of a C*-valued weight, mod-
elled on the KSGNS-construction for completely positive mappings (for instance,
see [5]).

In the second section we introduce a special family of completely positive
mappings relative to a C*-valued weight (and even a little bit more general).
These completely positive mappings allow us to introduce a notion of lower semi-
continuity for C*-valued weights in the third section. We also introduce the notion
of regular C*-valued weights in this third section.

In the fourth section, the extension of a lower semi-continuous weight to the
multiplier algebra is discussed.

The fifth section serves as a first step in a construction procedure for C*-
valued weights.

We propose a construction procedure for regular C*-valued weights in the
sixth section. Along the way, we prove an important result which will be used
in the next section to prove some nice results about regular C*-valued weights.
There is also a short discussion about a further extension of regular C*-valued
weights which takes values in the set of affiliated elements.

In the last section, we introduce the tensor product of two regular C*-valued
weights using the construction procedure of Section 6.

At the end of this introduction, we will fix some notation and conventions.
The main technical tools for this paper come from the theory of Hilbert C*-modules
over C*-algebras. A nice survey of this theory can be found in [5]. All our Hilbert
C*-modules are right modules and have inner products which are linear in the first
variable. Consider Hilbert C*-modules E, F' over a C*-algebra A. We will use the
following notation:

(i) L(E, F) is the set of linear mappings from E into F;
(ii) B(E, F) is the set of bounded linear mappings from E into F
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(iii) L(E, F) is the set of adjointable mappings from F into F.

Consider two C*-algebras A and B and p a completely positive mapping from
A into M(B). We call p strict if and only if it is strictly continuous on bounded
sets. Let (er)rex be an approximate unit for A. Theorem 6.5 of [5] implies that
p is strict if and only if (p(ex))rex is strictly convergent. If p is strict, then it
has a unique extension p which is a completely positive linear mapping, strictly
continuous on bounded sets (e.g., the appendix of [4], or use Theorem 6.5 of [5]).
For every a € M(A), we define p(a) = p(a).

1. THE DEFINITION OF A C*-VALUED WEIGHT AND ITS KSGNS-CONSTRUCTION

In this first section, we will introduce the definition of a C*-valued weight
between C*-algebras. This definition is a generalization of the definition of usual
weights on C*-algebras but we will assume complete positivity instead of just
positivity (which is to be expected). After that, we will introduce a KSGNS-
construction for such a C*-valued weight similar to the KSGNS-construction for
completely positive mappings.

We will start of with the definition.

DEFINITION 1.1. Consider two C*-algebras A and B and a hereditary cone
Pin AT. Put N ={a € A|a*a € P} and M = span P = N*N. Suppose that ¢
is a linear mapping from M into M (B) such that

ijgoaal bi =0

3,7=1

for everyn € Nand all ay,...,a, € N, by,...,b, € B. Then we call p a C*-valued
weight from A into M(DB).

We will introduce the following notation.

NOTATION 1.2. Consider two C*-algebras A and B and a C*-valued weight
¢ from A into M (B). We will use the following notation:
(i) the domain of ¢ will be denoted by M.,;
(ii) we define N, = {a € A|a*a € M}}.
We have that M, is a sub-*-algebra of A, /\/l;g is a hereditary cone in AT
and M, = span M. Furthermore, N, is a left ideal in M(A) and M, = NIN,.

REMARK 1.3. Consider two C*-algebras A, B and a C*-valued weight from
A into M(B). As usual, we say that ¢ is densely defined if M, is dense in A,
which is equivalent to NV, being dense in A or to M} being dense in A*.

As the generalization of the GNS-construction for weights, we have the
KSGNS-construction for C*-valued weights:
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DEFINITION 1.4. Consider two C*-algebras A and B and a C*-valued weight
¢ from A into M(B). A KSGNS-construction for ¢ is by definition a triplet
(E, A, ) where:

(i) E is a Hilbert C*-module over B;
(ii) A is a linear mapping from N, into £(B, E) such that:
(a) the set {A(a)b| a € Ny, b€ B} is dense in E, and
(b) we have for every a,as € N, and by, by € B that (A(a1)b1, Aaz)bs)
= bp(asa1)b;

(iii) 7 is a x-homomorphism from A into L£(F) such that w(x)A(a) = A(za)

for every € A and a € N,,.

It is clear that a KSGNS-construction is unique up to unitary equivalence.

REesuLT 1.5. Consider two C*-algebras A and B and a C*-valued weight ¢
from A into M(B) and let (E,A,m) be a KSGNS-construction for . Then
(i) ¢(asa1) = Ala2)*A(ar) for every ai,as € Ny;
(ii) [[A(@)l* = llp(a*a)l| for every a € No;
Ngiii) if ™ is non-degenerate, then m(x)A(a) = A(za) for every x € M(A) and
a € N,.

Proof. The first property follows immediately from the definition of the
KSGNS-construction. The second follows from the first. For the proof of the
third, suppose that 7 is non-degenerate. Take z € M(A) and a € N,. We have
for every e € A that ex belongs to A, thus

m(e)(m(x)A(a)) = w(ex)A(a) = Alexa) = w(e)A(za).
From the non-degeneracy of w, we infer that w(x)A(a) = A(za). 1

The proof of the existence of a KSGNS-construction is a generalization of
the KSGNS-construction for completely positive maps. For a large part, we will
mimic the proof of Theorem 5.6 of [5] but we will also add some features for this
specific case (Lemma 1.6 and Definition 1.7).

For the most part of this section, we will fix two C*-algebras A and B and
a C*-valued weight ¢ from A into M(B). In the next part, we will gradually
construct a KSGNS-construction for ¢.

First, we define the complex vector space F = N, ® B. We turn F into a
semi-inner product module over B such that:

(i) for every a € N, b,c € B we have (a ® b)e = a ® (bc);
(ii) for every a1, az € Ny, by, by € B we have (a1 ®by, a2 ®bs) = bip(abay)b.

Put N = {x € F | (z,z) = 0}; then N is a submodule of F. By the discussion
in Chapter 1 of [5], we know that % can be naturally turned into an inner product

module over B. We define A ®, B to be the completion of % So A®, B is a
Hilbert C*-module over B.

For every a € N, and b € B, we define a®b to be the equivalence class in
% associated with a ® b. Then we have the following properties:

(i) the mapping N, x B — A®, B : (a,b) — a®b is bilinear;

(ii) for every a € N, and b, c € B, we have that (a ®b)c = a ®(bc);

(iii) for every ai,as € N, bi,bo € B, we have that (a1 ®b1,a3®@bs) =
bp(azar)by;
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(iv) the set (a®b | a € N,,b € B) is dense in A®, B

These properties completely determine the Hilbert C*-module A ®, B

It is easy to see that |ja®b| < |l¢(a*a)|Z||b] for every a € N, and b € B.
Therefore, we have for every a € N, that the mapping B — A®, B:b— a®bis
continuous.

First, we prove the following lemma:

LEMMA 1.6. Let a be an element in N, and define the mapping t from B
into A®, B such that t(b) = a®b for every b € B. Then t belongs to L(B, A®, B)
and t*(c®@ d) = p(a*c)d for every c € Ny, d € B.

Proof. We have for every ¢ € N, and b,d € B that
(t(b),c®d) = (a®@b,c®d) = d*p(c*a)b.

Therefore Proposition 10.3 implies that ¢ is an element of £(B,A ®, B). It is
also clear from the above equation that t*(c®d) = ¢(a*c)d for every ¢ € N, and
deB. 1

This lemma justifies the following definition.

DEFINITION 1.7. We define the linear mapping A, from N, into £(B, A®,
B) such that A,(a)b = a®b for every a € N, and b € B. We also have that
Ay(a)*(c®d) = p(a*c)d for every a,c € N, and d € B.

Using this definition, it is straightforward to check the following properties:
(i) the set (A,(a)b|a € Ny, b e B) is dense in A®, B
(ii) we have for every aq,as € N, and by, by € B that (A, (a1)b1, Ay(az)bs) =
sp(a5a1)bs.

LEMMA 1.8. Consider ai,...,a, € Ny, bi,....b, € B and © € M(A).
Then

n

Z bje((wa;)" (za;))b; < ||| Z bjp(aja;)b

7,7=1 1,j=1

Proof. There exists an element y € M(A) such that ||z||?1 — z*z = y*y.
Because N, is a left ideal in M(A), we have that yas, ..., ya, belong to N,. This
implies that

l||| Z bjp(ajai)b; Z bio((za;)* (wa;))b; Z b Hx|| 1—a"x)a;)b;

i,5=1 i,j=1 i,j=1
Z bre(asyyai)bs = Y bio((ya;)* (ya:))bi > 0. 1
4,j=1 i,j=1

LEMMA 1.9. Consider x € M(A). Then there exists a unique T € L(A®,DB)
such that TA,(a) = Ay(za) for every a € N,. Moreover, T*Ay(a) = Ay(x*a) for

every a € No.
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Proof. Choose y € M(A). Take ay,...,a, € N, and by,...,b, € B. We can
restate the previous lemma in the following form:

< 2": Ay (yai)bs, 2": Aw(yai)bi> < ||y||2< z": Ay (ai)bi, Zn: Atp(ai)bi>a

=1

which implies that

H iA¢(yai)bi
=1

As usual, this last equality implies the existence of a unique continuous linear map
T, from A ®, B into A ®, B such that T, (A,(a)b) = A,(ya)b for every a € N,
and b € B. We have for every aj,az € Ny, and by, by € B that
(T (Ap(a1)bi), Ap(az)ba) = (Ap(za1)bi, Ay(az)be) = byp(as(zar))by
= b§<p((x*a2)*a1)b1 = <A¢(a1)b1,A¢($*a2)b1> = <A¢(a1)b1,T$x (Aw(ag)bg».

This implies that (T (v),w) = (v, T+ (w)) for every v,w € A®, B. Therefore, we
get that T, belongs to L(A®, B) and T} =T,-. 1

< lyll| D A
i=1

This lemma justifies the following definition.

DEFINITION 1.10. We define the mapping 7, from A into £(A ®, B) such
that 7, (x)Ay(a) =A,(za) for every z € A, a€N,. Then 7, is a *-homomorphism.

This discussion allows us to formulate the following proposition.

PROPOSITION 1.11. We have that (AQ,B, Ay, 7,) is a KSGNS-construction
for . This triplet is called the canonical KSGNS-construction for ¢.

In a last part, we look at the case where ¢ takes values in B and investigate
the connection with the mapping A,. First, we prove the following lemma.

LEMMA 1.12. Consider a C*-algebra C and a Hilbert C*-module F' over C'.
Let t be an element in L(C, F). Then t*t belongs to C if and only if there exists an
element x € F such that tc = xc for every ¢ € C which is equivalent to t belongs

to K(C, F).
Proof. Suppose that t*t belongs to C. Define S € L(C @ F,C ¢ F) with

S* = S such that
(0 ¢
s_(t 0).

2 [ttt 0
S‘(o tt*)'

By Proposition 1.4.5 of [8], there exists an element U € L(C' & F,C & F) such that
S = U(S?)3. This implies that

(? g)‘U<@zﬂ @£ﬁ>'

We have that
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. Because t*t
) € F. Then

From this, we get the existence of u € L(C, F) such that ¢ = u(t*t)
belongs to C, we have that (t*t)7 belongs to C. Put x = u((t*t)
t(c) = xc for every c € C.

Suppose there exists an element x € F such that t(¢) = xc for every ¢ € C.
In this case, we have for every ¢ € C that

c(t*t)e = (e, (t*t)c) = (te,te) = (xe, xzc) = ¢*(x, x)c

which implies that t*t = (z,z) € C. 1

This immediately implies the following proposition.

ProrosITION 1.13. Consider two C*-algebras A, B and a C*-valued weight
¢ from A into M(B) with KSGNS-construction (E, A, 7). Let a be an element
of Ny. Then p(a*a) belongs to B iff there exists an element x € E such that
A(a)b = b for every b € B iff A(a) belongs to K(B, E).

Let a be an element in N, such that ¢(a*a) € B. By the previous propo-
sition, we get the existence of a unique element x € E such that A(a)b = zb for
every b € B. As we have seen in the previous lemma, we have in this case that
p(a*a) = (x,z) which looks like the GNS-construction for weights.

L LN [

2. A SPECIAL FAMILY OF COMPLETELY POSITIVE MAPPINGS

In this section, we will consider two C*-algebras A and B, a Hilbert C*-module
E over B and a dense left ideal N in A. Furthermore, let A be a linear mapping
from N into £(B, E) and 7 a *-homomorpism from A into £L(E) such that:
(i) the set (A(a)b | a € N,b € B) is dense in E;
(ii) we have that 7(z)A(a) = A(za) for every z € A and a € N.
We introduce a special family of completely positive mappings relative to
this objects and investigate some properties of them.

DEFINITION 2.1. We define H to be the set
{p a strict completely positive linear mapping from A into M (B) | there exists

an operator T € L(E)* such that b3p(asar)b; = (T'A(a1)b1, A(az)bs)
for every aj,as € N, by, by € B}.
NoTATION 2.2. Consider p € H. Then there exists a unique element 7' €
L(E)T such that (T'A(a1)by, A(az)bs) = bip(asay)by for every ay,as € N and

bi,bo € B. We define T, = T. This implies that p(asa;) = A(a2)*T,A(a;) for
every aj,as € N.

REesuLT 2.3. Consider p € H. Then T, belongs to w(A)'.

Proof. Choose z € A. Using the definition of T},, we have for every a;,a2 € N
and by,by € B that

(Tym(x)A(ar)br, Alaz)ba) = (T,A(xar)bi, Alaz)bs) = bp(as(xar))b
= byp((z"a2)*a1)br = (TpA(a1)br, A(z"az)ba)
= (T,A(a1)by, m(x*)A(az)bs)
= (m(x)T,A(a1)b1, Alaz)bs).
This implies that T,m(z) = 7(x)T,. §
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RESULT 2.4. Consider p € H and a € N. Then ||T,,%A(a)||2 = |Ip(a*a)| <
ol al®.

This follows immediately from the fact that
(17 Aa))" (T7 Ala)) = A(a)*T,A(a) = p(a*a).

The following result has its analogue in the theory of weights (see Proposi-
tion 2.4 of [1]).

PROPOSITION 2.5. Assume that 7 is non-degenerate. Consider p € H and
S € L(E)N7(A)" such that S*S = T,. Then there exists a unique element
v € L(B, E) such that SA(a) = n(a)v for every a € N. Furthermore, the equality
|lv]|? = ||p|| holds. We have also that p(x) = v*m(z)v for every x € M(A).

Proof. The non-degeneracy of 7 clearly implies the unicity of v. We will
turn our attention to the existence. Take an approximate unit (ex)rex for A in
N (which is possible because N is a dense left ideal in A).

STEP 1. Choose b € B. We have for every k,l € K that

1SA(er)b — SA(e)d||” = [[(SA(ex — er)b, SA(er, — en)b)|
= [[{(S"SA(ex — )b, Alex — e)b) ||
= (T, Alexr — e)b, Alex — e)b) ||
= [16*p((ex — e1)*)b]-
Because the net ((ex — 61)2)(;671)6;(”( is bounded and converges strictly to 0, we
have also that the net (p((ex — €1)?))(k,)ek xx converges strictly to 0 (remember
that p is assumed to be strict). Therefore, the net (b*p((ex — €)?)b)(k)ek x K
converges to 0, which implies that the net (SA(ex)b—SA(er)b)k,)ex xx converges
to 0. Consequently, the net (SA(ex)b)rek is Cauchy and hence convergent in B.
From this all, we get the existence of a linear mapping v from B into F such that
(SA(ex))kex converges strongly to v. (We borrowed the idea for the preceding
part from Theorem 5.6 of [5].)
STEP 2. Choose a € N. It is clear that (7(a)SA(er))rex converges strongly
to m(a)v. On the other hand, we have for every k € K that
[m(a)SA(ex) — SA(a)|]* = [|Sm(a)A(er) — SA(a)||* = [[SA(aer) — SA(a)|?
= ||A(aeg — a)*S*SA(aer, — a)l
— | A(acx — a)*T,Aaer — a)
= [lp((aex —a)*(aex — a))|-
This implies that the net (7(a)SA(er))rex converges to SA(a).

Combining these results we get the equality w(a)v = SA(a).
STEP 3. We have for every k € K that

ISA(er)l* = [[A(er)*S™SA(ex)ll = [[Alex) TpAler) | = llp((er) )]l
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Hence, ||SA(er)||? < ||p|| for every k € K. Because (SA(ex))rer converges
strongly to v, this implies that v is bounded and ||v||?> < ||p||. Using Step 2, we
have for every k € K that

[vlI* = [l (ex)oll* = 1SAen)lI* = lo((ex))]l-

Because p is positive, we know that (||p((ex)?)||)xex converges to ||p||. This
implies that ||[v||? = ||p]|-

Combining these two inequalities, we get that ||[v]* = ||p|l-

STEP 4. We still have to prove that v is adjointable. Therefore, choose a € N
and z € E. We know from the second result of Step 2 that ((SA(ex))* 7 (a*))ker
converges to (SA(a))*. This implies that the net ((SA(eg))*n(a*)z)rex is conver-
gent.

Because 7 is assumed to be non-degenerate, the set (w(a*)x | a € N,z € E)
is dense in E. By Step 3, we also know that ((SA(eg))*)rex is bounded.

These three facts imply easily the existence of a unique linear map w from E
into B such that ((SA(eg))*)rex converges strongly to w. By definition, we have
that (SA(er))rex converges strongly to v.

