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The problem of the deformation for algebras (or rings) was brought to attention
in the 60’s, probably the most notable contribution being the one of Gerstenhaber
([5], [6]). His approach, based on algebras of formal power series, later was given
the name of formal deformation (see also 1.30 in this paper).

Later, in the 80’s, this theory was considerably revitalized by the work of
Drinfeld (see [4] for the exposition and references) who introduced some important
classes of deformations called Quantum Groups. To be a bit more specific, he
considered formal deformations for two types of algebras:

(a) for Ug — the universal enveloping algebra of a (simple) Lie algebra g;
(b) for Fun(G) (sometimes denoted Pol(G)) — the algebra of polynomial
functions on a (compact) Lie group.

When G is compact, the “quantum” Fun(G) becomes even a x-algebra. The
algebras Ug and Fun(G) (suppose g is the Lie algebra of G) are deformed in such
a way so they still become Hopf algebras satisfying the Tannaka-Krein duality.
This is the reason why the “quantum” Fun(G) is regarded as the algebra of “coef-
ficients’ of representations” of the “quantum” Ug (see [4], [12], [16], [17], [21], [23],
[25]). It turns out that the “quantum” Fun(G) can be canonically completed to a
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C*-algebra called the “quantum” C(G). The most important features of these C*-
algebras were abstracted by Woronowicz under the name of Compact Matriz Pseu-
dogroups. This class of Hopf C*-algebras (which besides the “quantum” C(G)’s,
contains also C*-algebras like C7  (T") for I" a finitely generated discrete group)
was shown to allow generalizations of many notions and results from Harmonic
Analysis. Among them, we note: the Haar measure, the Peter-Weyl Theorem,
Orthogonality Relations and Tannaka-Krein Duality (see [23], [25]).

Motivated by the fact that the “quantum” Fun(G)’s give a formal deforma-
tion, a natural question arises in the C*-algebraic context: Do the “quantum”
C(G)’s give a sort of deformation of C*-algebras? More explicitly, do the “quan-
tum” C(G)’s form a continuous field of C*-algebras?

Actually some very restrictive fields have to be considered. That is, those
fields which contain the information on how the dense subalgebras of the “quan-
tum” Fun(G)’s are “put together” by the formal deformation.

The right definition was introduced by Rieffel (see for example [14]) under
the name of (strict) deformation quantization. If one is given a C*-algebra A, by
a (strict) deformation quantization of A one means a set of data (A, z, (Xp, *p,
[+ I, ner) with

a) I an interval which contains 0;
b) A a dense *-subalgebra in A;
) (Xn,*n,| - |l,) a pre-C*-algebra structure on A, for all h € I;
d) z: Ax A— A a bilinear map, such that:
(i) (xo0,*0, || - ||o) is exactly the pre-C*-algebra structure on A “inher-
ited” from A;
(i) for any a € A, the map h — ||a||, is continuous;
(iii) for any hg € I and any a,b € A we have:

(
(
(
(

il x<nb—axn blly =0, lim fla™ —a®o, =0

. . 1
(iv) ;ILIE%HE(G Xpb—axob) —z(a,b)Hh = 0.

Note that if one takes Ay to be the completion of the pre-C*-algebra (A, X, *p),
one gets a continuous field of C*-algebras (Ap),; with Ag = A. In its “standard”
setting, the definition deals with the situation A = Cy(M), the C*-algebra of
continuous functions which vanish at oo on a manifold M, A C C§°(M) and
axiom (d) (iv) is replaced by

lim H%(a pb—bxpa)— {a,b}Hh —0,
where {-,-} is a Poisson bracket on C§°(M) which leaves A invariant.

Since this definition was formulated, several examples have been constructed
(Rieffel and Sheu; see [14], [15], [18], [19]).

Probably the most difficult step in checking a concrete example is the conti-
nuity property (d) (ii) in the above definition.

Motivated mainly by the “quantum” SU(N) groups, we propose in this paper
a framework for deformation quantization based on the existence of “continuous
families” of faithful states.
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Roughly speaking, to the definition of Rieffel we add the existence, for any
h € I, of a state ¢, : A, — C such that when we restrict it to the x-algebra
(A, Xp, *p), we have:

(a) For any a € A the map h — @p(a) is continuous.
(b) For any h € I, the GNS representation of (A, X, *p) associated to the
state p, is isometric in the norm || - ||5.

For this new set of data we propose the name deformation algebras. If a
deformation algebra has a “smooth form” (see 1.27), then we get both formal
deformations and deformation quantization (see 1.30 and 1.40).

It turns out that if the %-algebra structures are obtained by localizations of
a C(I)-+-algebra (which is exactly A ® C(I) as a C(I)-module), the properties
(d) (i), (d) (ii), (d) (ili) in Rieffel’s definition automatically follow, provided that
the norms || - ||,, come from a “uniform representation theory” (see Theorem 2.5).

The material is organized as follows.

Section 1 is meant to formalize the notion of deformation algebras. First we
examine the GNS construction “over C(Q)”. Next we deal with the localizations
associated to Hilbert modules and the GNS construction. Note that the “uniform”
localization introduced in 1.12 appears also in [13], for exactly the same purposes
(to get an upper semicontinuous family of seminorms). Then we give the definition
of deformation algebras and we prove the result (Proposition 1.25) which relates
them to deformation quantization. The section concludes with the constructions
related to smooth forms. We took the opportunity to recall briefly the notion
of formal deformation (Gerstenhaber) and to formulate some simple properties
(which are essentially inspired from [26]).

Section 2 contains the main result (Theorem 2.5), which gives a sufficient
condition for a GNS-x-algebra to be a deformation algebra. This condition is
expressed in terms of:

(a) the continuity of the family of localized states,
(b) the uniform representability of the fiber algebras,
(c) faithfulness conditions in the fiber algebras.