These two results imply that (vb,z) = (b,wz) for x € E, b € B. Conse-
quently, v belongs to £(B, E) and v* = w.

STEP 5. We have for every a;,as € N that

plasar) = Aaz) TyAar) = Alaz)*S*SA(ar) = (SA(az))* (SA(a1)
= (m(a2)v)*(w(a1)v) = v*w(asar)v.

This implies that p(z) = v*m(z)v for every x € N*N. The usual continuity and
strict continuity arguments imply that p(z) = v*7(z)v for every z € M(A). 1

I

NOTATION 2.6. Suppose that 7 is non-degenerate. Considering p € H, we
1
define v, to be the unique element in £(B, E) such that T A(a) = w(a)v, for
every a € N. Furthermore, ||v,|* = ||p||. We have also that p(z) = vim(z)v, for
every x € M(A).

*
p

REMARK 2.7. We have the following obvious properties:
(i) 0 belongs to H and Ty = 0;
(ii) for every pi, p2 € H, it follows that p; + po belongs to H and T, 4,, =
Tpl + sz;
(iii) for every p € H and every A € RT, it follows that AT belongs to H and

Ty, = NT.
We will need the following ordering < on H.

DEFINITION 2.8. Consider p1,p2 € ‘H. We say that p; < pa if one of the
following conditions fulfilled:
(i) p2 — p1 is completely positive;
(ii) we have for every n € N, ay,...,a, € A and by,...,b, € B that

n n
Z bipi(aja;)b; < Z bipa(aja;)bi;
ij=1 ij=1
(i) Ty, < T,

It is straigthforward to check the equivalence of the different conditions in
the previous definition.
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REMARK 2.9. We also have the property: let p1, p2 be elements in ‘H with

p1 < p2. Then py — p1 belongs to H and 1,,_,, =1, —T,,.
The following sets are also generalizations of objects known in the ordinary

weight theory (see, e.g., Definition 2.1.7 of [10]).
DEFINITION 2.10. We define the following sets
F={peH|T,<1} and G={Mp|A€[0,1],pc F} C F.

REMARK 2.11. Let p be an element in H. It is not difficult to check that p
belongs to F if and only if

> biplajant < (D7 Alai)bis Y Alai)bi)
=1 =1

ij=1
for every n € N, ay,...,a, € N and by,...,b, € B.

Like in the case of weights, the reason for introducing the set G is to obtain
a set which is directed for the ordering <. This is the content of the following
proposition. The basic idea of its proof is the same as the proof for ordinary
weights (see Proposition 2.1.8 of [10]), but some extra work has to be done in this
case.

First, we prove the following lemma (which we took from Proposition 2.1.8
of [10]).

LEMMA 2.12. Consider a unital C*-algebra C. Let Ty, Ty be elements in C
with 0 < Th, To < 1, and let v be a number in [0,1[. Then there exists an element
T e C with0<T <1 and such that yT1 <T,yTs <T and T < ﬁ(ﬂ +T3).

Proof. For the moment, fix ¢ € {1,2}. We define

T
= C.
R
It is then easy to check that
Si
2.1 T, =
(21) TS,
and
(2.2) S < T,
-~
Next, we define
S1+ 5

=—_€e(C.
1451+ 5

T
We infer immediately that 0 < 7' < 1. By (2.2), we have that T < S; + S <
ﬁ(Tl + Tv).

We know that the function RT — R* : ¢ — 1 is operator monotone (see
[8]). This implies for every i = 1,2 that
Si
> =~T;
= 51 + 1 ’Y (2]

where we used (2.1) in the last equality. 1
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PROPOSITION 2.13. The set G is directed for <

Proof. Choose p1,ps € F and A1, Ay € [0,1[. Then there exists a number v €
[0, 1] such that A\, Ay < . We also know that T}, ,T),, belong to 7(A)’ NL(E) and
0<17T,,T,, <1. The previous lemma implies the ex1stence of T en(A) NLE)
with 0 <7 < 1 and such that 47, <T,~T,, <T and T < ; (T +1,,).

Put A = Inax()‘1 >‘2) € [0,1]. Then
(2.3) AT 2 M, > MT, =T\, and analogously, AT > Ty,,,.

In the rest of the proof, we want to construct an element p in F such that
T,=T.

In two steps, we will prove the following inequality:

Consider ay,...,a, € N and by,...,b, € B. Then

HZA YT A(as)

STEP 1. Choose w € B}. Define the function 6 from A into C such that
0(z) = % (w(p1(@)) + w(pz2(z))) for every x € A. Then 6 belongs to A% and

v .
<A oall + ool | 2 vt
=1

(2:4) 101} < —=—=(llpall + 2l Dl

17

Next, define the mapping S from N x N into C such that S(z,y) = w(A(y)*
‘TA(z)) for every x,y € N. Then S is sesquilinear. Furthermore:
(1) We have for z € N that

0 < A(2)"TA(z) < ﬁA(w)*(Tm +T,,)A(2) < %(m(x*x) + pa(a*)),

which implies that 0 < S(z,z) < 0(z*x).
(2) We have for every x,y € N and a € A that

A(y)"TA(ax) = Ay)" Tm(a)A(x) = Ay) 7 (a)TA(x)
= (m(a”)A(y))" TA(z) = Aa”y) " TA(x),

which implies that S(az,y) = S(z,a*y).

This allows us to apply Lemma 9.5. Therefore, we get the existence of ¢ € B
with ¢ < 6 and such that S(z,y) = ¥(y*z) for every z,y € N.

This implies that

o (ZA TAaz)’—‘ZSal,Z
T
=1

where we used inequality (2.4) in the last inequality.

= W’(Eﬂ:bi‘ai) <l 3 bt
i=1 i=1

n
v
< 2= ol + el el - b
=1
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STEP 2. Choose w € B* with |lw| < 1. Then there exist w,...,ws € B}

such that ||wi,...,|lws]] < 1 and w = Z i*wy. Referring to Step 1, it is not
=1
difficult to see that

]w(zA )TA@))| < a2 lonll + o2l 3 b
=1

This implies that

HZA “TA(a;)

As usual, this inequality guarantees the existence of a unique continuous
linear map p from A into M (B) such that p(asa;) = A(ag)*T'A(ay) for ai,as € N.
It is clear that p is completely positive.

Choose = € N. We have for every b € B that

g o
<aploall + o2l | 3 vt
i=1

b*p(z*2)b = (TA(z)b, A(z)b) < %((TplA(x)b,A(z)b) + (T, A(2)b, A(z)b))

7y

= m(b*m(w*x)b + 0" pa(a”x)b),

which implies that p(z*z) < 125 (p1(2*z) + p2(2*z)). Hence, p < 175 (p1 + p2).
Therefore, the strictness of pi, p2 implies that p is strict.

It is now easy to see that p belongs to F and T, = T'. Moreover, inequality
(2.3) implies that Th, = AT, = AT > T\,p,, Th,p,, Which implies that A\p >
A1p1, A2p2. 1

The following easy lemma will be used several times.

LEMMA 2.14. Consider a € M(A)Y and b € B. Let x be an element in
B such that b*p(a)b < x for every p € G. Then the net (b*p(a)b),cg converges
to x if and only if for every € > 0 there exists an element n € F such that
[z —b™n(a)b]| < e.

3. LOWER SEMI-CONTINUITY OF C*-VALUED WEIGHTS

In this section, we will introduce a possible definition for lower semi-continuity of
a C*-valued weight. Also, some easy consequences will be derived for such lower
semi-continuous C*-valued weights. At the end of this section, we will introduce
an ever stronger condition than lower semi-continuity, the so-called regularity.

NoOTATION 3.1. Consider two C*-algebras A and B and a densely defined
C*-valued weight ¢ from A into M (B) with KSGNS-construction (E,A, 7). The
ingredients A, B, E, N, A, 7 satisfy the conditions of the beginning of Section 2.
We define H,,, Fy,, G, to be the objects H, F, G defined in Definitions 2.1 and 2.10,
using these specific ingredients.
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It is not difficult to see that the definition of H,,F, and G, is independent
of the choice of the KSGNS-construction. The notations T, and v, however (see
Notations 2.2 and 2.6), will always be relative to a specific KSGNS-construction.

We will use the following definition of lower semi-continuity in this paper.
It should be noted however that this definition will exclude some interesting C*-
valued weights as being lower semi-continuous while they are lower semi-continuous
in some way.

DEFINITION 3.2. Consider two C*-algebras A and B and a densely defined
C*-valued weight ¢ from A into M (B). We call ¢ lower semi-continuous if and
only if:

(i) we have that M = {z € A| (p()),eg,, is strictly convergent in M (B)};
(ii) for every x € M, the net (p(z))yeg, converges strictly to ¢(z).

REMARK 3.3. Consider two C*-algebras A and B and a densely defined lower
semi-continuous C*-valued weight ¢ from A into M (B). Because every element of
My is a linear combination of elements from M7, the net (p(x)),eg, converges

strictly to ¢(x) for every x € M,,.

This definition is rather heavy. In fact, in the ordinary weight theory this
definition is a major result proved by Combes (see [1]). Therefore, it might be
an interesting question whether it is possible to give some kind of lower semi-
continuity definition in the classical sense which is equivalent to this one. On the
other hand, this definition is probably workable because most of the C*-valued
weights will be defined starting from some sort of family of completely positive
mappings.

For the most part of this section, we consider two C*-algebras A and B and
a densely defined lower semi-continuous C*-valued weight from A into M (B). We
also fix a KSGNS-construction (E, A, ) for .

Referring to Lemma 9.3, the following proposition follows immediately.

PROPOSITION 3.4. Let x be an element in AT. Then x belongs to /\/l;g if
and only if for every b € B the net (b*p(x)b),eg, is convergent in B.

As usual, we have some kind of monotone convergence properties:

RESULT 3.5. Consider a net (;)icr in M} and an element x in M such
that (x;);cr converges strictly to x and x; < x for every i € I. Then (o(x;))icr
converges strictly to o(x).

Proof. 1t is clear that 0 < ¢(x;) < ¢(z) for every i € I. Choose b € B. Take
€ > 0. Then there exists p € G, such that |[b*p(z)b — b*p(z)b|| < 5. Because
(p(x;))icr converges strictly to p(z), there exists an element ig € I such that
6% p(2i)b — b*p(x)b]| < § for every i € I with i > do.

Choose j € J with j > ig. Then

1% p(5)b = b (2)b]] < [[b7p(25)b — b7 p()b]| + (% p(2)b — 0™ (2)b]| <
Because 0 < b*p(x;)b < b*p(z;)b < b*p(x)b, we get that
16%p(x5)b = b™p(2)b]| < [|b"p(x)b = b™p(2)b]| <e.

Consequently, we see that (b*p(x;)b);er converges to b*¢(x)b. Lemma 9.2
implies that (¢(x;))ier converges strictly to ¢(x). 1

_|_

=£.

N ™
N ™
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RESULT 3.6. Consider a net (x;)ier in M and an element x in A% such
that (x;)ier converges strictly to x and z; < x for every i € I. Then x belongs to
M if and only if the net (b*@(xi)b)icr is convergent for every b € B.

Proof. As one implication follows from the previous result, we will turn to
the other one. Therefore, assume that the net (b*¢(x;)b);cr is convergent for every
b € B. Choose ¢ € B. By assumption, there exists an element d € BT such that

(3.1) (c*o(x;)c)ier  converges to d.

First, we will prove that
(3.2) c"p(x)e < d for every p € G,.

Take p € G,. Choose n € N. From (3.1), we get the existence of an element
io € I such that ||d — c*¢(z;)c|| < L for every i € I with i > ig. Therefore, we
have for every i € I with i > iy that ¢*p(z;)c < c¢*p(z;)ec < d+ 21. Because
(¢*p(xi)c)ier converges to c¢*p(x)c, this implies that c*p(z)c < d+ L1, If we let
n tend to oo, we get that ¢*p(z)e < d. Choose ¢ > 0. By (3.1), there exists
an element j € I such that [[c*o(z;)c —d| < §. The lower semi-continuity of ¢
implies the existence of py € G, such that |c*p(z;)c — c¢*p(x;)c|| < § for every
p € G, with p > pg. So we get that
(3.3) llc*p(xj)c —d|| <e  for every p € G, with p > po.

Take n € G, withn > pg. Using (3.2), we have that 0 < ¢*n(z;)c < ¢*n(x)c <
d. Consequently, (3.3) implies that

" n(z)e = d|| < [lc™n(z;)e —df| <e.

Hence, we see that (c*p(z)c),cg, converges to d. The lower semi-continuity

of ¢ guarantees that x belongs to /\/lj ]

Like for weights, these kind of convergence properties imply that the repre-
sentation of a KSGNS-construction is non-degenerate (Lemma 2.1 of [1]).

REsuLT 3.7. The mapping 7 is non-degenerate and w(x)A(a) = A(za) for
every x € M(A) and a € N,.

Proof. Take an approximate unit (e;);c; for A. Choose a € N, and b € B.
Then (a*e;a);er is a net in ./\/l;‘; such that a*e;a < a*a for every i1 € I. Therefore,
Result 3.5 implies that

(3.4) (b*p(a*e;a)b);er  converges to p(a*a).
Similarly, we get that
(3.5) (b*p(a*ela)b)ier  converges to b*p(a*a)b.
We have for every i € I that
Ir(en)A(@)b — Af@)b| = [[{A(esa)b — Aa)b, Aleia)b — A(a)b)]
= |Ib*¢(a*eZa)b—b*p(a*e;a)b—b*p(a*e;a)b + b* p(a*a)b|.

Therefore, (3.4) and (3.5) imply that (7(e;)A(a)b);cr converges to A(a)b. Because
(m(e;))icr is bounded, we can conclude from this that (7(e;))ier converges strongly
tol. 1
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REsuLT 3.8. The net (T),),eg, converges strongly to 1.

Proof. Choose a1,as € N, and by,by € B. We have for every p € G, that
(T,A(a1)b1, A(az2)be) = b3p(asar)by. Therefore, the lower semi-continuity of ¢ im-
plies that ((T,A(a1)by, A(az)ba))pen, converges to bsp(asar)br, which is equal to
(A(a1)b1, A(az)bz). Because (T),),cg, is bounded, this implies that ((T,v, w)),eg,
converges to (v, w) for all v,w € E.

Using Lemma 9.2, we conclude that (7),),cg, converges strongly to 1. &

PRrROPOSITION 3.9. The mapping A is closed for the strict topology on A and
the strong topology on L(B, E).

Proof. Choose a net (x;)ier in Ny, € A and t € L(B, E) such that (z;);es
converges strictly to z and (A(x;));er converges strongly to t. Take p € Gy, c € N,
and b,d € B. We have for every i € I that (T,(A(z;)b), A(c)d) = d*p(c*z;)b, which
implies that ((T,(A(z;)b), A(c)d))icr converges to d*p(c*z)b. It is also clear that
(T, (A(z;)b), A(c)d))icr converges to (T,t(b), A(c)d). Combining these two facts,
we conclude that

(3.6) (T,t(b), A(c)d) = d*p(c*x)b.

Now we will use this last equality to prove that z € N, and A(z) = t.

STEP 1. Take b € B. For the moment, fix p € G,. We have immedi-
ately that the net (b*p(xzfx)b);er converges to b*p(x*z)b. Using (3.6), we have
that b*p(z;x)b = (T,t(b), A(x;)b) for every ¢ € I. This implies that the net
(0*p(zfz)b)icr converges to (T,t(b),t(b)). Combining these two results, we con-
clude that (T,t(b),t(b)) = b*p(x*x)b.

This last equality implies that (b*p(x*z)b),cg, converges to (t(b),t(b)). Be-
cause @ is assumed to be lower semi-continuous, this implies that z*x belongs to
M. So x belongs to N,

STEP 2. Choose ¢ € N, and b,d € B.

By (3.6), we have for every p € G, that

(T,t(b), A(c)d) = d*p(c*x)b = (T, A(x)b, A(c)d).

Because (7},),cg, converges strongly to 1, we can conclude that (t(b), A(c)d) =
(A(x)b, A(c)d). Consequently, t = A(x). 1

At the end of this section, we introduce a stronger condition than lower semi-
continuity, the so-called regularity condition. A first version of this condition was
introduced for weights by J. Verding (see Definition 2.1.13 of [10]).

DEFINITION 3.10. Consider two C*-algebras A and B and a C*-valued
weight ¢ from A into M(B) with KSGNS-construction (E,A, 7). We say that
@ is regular if and only if

(i) o is densely defined and lower semi-continuous;
(ii) there exists a net (u;);es in M (A) satisfying the following properties:
(a) we have for every i € I that:
(1) Nou; € Ny
(2) there exists a unique operator S; € L(E) such that S;A(a) = A(au;)
for every a € Ny;
(3) [Juill < Tand [1Si] < 1;
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(4) there exists a unique strict completely positive linear mapping p;
from A into M(B) such that b3p;(asai)by = (S;A(a1)b1, S;A(az)bs) for every
ai,as € N, and by, by € B.

(b) Moreover,

(1) (u;)ier converges strictly to 1;

(2) (S;)ier converges strongly to 1.

Such a net (u;);er is called a truncating net for . If the truncating net can
be chosen in such a way that every element belongs to A, then we call ¢ strongly

reqular.

Again, it is not too difficult to check that this definition of regularity (and
strong regularity) is independent of the choice of the KSGNS-construction. This
regularity condition is a very strong condition. Nevertheless, there are some inter-
esting C*-valued weights, which satisfy this condition.

(1) Consider two C*-algebras A and B and a strict completely positive map-
ping p from A into M(B). Then p is a regular C*-valued weight from A into B
with a truncating net consisting of one element, the unit in M (A).

In particular, the non-degenerate *x-homomorphisms from A into M (B) are
regular.

(2) Also, the previous example implies that all positive linear functionals on
a C*-algebra are regular.

(3) Consider a C*-algebra A and a KMS-weight ¢ on A. These means that
@ is a densely defined lower semi-continuous weight on A such that there exists a
norm-continuous one-paramater group ¢ on A such that:

(a) ¢ is invariant under o;
(b) we have that p(a*a) = @(a% (a)a% (a)*) for every a € D(O'%).

Then ¢ is strongly regular and has a truncating net consisting of elements
which are analytic with respect to o.

This fact was proven by Jan Verding. The proof of Proposition 2.1.18 in [10]
contains a mistake but has been corrected by himself. A modified proof of this
fact can be found in [3].

It is not yet clear whether every densely defined lower semi-continuous weight
is regular, but intuition tells us that this will probably not be true. It is easily

true if A is commutative.
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4. EXTENSION OF A LOWER SEMI-CONTINUOUS C*-VALUED
WEIGHT TO THE MULTIPLIER ALGEBRA

It is natural to look for extensions of C*-valued weights to the multiplier algebra.
In this section, we will do this for lower semi-continuous C*-valued weights. The
KSGNS-construction of this extension will also be investigated.

We start with a lemma which will also be used in a later section.

LEMMA 4.1. Consider two C*-algebras A and B and an increasing net
(pi)icr of strict completely mappings from A into M(B). Let b be an element
in B and define

P ={x € M(A)" | the net (b*p;(z)b);cr is convergent}.
Then P is a hereditary cone in M(A)T.
Proof. 1t is easy to see that P is a cone in M(A)*. We turn now to the
hereditarity of P. Choose # € P and y € M(A)™ such that y < x. Take € > 0.

Then there exists an element iy € I such that we have for every ¢ € I with ¢ > iy
that ||b* p; ()b — b* ps, ()b]] < . We have for every ¢ € I with ¢ > iy that

0 <% (piy) = pio (¥))b < 0% (pi(x) — pig (x))b,
which implies that
1167 pi ()b — 0" iy ()0l < [[67pi ()b — b" pi ()| < €.

Therefore, we see that the net (b*p;(y)b);cr is Cauchy and hence convergent in B.
Hence, we get that y € P. 1

For the rest of this section, we consider two C*-algebras A and B and a
densely defined lower semi-continuous C*-valued weight ¢ from A into M (B). We
will also fix a KSGNS-construction (F, A, ) for ¢.

REMARK 4.2. Define
P = {z € M(A)" | the net (b*p(x)b),cg, is convergent for every b € B}.
We know by the previous lemma that P is a hereditary cone in M (A)T such that
M C P. Lemma 9.3 implies for every x € P that the net (p()),eg, is strictly
convergent in M (B). So we get for every 2 € span P that the net (p(z)),eg, is
strictly convergent in M (B).

If we define a mapping 1 from span P into M (B) such that the net (p()),eg,

converges strictly to ¢(x) for every = € span P, we get a C*-valued weight 1) from
M(A) into M(B).

These remarks justify the following definition.

DEFINITION 4.3. We define the C*-valued weight % from M (A) into M (B)
such that:
(i) we have that

M% = {z € M(A)* | the net (b*p(x)b),cg, is convergent for every b € B};
(ii) the net (p(x)),eg, converges strictly to @(x) for every x € M.

Because ¢ is lower semi-continuous, it is clear that i extends .
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NOTATION 4.4. We will use the following notation:
(i) we define M, = Mz and N, = N5;

(ii) for every x € M, we put ¢(x) = p(z).

It is clear that M} = M} N Aand N, = N, N A.

The proof of the following results is the same as the proofs of Result 3.5 and
Result 3.6.

RESULT 4.5. Let (xi)ics be a net in MY and x an element in M} such
that (x;);cr converges strictly to x and x; < x for every i € 1. Then (v(x;))icr
converges strictly to p(x).

RESULT 4.6. Let (x;)icr be a net in ﬂg and z an element in M(A)T such
that (:)ier converges strictly to x and x; < x for every i € I. Then x belongs to
M if and only if the net (b*@(xi)b)icr is convergent for every b € B.

We want to obtain a KSGNS-construction for . Therefore, we want to
extend the map A. This will be done in the next part.

LEMMA 4.7. The mapping A is closable for the strict topology on M(A) and
the strong topology on L(B, E).

This follows immediately from the fact that A is closed for the strict topology
on A and the strong topology on L(B, E) (Proposition 3.9).

DEFINITION 4.8. We define A to be the closure of A with respect to the
strict topology on M(A) and the strong topology on L(B, E). For every a in the
domain of A, we define A(a) = A(a).

PROPOSITION 4.9. We have that A is a linear mapping from N, into L(B, E)
such that: o
(i) m(z)A(a) = A(za) for every x € M(A) and a € N ,;
(ii) (A(a1)bi, Alaz)bs) = bip(asar)by for every ai,az € Ny and by, by € B.
Consequently, the triplet (E, N, ) is a KSGNS-construction for @.

Proof. We split the proof in several parts.

STEP 1. Choose z € A and a in the domain of A. Then there exists a net
(ak)ker in N, such that (a)rex converges strictly to a and (A(ay))rex converges
strongly to A(a). It is clear that (zay)recx converges to xa. We also have for every
k € K that za; belongs to N, and A(zay) = m(z)A(ay). So we get that the net
(A(zay))ker converges strongly to m(x)A(a). By the norm-strong closedness of A,
we see that za belongs to N, and A(za) = 7(x)A(a).

STEP 2. Choose a in the domain of A. Take an approximate unit (ej)resx
of A. By Step 1, we know for every k € K that eya belongs to N, and A(era) =
m(er)A(a). From this we conclude that a*eja belongs to M7 and

b*o(a*e2a)b = (A(epa)b, Alera)b) = (m(er)A(a)b, w(er)A(a)b)

for every b € B and k € K. Hence, we see that the net (b*¢(a*eta)b)rex converges
to (A(a)b, A(a)b) for every b € B.

Because we also have that a*e%a < a*a for every k € K and because the net
(a*e2a)rex converges strictly to a*a, Results 4.5 and 4.6 imply that a*a belongs
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to M} and b*p(a*a)b = (A(a)b, A(a)b) for every b € B. Of course, we get also
that a belongs to N ,.

STEP 3. Choose a € N,. Take an approximate unit (ey)gex for A. Then
era belongs to N, for every k € K. We see that (a*exa)rex is a net in M;‘;
such that a*erpa < a*a for every k € K. Because (a*ea)recx converges strictly to
a*a, Result 4.5 implies that the net (¢(a*era))rex converges strictly to p(a*a).

Choose b € B. Take k,l € K with [ > k. Then 0 < ¢; — e, < 1, which implies that
0 < (e; — ex)? < e — ex. Therefore,

IA(e1a)b — Alexa)bll* = [[{A((er — ex)a)b, Al(er — ex)a)b)[|=[1b*p(a” (er—ex) a)b]
< [Io*p(a™(er—er)a)b]| = [[b"p(a”era)b — b¥p(a"era)bl.

This easily implies that (A(exa)b)rek is Cauchy and hence convergent in B.

From this all, we infer the existence of a linear operator ¢ from B into £ such
that (A(exa))rer converges strongly to t. By the definition of A, we find that a
belongs to the domain of A.

In the preceding part of the proof, we have proven the following facts:

(a) N, equals the domain of A;

(b) for every a € N, and b € B, it follows that b*¢(a*a)b = (A(a)b, A(a)b);

(c) for every x € A and a € N, we have that A(za) = m(z)A(a).

We still have to proof some minor details. Statement (ii) of the proposition
follows from (b) by polarization. Statement (i) of the proposition follows from (c)
by the same method as in the proof of Result 1.5 (iii).

Finally, choose a € N,. We have for every ¢ € N,, d € B and b € B that
(A(a)(b),A(c)d) = d*p(c*a)b. Therefore, Lemma 10.3 of Section 10 implies that

A(a) belongs to L(B, E). 1

REsULT 4.10. We have the following equalities:
(i) for every ai,az € N, it follows that p(a3a1) = A(az)*A(ay);
(ii) for every a € N, we have that ||A(a)||* = |[¢(a*a)||.

REMARK 4.11. By definition, we have that N, is a strict-strong core for A.
But we have even more: consider a € N,. Then there exists a net (ay)rex in Ny
such that:

(i) we have for every k € K, that ||ag| < ||a|| and |[A(ag)| < ||[A(a)]l;

(ii) the net (ag)rex converges strictly to a and the net (A(ag))rex converges
strongly* to A(a).

This follows immediately by multiplying a to the left by an approximate unit
of A.

Looking at Proposition 2.5, we have the following generalization to the mul-
tiplier algebra.
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PROPOSITION 4.12. Consider p € F,,. Let S be an element in L(E) Nw(A)’
such that S*S =T, and let v be the unique element in L(B, E) such that SA(a) =

w(a)v for every a € Ny,. Then SA(a) = w(a)v for every a € N .

Proof. Forevery e € A, we have that ea belongs to N, and A(ea) = 7(e)A(a),
which implies that

w(e)SA(a) = Sm(e)A(a) = SA(ea) = w(ea)
The non-degeneracy of 7 implies that SA(a) =«

v =m(e)m(a)v.
(@)v. 1

COROLLARY 4.13. Consider p € F,. Then T7A(a) = w(a)v, for every
a € N,. Moreover, we have that A(b)*T,A(a) = p(b*a) for every a,b € N .

The last statement of this corollary follows easily from the last statement of
Notation 2.6.
We also want to mention the following result.

LEMMA 4.14. Let (a;)jcs be a net in Ny and let a € N, such that (a;)je
converges strictly to a and (A(a;))jes is bounded. Then (A(a;)*)jes converges
strongly to A(a)*.

Proof. Choose ¢ € N, d € B and p € G,. We have for every j € J that
A(a;)*TpA(c)d = p(ajc)d. Therefore (A(a;)*T,A(c)d)jes converges to p(a*c)d,
which is equal to A(a)*T,A(c)d. Because (A(a;)*);cs is also bounded, this implies
that (A(a;j)*);es converges strongly to A(a)*. &

Referring to Lemma 1.12, we get the following proposition.

PROPOSITION 4.15. Let a be an element in N',. Then ¢(a*a) belongs to B
if and only if there exists an element x € E such that A(a)b = xb for every b € B,
which is equivalent to A(a) belongs to K(B, E).

As before, the following remark applies. Let a be an element in N, such
that ¢(a*a) belongs to B. Then there exists « € E such that A(a)b = zb for every
b € B. In this case, we have that ¢(a*a) = (z,x).

PROPOSITION 4.16. Let a be an element in N, such that p(a*a) belongs
to B. Then we have for every p € F, that p(a*a) belongs to B and the net

(p(a*a))peg, converges to p(a*a).

Proof. Take a KSGNS-construction (E, A, ) for ¢. By the previous propo-
sition, we know that there exists an element z € F such that A(a)b = zb for every
b € B. Choose p € F,. Then we have for every b € B that

b (Tpx, x)b = (Tpab, by = (T,A(a)b, A(a)b) = b*p(a*a)b

which implies that (T,x,z) = p(a*a). Hence, we see immediately that p(a*a)
belongs to B. We have also that (p(a*a)),cg, converges to (x,z) which is equal
to p(a*a). 1

COROLLARY 4.17. Let a be an element in N',. Then ¢(a*a) belongs to B if
and only if for every p € G,, p(a*a) belongs to B and (p(a*a)),yeg, is convergent
in B.
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5. A FIRST STEP TOWARDS A CONSTRUCTION PROCEDURE
FOR C*-VALUED WEIGHTS

We will consider the following objects in this section. Suppose that A and B
are two C*-algebras and that E is a Hilbert C"*-module over B. Let Ny be a
dense subalgebra of A and Ay a linear mapping from Ny into L(B, E) such that
(Ao(a)b|a € Ng,b € N) is dense in E.

Furthermore, we assume the existence of a net (7});c; in L(E)* such that:

(1) for every i € I, ||T;|| < 1;

(2) (T;)ier converges strongly to 1;

(3) for every i € I there exists a unique strict completely positive mapping
pi from A into M (B) such that b5p;(asai)b; = (TiAo(a1)b1, Ao(az)bs) for every
a1,a2 € Ny and b17b2 € B.

It is clear from Proposition 10.3 that Ag(a) belongs to L(B, E) for every
a € No.

LEMMA 5.1. We have that Ag is closable for the strict topology on A and
the strong topology on L(B, E).

Proof. Choose a net (a;)jes in No, t € L(B,E) such that (a;);jcs con-
verges strictly to 0 and (Ag(a;));es converges strongly to t. Choose b,d € B and
c € Ny. Fix i € I. We have clearly that ((T;Ao(a;)b, Ao(c)d))jes converges to
(Tit(b), Ao(c)d). Because (T;Ao(a;)b, Ao(c)d) = d*p;(c*a;)b for every j € J, we
also have that the net ((T;Ao(a;j)b, Ao(c)d)) ey converges to 0. This implies that
(Tit(b), Ao(c)d) = 0. The fact that (T;);e; converges strongly to 1 implies that
(t(b), Ao(c)d) = 0. Consequently, t =0. 1

NOTATION 5.2. We define A to be the closure of Ag for the norm topology
on A and the strong topology on L(B, E). We also define N to be the domain of A.

LEMMA 5.3. Consider a1,as € N, by,bs € B and i € I. Then

<TiA(a1)b1, A(ag)b2> = b’Q‘pi(aSal)bl.

Proof. STEP 1. Choose ¢ € Ny. There exists a net (d;);es in Ny such that
(d;);jes converges to as and (Ag(dj))jes converges strongly to A(az). We have
clearly that the net ((T;Ao(c)b1, Ao(d;)b2)) ecs converges to (T;Ag(c)bi, Alaz)bs).
We have also that (T;Ao(c)b1, Ao(d;)b2) = b3pi(djc)by for every j € J. This implies
that the net ((T;Ao(c)b1, Ao(d;)ba)) je.s converges to bsp;(a3c)br. Combining these
two results, we get that (T;Ag(c)by, Alas)bs) = bip;(asc)b;.

STEP 2. There exists a net (cx)rex in Ny such that (cg)rex converges to
a; and (Ag(ck))rex converges strongly to A(a;). We have clearly that the net
(T3 Ao (ck)b1, Aaz)be))ker converges to (T;A(a1)b1, Alaz)bs). By Step 1, we have
also that (T;Ag(ck)b1, Alaz)be) = bp;(aber)by for every k € K. This implies that
the net ((T;Ao(ck)b1, A(az)ba)) je.s converges to b3 p;(asai)b;. Combining these two
results, we get that <TiA(a1)b1,A(a2)b2> = b;,oi(agal)bl. 1
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REMARK 5.4. Using Proposition 10.3 once again, we arrive at the following
conclusion: the set NV is a dense subspace of A and A is a linear mapping from N
into £(B, E) which is closed for the norm topology on A and the strong topology
on L(B, E). Furthermore, Ny is a core for A in the norm-strong sense.

Consider ay,a3 € N. Then p;(ata;) = A(az)*T;A(ay) for every i € I. This
implies that (p;(a3a1)):er converges strictly to A(az)*A(aq) for every aq,as € N.

LEMMA 5.5. Consider x € Ny, a1,...,a, € Ng and by,...,bs € B. Then

3 Aotwan| < et | 32 Aotaun|
k=1 k=1

Proof. We have for every i € I that

n

<T¢(ZA0($CLk)bk)7ZAO(mk)bk> = Z (TiMo(zar )bk, Ao(way)by)
k=1 k=1

k=1

= > b pil(wa)* (war))be < ||2l* Y b pilajar)br
k=1 k=1

n

1> >~ (Tiho(ar)br, Ao(@r)br) = ||~T||2<Ti(zAo(ak)bk>7ZAo(ak)bk>,
k=1 k=1

k=1

where in inequality, we used the complete positivity of p;. Because (T});c; con-
verges strongly to 1, we get that

(3" Nolwar)be, Y- Ao(war)be ) < ol*( D Aolar)bi, D Ao(ar)be).
k=1 k=1 k=1 k=1

This lemma implies for every z € Ny the existence of a continuous linear
operator L, from F into E such that L,(Ag(a)b) = Ag(za)b for every a € Ny and
b € B. Tt is also clear that ||L.|| < ||z| for every = € Np.

It is not difficult to check that the mapping Ny — B(E) : « — L, is a
continuous algebra-homomorphism. This justifies the following definition.

NOTATION 5.6. We define 7 to be the continuous algebra-homomorphism
from A into B(FE) such that 7(z)Ag(a) = Ao(xa) for every z,a € Ny.

PROPOSITION 5.7. The set N is a left ideal in A and w(x)A(a) = A(za) for
everyx € A and a € N.

Proof. STEP 1. Choose z € Ny and a € N. Then there exists a net (a;);cs
in Ny such that (a;);c; converges to a and (Ag(a;)) e converges strongly to A(a).
It is clear that (za;);cs converges to xa. We have also for every j € J that za;
belongs to Ny and Ag(za;) = w(z)A(a;). This implies that (Ag(za;)),es converges
strongly to w(z)A(a) in B(B, E). By definition, we find that za belongs to N and
A(za) = w(x)A(a).