The deformation procedure we propose here seems suitable for many families
of C'*-algebras defined by means of generators and relations. Naively, Theorem
2.5 addresses the following problem. Suppose we have a family of C'*-algebras
Ap, h € I defined by a same set of generators X but by a family My, h € I of
sets of relations. (Here M), are understood as subsets of C{X}, the free x-algebra
generated by X.) Then the question is: When can the C*-algebras Ay, h € I be put
in a continuous field, for which each of the generators in X defines a continuous
section? If such a situation occurs, the next question is: When does this field come
from a deformation quantization?

Section 3 deals with an example: the quantum SU(N). Here, using the
“standard setting”, one takes M = SU(N) and the Poisson bracket is the one
used by Drinfeld ([4]), computed explicitly here for N = 2,3. For A we use the
algebra of polynomial functions. There are three important results which allow
this example to work:

(a) The faithfulness of the Haar state. For N = 2 this fact already appears
stated in [22], [24]. The general case is treated in [9].



372 GABRIEL NAGY

(b) The freeness of Funy, ,~1)(SU(N)) as a C[g, ¢~ ']-module. This uses the
results of Koelink ([7]).

(¢) The continuity of the family of Haar states. This appears to be previously
unknown for the general case. The case N = 2 is contained in [22], [24].

1. DEFORMATION ALGEBRAS

In this chapter we give the framework for deformation quantization. It is based
on the generalization of the techniques related to x-algebras over C. What is
essential here is that instead of x-algebras over C we shall work with x-algebras
over a commutative C*-algebra. Then, instead of working with Hilbert spaces,
one has to use Hilbert modules. It turns out that most of the techniques still work
in this case.

Later, we shall use localizations to get *-algebras over C which will give the
desired deformations. Throughout the entire section, () will be a fixed compact
Hausdorff space and C(Q) will stand for the (commutative) C*-algebra of complex
valued continuous functions on Q. Here, for f € C(Q), the C*-norm is

1 f]l = sup{|f(q)] : ¢ € Q}.

1.1. DEFINITION. By a x-algebra over C(Q) (or shortly a C(Q)-+-algebra)
we shall mean an algebra A over C(Q) which is equipped with a map a — a*
satisfying:
(i) (a+b)* =a* +b* for all a,b € A;
(ab)* = b*a* for all a,b € A;

(fa)* = fa* for alla € A, f € C(Q);

(a*)* =aforall a € A.

We shall always suppose that 1-a = a for all a € A, where 1 is the unit of
C(Q). In particular we also have (Aa)* = Aa* for all a € A, A € C.

A homomorphism of C(Q)-*-algebras 6 : A — B will be a homomorphism of
C(Q)-algebras such that 6(a*) = 0(a)* for all a € A.

1.2. DEFINITION. Let A be a C(Q)-+-algebra. By a C(Q)-positive functional
on A we mean a homomorphism of C(Q)-modules ¢ : A — C(Q) such that:
(1) p(a*) = ¢(a) for all a € A;
(ii) p(a*a) > 0 for all @ € A.
Exactly as in the case of algebras over C, it is shown that in the unital case (i)
follows from (ii).

1.3. Let A be a C(Q)-+-algebra and ¢ : A — C(Q) be a C(Q)-positive
functional. As in the “classical” case we have the Cauchy-Schwartz inequality:

lo(a*d)|? < p(a*a) - p(b*b),  for all a,b € A.

This inequality is, of course, in C(Q). (The proof is simply by evaluating at
any point ¢ € (. Note that if we view A as a x-algebra, for any ¢ € @ the
map A 5 a — ¢(a)(q) € C is a positive functional.) In particular if we take
N, ={a € A: ¢(a*a) = 0}, this set will be also described as

Ny, ={a€ A:¢(a"b) =0 for all b € B}.
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So N, is now a left ideal in A and also a C(Q)-submodule of A.
Take the quotient C'(Q)-module A/N,,. Define (-|-) : A/N, x A/N, —
C(Q) by
{a(mod N,)lb(mod N,)), = ¢(a’D).

Define also on A/N,, a norm || - ||2,g9 by

Ja(mod N,)ll,., = [|{a(mod N,)la(mod Ny)) | /2.

Finally, take H,, to be the Banach space obtained by the completion of A/N,, with
respect to the above norm. (Sometimes this space is denoted by Lé(Q)(A, ®).)

1.4. REMARKS. Take f € C(Q). Then for any a € A we have

o((fa)*(fa)) = ffe(a*a).
This shows that

| fa(mod NI, , = [Ffela* ) < 71|~ (@ @)V = £ - lla(mod Ny,

So, for any f € C(Q) the operator My : A — A defined by Msa = fa gives
an operator My : A/N, — A/N,, constructed similarly, but which is continuous
with respect to the norm || - ||, ,. Hence My extends to the space Hy. Now, if for

£ € Hy, and f € C(Q) we define f-¢ def M€, it is easy to see that H, becomes

a C(Q)-module. With respect to this structure all maps A — A/N, — H,, are
homomorphisms of C(Q)-modules.
On the other hand, from the Cauchy-Schwartz inequality we get

le(a™d)1* < llp(a*a)ll - o (5"b)]

which reads

1€lmell < Ell2p - Inlly,  forall §n € A/N,.

This shows that the map (-|-), : A/N, x A/N, — C(Q) is continuous in the
product topology, so it has a unique extension by continuity to a map (-|-), :
H, x H, — C(Q).