STEP 2. Choose € A and a € N. Then there exists a sequence (zy)
in Ny such that (z1)2, converges to x. This implies immediately that (zxa)
converges to xa. By Step 1, we know for every k € N that xia belongs to N
and A(zpa) = m(xk)A(a). So we get that (A(zga));2, converges to m(z)A(a). The
norm-strong closedness of A implies that za belongs to N and A(za) = w(x)A(a). 1

oo
k=1
oo

k=1
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PROPOSITION 5.8. The mapping 7 is a x-homomorphism from A into L(E).

Proof. Choose z € A. Take a,c € N and b,d € B. We have for every i € I
that

(Tim(x)A(a)b, A(c)d) = (T;A(xa)b, A(c)d) = d*p;(c*xa)b = d*p;((z*c)*a)b
= (T;A(a)b, A(z¥c)d) = (T;A(a)b, w(x*)A(c)d).
From this, we infer that
(m(x)A(a)b, Alc)d) = (A(a)b, 7(2")A(c)d).

This implies that (7(z)v,w) = (v, 7(x*)w) for every v,w € E. So we arrive
at the conclusion that 7(x) belongs to L(F) and 7(z)* = w(x*). 1

PROPOSITION 5.9. The *-homomorphism m is non-degenerate.

Proof. Choose an approximate unit (e;);es of A. Then we have for every
j € Jthat 0 < m(e;) < 1. Take i € I, a,c € N and b,d € B. We have for every
7 € J that

(m(e;)TiA(a)b, A(c)dy = (T;A(a)b, m(ej)A(c)d) = (T; A(a)b, Alejc)d) =d* p;(c*e;a)d.

This implies that ((m(e;)T;A(a)b, A(c)d))jes converges to d*p;(c*a)b, which is
equal to (T;A(a)b, A(c)d). Because (m(e;));jes is bounded, this last result implies
that ((m(e;)v,w)) ey converges to (v,w) for every v,w € E. Using Lemma 9.2,
we see that (m(e;));es converges strongly to 1.

PROPOSITION 5.10. The set N is a left ideal in M(A) and A(xza) = 7(z)A(a)
for every x € M(A) anda € N.

Proof. Choose © € M(A) and a € N. Take an approximate unit (ey)rex for
A. Then (epza)rek converges to za. By Proposition 5.7, we have for every k € K
that egxa belongs to N and

Alegza) = m(epz)A(a) = w(ex)m(x)A(a).

Using the previous proposition, this implies that (A(egza))gex converges strongly
to m(z)A(a). The norm-strong closedness of A implies that xza belongs to N and
A(za) = w(x)A(a). 1

ProOPOSITION 5.11. The mapping A is closed for the strict topology on A
and the strong topology on L(B, E).

Proof. Take a € A, t € L(B, E) such that there exists a net (a;);jes in Nop
such that (a;);es converges strictly to a and (Ag(a;));es converges strongly to ¢.

Take e € Ny. It is clear that (ea;);cs converges to ea. We have for every
j € J that ea; belongs to Ny and Ag(ea;) = m(e)Ao(a;). This implies that
(Ao(eaj))jes converges strongly to m(e)t. By definition, we see that ea belongs to
N and A(ea) = w(e)t.

We know that there exists a bounded net (ex)rex in Ny such that (eg)rex
converges strictly to 1. This implies immediately that (exa)rex converges to a.
By the first part of this proof, we know for every k£ € K that exa belongs to N
and A(era) = m(ex)A(a). This implies that (A(exa));cs converges strongly to t.
The norm-strong closedness of A implies that a belongs to N and A(a) = t.

From this all, we conclude that A is equal to the closure of Ay for the strict
topology on A and the strong topology on L(B, E). 1
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REMARK 5.12. We are now in a position to use the results and terminology
of Section 2 using the ingredients A, B, E, N, A, w. So we use the notations F, G, H
and so on.

Consider i € I. In the terminology of Section 2, we have that p; belongs to
F and T,, = T;. Therefore T; belongs to mw(A)".

1
Furthermore, there exists a unique element v; € £(B, E) such that T2 A(a) =
7(a)v; for every a € N. We also know that ||v;]|? = ||p;|| and that p;(z) = vi7(z)v;
for every x € M(A).

PROPOSITION 5.13. Consider ai1,a2 € N. We have that (p(a3a1))peg con-
verges strictly to Alaz)*A(a).

Proof. Choose a € N. Take b € B. We have for every p € G that
pla*a) < Ala)*A(a). Hence, because (b*p;(a*a)b);cr converges to b*A(a)*A(a)d,
Lemma 2.14 implies that (b*p(a*a)b),cg converges to b*A(a)*A(a)b.

Lemma 9.2 implies that (p(a*a)),cg converges strictly to A(a)*A(a). The
proposition follows by polarisation. 1

Similar as in Result 3.8 one proves the following corollary.
COROLLARY. The net (T,),eg converges strongly to 1.
The last lemma is useful for the material in the next sections.

LEMMA 5.15. Let u be an element in M(A) such that ulNg C No and such
that there exists an element S € L(E) such that SAg(a) = Ag(au) for every a € Np.
Then uN C N and A(au) = SA(a) for every a € N.

Proof. Choose a € N. Then there exists a net (a;),;ecs such that (a;);es con-
verges to a and (Ag(a;))jes converges strongly to A(a). It is clear that (aju);ecs
converges to au. We have for every j € J that a;u belongs to Ny and Ag(a;u) =
SAo(aj). This implies that (Ag(aju));cs converges strongly to SA(a). By defini-
tion, we get that au belongs to N and A(au) = SA(a). 1

6. A CONSTRUCTION PROCEDURE FOR REGULAR C*-VALUED WEIGHTS

In this section, we will propose a construction procedure for regular C*-valued
weights out of some sort of KSGNS-construction which generalizes a similar con-
struction procedure in Section 2.2 of [10]. We will also prove a result (Proposi-
tion 6.23) which plays a major role in the next section.

For the rest of this section, we fix the following ingredients.

Consider two C*-algebras A and B and a Hilbert-C*-module E over B. Let
N be a dense left ideal of A and A a linear map from N into L(B, E) such that:

(1) A is norm-strongly closed;

(2) the set (A(a)b|a € N,b € B) is dense in E.

Furthermore, we assume the existence of a net (u;);c; in M (A) such that we
have for every i € I that:

(1) Nu; € Ny

(2) there exists a unique element S; € L(E) such that S;A(a) = A(au;) for
every a € N,
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(3) [luill <1 and |[Sif| <1

(4) there exists a unique strict completely positive linear mapping p; from A
into M(B) such that bp;(asa1)by = (S;A(a1)b1, SiA(az)bs) for every aj,a9 € N
and b1,by € B;

(5) (u;)ier converges strictly to 1;

(6) (Si)ier converges strongly to 1.

Fix ¢ € I and define T; = S;S; € L(E); it is clear that 0 < T; < 1. We also
have immediately that b3p;(asa1)by = (T;A(a1)b1, Alaz)be) for every a,a2 € N
and by,by € B.

Because (S;);cr converges strongly to 1, we get that ((T;v,v));er converges
to (v,v) for every v € E. Therefore, Lemma 9.2 implies that (T;);c; converges
strongly to 1.

These properties imply that our ingredients A, B, E, N, A satisfy the con-
ditions of the beginning of the previous section, but we do not have to close A
anymore. So, we can use the results of the previous section. We will give a
summary of them:

(1) For every a € N, A(a) belongs to L(B, E);

(2) N is a left ideal in M(A);

(3) There exists a unique non-degenerate *-homomorphism 7 from A into
L(E) such that 7(z)A(a) = A(za) for every © € M(A) and a € N;

(4) The mapping A is closed for the strict topology on A and the strong
topology on L(B, E);

(5) It is possible to introduce the objects H, F,G like in Section 2; in this
terminology, we have for every ¢ € I that p; belongs to F and T),, = p;;

(6) We have for every i € I that T; belongs to w(A)’; therefore there exists

1
a unique v; € L(B,E) such that T?A(a) = m(a)v;. Moreover, ||v;|> = ||pill-
Furthermore, p;(z) = v} 7w (x)v; for every x € M(A);

(7) The net (T,),eg converges strongly to 1;

(8) For every aj,as € N, the net (p;(a5a1))i;er converges strictly to A(az)*
Afa1);

(9) For every ai,as € N, the net (p(asay))yeg converges strictly to A(az)*
A(al).

In the rest of this section, we want to construct a regular C*-valued weight
with these ingredients. At the same time, we will prove some extra properties.
Essentially, we will define a C*-valued weight ¢ on A such that N, = N and
o(b*a) = A(b)*A(a) for every a,b € N. There are three problems with this:

(1) Is thls mapping well defined? If a1, ceeyQpyb1, ..., by are elements in N
such that Z byar = 0, do we have that Z A(bk) Alar) =07
k=1

(2) Is the positive part of N*N a heredltary cone in AT?
(3) Is the resulting ¢ lower semi-continuous?

n
The first question can be easily answered. If > biay = 0, then
k=1

ZA bk TA ak —pZ(Zbkak):0
k=1 k=1
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for every i € I. Because (T;);c converges strongly to 1, we get that >~ A(bx)*A(ax)
k=1
=0.
The other problems are more difficult to deal with. But this will be done in

the rest of this section.
We start of with the following lemma.

LEMMA 6.1. Consider i € I. Then S; belongs to w(A)'.

Proof. Choose x € A. Take a € N. By assumption, we have that au; belongs
to N and S;A(a) = A(aw;). This implies that 2(aw;) belongs to N and A(x(aw;)) =
m(x)A(au;) = w(x)S;A(a). We know also that za belongs to N. Again, this implies
that (za)u; belongs to N and A((za)u;) = S;A(za) = S;w(x)A(a). Comparing
these two results, we get that 7(z)S;A(a) = S;w(x)A(a). From this, we infer that
m(x)S; = Sim(z). 1

This lemma allows us to introduce the following notation (see Proposition 2.5).

NoOTATION 6.2. Consider ¢ € I. Then there exists a unique element w; €
L(B, E) such that S;A(a) = w(a)w; for every a € N. Moreover, we have that
|lwil|? = ||p:]| and p;(z) = win(z)w; for all z € M(A).

Using this result, we can prove the following one.

REsULT 6.3. Consideri € I. Then Au; C N and Aau;) = w(a)w; for every
a€A.

Proof. Choose a € A. Then there exists a sequence (a;)32; in N such that
(aj)32, converges to a. We get immediately that (a;u;)32; converges to au;.
By the previous notation, we have for every j € N that a;u; belongs to N and
A(aju;) = m(a;j)w;. This implies that (A(a;u;))52; converges to m(a)w;. Because
A is norm-strongly closed, we get that au; belongs to N and A(aw;) = 7(a)w;. 1

REMARK 6.4. We want to use some Hilbert space theory to prove some
equalities. In this respect, we will have to make a transition from Hilbert C*-
modules to Hilbert spaces. This will be done in the following way.

(1) Consider a C*-algebra C' and a Hilbert C*-module G over C. Let w be
an element in C7.

First, we define the positive sesquilinear mapping (-,-) from G x G into C
such that (v,w) = w((v,w)) for every v,w € G. Then G, (-,-) becomes a semi-
inner product space. We define K = {v € G | (v,v) = 0}. Then K is a subspace
of G and % is in a natural way an inner product space. Then G is defined as the

completion of %, so G is a Hilbert space. The inner product on G will also be
G

denoted by (-,-). For every v € G, we define 7 as the equivalence class of v in .
Then we have the following properties:
(i) the mapping G — G : v + T is linear;
(ii) the set {v | v € G} is dense in G;
(iii) we have for every v,w € G that (7,w) = w((v, w)).
(If G = C, we get nothing else but the GNS-space of w.)
(2) Consider a C*-algebra C and two Hilbert C*-modules G, G over C. Let
w be an element in C7. We use w to create two Hilbert spaces in the way described
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above. Now let f be a linear mapping from (G into G5 such that there exists a
positive number M satisfying (f(v), f(v)) < M{v,v) for every v € Gy. (This is
the case for elements in £(G1, G2).) Then it is not difficult to see that there exists

a unique continuous linear map f from G into G5 such that f(v) = f(v) for every
v € G1. Moreover, || f|| < M.

We will now give a first application of this transition method. The following
two results are inspired by Proposition 2.1.15 of [10].

LEMMA 6.5. Let w € BY and define the Hilbert space E with respect to this
functional w as described above. Consider a € A, b € B such that (b*p;(a*a)b);cr
is eventually bounded. Then there exist a sequence (a,)22; in N and an element

v € E such that (a,)2%; converges to a and (A(a,)b)S, converges to v.

Proof. Using Result 6.3, we have for every ¢ € I that au; belongs to N and
A(au;) = w(a)w;, which implies that

[A(aui)b||* = (A(au;)b, Alau;)b) = w((A(au;)b, Aau;)b))
= w((r(a)w;b, w(a)w;b)) = w(b*p;(a*a)b),

where we used Notation 6.2 in the last equality. Consequently, the net (A(aw;)b);cr
is eventually bounded. Because we also have that the net (au;);c; converges to
a, Lemma 9.4 implies the existence of a sequence (a,)52; in the convex hull of

{au; | i € I} € N and v € E such that (a,)%; converges to a and (A(a,)b)
converges to v. 1

PROPOSITION 6.6. Consider a € M(A)*, b € B and x € M(B)" such that
there exists an element ig € I such that b*p;(a)b < x for every i € I with i > io.
Then b*p(a)b < x for every p € F.

Proof. Fix n € F. Choose e € AT with |le|| < 1. Take w € B}. We have for
every i € I with i > i that b*p;(a2ea? )b < b*p;(a)b < x. Therefore, the previous
lemma implies the existence of a sequence (¢,)22; in N and an element v € F
such that

(6.1) (cn)p>y converges to e?a? and (A(cn)b)2, converges to v.
We have for every p € F and n € N that
(T, A(cn)b, Alcn)b) = (T, A(cn)b, Alcn)b) =w((T,A(cn)b, Aen)b)) =w(b” p(c;,cn)b).
From this equation and (6.1), we easily infer that
(6.2) (T,v,v) = w(b*pla® ea? )b)

for every p € F.
In particular, we have for every i € I with @

(Tiv,v) = w(b*pi(a%ea%)b)

2 io that
< w(x).

Because (T;);cr converges strongly to 1, the previous inequality implies that
|lv]|? < w(x). Hence, using (6.2) with p equal to 1, we get that

w(b*n(atea)b) = (Tyv,v) < [[v]* < w(x).
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Because w was chosen arbitrarily, we conclude that b*n(a%ea%)b < z. Next, we
take an approximate unit (eg)rex in A. By the previous part, we know that
b*n(azeraz)b < x for every k € K. The convergence of (b*n(aZeza?)b)rek to
b*n(a)b implies that b*n(a)b < z. 1

PROPOSITION 6.7. Consider a € M(A)* and b € B such that (b*p;(a)b)ics
converges to an element x € BT. Then the net (b*p(a)b),eg converges also to x.

Proof. First, we prove that b*p(a*a)b < xz for every p € F. For this,
fix n € F. Choose ¢ > 0. Then there exists an element ig € I such that
[[6*pi(a*a)b — z|| < € for every @ € I with ¢ > ig. This implies that b*p;(a*a)b <
x + ¢l for every i € I with i > ig. Therefore, the previous proposition guaran-
tees that b*n(a*a)b < x + €l. Because £ was chosen arbitrarily, this implies that
b*n(a*a)b < x. Now, because (b*p;(a)b);c; converges to x, Lemma 2.14 implies
that (b*p(a)b),cg converges to x. 1

In the next part we will prove a major result (Proposition 6.23) of this paper
which allows us to solve both problems mentioned in the beginning of this section.
At the same time, this result will be very useful in the following section. We will
split the proof of Proposition 6.23 in several parts.

Fix a dense right ideal D of B. We define the set

P ={a € M(A)"T | for every d € D, the net (d*p(a)d)yeg is convergent in B}.

By Lemma 4.1, we know that P is a hereditary cone in M(A)*.
We will denote N' = {a € M(A) | a*a € P} and M = N*N = span P. As
usual, N is a left ideal in M (A), M is a sub-*-algebra of M(A) and M = P.
The following lemma follows from polarisation.

LEMMA 6.8. Consider ai,as € N and bi,by € D. Then we have that the
net (byp(azar)by)peg is convergent in B.

We are now going to construct a Hilbert C*-module over B in a similar way
as we did for the KSGNS-construction for C*-valued weights.
Define the complex vector space F' = N ® D. Moreover,
(1) we turn F into a right B-module such that (a ® b)c = a ® (bc) for every
acN,bec D andcc B;
(2) we turn F into a semi-inner product module over B such that (b3p(asaq)
b1)peg converges to (a1 ® by, as ® by) for every aq,as € N and by, by € D.
As before, we define L = {z € F | (z,z) = 0}. Then L is a submodule of
F and % turns into an inner product module over B. We define M(A) ® D to be
the completion of £, so M(A4)® D is a Hilbert C*-module over B.
For every a € N and every b € D, we define a ® b to be the equivalence class
of a ®bin % Then we have the following properties:
(i) the function A" x D — M(A)® D : (a,b) — a®b is bilinear;
(i) the set (a®@b| a € N,b e D) is dense in M(A)® D;
(iii) for every a € N, b € D and ¢ € B, we have that (a @ b)c = a ®(bc);
(iv) for every ai,as € N and by, by € D, we have that the net (b5p(a’ay)
b1)peg converges to (a3 ® by, as @ by).
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From the fourth property, we have immediately that

(6.3) Zb* aaZ i <Zaz®bz,2az®b>

1,j=1

for every p € G, ai1,...,a, € N and by,...,b, € B. Of course, this inequality re-
mains true for p € F. Also, the fourth property implies that ((za1) ® by, as @ by) =
(a1 @by, (x*a) @by) for every ay,as € N and by, by € D. We will use this fact in
the following lemma.

LEMMA 6.9. Consider x € M(A), a1,...,an, € N and by,...,b, € D. Then

H i(xai)

Proof. By the remark before the lemma, we get immediately that

<§”:(2a2)®b“ (za;) ®bi> = <Z(z za;) ®bhzaz®b >

i=1 i=1 =

for every z € M(A). We know that there exists an element y € M(A) such that
lz]|?1 — z*z = y*y. So we see that
n

|x\|<Zal®b“Zaz®b> <Z(xaz)®b2, (wa:) & ;)

i=1 i=1
n

= Hgg||2<2ai®b¢,2ai®bi> — <Z(x Ta; ®bz,2al®b >
i=1 i=1

7 =1
n

(yal) ® bi, Z(yaz) ® b1> > 0.

1 =1

)
—

n

= <Z(y*yai)®bi7zn:ai®bi> = <

i=1 i=1

NE

-
Il

This implies that

EROMEIDMEDEIONCEEL SO LI

Choose z € M(A). Then there exists a unique continuous linear mapping L,,
from M(A) ® D into M(A) ® D such that L,(a®b) = (xa) @b for every a € M(A)
and b e D.

Using the remark before the previous lemma, it follows for an element x €
M (A) that (L,v,w) = (v, Ly~w) for every v,w € M(A)® D. This implies that
L, belongs to L(M(A)® D) and L} = L,~. Therefore, the following notation is
justified.

NOTATION 6.10. We define the mapping 6 from A into £(M(A)® D) such
that 0(z)(a®b) = (za) @b for v € A, a € N and b € D. Then 6 is a *-homo-
morphism.

LEMMA 6.11. The x-homomorphism 0 is non-degenerate and 0(x)(a ®b) =
(za) @b for everya € N, b € D and x € M(A).
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Proof. Choose an approximate unit (ex)rex for A. Take ai,...,a, € N,
bi,...,b, € D. Choose £ > 0. By definition of the inner product (-,-), there
exists an element p € G such that

HZb* (ajai)b; <Zal®b“2a2®b>

1,7=1

3

S

Because p is strictly continuous on bounded sets, we also have the existence
of an element kg € K such that

Hpraekaz, Zb* aaz

i,j=1

9

<
2

for every k € K with k > kg. Choose | € K with [ > ky. Combining the previous
two results, we get that

HZ()* ajeia;)b; <Za1®buzaz®b>

3,j=1

Inequality (6.3) implies that

Z bip(ajea;)b; <Z ef a;) ®b;, (el%ai)®bi>.
=1

1,5=1 i=1

Therefore, we get that
> bjplazena)t < (o %(z%@bz), %(zmb»
ij=1
= <9(ez)(;ai®bi),;ai®bi> < <;ai®bi7;ai®bi>.

From this all, we infer that

H<9(el)(iai®bi)’iai®bi>_<iai®bi,iai®bi>
HZb* aezal i <Za1®bz,zaz®b>

3,j=1

Hence, we see that the net (<9(ek)( > ai®bi), > ai®bi>)k converges to
i=1 i=1 €K

< SNa; @b, > a; ® bi>. Because (0(ey))rex is bounded, this implies that ((8(ex)v,
i=1 i=1
v))kex converges to (v,v) for every v € M(A) ® D. Using Lemma 9.2 once more,
we get that (6(ex))rex converges strongly to 1. So 6 is non-degenerate.

It is easy to check that the mapping M(A4) — L(M(A)® D) : z +— L, is a
x-homomorphism extending #. By uniqueness of the extension, we must have that
0(x) = L, for every x € M(A). 1
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From the beginning of this section, we know that (p(a3ai)),cg converges
strictly to A(az)*A(aq1) for every ay,as € N. This immediately implies that N is
a subset of N and (A(a1)b1, A(az)bs) = (a1 ® by, as ® by) for every aj,as € N and
b1,b2 € D. From this, we get the existence of a unique isometry U from FE into
M(A)® D such that U(A(a)b) = a®b for every a € N and d € D. Then U is
B-linear and (Uv,Uw) = (v, w) for every v,w € E. Eventually, we will prove that
U is also surjective and this will be the main result of this section.

We want to prove the equality in Lemma 6.17 (shortly after we have proven
it, it will become clear why we need it). In order to do so, we make a transition
from Hilbert C*-module theory to Hilbert space theory. For the next part, we will
fix a positive linear functional w on B and introduce Hilbert spaces with respect
to w as described in Remark 6.4. The same notation will be used.

LEMMA 6.12. Consider ay,...,am,c1,...,cn €N and by, ... by, d1, ..., dy
€ D. Let p be an element in F. Then

|2 S etdintian)| < | o wn] | L ada)

j=1k=1

Proof. Tt is possible to define a sesquilinear mapping s from M (A) ® B into
C such that s(a®b,c®d) = w(d*p(c*a)b) for every a,c € M(A) and b,d € B. It is
easy to check that s is positive. Therefore, the Cauchy-Schwarz inequality implies
that

m m

‘ZZW drp(cia;)b; ‘ (Z%@)bmzck@dk)’

Jj=1k=1

s(ia] @bj,zm:aj @bj) (ch®dk,2ck®dk)
k=1 k=1

j=1
64) = Y wbiplara;)b;) Y w(dip(cic;)dy)
k=1 jk=1

<w<<iaj®bj,iaj®b >) (<ch®dk,zck®dk>> by (6.3)
*HZ“JW’ [l aea]

Consider p € F. By the previous lemma, there exists a unique continuous
positive sesquilinear form s, on M(A) @ D such that s,(a ® b, c @ d) =w(d*p(c*a)b)
for every a,b € N and b,d € D. The previous lemma also implies that [|s,| < 1.
These remarks justify the following notation.

NoTATION 6.13. Consider p € F. Then there exists a unique element D,
in B(M(A)® D) such that (D,a®b,c®d) = w(d*p(c*a)b) for every a,c € N and
b,d € D. We also have that 0 < D, < 1.
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We have for every a,c € N and b,d € D that the net ((D,a®b,c®d)),eg
converges to w({a ® d,c®d)) and this last expression equals (a ® b, c @ d). Because

(Dp)peg is bounded, this implies that ((D,v,v)),ecg converges to (v,v) for every

v € A® B. Referring to Lemma 9.2, we get that (D,),cg converges strongly to 1.

LEMMA 6.14. Consider a bounded net (ax)rex in N, a € N, b € D and
v € M(A)® D such that (ay)kex converges strictly to a and (ay @ b)rcx converges
tov. Then a®b = v.

Proof. Choose p € F. We have for every k € K that

|DFax &b~ DEacb|” = ||Dg (ar — a) @b||* = (D,(ar — a) &b, (ax — a) &)
= w("p((ar — a)*(ar. — a))b).

11— 11—

This implies that (D7 ay ®b)keK converges to Dja®b. It is also clear that
11— 1 11— 1 1

(D ar ®b)rex converges to D3 v. Therefore, Dja®b= Djv. Because (D} ),eg

converges strongly to 1, we get that a®@b=wv. 1

PROPOSITION 6.15. U is a unitary transformation from E to M(A)® D.

Proof. Because (Uzx,Uz) = (z,z) for every = € E, we get that U is isometric.
We turn to the surjectivity of U.

STEP 1. Choose a € NN A and b € D. Inequality (6.3) implies for every
i € I that b*p;(a*a)b < (a®b,a®b). Therefore, Lemma 6.5 implies the existence
of a sequence (a,)%; in N and v € F such that (a,)%, converges to a and
(A(ap)b)nen converges to v. We have for every n € N that

U Aay)b=UA(a,)b = a, ®b,

which implies that (a, ® )%, converges to Uv.

Using the previous lemma, we see that a ®b = Uwv.

STEP 2. Next, we choose an element a € A. Take an approximate unit
(er)ker in A. We have for every k € K that exa belongs to N'N A, so exa®b

belongs to RanU by the first part of the proof. We have for every k € K
that exa®b = 6(ex)(a®b). Therefore, the non-degeneracy of 6 implies that

(exa@b)rex converges to a®@b. So we get that (exa @ b)rex converges to a ®b.
Because Ran U is closed in M(A) ® D, we conclude that a ® b belongs to RanU.

Because Ran U is closed in M(A) @ D and the set (a®b | a € N,b € D) is
dense in M(A)® D, we get that RanU = M(A)®@ D. 1

LEMMA 6.16. Consider a e N, b€ D, c€ M(A), d€ B and p € F. Then
w(d*p(c*a)b) = w({a®@b,UTF m(c)v,d)).
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Proof. 1t is enough to prove the equality for ¢ € N and d € D. We have for
every ai,as € N, by,bs € B that
(T,A(a1)by, A(az)bz) = (T,A(a1)br, Alaz)bs) = w({T,A(a1)b1, Alaz)b2))
=w(b3p(asal)by) = <D a ® bl, as ® b2>
= <D UA(ay)by, UA(ag)b2> = <DpU A(al)bl,UA(ag)b2>
= (U D,U Aar)br, A(az)bs).

This implies that Tp = U*DPU. Therefore, we have that

w(d*p(c*a)b) = (D,a@b,c@d) = (a®b,Dyc@d) = (a@b,UT,U ¢&d)
={(a®@b,UT,A(c)d) = (a®@b,UT,A(c)d) = w({a @b, UT,A(c)d))
= w({a® b, UTE 1(c)v,d))

where we used Notation 2.6 in the last equality. &

Remembering that this lemma is true for every w € B}, we get the lemma
which we wanted to prove.

LEMMA 6.17. Consider a e N, b€ D, c€ M(A),d € B and p € F. Then
d*p(c*a)b = (a®@b, UTZ 7(c)v,d).
Before using this lemma, we need to introduce some extra notation.

LEMMA 6.18. Consider p € F, a1,...,a, €N and by,...,b, € D. Then
<Z7r(aj)vpbj, m(a;j)vpb; > <Za]®bj,2aj®b >
j=1 j=1
Proof. We have that
<Z7r a;) vpbj,z m(aj)vyb > Zbkp (apa;) l<<Zaj®bj,Zaj®bj>. 1
j=1 k=1 j=1 j=1

This lemma justifies the following notation.

NoraTION 6.19. Consider p € F. We define the continuous linear mapping
F, from M(A)® D into E such that F,(a®b) = m(a)v,b for every a € N and b €
D. We have that F}, is B-linear and (F,v, F,v) < (v,v) for every v € M(A) ® D.

1
DEFINITION 6.20. Consider p € F. We define R, = UT; F,. Therefore,
R, is a continuous B-linear mapping from M(A)® D into M(A)® D such that
[Roll < 1.

Now we will use Lemma 6.17 to prove that R, belongs to £L(M(A4)® D).
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LEMMA 6.21. Consider p € F. We have for every a1, as € N and by,by € D
that (R,a1 @by, as ® by) = bip(abay)by. This implies that R, belongs to L(M(A)
®D) and 0 < R, < 1.

Proof. By Lemma 6.17, we have for every ai,as € N and by, by € D that
. 1 ) 1 .
b}‘p(a’{ag)bg = <(12 ® bo, UTp2 W(al)vpb1> = <a2 ® bo, []Tp2 Fpal X b1>
= <a2 ® bg, R,,al ® b1>
Taking the adjoint of this equation, we obtains that
(Rpa1 @by, as @bs) = bip(abar)b;.

Using the complete positivity of p, this equality implies that (R,v,v) > 0 for
every v € M(A)® D. This equality implies that R, belongs to L(M(A)® D) and
R,>0. 1

LEMMA 6.22. We have that (R,),cg converges strongly to 1.

Proof. Choose a,c € N and b,d € D. The definition of (-,-) and the pre-
vious lemma imply that ((R,a ®b,c®d)),eg converges to (a®b,c®d). Because
(Rp)peg is bounded, this implies that ((R,v,w)),cg converges to (v,w) for every
v,w € M(A)® D. Lemma 9.2 guarantees that (R,),cg converges strongly to 1. 1

At last, we can prove that U is a unitary transformation from E to M (A4) @ D.
PROPOSITION 6.23. U is a unitary tansformation from E to M(A)® D.

Proof. Take v € M(A)® D. For every p € G, the definition of R, guarantees
that R,v belongs to RanU. The previous lemma implies that (R,v),cg converges
to v. Because RanU is closed in M (A) ® D, we get that v belongs to RanU. 1

LEMMA 6.24. (i) Consider a € M(A). Then U*0(a)U = w(a).
(ii) Consider p € G. Then U*R,U =T,,.

Proof. (i) We have for every b € N and ¢ € D that
U*0(a)UA(b)e = U*0(a)(b@c) = U*(ab® c) = A(ab)c = m(a)A(b)c.
This implies that U*0(a)U = 7(a).
(ii) We have for every aj,as € N and by, by € D that
<U*RPUA(CL1)I)1, A(ag)b2> = <RPUA(CL1)I)1, UA(CLQ)Z)2> = <Rp(a1 ® bl), a9 ® b2>

=byp(asa1)by by Lemma 6.21
= (T,A(a1)b1, A(az)ba).

This implies that U*R,U =1T,. 1

LEMMA 6.25. Consider p € F and S € w(A)' N L(E) such that S*S =T,.
Let v be the unique element in L(B, E) such that SA(c) = w(c)v for every c € N.
Then SU*(a®b) = w(a)vb for every a € N and b € D.
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Proof. Choosea € N and b € D. Using the previous lemma and Lemma 6.21,
we find for every ¢ € N'N A that

ISU*(c@b)[|* = [{SU* (c®b), SU*(c@b))|| = [{T,U* (&), U*(c@D))]
= [(UT,U"(c®b),c@b)|l = [{Ry(c®b),c0b)|
= [[o"p(c*e)bll < Il [lelf[l]l-
So, we get that the mapping NN A — E:c+— SU*(c®Db) is continuous. We also
have for every ¢ € N that SU*(c®b) = SA(c)b = m(c)vb. Because N is dense in
A, we get that SU*(c®b) = w(c)vb for every ¢ € N N A.

Take an approximate unit (ex)recx for A. We have for every k € K that exa
belongs to A'N A, which implies that SU*(era ® b) = m(era)vb by the first part of
the proof. So, we get for every k € K that

m(er)(SU*(a®b)) = Sn(er)U*(a@b) = SU*O(e)(a @ b)
= SU*(era®b) = m(exa)vb = m(ex)(m(a)vb).
The non-degeneracy of 7 implies that SU*(a ®b) = w(a)vb.

As a special case of the previous lemma, we get the following one.

LEMMA 6.26. Consider p € F. Then TéU*(a@b) = 7m(a)vyb for every
ac€N,beD.

Now we will apply this theory for the first time.

PROPOSITION 6.27. Consider a € A. Then a belongs to N if and only if the
net (b*p(a*a)b),eg is convergent for every b € B.

Proof. One implication is trivial. We prove the other one. In this respect,
suppose that (b*p(a*a)b),cg is convergent for every b € B. We will apply the
previous theory (which starts after Proposition 6.7) with D = B. By the definition
of NV, it is clear that a belongs to A/. Choose b € B. By Result 6.3 and Lemma
6.25, we have for every i € I that au; belongs to N and

Alau;)b = m(a)w;b = S;U*(a@b).

(The mapping U was introduced after the proof of Lemma 6.11.) This implies
that (A(au;)b),eg converges to U*(a®b). It is also clear that (au;);e; converges
to a. Therefore, the norm-strong closedness of A implies that a belongs to N (and
A(a)b=U*(a®b) for every b € B). 1

The remarks at the beginning of this section guarantee that the following
mapping ¢ is well defined:

DEFINITION 6.28. We define the linear mapping ¢ from N*N into M (B)
such that ¢( b;faj) = > A(bj)*A(a,) for every n € N and all a1,...,a, € N.
j=1 j=1

PROPOSITION 6.29. We have that ¢ is a densely defined C*-valued weight
from A to B such that N, = N and ¢(b*a) = A(b)*A(a) for every a,b e N.
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Proof. Define
P ={a€ A" | for every b € B the net (b*p(a*a)b),eg is convergent in B}.

Then P is an hereditary cone in AT (this follows from Lemma 4.1). From Propo-
sition 6.27, we know that N = {a € A" | a*a € P}. Define M = span P = N*N.
Then ¢ is a linear mapping from M into M (B). We have for every n € N and all
ai,...,an € N, by,... b, € B that

> brelagab; = > biA(ar)*Alaj)b; = > (Ala;)bj, Ala)by)
jk=1 jk=1 jk=1
= (D Ala)bi > Alay)b; ) >0
j=1 j=1

So, we see that ¢ is a C*-valued weight from A to B such that N, = N. We
also have immediately that ¢ is densely defined. &

COROLLARY 6.30. The triplet (E,A,7) is a KSGNS-construction for .
This implies that H, =H, F, =F and G, = G.

The last statement of this corollary follows immediately from Notation 3.1.

From the beginning of this section, we know for every a € N that (p(a*a)),eg
converges strictly to A(a)*A(a) which is equal to ¢(a*a) by definition. Referring
to Proposition 6.27, the definition of ¢ and Definition 3.2, we have also:

COROLLARY 6.31. The C*-valued weight ¢ is lower semi-continuous.
Of course, we also have:

COROLLARY 6.32. The C*-valued weight ¢ is reqular and has (u;)ier as
truncating net.