1.5. One can then easily prove that the Banach space H, is a Hilbert module
over C(Q), that is, it has the following properties:
(a) It is a C(Q)-module.
(b) It is equipped with a map (-|-), : H, x H, — C(Q) satisfying:
(i) (€ +nl¢)e = €lQ e + (nlC) for all §,1,¢ € Hy;
(ii) (€l = (nl€),, for all &,n € Hy;

)
(iii) (f€In)y = F(EIn)y for all &,n € Hy, f € C(Q);
(iv) (€|€), = 0 for all £ € H;
)
)

i
(v) if (£|€), = 0, then & = 0;
(vi) the norm on H, is given by

€l = [1€€lE)olIM? for all € € H,,.
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1.6. For an arbitrary Hilbert module H over C(Q) one defines B(H) to be
the set of all linear operators T' : H — H for which there exists an operator
T* : H — H such that

(T¢|n) = ([T*n)  for all {,n € H.

The main properties of these operators are (see [1]):
(a) If T € B(H), then T is continuous.
(b) If T € B(H), then T™* is unique and T* € B(H).
(c) Together with the operator norm, B(H) becomes a C*-algebra.
(d) For T € B(H) its norm is
IT|| = inf{M > 0: (TE|T€) < M*(£[€) for all § € H}.

(e) B(H) is a C(Q)-module by (fT)¢ = T(f¢).
(f)f T € B(H) then T : H — H is a homomorphism of C'(Q)-modules.

1.7. DEFINITION. By a GNS-x-algebra over C(Q) we shall mean a pair
(A, ) consisting of a C(Q)-+-algebra A and a C(Q)-positive functional ¢ : A —

C(Q) such that for any a € A, the operator L, : A/N, — A/N, is continuous
with respect to the norm [| - [, . Recall that Lq(bmod N,)) = ab(mod Ny,).

1.8. PROPOSITION. Suppose A is a GNS-x-algebra over C(Q). Then there

exists a unique homomorphism of C(Q)-*-algebras m, : A — B(H) such that
mo(a)|A/N, = Lg, for any a € A.

Proof. Define L, to be the extension, by continuity, of the operator L, from
A/N, to H,. If ¢, € A/N,, say £ = b(mod N,), n = ¢(mod N,) and a € A, then

(Laklm)e = (La€ln)y = (ab(mod Ny)|c(mod N,y))
= p((ab)*e) = p(b*a"c) = (€| Las) -

Since the operators Za and Ea* are continuous, the equality
(La&|me = (€lLax)e

holds for all £, € H,. This shows that L, € B(H,) and (Lg)* = L,-. Then
everything is clear if we take m,(a) = Lo, foralla € A. 1

This homomorphism will be called the GNS-homomorphism of A associated
to .

We leave GNS-*-algebras aside for a while, and start investigating the behav-
ior of certain objects related to Hilbert modules (over C(Q)), when we “evaluate”
them at points g € Q.
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1.9. Let H be a Hilbert module over C(Q) and let ¢ € Q. Take V, = {€ €
H : (£]€)(¢q) = 0}. Define (-|-)q: H/Vy x H/Vy — C to be the map given as

(€(mod Vg)|n(mod V4))g = (£]m)(q)-

This map is correctly defined because
Vo={¢€H:({n)(g) =0 forallne H}

(use the Cauchy-Schwartz inequality: [(€]n)|” < (€]€) - (n]n)).
On H/V, we then have a norm | - ||, given by

1/2

[€(mod Vo)l = ((€16)(a)"* = [(€(mod Vy)[¢(mod V)] .
Finally, define H, to be the completion of H/V, with respect to this norm. The
space H, becomes a Hilbert space (by extending the scalar product (-|-)q by
continuity). This Hilbert space will be called the GNS-localization of H at q.

1.10. PROPOSITION. With the above notation, let £, : H — H, be the map
given by E (&) = £(mod V).

(i) E, is a continuous operator.
(ii) If we equip Hy with the C(Q)-module structure f-n = f(q)n, then Eq4 is
a homomorphism of C(Q)-modules.
(iii) For any T € B(H) there exists a unique operator T, € B(Hy) such that

E,T =T,E,.

(iv) The correspondence T — T, gives a representation of the C*-algebra
B(H) on the Hilbert space H,.

Proof. (i) is clear, since

IEEN; = (€1) (@) < 1K€ = 1I€]1.

(ii) This is again clear because if we take £ € H, f € C(Q), and define
g € C(@Q) by g(p) = f(p) — f(a), p € Q, then f& = f(q)§ + g§. But now
=0,s

g(q) =0, so
(9€19€)(q) = lg(a)|*(€1€) (q) = 0.

This means g€ € Vy, s0 B,(f€) = Ey(f(0)€) = F(@) Byt

(iii) Define, for T' € B(H), the operator T, : H/Vy — H/Vy by T,(£(mod V;))
= (T¢)(mod V,). Using (TE|T¢) < || T|*(€|€), it follows that TV, C V,, so Ty, is
correctly defined. Moreover, from this inequality we also get

(TEITE) (@) < ITI7(€1€) (a),

that is

[T4€(mod Vo)l < [IT[ - [|€(mod Vy)

lq g
This allows us to extend (uniquely) T, by continuity to the space H,.

(iv) This is trivial.

We shall call the above representation the local representation of B(H) at gq.
We denote it by 7.
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1.11. LEMMA. Let T € B(H). Then the map Q > q — || (T)|| € R is

lower semi-continuous, that is, for any p € @ we have

timinf |, (T)| > [lmy(T))|

Proof. Let £ € H. For any ¢ € @ we have (with the notation from the
previous proposition) |75 /|? - [|£(mod V;)Hz > [|T4¢(mod \/(1)||§ This reads

(1.1) Img (D)1 - (€1€)(a) = (TEITE) (q).
But for any np € H, the map ¢ — (n|n)(¢) is continuous, so lim (n|n)(q) = (n|n)(p).
a—p
But then, if we apply “liminf” to both terms in (1.1), we get
a—p

lim inf g (T - (€1€) () > (TEITE) (p).

This reads
(timint i, (1)) - 1Sl > imp(T)CI,

for any ¢ € H, (actually only for ( € H/V,, but then for all {’s by continuity).
This last inequality gives us, of course,

timin |1x, (7)) > [, (T)].

We turn our attention now to another type of localization. Take q € () and
denote by C,,(Q) the space of all functions f € C'(Q) with f(g) = 0. Let us remark
that, since B(H) is a C(Q)-module, for any g € C(Q) we can consider the operator
M, € B(H) defined as M,¢ = g€. (One can easily check that M; = Mg; moreover
1Ml < |lgll )- Define (see also [13]) then J, to be the smallest closed two-sided
ideal of the C*-algebra B(H) that contains all the operators My, f € Cy(Q). In
fact, Jg is the closed linear span of all operators of the form M;T with f € Cy(Q)
and T' € B(H). The canonical *-homomorphism, denoted
it B(H) — B(H)/J,

q
will be called the uniform localization of B(H) at q.

1.12. LEMMA. Let T € B(H). Then the map Q 3 q — ||my™ (T)|| € R is
upper semi-continuous, that is, for any p € Q we have

limsup |7y (1) < ™ (T)]]-
q—p

Proof. (See also [7], Chapter 2.) Let € > 0 be fixed. Then

uni def .
I (1) = 1T (mod J,)[| = inf{||T + S| : S € Jp}.

p

In particular, there exists S € J; such that

(1.2) IT + S| < lmp™ (1) +e.
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Now, according to the description of J, given above, there exist f1,..., fn, € Cp(Q)
and X1,...,X, € B(H) such that

(1.3) HMf1X1+"'+anXn—SH <e.
For any k£ = 1,2,...,n, using the continuity of the map fi, we can find a neigh-
borhood Uy, of p such that
€
(1.4) |fu(q)| < ——=—, forall g € Uy.
- || X |

By Urysohn’s Lemma, for any such k& we can find another neighborhood Wy, of p,
Wi C Uy, and a continuous function xy : @ — [0, 1] such that

xk(q) =1 forallge @\ U
xx(q) =0 for all ¢ € W.

Let g = xk - fx- For ¢ € Q we have

_fo for all g € Q \ Uy,
|fk(Q)_9k(Q)|—{(1_Xk(q)).|fk(q)| for :ugeUk\, '

which shows (use (1.4)) that
€

———— forall g € Q.
n- | X ||

|fr(@) = grla)] <
In particular

(1.5) [|Mp, =My, || = |Mp—g | < [1fs —gxll < forall k =1,2,...,n.

_
n- || X

Take then Y = My, Xy +--- + My, X,,. Note, on the one hand, that using (1.5),
we have

||Mf1X1 +oeee anXn - Y” = H(Mfl - M(JI) : Xl i (an - MQn) ' X"”
<My, = Mg, |- 1 X0l + - - + [[ My, = Mg, || - [ Xn]l <e
Combine this inequality with (1.2) and (1.3). We obtain
1T+ Y[ < T+ S|+ [[Mp Xo + -+ My, X = S
My Xy 4 My, X = Y| < [ ()] + 3e.

On the other hand, take W = Wy N---NW,,. This W is a neighborhood of p, and
for any ¢ € W we have gi(q) =0 for all £ =1,2,...,n. In particular, gi € Cq(Q)
forallge Wand k=1,2,...,n. Hence Y € J, for all g € W. So,if g € W,

(1.6)

. def uni
1T+ Y| > f{[|T+ Z| : Z € J} = |xy™ (D)].
Using (1.6), this inequality gives

||7r(‘;“if(T)|| < ||7r;“if(T)|| +3¢ forallge W.

In particular, we get limsup || (T)|| < ||72™(T)|| + 3¢. But ¢ is arbitrary, so
a—p

we get the desired result. 1
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1.13. LEMMA. Let T € B(H).
(i) For any q € Q we have | T| > [lmy™(T)|| > ||mg(T)].
(i) 171 = sup{llme(T)] : ¢ € Q}-
(iii) If for all ¢ € Q we have ||wy™ (T)|| = ||mq(T)]| o pq(T), then the map
Q3 q+— pg(T) € [0,00) is continuous.

Proof. (i) The inequality ||T[| > [|wy™(T)]| is trivial (simply because s
a *-homomorphism). For the second inequality, since 7, is also a *-homomorphism,

we have

unif
q 1

7o (T)|| = inf{||T + S| : S € Kerm,}.

So, in order to prove this second inequality it suffices to show that J, C Kerm,.
But if f € Cg(Q), X € B(H) and & € H, we have

1M X)q (& (mod V)2 = (M XE| My XE)(g) = (fXE[fXE)(q)
= |f(a)*(X¢[XE)(q) = 0.
That is, (MsX), = 0 on H/V,, so mg(MsX) = 0, i.e. MyX € Kerm,. Now
everything is clear because J; = Span{M;X : f € Cy(Q), X € B(H)}.
(ii) By (i) we have ||T|| > sup{||my(T)|| : ¢ € Q}. Conversely, let M =
sup{||m¢(T)|l : ¢ € Q}. Then, for any g € @), we have
(TETE)(q) = (T4 (Emod Vo)) [T, (§(mod V7)),
= [Ty (mod VoI5 < 7417 - [|€(mod Vo) 3
= lIma(D)I” - (€1} (a) < M* - (l€)(a),  for all € € H.