In the next section, we will use even more, the theory introdeced in this
section.

7. REGULAR C*-VALUED WEIGHTS

In this section, we will prove some results about regular C*-valued weights. In
fact, we have already proven the most difficult steps in the previous section. We
will work with two C*-algebras A and B and a regular C*-valued weight ¢ from
A into M(B). Take a KSGNS-construction (E,A,7) for ¢. We will also fix a
truncating net (u;);es for ¢. First, we recapitulate some notations and properties.
Choose i € I.

(1) We define S; to be the unique element in L(E)N7(A)" such that S;A(a) =
A(aw;) for every a € N,,. Furthermore, we put 7; = S;7S; € L(E)T nw(A).

(2) We have that |ju;|| <1, ||S;|| <1and 0 < T; < 1.

(3) Define the strict completely mapping p; from A into M(B) such that
pi(asar) = A(a2)*T;A(a1) for every ai,as € A. Then, p; belongs to F, and
T, =T
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(4) We define v;, w; € L(B, E) such that 7(a)v; = T;? A(a) and 7(a)w; =
SiA(a) for every a € N,. Then the equalities ||v;[|? = ||w;||* = ||p;| hold. We have
also that p;(x) = vinw(x)v; = win(x)w; for every x € M(A). This implies that
v = wiw;.

(5) We have also that (u;);cr converges strictly to 1 and that (S;)ier, (Ti)ier
converge strongly to 1.

Lemma 6.3 of the previous section implies that

REesuLT 7.1. Consider i € I. We have that Au; C N, and A(aw;) = (a)w;
for every a € A.

This result can be generalized to

RESULT 7.2. Consider i € I. We have that M(A)u; C N, and Alau;) =
m(a)w; for every a € M(A).

Proof. Choose a € M(A). Then there exists a bounded net (ag)rex in A
such that (ay)rex converges strictly to a. Then (axu;)rex converges strictly to
au;. By the previous result, we have for every k € K that aju; belongs to N,
and A(agu;) = w(ag)w;. This implies that (A(axu;))kex converges strongly to
m(a)w;. The strictly-strongly closedness of A implies that au; belongs to N, and
A(au;) = w(a)w; (Definition 4.8). &

COROLLARY 7.3. Consider i € I. Then u; belongs to Ny, and A(u;) = w;.
Therefore, p(ufu;) = wiw; = viv,.

Proposition 4.12 implies the following one.

PROPOSITION 7.4. Consider i € I. For every a € N, it follows that
1 _
T;? A(a) = m(a)v; and S;A(a) = w(a)w; = A(au;). We have for every ar,as € Ny,
that p;i(asaq) = A(az)*T;A(aq).
The next proposition is a generalization of Proposition 2.1.15 of [10] for C*-
valued weights.

PROPOSITION 7.5. (i) Consider a € M(A)*. Then a belongs to M if and
only if the net (b*p;(a)b)icr is convergent in B for every b € B.

(ii) Consider a € M. Then (p;(a))icr converges strictly to ¢(a).

Proof. (i) Choose a € M(A)™ such that (b*p;(a)b);c; is convergent in B for
every b € B. Proposition 6.7 implies that (b*p(a)b),cg, is convergent for every
b € B. By Definition 4.3, we get that a belongs to M.

(ii) Choose a1, az € N,. By the previous result, we have for every i € I that
pi(asar) = Aa2)*T;A(aqr). This implies that (p;(asa1))ic; converges strictly to
Aaz2)"Aa1) = p(azar).

These two results imply the proposition. 1§

COROLLARY 7.6. Consider a € A*. Then a belongs to /\/@ if and only if
the net (b*p;(a)b)icr is convergent in B for every b € B.

The proof of the following proposition is similar to the proof of Proposi-
tion 4.16.
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PROPOSITION 7.7. Let a be an element in N, such that o(a*a) belongs to
B. Then we have for every i € I that p;(a*a) belongs to B and the net (p;(a*a))icr
converges to ¢(a*a).

COROLLARY 7.8. Let a be an element in N,. Then ¢(a*a) belongs to B
if and only if for every i € I, p;(a*a) belongs to B and (p;(a*a))icr is conver-
gent in B.

In many cases, we do not really work with N, but rather with a core of A.
The following propositions give certain possible cores for A. We show that they
even behave better than just being a core.

ProroSITION 7.9. Consider a dense subspace K of A and define the set
L =(au; |a € K,i€I). Let a € N, such that A(a) # 0. Then there exists a net
(aj)jer in L such that:
() lla | < llall and [[A(a)] < |A(@)] for every j € J;
(ii) (aj)jes converges to a and (A(a;))jes converges strongly* to A(a).

Proof. From the beginning of this section, we know for every i € I that
m(a)w; = Alau;) = S;A(a), which implies that (7(a)w;);er converges strongly to
A(a). Because A(a) # 0, this implies the existence of iy € I such that 7(a)w; # 0
for every i € I with ¢ > ig. Define Ip ={i € I | i > io}.

For the moment, fix ¢ € Iy. There exists a sequence (¢,,)22, in K such that
(cn)$2 4 converges to a. Because a # 0 and 7(a)w; # 0, there exists nyg € N such
that we have for all n € N with n > ng that ¢, # 0 and 7 (¢, )w; # 0. For every

llall [l (a)wsl
llenll llm(en)will* i
that the sequences (A,)5Z,,, and (un)ns,, converge to 1. For every n € N with

n = ng, define d,, = min(\,,, uy)cn, so d, belongs to K. We get immediately that
(dn)nZn, converges to a. Moreover, we have for every n € N with n > ng that

Then we have

n € N with n > ng, we define A\, = and p, =

ldnll < Anllenll = llall

and
[[7(dn)will < pnllm(cn)wil = lIm(a)wi| = [|SiA(a)]| < [[Aa)]-

This implies for every i € Iy and m € N the existence of an element b,,; € K
such that ||by, ;|| < |lall, |7 (bm,)wsl|| < |A(a)]] and ||by,; — al] < %m Define
J =N x Iy and put on J the product ordering. For every j = (m,i) € J, we put
a; = by su; € L. Then we get for every j = (m,4) € J that

lagll < 1bmall lluall < llall

and
[ALag) ]l = [IABm.iui)l| = (17 (bm.i)wil] < [[A(a)]].
Now, we are going to prove the convergence properties.
STEP 1. Choose € > 0. Then
a ere exists 11 € [p suc at |jau; — al| < 5 for every ¢ € [p wi
th ists 1 h that < 5 f ;. € Iy with
12> 1g;

(b) there exists an element m; € N such that n% <5
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Therefore, we have for every j = (m, i) € J with j > (mq,41) that

lla; — all = [|bm,iw; — all < ||bmiwi — awil| + |lau; — al
< b I H+€<1+€<1+€<€
i —allluil + = < —+ < —+ - <e

~ m,t 1 2 ~ m 2 N ml 2 ~X

Hence, we see that (a;),es converges to a.
STEP 2. Choose ¢ € B. Take ¢ > 0. Then
(a) there exists iy € Iy such that |[S;A(a)c — A(a)c|| < § for every i € Iy
with ¢ > iq;
(b) there exists an element m; € N such that mil <5

\
Therefore, we have for every j = (m,i) € J with j > (mq,41) that
[A(az)e = Ala)e] = [[A(bm,iui)c — Ala)c|
< [|A(bm iui)c — Aaw; el + [|A(aus)c — Ala)c]|
= [[7(bm i)wic — w(a)wic| + [|SiA(a)e — Ala)c]]
€
< bmyi = afl willllell + 5

1 1

€ 1 €
— || ||c - < —le — < e.
o Tarr el el + 5 < o-llel + 5

This implies that (A(a;));es converges strongly to A(a).
STEP 3. Because (A(a;)) e is bounded and (a;);jes converges to a, Lem-
ma 4.14 implies that (A(a;));jes converges strongly* to A(a). 1

In the next proposition, we prove a similar property for elements in A o

PROPOSITION 7.10. Consider a dense subspace of K of A and define the set
L=(au;|ac K,ieI). Let a € N, such that A(a) # 0. Then there exists a net
(a;)jes in L such that:

(1) llag | < llal and [[Aa)]| < IIAG@)]| for every j € J;

(ii) (aj)jes converges strictly to a and (A(a;));jes converges strongly* to A(a).

Proof. Take an approximate unit (eg)gex for A. We have for every k € K
that exa belongs to N, and A(exa) = m(er)A(a). This implies that (A(exa))rex
converges strongly to A(a). Because A(a) # 0, we get the existence of an element
ko in K such that A(ega) # 0 for every k € K with k > ko. Put Ko = {k €
K | k 2 ko}. Define J = {(k,n,F) | k € Kop,n € N, F a finite subset of B}.
Put on J an order < such that we have for every j; = (ki,n1,F1) € K and
J2 = (k2,n2, F3) € K that

J1<Je <= ki <ky,ni <ngand Iy C Fy.

In this way, J becomes a directed set. Choose j = (k,n,F) € J. By Proposi-
tion 7.9, there exists an element a; € L such that:

(1) llasll < llexall and [|A(a;) < [[A(exa)ll;

(2) llaj — aer]| < 3

(3) |A(a;)b — Alaex)b|| < L for every b e F.
Then we immediately have that

lajll < llall and [|Aa;)]| < [[7(er)Aa) ]| < [[A(a)]]-
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Now we turn to the convergence properties.
STEP 1. Choose ¢ € A. Take € > 0. Then
(a) there exists k1 € Ky such that [lexac — ac|| < § for every k € Ky with
k> kq;
(b) there exists n; € N such that n% < WD
Put j; = (k1,n1,0) € J. Then we have for every j = (k,n, F) € J with j > j
that £ > k1 and n > nq, therefore

I
llajc — acl| < ||lajc — erac|| + |lexac — ac|| < |laj — exall [|c|| + 3
< e+ &< L+ <
<z c 5 S c 5 S €.

Hence we see that (ajc);jcs converges to ac. Similarly, one proves that (ca;);c.s
converges to ca.
STEP 2. Choose b € B. Take £ > 0. Then

(a) there exists k; € Ko such that [[7(ex)A(a)b — A(a)b]] < § for every
ke Ko with k > ky;

(b) there exists n; € N such that - < 5.
Put j; = (k1,n1,{b}) € J. Then we have for every j = (k,n, F) € J with j > j;
that & > k1, ny > n and b € F, therefore

[A(a;)b— Aa)b]| < [[A(a;)b— Alexa)b] + [[A(era)d — A(a)b]]
< S ‘i

1
+ lIm(er)A@)b — Aa)p] < — + ‘< =

€
L2 2

[\

From this, we get that (A
STEP 3. Because (A
Lemma 4.14 implies that

(a;)) et converges strongly to A(a).
(a;))jes is bounded and (a;);jes converges strictly to a,
(A(aj))jes converges strongly™ to A(a). 1

So far, we have extended our weight to ¥ in such a way that @ takes values
in M(B). However, in some cases it is interesting to extend ¢ even further and
let it take values in the set of elements affiliated to B. Now, we will make a first
step in this direction.

LEMMA 7.11. Consider a € M(A)* and define the set
D ={be B| (b*p(a)b),cg, is convergent in B}.
Then D is a right ideal in M(B).

Proof. Tt is immediately clear that 0 belongs to D, that D is closed under
scalar multiplication and that D is closed under multiplication from the right with
elements of M (B). The addition requires a little bit of explanation.

Choose b,c € D. As usual, we get for any p,n € G, with p < 7 that

(b+¢)"(n = p)(a)(b+c) <2b"(n — p)(a)b + 2¢*(n — p)(a)e.

This implies that ((b+ ¢)*p(a)(b+ c)),eg, is Cauchy and hence convergent in B.
Therefore, b + ¢ belongs to D. 1
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DEFINITION 7.12. We define /% to be the set of elements a in M (A) such
that the set

{be B|(b*p(a”a)b),eg, is convergent in B}
is dense in B.
REMARK 7.13. It is easy to see that Nga is a subset of /\~/¢.

Choose a € N,. Take b € B. Then we have for every p € G, that 7(a)v,b =
1
T7 A(a)b (Corollary 4.13). This implies that (m(a)v,b),eg, converges to A(a)b.

Next we want to define for every a € N, an operator A(a) from B into E
(which is not necessarily everywhere defined). The previous discussion will justify

the following definition.

DEFINITION 7.14. Consider a € /\7;,. Then we define the mapping A(a) from
B into E such that:

(i) the domain of A(a) is equal to {b € B | the net (m(a)v,b),eg, is conver-
gent in E};

(ii) (m(a)vpb)peg, converges to A(a)(b) for every b € D(A(a)).
It is not difficult to check that A(a) is a B-linear map from B into E.

The following result is rather nice and depends on the results of the previous
section.

ProposITION 7.15. Consider a € J\~/¢. Then:

(i) The domain of A(a) is equal to {b € B | (b*p(a*a)b),cg, is convergent
in B};

(i) Let p € F, and S € w(A) N L(E) such that S*S = T,. Define v to be
the unique element in L(B, E) such that SA(c) = w(c)v for every ¢ € N,. Then
SA(a)b = w(a)vdb for every b € D(A(a)).

Proof. We define the set D = {b € B | (b*p(a*a)b),cg, is convergent in B}.
Because a belongs to ./\74,, we have that D is a dense right ideal in B. Therefore, we
can use the construction of M(A) ® D from the previous section (and which begins
after Proposition 6.7). We will use the notation of that section. The mapping U
is introduced after Lemma 6.11. By definition, a belongs to N.

(a) Choose b € D(A(a)). By Notation 2.6, we have for every p € G, that
b*p(a*a)b = (m(a)v,b, m(a)v,b). This implies immediately that (b*p(a*a)b),eg,, is
convergent in B. Therefore, b belongs to D.

(b) Choose b € D. Then we can look at a @b € M(A) ® D. By Lemma 6.26,
we know that m(a)v,b = Tp% U*(a®b) for every p € G,. This implies that (m(a)v,
b)peg, converges to U*(a®b). By definition, we get that b belongs to D(A(a))
and A(a)b=U*(a®b).

So we get that D(A(a)) = D and A(a)b = U*(a®b) for every b € D. There-
fore (ii) follows from Lemma 6.25. 1
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REMARK 7.16. By Proposition 7.15 (ii), we have for every a € /\N/Z(J that the
mapping D(A(a)) — E : b — SA(a)b is continuous.

COROLLARY 7.17. Consider a € ./\~/¢. Then we have for every p € G, and
b€ D(A(a)) that T3 A(a)b = w(a)v,b.
We have also the following result.

COROLLARY 7.18. Consider a € M(A). Then a belongs to -/\790 if and only
if the set {b € B | the net (m(a)v,b),eg, is convergent in E} is dense in B.

Proof. The implication from the left to the right follows from Proposition 7.15.
On the other hand, suppose that the set above is dense. Let b be an el-
ement in B such that (m(a)v,b)yeg, is convergent in E. Because b*p(a*a)b =
(m(a)v,b, w(a)v,b) for every p € G, (see Notation 2.6), this implies that the net
(b*p(a*a)b),eg, is convergent in B. Using this result, the density of the set above

implies that a is an element of ./\7¢. ]

PROPOSITION 7.19. Consider a € ./\74,. Then A(a) is a closed densely defined
B-linear map from B in E.

Proof. Tt follows from the previous result that A(a) is densely defined. We
turn to the closedness.

Take a sequence (b,)52; in D(A(a)) and elements b € B, x € E such that
(bn)22, converges to b and (A(a)b,)32, converges to . Choose n € G,. By

n=1

Notation 2.6, we have for every n € N that
<T$A(a)bn, TW%A(a)bn> = (m(a)vybp, T(a)v,by).
From this, we easily get that
<T7,%x,Tn%x> = (m(a)vyb, m(a)vyb) = b n(a*a)b.
Therefore, the net (b*p(a*a)b),cg, converges to (x,z). By Proposition 7.15, we
see that b belongs to D(A(a)).
1 oo
Choose 1 € G,. It is clear that (TUQA(a)bn)n:
the mapping D(A(a)) — E : ¢ — T,%A(a)c is continuous, we have also that
1 1 1 1
(T:7 A(a)b,)""_, converges to T)? A(a)b. Hence, T)7 z = T,7 A(a)b.

n=1

The fact that (7},),cg, converges strongly to 1, gives us that A(a)b = .
Consequently, we have proven that A(a) is closed. 1

1
, converges to T)7 x. Because

Another consequence of Proposition 7.15 is the following result.

REsuLT 7.20. Consider a € J\~/;,, p € F, and let S be an element in L(E)N
mw(A) such that S*S = T,. Define v to be the element in L(B,E) such that
SA(c) = n(c)v for every c € N,. We have for every x € E that S*z belongs to
D(A(a)*) and A(a)*(S*z) = v*m(a*)z.

Proof. By Proposition 7.15, we have for every b € D(A(a)) that

(A(a)b, S*x) = (SA(a)b,x) = (m(a)vb,z) = (b,v*7(a")z).

The result follows immediately. 1
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A special case hereof is the following result.

REsuLT 7.21. Consider a € J\~/;0, p€F,andx € E. Then Tp%x belongs to
D(A(a)*) and A(a)* (Tp%x) = vym(a*)z.

So we get the following density result.

COROLLARY 7.22. Consider a € ./\N/Zp. Then A(a)* is densely defined.