This gives (¢ € Q was arbitrary) (T¢|T€) < M?(¢|¢). By Proposition 2.1.8 (d),
this gives ||T|| < M.
(iii) Using Lemmas 1.11 and 1.12 we get, for all g € @,

pe(T) < liminf py(T) < limsup ps(T') < po(T),
s—q

s—q

so lim ps(T) = py(T). 1
s—q

1.14. REMARK. Lemma 1.13 (i) gives the existence of a *-homomorphism
®,: B(H)/J, — B(H,) such that m; = &4 o wynif,

We return now to GNS algebras and we investigate, in the same spirit as
above, what happens when we “evaluate at ¢” a GNS-x-algebra.

1.15. DEFINITION. Suppose A is a C(Q)-*-algebra. For a fixed ¢ € @ con-
sider the map e, : C(Q) — C given as e,(f) = f(q), f € C(Q). Clearly e, is
a #*-algebra homomorphism which makes C to become a C(Q)-+-algebra. If we
regard C only as a C(Q) module, we can form 4; = A®,,, C. Actually, since
both A and C are C(Q)-algebras, A, will become itself a C(Q)-algebra.

To distinguish the C'(Q)-module structure on C we shall write 4, = A®,, C.
In fact, A, becomes a C'(Q)-*-algebra. The involution is simply given by (a®A)* =
a* @ A\
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Because the C'(Q)-module structure of A, is defined only in terms of e, and
the C-vector space structure (that is, for x € A; and f € C(Q), fz = f(¢)x), it
will be reasonable to investigate A, only as a %-algebra (over C). We shall call 4,
the localization of A at q.

Of course, the localization gives a functor from the category of C(Q)-*-
algebras to the category of x-algebras.

If we consider the map e, : C(Q) — C, then we can define another map

Id 4 Rco) €a A®C(Q) cQ)— A R0 C.

This map gives, of course, a homomorphism of C(Q)-*-algebras ¢, : A — A,.

Note that Kere, = Cy(Q), and if we denote by i, the inclusion C,(Q) —
C(Q), using the right exactness properties of the tensor product (over C(Q)) we
get (see [8], Chapter V):

Ker(Ida ®,,, €q) = Range(lda ®, 4, %)

But under the identification A ®_,, C(Q) ~ A, the C(Q)-submodule Range (Id 4
® (o tq) gets identified with the C(Q)-submodule Cy(Q) - A of A generated by the

elements of the form f-a with a € A and f € Cy(Q). So we get an exact sequence
of C(Q)-modules

(1.7) 0—Cu(Q)- A=A A, —0.

In fact, Cy(Q) - A is a two-sided ideal in A (as a C(Q)-algebra) and it is invariant
under the involution. So (1.7) is an exact sequence of C(Q)-+-algebras.

1.16. PROPOSITION. Let (A,p) be a GNS-x-algebra over C(Q) and let g €
Q. Then:
(i) There exists a unique positive functional ¢q : Aq — C such that the
diagram

A L4,
‘Pl l‘?q
c@ - C

18 commutative.
(ii) If we take m, : A — B(H,) the GNS-homomorphism, there exists a
unique representation Iy : Ay — B(H ) such that the diagram

B(Hgo) - B(Hso,q)

Tq

is commutative. Here H, , is the GNS-localization of the Hilbert module H, at q
(cf. 1.9.).
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(ili) There exists a unique x-homomorphism ¥4 : Ay — B(H,)/Jq such that
the diagram

€q

A — A

™ | | =

B(H,) it B(Hy)/J,
1s commutative.
(iv) The x-homomorphisms I1; and ¥, are related by the commutative dia-
gram

A, % B(HY)/,
I, /@,
B(H,,)

(v) (Ag,¢q) is a GNS-x-algebra over C and the representation 11, : A, —
B(Hy ) is unitary equivalent to its GNS representation.

Proof. (i) Let g = eqop: A— C. Ifx € Cy(Q)- A, say x = fra1+- -+ fnan
with f1,..., fn € Cy(Q) and aq,...,a, € A, then

Ye(z) = () (q) = [frplar) + -+ fap(an)l(q)
= fil@)p(a1)(q) + - + ful@)plan)(q) = 0,

because f1(¢) = --- = fn(q) = 0. This computation shows that 1,|Cy(Q)- A =0
and so 1, factors through the canonical map A — A/{C,(Q)-A}. But A/{Cy(Q)-
A} ~ A, and so the desired ¢, exists. Its uniqueness is obvious.

In order to prove (iii) it suffices to show that W}Imif om, = 0 on Cg(Q) - A.
But again if v € Cg(Q) - A, say « = fia1 + - -+ fna, with fi,..., fn € Cg(Q) and
ai,...,a, € A, then

To(x) = mp(frar + - + foan) = My my(ay) + -+ + My, w(an).

This shows exactly that m,(x) € Jg, so w;“if(ww(x)) = 0.
(ii) and (iv) Define II, = ®, 0 3, where X, is given by (iii).
(v) Let H, be the GNS space of A, associated to ¢,. Take first N, = {z €

Ag : @q(x*z) = 0}, then define on A,;/N,, the scalar product

(m(mod N%)|y(mod Nq:q))(pq = ‘Pq(x*y)a

and finally take H, to be the completion of A,/N,  with respect to the corre-
sponding norm. Recall that H, , is constructed in the following way. We take
Vo={¢€ H, : (£|€),(¢) =0} and we define on H,/V; the scalar product

(€(mod Vy)[n(mod V), = (&n)(a)-

The Hilbert space H, , will be the completion of H,/V, with respect to the cor-
responding norm. The space H, was defined itself also as a completion of A/N,,
equipped with (-|-),. Denote the map A — A/N, — H, by 0. So Rangec
is a dense C(Q)-submodule of H,. Then, using the continuity of the operator
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E,: Hy — H, 4 (see 1.10), E4(Rangeo) will be a dense subspace in Range E,.
But, by construction, the space Range E, is dense in H,, 4, so Range(E, o o) will
be dense in H, ,. Now define Uy : Range(E, o o) — Hy by

Uo(Ey(o(a))) = €4(a)(mod N, ) foralla € A.