Using Proposition 7.15 once more, we find:

REsuLT 7.23. Consider aj,as € /\~/<p and by € D(A(a1)), ba € D(A(az)).
Then (T,A(a1)bi, A(az)bs) = bip(asar)by for every p € F,.

Proof. By Corollary 7.17, we have that
<TPA(CL1)Z)1, A(ag)b2> = <Tp§A(CL1)b1, TEA(CLQ)I)2> = <7T(a1)vpb1, W(ag)vpb2>
= byvym(aza1)vpby = bsp(azar)b
where we used Notation 2.6 in the last equality. 1

This implies immediately the following convergence result.

REsuLT 7.24. Consider ay,as € /\7@ and by € D(A(ay)), ba € D(A(az)).
Then the net (bsp(asa1)bi)peg, converges to (A(ay)br, A(az)bz).
REMARK 7.25. By using Result 7.23, it is easy to see that the following

holds. Consider a € J\~/;,. We have for every c € /\Nﬂ,,7 b€ D(A(c)) and p € F, that
T,A(c)b belongs to D(A(a)*) and A(a)*(T,A(c)b) = p(a*c)b.

REMARK 7.26. Consider a € N,. We see that A(a) is a densely defined
closed B-linear operator from B into E such that A(a)* is densely defined. So,
it behaves rather well. The question remains open whether it behaves perfect,
i.e. whether A(a) is a regular operator in the sense of [5] (which is true if B is
commutative). Therefore, we will give the following definition.

DEFINITION 7.27. We define the set ./\7¢ ={ac ./\~/;, | A(a) is regular}.
REMARK 7.28. By the results proven so far, we have that
./% ={a€ /\7@ | 1+ A(a)*A(a) has dense range in B}.

It seems to be an interesting question to look for simpler conditions on elements
of N, in order for them to belong to N,,.

Of course, the following is true. Consider a € /\N/:p such that there exists a
positive element 4 afilliated with B such that 6 C A(a)*A(a). Then a belongs to

J/\zp and A(a)*A(a) = 4.
PROPOSITION 7.29. We have the following properties:
(i) Consider a,b € M(A) such that a*a = b*b. Then a belongs to ./\789 if and
only if b belongs to /\720.
(ii) Consider a,b € ./\79, such that a*a = b*b. Then D(A(a)) = D(A(b)) and
(AMa)z, A(a)y) = (A(b)xz, A(b)y) for every x,y € D(A(a)).
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(iii) Consider a,b € /\~/:p such that a*a = b*b. Then A(a)*A(a) = A(b)*A(D).
(iv) Consider a,b € M(A) such that a*a = b*b. Then a belongs to N, if and
only if b belongs to N,.

Proof. (i) This follows immediately from the definition of J\7¢~
(ii) Proposition 7.15 (i) implies immediately that D(A(a)) = D(A(b)). Choose
x,y € D(A(a)). Result 7.23 implies that

(TpA(a)z, Aa)y) = y*paa)z = y"p(b"b)z = (T,A(b)z, A(b)x)

for every p € G,. Because (T},),cg, converges strongly to 1, this implies that
(A(a)z, Aa)y) = (A(B)e, A(b)y).

(iii) Choose = € D(A(a)*A(a)). It is clear that = belongs to D(A(a)). So, by
(ii), we have that = belongs to D(A(b)). By (ii) we also have for every y € D(A(b))
that y belongs to D(A(a)) and

(A(b)z, A(b)y) = (A(a)z, Ala)y) = (A(a)*(A(a)), y).
This implies by definition that A(b)x belongs to D(A(b)*) and A(b)*(A(b)z) =
A(a)* (Aa)z).
From this discussion, we infer that A(a)*A(a) € A(b)*A(b). Similarly, we
have that A(b)*A(b) C A(a)*A(a).
(iv) This follows from (i) and the fact that we have for every c¢ € /\7¢ that
A(e) is regular if and only if 1 + A(c)*A(c) has dense range in B. 1

DEFINITION 7.30. We define the set ./(/l\;'f ={a € M(A)"|az belongs to /V(p}.
For every a € M\;f, we put p(a) = A(a2)*A(a?), so ¢(a) is a positive element af-
filiated with B.

It is clear that M} C /T/l\;f and that for every a € M, the notation ¢(a) is
consistent with the notation introduced before.
The previous proposition implies the following one.

PROPOSITION 7.31. Consider a € M(A). Then:
(i) a belongs to Ny, if and only if a*a belongs to MY ;
(ii) if a belongs to ./\Aﬂp, then (a*a) = A(a)*A(a).

We have also the following generalizations of Proposition 7.5.

PROPOSITION 7.32. Consider a € /\7;,.
(i) Let b be an element in B. Then b belongs to the domain of A(a) if one
of the following equivalent conditions is fulfilled:
(a) the net (b*p;(a*a)b)icr is convergent in B;
(b) the net (w(a)v;b);er is convergent in B;
(c) the net (m(a)w;b)icr is convergent in B.
(ii) Let b be an element in D(A(a)). Then (mw(a)v;b);er and (w(a)w;b)icr
converge both to A(a)b.

Proof. We prove everything with respect to the elements v;(i €I). The case
with the elements w;(i € I') is completely similar.
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Suppose that b belongs to D(A(a)). We know by Corollary 7.17 that 7(a)v;b

= T;?A(a)b for every i € I. Therefore, the net (m(a)v;b)icr converges to A(a)b.
Suppose that (m(a)v;b);er converges. We have for every i € I that b*p;(a*a)b
= (m(a)v;b, m(a)v;b). This implies that (b*p;(a*a)b);cr converges.
Suppose that (b*p;(a*a)b);c; converges. By Proposition 6.7, we know that
(b*p(a*a)b),eg, converges. Therefore, b belongs to D(A(a)) (Proposition 7.15).
Combining these results, the proposition follows. &

Similarly, we have that

PROPOSITION 7.33. Consider a € M(A). Then a belongs to N, if one of
the following equivalent conditions is fulfilled:

(a) the set {b € B| (b*pi(a*a)b)icr is convergent in B} is dense in B;

(b) the set {b € B | (m(a)v;b)icr is convergent in E} is dense in B;

(c) the set {b € B | (m(a)w;b)ics is convergent in E} is dense in B.

8. THE TENSOR PRODUCT OF REGULAR C*-VALUED WEIGHTS

In this section, we are going to define and prove some properties about the tensor
product of two regular C*-valued weights (cf. [10] for weights). This procedure
can be easily adapted to the case of the tensor product of more regular C*-valued
weights.

For the rest of this section, we will fix C*-algebras A1, As, By, B and regular
C*-valued weights ¢ from Ay into M(Bj) and ¢o from As into M(Bs). Let us
also take KSGNS-constructions (Eq,Aq,m) for ¢ and (Eq, Ag,ms) for po. We
will also fix a truncating net (u});er, for ¢1 and a truncating net (u?);c;, for ¢o.

Take k € {1,2} and i € I},. We define S¥ to be the unique element in £(E},)
such that SFA(a) = Ag(aul) for every a € N,,. Furthermore, we put T} =
(S¥)*(SF). Moreover, p¥ will denote the strict completely positive mapping from
Ay, into M(By) such that pf(a3a1) = A(a2)*TFAx(ar) for every ar,as € N, .

We have introduced the necessary notation, so we can start with the con-
struction of the tensor product.

(1) The set N, ® N, is a dense subalgebra of A1 ® Ay. Furthermore, A; ® A
is a linear mapping from N, ® N, into £(B1 ® Bs, E1 ® E3) such that the set
(A1 ©Az)(e)d | c € Ny, ©N,,,d € By @ By) is dense in Ey ® Es.

(2) Choose i € Iy x I5. Define T; = Tzl1 ®Tf2 € L(E1®FEs). Then0< T; < 1.
Furthermore, we put p; = p}l ® pi which is a strict completely positive mapping
from A; ® Ay into M(B; ® Bs). It is easy to check that (T;(A; ® A2)(c1)dy, (A1 ©
Ao)(e2)d2) = dipi(cser)dy for every ci,¢o € Ny, © Ny, and dy,dy € By © Bs.
This implies that (T;(A1 © Az)(c1)dr, (A1 © Ag)(c2)d2) = dbpi(cher)dy for every
C1,C2 € N¢1 @NSOQ and di,ds € B1 ® Bs.

(3) Tt is also clear that (T;);cr, x1, converges strongly to 1.

The previous discussion implies that the elements A1 ® Ao, B1 ® By, B4 ® Eo,
Noy ©No,, A1 © Ay satisfy the conditions of the beginning of Section 5. Therefore,
A1 ® As is closable for the norm topology on A; ® Ay and the strong topology
on L(B; ® By, By ® E3) (Lemma 5.1). We define A; ® A to be this closure of
A1 ® Ay. We denote the domain of A; ® Ay by N. Then N is a dense subspace of
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A1 ® Az which is a left ideal of M (A; ® Ay) (Proposition 5.10). The remark after
Lemma 5.3 and Proposition 5.11 imply that A; ® Ay is a linear mapping N into
L(B; ® By, By ® E5) which is closed for the strict topology on 41 ® Az and the
strong topology on L(B; ® B, 1 ® E»).

It is easy to check that (m ® m2)(x)(A1 ® Az)(c) = (A1 @ Ag)(zc) for every
z,c € Ny, ©N,,,. Using Proposition 5.10, we see that (71 @ m2) () (A1 @ A2)(c) =
(A1 ® Ag)(xc) for every z € M(A; ® Az) and ¢ € N.

Now we want to go a little bit further in our construction procedure.

(4) Choose i € I x I5. Then we define u; = u}l ® ufz € M(A; ® Ay), so we
have clearly that [|u;| < 1. Moreover, define S; = S} ® 52, then S; € L(E) ® Es)
and ||S;]] < 1. We have also that T; = S7S;. It is straightforward to check for every
c € Ny, ©N,, that cu; belongs to Ny, © N, and S;(A1 ©As2)(c) = (A1 ©Az)(cuy).
Hence, Lemma 5.15 implies that Nu; C N and that S;(A;®A2)(c) = (A1®A2)(cu;)
for every c € N.

(5) It is clear that (S;)ier, x1, converges strongly to 1 and that (u;)icr, x1,
converges strictly to 1.

We are now in a position to define the C*-valued weight ¢ ® 3.

DEFINITION 8.1. The elements Ay ® As, By ® By, F1 ® F3, N and A; ®
Ao satisfy the conditions of the beginning of Section 6. Therefore, we can use
Definition 6.28 to define the tensor product ¢1 ® s, using these ingredients.

By Corollary 6.32, we have the following proposition.

PROPOSITION 8.2. We have that p1 @ g is a reqular C*-valued weight from
A1 (24 A2 mnto M(Bl X BQ)

Corollary 6.30 implies the following proposition.

PROPOSITION 8.3. We have that (E1 ® Ea, A1 @ Ag,m ® m2) is a KSGNS-
construction for g1 ® @so.

Using this proposition, it is not difficult to check that our definition of @1 ® o
is independent of the used construction procedure.

This last proposition determines ¢1 ® o completely and Definition 8.1 be-
comes in a certain sense irrelevant. In fact, we want to forget the discussion before
the definition. To keep things clear, we gather the useful results of this discussion.

PROPOSITION 8.4. The mapping Ay @ Ag is a linear mapping from Ny, g,
into L(B1 ® By, E1 ® Ey) which is closed for the strict topology on A1 ® Ay and the
strong topology on L(By ® By, By ® Es). Moreover, Ny, ® N, is a norm-strong
core for Ay @ Ay and (A1 ® A2)(a1 ® az) = Ai(ar) ® Asx(az) for every ar € Ny,
and az € N, .

For every i € I; x I, we have defined the element u; = uzl1 ®qu € M(A1®A4,).
Furthermore, we have defined the elements S; = S}, ® S7, and T; = T} @ T in
ﬁ(E1 & Eg) So Tz = SZ*SZ

We also defined the element p; = p} ® p?,, which is a strict completely
positive mapping from 4; ® Ay into M (B ® Bs).

Concerning this elements, we have the following properties.
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PROPOSITION 8.5. The net (u;)icr, x1, 8 truncating for v1 ® @s.

From this, we get immediately that 1 ® g is strongly regular if ¢ and @9
are strongly regular.

PropPOSITION 8.6. Consider i € Iy X Is. Then we have the following prop-
erties:
(i) We have for every ¢ € Ny, gy, that Si(A1 @ A2)(c) = (A1 ® Ag)(cuy).
(i) For every ci,ca € Ny wp,, we have the equality pi(cse1) = (A @
Az)(e2)* Ti(A1 @ Az)(cr)-
(iii) We have the inclusion (Ny, @ Ny, )u; € Ny, @ Ny, -

Take k € {1,2} and i € I. Then v¥ and w? will denote the unique elements
in £(By, Ey,) such that (TF)2A(a) = m(a)v* and S¥Ax(a) = mp(a)w® for every
a € ka.

For every i € I x I, we define the elements v; and w; in £(B1 ® By, E1 ® E»)
such that v; = v}, ® v? and w; = w}, ® w?. It will not be a great surprise that
these elements will be the corresponding objects for 1 ® ¢o. More precisely:

RESULT 8.7. Consider i € I, x I,. Then we have that Ti%A(c) = (m ®
m2)(c)v; and S;A(c) = (m @ m2)(c)w; for every ¢ € Ny gp, -

ResuLT 8.8. Consider w1 € Fy,, and wy € Fy,. Then wy ® wo belongs to
]:901@502 and Tw1®w2 = Twl ® Twz'

Both results follow by checking equalities for elements in NV, ®V,,, and then
using the fact that NV, ® N, is a norm-strong core for A; ® Ay (like in the proof
of Lemma 5.15).

COROLLARY 8.9. Consider wy € Gy, and wy € G,,. Then wy ® wy belongs
to g¢1®¢2.

The following lemma will be very useful to us.

LEMMA 8.10. Consider c € M(A1®A3)", d € Bi®By and x € B1® By such
that the net (d*(w1 ® we)(c)d)weg,, xg,, converges to x. Then (d*w(c)d)weg,, o,
converges to x.

Proof. Because (d*(w1 ® w2)(c)d)weg,, xg,, 15 an increasing net in B which
converges to x, we get that d*(w, ® we)(c)d < x for every w; € G, and wy € G, .
From this, it is easy to conclude that d* (w1 ® wa)(c)d < z for every wy € F,, and
wy € Fyp,. In particular, we see that d*p;(c)d < x for every i € I; x I. From
Proposition 6.6, we infer that d*p(c)d < « for every p € Fu gp,-

Because we also have that (d* (w1 ® w2)(c)d)weg,, xg,, converges to z, Lem-
ma 2.14 implies that (d*w(c)d),eq,, ., converges to z. 1

We will find a first application of this lemma in the next theorem, which
gives a nice characterization of 1 ® @s.
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THEOREM 8.11. We have the following properties:

(i) Consider c € M(A; ® Ax)*. Then c belongs to M;é@m if and only if
the net (d*(wq Q?cug)(c)d)we%1 xG,, 18 convergent in By ® By for every d € By ® Ba;

(ii) Let ¢ be an element in My, gp,. Then the net (w1 ® w2)(c))weg,, xG,,
converges strictly to (1 ® p2)(c).

Proof. Suppose that the net (d*(w1®w2)(c)d)weg,, xg,, is convergent in B ®
By for every d € By ® Ba. By the previous lemma, we see that (d*w(c)d)weg, .,
is convergent for every d € B; ® By. By definition, this implies that ¢ belongs to
ﬂ:@@z. Choose ¢1,¢2 € Ny, @p,. We know by Result 8.8 that

(w1 ®@ws)(cze1) = (A1 ® Ag)(e2)"(To, ® To, ) (A1 @ Ag)(c1)
for every w € Gy, X G, .

Because the net (7., ® Ti,)weg,, xg,, converges strongly to 1, this implies
that the net ((w1 ® w2)(c3e1))weg,, xg,, converges strictly to (A ® Az)(c2)* (A1 ®
A3)(c1) which is equal to (p1 ® @2)(cher).

The proposition follows easily from these results. 1

COROLLARY 8.12. Consider ¢ € (A1 @ A3)™. Then ¢ belongs to MI@W if
and only if the net (d*(w1 ® w2)(c)d)weg,, xG,, 5 convergent in By ® By for every
de B ® B.

COROLLARY 8.13. Consider a; € Mw and as € Mm. Then a1 ®as belongs
to My, gy, and

(1 ® p2)(a1 ® az) = p(a1) @ p(az).

In fact, this corollary follows easily from Theorem 8.11 for a; € M; and
as € ﬂ;. Because any element of M., can be written as a linear combination
of elements in M;fl (and similarly for M., ), the corollary follows.

COROLLARY 8.14. Consider a; € My, and az € M,,. Then a; ®ay belongs
to M¢1®¢2 .

A result which is very much related to this one is the following one.

o REsuLT 8.15. Consider a; € Nw and ay € Nm' Then a1 ® as belongs to
Noiop, and (A1 @ Az)(a1 @ az) = A(ar) @ Alag).