Not only that shall we check that Uy is correctly defined, but we shall also prove
that Uy is an isometry. Indeed, take a,b € A and let £ = E,(o(a)), n = E4(o(b)).
Then

(€4(a)(mod Ny, q)[eq(b)(mod Ny q))

od N,
= pq((e ( ))7€q(b)) = pq(€q(a”d)) = eq(p(a”b)) = p(a”b)(q)
= (a(a)|o(b))(q) = {(o(a)(mod Vg)|o(b)(mod Vy))q = (Eq(0(a))|Eq(a(b)))q-

Now, Range Uy = {€;(a)(mod N, : a € A}. Since €,(A) = A, we get Range Uy =
Ay/Ny,, that is Range Uy is dense in H,. Using the density of Range(E, o o) in
H, 4, this will clearly give a unitary operator U : H, ; — H,.

Take now £ € A;/N,,. Let n € Range(E, o o) be such that & = Uyn, say
n = Ey(o(b)), b € A. Then § = ¢,(b)(mod N, ). Take x € Ay, say x = ¢,(a),
a € A. Then

L) =U"" [L (€4(b)(mod N, ))] Ut [a:-~ (b)(modN¢q)]
", = U [7y(0) - (@ (0)mod Ny, )] = U 2, (ab)(mod N, )]
( (ab)) = Eq(ab(mod Ny)) = ( e(a) - (b(mod N,)))
Eq(7y(a)o(b)).

Now, by Proposition 1.10, we have E,T = 7,(T)E,, for all T € B(H,). So the
computation (1.8) can be continued to give

(L9) U Lo€ = 7y (my (@) E,(0(b)) = (g 0 ) (@)n.

But now, using part (ii),

(mq 0 mp)(a) = Tly(€q(a)) = Tly(z).
So we can further continue (1.9) and conclude
(1.10) U'L.€ =, (x)n.
In particular, since U is unitary,

L€ ]l = 1U™ Lag]| = Mg (2)nll < Mg (@) Il = [ITg ()| [Un]l = [T, ()]l I€]l

So L, is continuous on A, /N, and so (A, ¢4) is a GNS-*-algebra over C. Extend-
ing (1.10) by continuity, we get that U intertwines II, with the GNS representation
of (Ag,p4). 11

If (A4,¢) is a GNS-x-algebra over C(Q), then the GNS-x-algebra (A, ¢q)
given by the previous proposition will be called the localization of (A, @) at q.
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1.17. REMARK. Suppose % is another C(Q)-positive functional which makes
again (A,1) a GNS-x-algebra over C(Q). If, for some g € @ we have ¥(a)(q) =
(a)(q), for all @ € A, then ¥, = ¢,. That is, the localization of (A,¢) at ¢
depends only on the “evaluation of ¢ at q”.

The above proposition associates to any GNS-x-algebra over C(Q) a family
(indexed by g € @) of GNS-x-algebras over C. But if (B,) is a GNS-x-algebra
over C, then B carries a C*-seminorm py defined by py(b) = |7y (b)|, where
my : B — B(L?(B,%)) is the GNS representation. (This seminorm can be also
defined for GNS-x-algebras over C(Q), but we will not use it in this generality.)

Proposition 1.16 has the following important

1.18. COROLLARY. Let (A, ) be a GNS-x-algebra over C(Q). For any q €
Q, take p,, to be the corresponding C*-seminorm for the GNS-x-algebra (Aq, pq)
(defined above). Then, for any a € A, the map Q > q — py, (€4(a)) € [0,00) is
lower semi-continuous.

Proof. Use 1.16 (v) to get that p,, (€4(a)) = |[T14(€4(a)||. By 1.16 (ii) we get
Py, (€q(a)) = [[mq(my(a))]l. To conclude, simply apply Lemma 1.11. &

1.19. In exactly the same way (by Lemma 1.12), if we define on A, another
C*-seminorm p‘;{‘éf by pg"‘flf(x) = ||Z4(x)||, we get that, for any a € A, the map

Q 3 q— piii(ey(a)) € [0,00) is upper semi-continuous.

1.20. Using Lemma 1.13 we also obtain

(a) plif(z) > py, (x), for all z € Ag;

(b) if p;f‘;f = py, for all ¢ € Q, then for any a € A the map Q > ¢ —

Py, (€q(a)) € [0,00) is continuous.

1.21. DEFINITION. Let (A, ) be a GNS-x-algebra over C(Q) and let g € Q.
We say that (A, ) is regular at q if
(i) py, is a norm on Ag;
(i) Py, = P2F on Ay
In this case we simply denote py, (-) by || - | 4, -

1.22. REMARK. Suppose (A4, ) is regular at ¢ for all ¢ € Q. Then, after
completions, (A4)qeq gives rise to a continuous field of C*-algebras.

Indeed, let us take B, to be the completion of A,. As a “total” set of sections
we take To = {I'(a) : a € A}, where the fields I'(a) are defined by

D(a) = (6g()yeq € TT 4 < 1 B
q€Q q€Q
Clearly Yy is invariant under the sum, product and involution. We then take T
to be the “closure” of To. That is, T consists of all fields (24),., € [ By such
q€Q
that, for any ¢o € @ and any € > 0, there exists a neighborhood U of gy and a € A
with
l|lzg — §q(a)||Aq <eg, forallqgeU.