Proof. Because ajay belongs to ﬂzk (k =1,2), Corollary 8.13 implies that

aja; ® asas belongs to M;QM. Therefore, a1 ® as belongs to N, e, -

Choose e; € A; and ey € Ay. Then egay belongs to N, and Ag(epar) =
m(ex)Ar(ar) (k= 1,2). By definition, we get that e;a; ® esas belongs to Ny, gp,
and
(A1 ®Ag)(era1 ®ezaz) = Aq(e1a1) @ Aegaz) = (m1(e1) @ ma(e2))(A1(a1) ® Alaz)).
This last equality implies that

(m1(e1) ® ma(e2)) (A1 ® Az)(a1 ® az) = (m1(e1) ® m2(e2))(A1(a1) ® Afaz)).
Using the nondegeneracy of 71 and w2, we get that (A; ® Az)(a; ® az) = A1(a1) ®
Az(ag). |
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Using Proposition 7.9 (and the subsequent results) and Proposition 8.6 (iii),
we get the following results.

PROPOSITION 8.16. Consider x € Ny, gp, such that (A1 ®@As)(x) # 0. Then
there exists a net (x)jes in Ny, © Ny, such that:
(1) llzz ]l < llzll and [[(Ar @ Ag)(x;)l| < [[(Ar @ Ag)()|| for every j € J;
(ii) (z;)jes converges to x and ((A1 ® Ag)(x;))jes converges strongly* to
(Al ® Ag)(x).

PROPOSITION 8.17. Consider v € Ny, g, such that (A @As)(z) # 0. Then
there exists a net (z;)cy in Ny, © Ny, such that:
(1) [lz;]| < [|z]] and [|(A1 @ A2)(z;)]| < [[(A1 ® A2) ()| for every j € J;
(ii) (z;)jes converges strictly to x and (A1®@A2)(x;)) e converges strongly*
to (A1 X AQ)(JL‘)

In the last part of this section, we want to prove some results about elements
in P1Qp2-

PRrOPOSITION 8.18. We have the following properties:
(i) Consider ¢ € ./\N/%QW2 and d € By ® By. Then d belongs to D((A1 ®
A2)(c)) if and only if the net (d*(w1®wa)(c*c)d)weg,, xg,, is convergent in B1® Ba;
(ii) Consider ¢1,ca € Ny g, and di € D((A; ® Ag)(c1)), da € D((A; ®
Az)(c2)). Then we have that the net (d3(w1 ® wa)(c5c1)d1)weg,, xg,, converges to
(A1 ® Ag)(er)dy, (A1 @ Ag)(ca)dy).

Proof. (a) Choose ¢ € J\wa@m. Suppose that d is an element in B; ® By
such that the net (d*(w1 ® w2)(c*c)d)weg,, xg,, is convergent in By ® Bz. By
Lemma 8.10, we know that the net (d*w(c*c)d)weg, g, 18 convergent in By ® Ba.
Using Proposition 7.15, we see that d belongs to D((A1 ® Az2)(c)).

(b) Choose ¢1,¢2 € Nip gy, and di € D((A1 ® Ag)(c1)), da € D((Ay ®
As)(e2)). By Result 7.23 and Result 8.8, we have for every w € G, x G,,, that

d;(wl X wg)(c§cl)d1 = <(Tw1 ® ng)(Al ® Ag)(cl)dl, (Al (9 AQ)(CQ)d2>.

This implies immediately that the net (d5(w1 ® w2)(c3e1)di)weg,, xg,, converges
to <(A1 ® Ag)(cl)d1, (A1 ® Ag)(Cg)d2>.
Combining (a) and (b), the proposition follows. 1

PROPOSITION 8.19. Consider ¢ € M(Ay ® As). Then ¢ belongs to /\~/¢1®¢2
if and only if the set

{d € B1 ® By | the net (d" (w1 ® w2)(c*c)d)weg,, xG,, 15 convergent in By ® Ba}
s dense in B1 ® Bs.

One implication of this proposition follows from the previous proposition.
The other follows from Lemma 8.10.
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PROPOSITION 8.20. Consider a1 € /\N/LO1 and as € /\7(/;2. Then a1 ®as belongs

to A7¢1®¢2, Aq(a1) ® Ax(ag) is closable and its closure is a restriction of (A1 ®
AQ)(al X CLQ).

Proof. STEP 1. Choose d; € D(A1(a1)), d2 € D(Az2(az)). We have for every
w1 € Gy, and wy € G, that

(dl (24 dg)*(wl X wg)((al X ag)*(al X ag))(dl X dg) = dfwl (CLTCLl)dl X d;w2(a;a2)d2.
Using Result 7.24, this implies that the net

((d1 ® d2)* (w1 ® wa)((a1 ® az)*(a1 ® az))(d1 ® d2))wegm®gm

converges to (Aj(aq)di, A1(aq)dr) @ (Aa(az)da, Aa(az)ds).

Therefore, we conclude from the two previous propositions that a1 ® as be-
longs to ./\7%@@2 and that D(A;(a1)) ® D(Az(ag)) is a subset of D((A1 ® Ag)(a1 ®
az)).

STEP 2. dy € D(A1(a1)) and d2 € D(A2(az)). From Step 1 we already know
that d; ® d2 belongs to D((A1 ® Az)(a1 ® ag)).

Choose by € Ny, by € Ny, ¢1 € By and ¢ € By. Then we have for every
w1 € Gy, and wy € G, that

(1 ® c2)" (w1 ®@ wa)((b1 @ b2)" (a1 @ a2))(dy ® da) = cwi(blar)dr @ cowa(byaz)ds.
Using Result 7.24, this implies that the net
((e1 @ c2)* (w1 @ w2)((b1 @ ba)* (a1 ® az))(dy ® dy))

wEGp, ®Gpy
converges to (Aj(aq)di, A1(b1)c1) ® (Aa(az)da, Aa(b2)ce) which is equal to
(81) <A1 (al)dl X Ag(ag)dg, A1(b1)61 X A2(b2)82>.

On the other hand, Proposition 8.18 guarantees that the net
((c1 ® c2)* (w1 @ w2)((by ® b2)* (a1 @ a2))(dy @ da))

wWEGpy XGpy

converges to ((A1 ® Az)(a1 ® az)(d1 @ dz2), (A1 @ A2)(by ® b2)(c1 ® ¢2)) which by
definition equals

(8.2) (A1 ® Ag)(a1 ® az)(dy ® da), A1(b1)er @ Aa(ba)es).
Combining (8.1) and (8.2), we get that
(A1(a1)dr ® Ag(ag)da, A1(b1)cr ® Ag(ba)ca)
= ((A1 ® Ag)(a1 ® az)(dr @ da), A1 (b1)c1 ® Aa(ba)ca).

From this, we infer that (Al X Ag)(al X ag)(dl ® d2) = Al(al)dl ® Ag(ag)dg.
Hence, we have proven that Aj(a1) ® Ag(az) C (A1 ® As)(a1 ® az). Because
(A1 ® A2)(a1 ® ag) is closed, the proposition follows. 1
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9. APPENDIX 1: MISCELLANEOUS RESULTS

In this appendix, we prove some general results, which were used several times in
this paper.

LEMMA 9.1. Consider a Hilbert C*-module E over a C*-algebra A. Let T
be a positive element in L(E). Then we have that | Tv|* < ||T|| (T, v)].

The proof of this lemma is very simple because (Tv,Tv) = (T?v,v) <
| T|[{Tv,v), where we used the fact that 72 < ||T||T.

We will apply this little result in two situations.

LEMMA 9.2. Consider a Hilbert C*-module E over a C*-algebra A. Let
(T})ier be a net in L(E)T and T an element in L(E)t such that T; < T for every
i € I. Then (T;);cr converges strongly to T if and only if ((T;v,v));cr converges
to (Tv,v) for everyv € E.

Proof. We have for every ¢ € I that ||T;]| < ||T||. Using the previous lemma,
we get for every ¢ € [ and v € E that

1T = Tol* < IT = T [{Tv = Tyv, )| < 2T [{Tv,v) = (T, v)].
Now, the lemma easily follows . 1

LEMMA 9.3. Consider a Hilbert C*-module E over a C*-algebra A. Let
(T)ser be an increasing net in L(E)T. Then (T;)i;er is strongly convergent in
L(E)T if and only if the net ({(Tjv,v));es is convergent for every v € E.

Proof. One implication is trivial, we prove the other one. For this, suppose
that ((T;v,v))ier is convergent for every v € E.

First, we prove that (7});es is bounded. Indeed, choose u € E. Because
((Tyu, u))ser is convergent, there exist a positive number N,, and an element i
such that ||(Tiu, u)|| < N, for every i € I with i > io. For every j € I there exists
an element ¢ € I with i > ig and ¢ > j, implying that

(T, w)|| < [{Tiw, w)|] < N,

So we get that the net ((Tju,u));er is bounded.

Let us fix w € E. By polarisation and the previous result, we have for every
v € FE that the net ((T;w,v));cs is bounded. Using the uniform boundedness
principle, we get that the net (T;w);es is bounded.

Applying the uniform boundedness principle once again, we see that the net
(T})icr is bounded. Hence there exists a strictly positive number M such that
|73 < M for every i € I.

Choose now u € E. Take € > 0. Then there exists an element i1 € I such
that ||(Tiu, u) — (T;,u,u)|| < 557 for every i € I with i > 4;. Using Lemma 9.1, we
have for every ¢ € I with ¢ > i; that

S
1Tou = Ty ull < ITi = Ta [T = TiJu, w)|| S 2M o =&

So we see that (T;u);es is Cauchy and hence convergent in E.

From this all, we infer the existence of a map T from FE into F such that
(T;(w))ier converges to T(w) for every w € E. It follows immediately that
(Tv,w) = (v,Tw) for every v,w € E. This implies that T belongs to L(FE)
and T* = T. Moreover, it is also clear that (Tw,v) > 0 for every v € E, which
implies that "> 0. 1



202 JoHAN KUSTERMANS

The following lemma is due to Jan Verding (see Lemma A.1.2 of [10]).

LEMMA 9.4. Let E be a normed space, H a Hilbert space and A a linear
mapping from E into H. Let (x;)ic; be a net in D(A) and x an element in E
such that (x;);cr converges to x and (A(x;))icr is bounded. Then there exists a
sequence (Yn)S>, in the conver hull of {z; | i € I} and an element v € H such

that (yn)S2, converges to y and (A(yy))S2, converges to v.

Proof. By the Banach-Alaoglu theorem, there exists a subnet (z;;);jes of
(wi)icr and v € H such that (A(z;;))jes converges to v in the weak topology on
H. (For this, we need H to be a Hilbert space.)

Fix n € N. Then there exists j, € J such that [lz;, — x| < + for all
j € J with j > j,. Now v belongs to the weak-closed convex hull of the set
{A(x;) | j € J such that j > j,}, which is the same as the norm-closed convex
hull.

m
Therefore, there exist Aj,..., Ay, € RT with > Ay = 1 and elements
k=1
at,...,0, € J with a1,...,a,, = j, such that
o 1
Hv — Z)\k/\(zi%) ’ < —
k=1

l m
Put y, = > Ak, - Then y, € D(A), and A(y,) = > /\kA(xiak)- There-
k=1 k=1

1
n

o101
<) ===

Therefore, we find that (y,)52; converges to y and that (A(y,))22, converges to v. I

fore, we have immediately that |[v — Ay, )| < =. Furthermore,

m
o= gall = || > Melw = s,,)
k=1

LEMMA 9.5. Consider a C*-algebra A and a dense left ideal N in A. Let s
be a positive sesquilinear form on N such that s(aby,bs) = s(b1,a*by) for alla € A
and all by,bs € N. Moreover, suppose that there exists a positive linear functional
0 on A such that s(b,b) < 0(b*b) for every b e N.

Then there exists a unique positive linear functional w on A with w < 0 such
that w(b3b1) = s(by,ba) for every by,ba € N.

Proof. Let (m, H,v) be GNS-object for 8 (v is a cyclic vector). Because s is
a positive sesquilinear form on N, we can use the Cauchy-Schwarz inequality for
s. So we have for every by, by € N that

[5(b1, b2)[* < 5(b1, b)s(ba, b2) < O(b1b1)0(b5b2) = [|m(b)v]® [l (b2)v]|*.

Therefore we can define a continuous positive sesquilinear form ¢t on H such that
t(m(by)v, w(ba)v) = s(by,by) for every by,by € N. It is clear that ¢ is positive
and ||t]] < 1. So there exists an element T € B(H) with 0 < T < 1 such that
t(x,y) = (Tx,y) for every x,y € H. This implies that (T (by)v, w(ba)v) = s(b1,b2)
for every by,b2 € N.
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Next we show that T belongs to w(A)’. For this, choose a € N. We have for
every by, by € N that

(Tw(a)m(by)v, w(be)v) = (Tw(aby)v, w(ba)v) = t(mw(aby)v, w(be2)v) = s(aby, bs)
= 5(b1,a"b) = t(m(b1)v, m(a"b2)v) = (T'm(br)v, 7(a"b2)v)
= (Tnw(by)v,7(a")m(b2)v) = (m(a)Tm (b1 )v, w(ba)v).

This implies that Tnw(a) = w(a)T.

Now we define the continuous linear functional w on A such w(z) = {(T'n(z)v, v)
for every x € A. Using the fact that T belongs to m(A)’, we have for every
b1,b € N that

w(biby) = (Tw(b3b1)v,v) = (Tr(by)v, w(ba)v) = s(b1, ba).

Consequently, we have for every b € N that w(b*b) = s(b,b), implying that 0 <
w(b*b) < O(b*b). This implies easily that 0 <w < 6. 1

We have even proven a stronger result where N is not assumed to be dense
(of course the uniqueness is not longer valid in this case). This proof can be found
in Lemma A.1.3 of [10].

10. APPENDIX 2 : A SMALL TECHNICAL RESULT

In this appendix, we will prove a technical result which was used in several sections.
Consider a Hilbert C*-module E over a C*-algebra B and let D be a subset
of E such that its linear span is dense in E. Let (T;);c; be a net in L(E) such
that (T;);er converges strongly* to 1. Suppose that ¢ is a mapping from B into F
such that for every i € I and every v € D there exists an element z(v,i) € B such
that (T;t(b),v) = x(v,i)b for every b € B.
We want to prove that ¢ belongs to L(B, E).

LEMMA 10.1. We have that t is a continuous B-linear map from B into E.
Proof. (a) Choose by,by € B. Fix j € I. We have for every v € D that
jt(b1b2),v) = x(v,7)(b1b2) = (x(v, 5)b1)bo = (T}t(b1),v)ba = (T;(¢(b1)b2),v).
(T3t(b1bs), v) = x(v, j)(b1b2) = ((v, j)b1)bz = (T;t(b1), v)by = (T;(t(b1)b2), v)

Because the linear span of D is dense in E, this implies that T;t(b1b2) = T} (¢(b1)b2).
Because (7;);er converges strongly to 1, this implies that ¢(b1b2) = t(b1)ba.

(b) The linearity of ¢ is proven in a completely similar way.

(c) Choose a sequence (b,,)2; in B, b € B and w € E such that (b,)52; — b
and (t(bn))5; — w. Fix j € I. Take v € D. We have for every n € N that
(T;t(bn),v) = (v, j)by. This implies that ((T;t(by),v))s2; converges to z(v,j)b,
which is equal to (T;t(b),v). It is also clear that ((T;t(b,),v))52; converges to
(Tjw,v).

The two results in (a), (b) and (c) imply that (T;t(b),v) = (Tjw,v). Of
course, this implies that ¢(b) = w. Therefore, we have proven that ¢ is closed. The
closed graph theorem implies that ¢ is continuous. &
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LEMMA 10.2. Consider an approzimate unit (ex)rex for B. For every k €
K, we define the element Sy € L(B, E) such that Si(b) = t(eg)b for every b € B.
Then we have for every v € E that (S (v))kex is convergent in B.

Proof. Remember from the previous lemma that ¢ is a continuous B-linear
map from B into E. In particular, we have for every k in K that [|Sk| < ||¢]
Choose w € D. Take € > 0. Then there exists an element j € I such that
1T w —w| < %%ﬂt“ We have for every k € K that
Si(Tjw) = (Tjw, t(ex)) = (w, Tjt(ex)) = (Tt(er), w)* = (z(j, w)er) " =erz(j, w)",
which implies that (Sj (7 w))rex converges to x(j, w)*. Consequently, there exists
an element kg € K such that ||S; (T7w) — S (TFw)| < § for every ki, ks € K
with kl, k‘2 2 ]{30.

Therefore, we have for every ki, ko € K with kq, ko > ko that

155, (w) = g, (w) || < |5, (w) = S, (Tw) || + |8k, (T w) — Sy, (T w)|
+ 119k, (T w) = S, (w)|
* * € * *
<1188 lw = T wl + 5 + 1S5 | lw - Ty wl
€
31+t

€ 1 <
——— L €.
314t

€

< Il +3 + I

Hence, we see that (S} (w))kex is Cauchy and hence convergent in B. From

this, immediately we get that (S} (v))ker is convergent for every v in the linear

span of D. Because this linear span is dense in E and (S} )kek is bounded, we get
that (Sf(v))kek is convergent for every v € E. 1

Now we can formulate the final result.
PROPOSITION 10.3. We have that t belongs to L(B, E).

Proof. Take an approximate unit (eg)gex for B. For every k € K, we define
the element Sy, € L(B, E) such that S (b) = t(ex)b for every b € B. Choose ¢ € B.
Because t is B-linear, we have for ever k € K that Si(c) = t(ex)c = t(egc). The
continuity of ¢ implies that (Sg(c))rex converges to t(c).

By the previous lemma, we know that there exists a linear mapping r from
E into B such that (S} (v))kex converges to r(v) for every v € E.

Combining these two results, we get that (¢(b),v) = (b,r(v)) for every b € B
and v € E. This implies that ¢ belongs to L(B, E). 1
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