By [3], Propositions 10.2.3 and 10.3.2 it follows that & = ((By)
tinuous field of C*-algebras.

qu,T) is a con-
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Let us note that deformation quantizations (as defined in the introduction)
give rise, after completions, to some restricted types of fields. These fields have
the property that in each fiber one finds a faithful copy of the algebra A (with
the corresponding deformed product, involution, and norm). This suggests that
the regularity condition defined above may not be sufficient. It is then natural to
introduce the following.

1.23. DEFINITION. Let (A, ) be a GNS-x-algebra over C(Q). We say that
(A, p) is a deformation algebra over C(Q), if

(i) as a C(Q)-module, A is free;

(ii) (A, ) is regular at ¢ for all ¢ € Q.

The reason why we impose condition (i) is the following. Any free module A
over C(Q) has a C-form. That is, if we regard A as a vector space over C, there
exists C-linear subspace V' such that the map

VxC@Q)> (v, f)— fve A

gives an isomorphism of C'(Q)-modules between V ®@¢ C(Q) and A.
Denote by ¥, the restriction of the map €; to V. Then ¥, : V — A, is an
isomorphism of vector spaces.

1.24. NotAaTION. Let (A, ) be a deformation algebra over C(Q) and let
V be a C-form for A. Define for each ¢ € @ the GNS-x-algebra structure on V'
induced by ¥,. That is, we define for v,w € V their g-product

v xgw =W, (W, ()T, (w)).
For v € V' we define its g-adjoint by
o=, (W,(0)").

For v € V' we define its g-norm, by

oll, = 1, @)]4.-
For v € V, we define

Pq(v) = q(Vq(v)).
Denote sup ||v], def ~(v).

q€Q

So, as a GNS-x-algebra over C, (A4,,¢,) is identified with (V,,) equipped
with the x-algebra structure given by the ¢g-product and the g-involution. The C*-
norm || - |, is the one that comes from the GNS representation associated with ).

1.25. PROPOSITION. With the above notation, the following properties hold:
(i) For any g € Q, | -, is a C*-norm on the *-algebra (V, xq, *4).
(i) For any v € V, the map Q > g+ |[lv[|, € [0,00) is continuous.
(iii) For any ¢ € Q and any v € V we have
lim y(v*s —v*?) = 0.

S—q
(iv) For any q € Q and any v,w € V we have

lim y(v Xs w —v xq w) = 0.

s—q
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(v) For any q € Q and v € V' we have
lim () =ty 0).

Proof. (i) and (ii) follow right from the definition (see also 1.20 and 1.21).
To prove the rest of the statements, we choose a basis (v;);.; in V' (as a vector
space). Since V is a C-form for A, (v;),.; will be a basis for the free C(Q)-module
A. For any i,j € I take I« (i,7),1.(i) C I to be finite sets and let the systems

k k .
( ij)keIX (i,)? (Qi )kel*(i) C C(Q) be such that
Vv = Z fikjvk, vy = Z gruy.
kel (i,4) kel (i)

The above relations take place, of course, in A, which is a C(Q)-*-algebra.
Then, if we localize at g, we get

vixqui= Y. fE@u, 0= Y g
k€I (i,9) kel (i)
Because v is obviously a norm on V| it suffices to prove (iii) for v = v; and (iv)
for v = v;, w = v;. But, in this case everything is clear:
tin (o7~ o7 =l 3 (6 - st @) )
kel (1)

< Y lim [g7(s) = 97 (9)] - (vf) = 0.
kel (i)

Similarly

élilrgzv(vi XoUj =V XqUj) < Y }lgél T (s) = fi(@)] - v (k) = 0.
kel (i,5)

(v) is obvious since ¥s(v) = p(v)(s) and ¢(v) € C(Q). 1

Using y(v) = [jv|, for all s € Q, we get
1.26. COROLLARY. (i) lim [[v}* —v; ||, =0 for allv € V;
s—q

(i) !gl}l lvi xsvj —v; Xquj|l, =0 for allv,w e V.

So the system (V, xgq,%g, || - ||q)qu defines, after completions with respect
to the C*-norms || - ||q7 a continuous field of C*-algebras over ) such that, if
a € A, then I'(a) = (e4(a))qeq € [I A4 is a section in this continuous field

qeq

(see 1.22). Moreover (use the notation from 1.16), the norm of such a sec-

tion is [[T(a)]| = Sup leg(a)llg- But [[eg(a)lly = po,(€g(a)) = lme,(eq(a))ll =
q

L4 (eq(a)|| = ||mq(my(a))|l, where m, : A — B(H,) is the GNS representation,

while m, : B(H,) — B(H, ) is the GNS localization. But then, using 1.13, it

follows that ||T'(a)|| = sup ||7’rq(7rq,(a))|| = |7y (a)||. Since the sections I'(a), a € A
q€Q
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form a total set (in fact a dense x-algebra) in the C*-algebra of sections in this
field, it follows that the C*-algebra of sections is exactly the completion of A in
the norm |[|a|| = ||7,(a)||. This gives us the fact that the above continuous field is
unique with the property that all the I'(a)’s, a € A are continuous sections.

The next natural question that arises at this moment is: When do we get
a strict deformation quantization? The missing ingredient is the bilinear map
z:V xV — V. (See Introduction.) Through the remainder of this section @ will
be supposed to be a compact C'°°-manifold.

1.27. For any C(Q)-module A and any subset V' C A we denote
Vo = Spanc{fv:v eV, f e C®(Q)}.

DEFINITION. Let (A, ¢) be a deformation algebra over C(Q) and let V be a
C-form for A. We say that V is smooth if

(i) for any v,w € V we have v - w € V>,

(ii) for any v € V we have v* € V°°.

1.28. PROPOSITION. Let (A, ) be a deformation algebra over C(Q) and V
be a smooth C-form for A. Let q € Q be fized and let o : (—e,e) — Q be a smooth
curve with o(0) = q. Then

(i) There exists a unique sequence (z

)., of bilinear maps 23, : VXV —

o9
V' such that, for any n > 1 and any v,w € V, we have
1
}1_{1(1) t—n’y(v Xo(t) W=V Xq W — tz},’q(v,w) — = t"zgq(v,w)) =0.

(ii) There exists a unique sequence (Agﬁq)jf:l of conjugate linear maps Ay ,
V' — V such that, for any n > 1 and any v € V, we have

. 1 * g (4 * 1 nyn
tlg% tin'y(/u (t) — p™a —t)\a_yq(’l))—"'—t Ao_’q('l})) =0.

(iii) If o1 : (—e1,€1) — Q 1is another curve with o1(0) = q and

d* d*
@oﬂt:():@cﬂt:() fork=1,2,....,n,
then z’;l’q = 257(1 and )\’él,q = )\(’qu, forallk=1,2,...,n.

Proof. Fix a basis (v;);c; in V. Let, for i,j € I, the sets I (i,j), L.(i),
(F8)her (i) (9)er, ) be given as in the proof of Proposition 1.25. That is

ij
k * k
VVj = E Ji5vk, v = E g; Uk

ke€Ix (4,5) kel (i)

Since V' is smooth, we have ffj,gf € C>®(Q).
Define

n

aly(n) = () - St g o) =0,

and
n

Bhn) = ()t o

(t > gE(a(t)[t = 0.
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Let 27, : V x V — V be the unique bilinear map defined, on the basis, by
Zg 4 (i, v5) = Z afj(n)vk..
keI (4,5)

Similarly, define A7 . : V' — V to be the unique conjugate linear map given, on
the basis, by

)‘Z,q(vi) = Z ﬁzk(n)vk

kel (3)

In order to verify (i) and (ii) it suffices to show (use the fact that v is a norm
on V) that (i) holds for v = v;, w = v; and (ii) holds for v = v;.

But
e[ (V5 X (r) Vj = Vi Xq V) = tzg (03, 05) = - = 1720 (03, 05))
B 1
(3 o)~ £5(0) —ta )~ ] )
ke[x(i:j)
1
< D |m [fhe®) = fie) — tali() = - = t"afi () ’ )

keI (i,7)

Using Taylor expansion, for each k € I« (i,j) we have

tim L [£h(0(6)) — £ (a) — tals (1) — -~ t"ay(m)] =0,

so we get (i).

(ii) is proved exactly in the same way. The uniqueness of the sequences
25 s Ao, follows by induction. Indeed, let z7 , be another sequence which satisfies
(i). Fix v,w € V and define

Zn(t) =v Xy w —v Xgw —tz)  (v,w) — - = t"27 (v,w)

and Z,(t) in a similar way with s instead of 2’s.
For n = 0 we have Zy(t) = Zo(t) = v Xy w —v Xqw. Then if Z,(t) = Z,(t),
we get B
Weggt (0,0) = 251 = A" (Znga () = Znga ()

1 -
< [T [(V(Znt1(t) +V(Zns1 (1))
By assumption, we have }irr(l) o V(Zna (1) = 7}irr(l) T A Zps1 (1)) =0 , s0 we

get
n+1 ~n+1

V(Zo,q (va) - Zo,q (v,w)) = Oa
and since v is a norm, we get 2zt (v, w) = 2} (v, w). Similarly the uniqueness
of the A’s follows.
. Statement (iii) follows easily using formulas given for 2z , and A} , on the
asis. 1
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1.29. COMMENTS. Suppose that ¢ € @ is fixed and V and o are also fixed as
in Proposition 1.28. We denote the g-product simply by “-” and the g-involution

by “7. Let 2y, = zn, Ay, L\, for n > 1. Tt is not difficult to prove (see [10]
for thls computation), that the maps z,, \,, n > 0 satisfy the following identities:

(1.11.n) Zznmzmab :szaznmbc)) for all n>0;
m=0

n

(1.12.n) Z An—m(zm(a,b))= Z Zms (Amy (@), A, (0)) for all n>0;

m=0 mi+mao+ms=n
(1.13.n) Z A—m(Am(a))=0 for all n>1;

1.30. The above formulas allow us to make the following construction (g is
fixed, as well as o; use the above notation).

Take V[[t]] to be the space of formal power series in ¢ with coefficients in V.
That is, every element in V[t]] is a power series

U=U0+U1t—|—1}2t2+~'~

The vector space V[[t]] becomes a C[[t]]-module in the obvious way. If we regard
the algebra C[[t]] as a x-algebra by ¢* = ¢, we can define a C[[¢]]-*-algebra structure
on V[[t] in the following way. It suffices to describe the product and involution for
v € V, i.e. for “constant” series. For these “generators”, say a,b € V, we define

aeb=z(a,b)+ z(a,b)t+ z(a,b)t* +---
a* = Xo(a) + Mi(a)t + Aa(a)t® + -
Formulas (1.11) give the associativity of e. Formulas (1.12) give
(vew) = (v)e(w*), forallv,we V][]
Formulas (1.13) give
(v)*=wv, forallve V]

Recall that zg(v,w) = v - w and Ag(v) = v*. Having this in mind, our
construction yields what is known in the literature as a formal deformation of the
x-algebra (V) -,*).

So, for any C*°-curve o : (—¢,e) — @ with 0(0) = ¢, we have a formal defor-
mation of the x-algebra (V, -,*). As remarked in Proposition 1.28, this structure
depends only on the derivatives of ¢ at 0.

1.31. We will focus now on the formulas (1.11)-(1.13) for n = 1,2. We
will rewrite (some of) them, using some operations which are used in homology.
We recall (see [8]) the definition of the Hochschild complex (C™(D, D)), >0 of an
algebra D (over a commutative ring k) with coefficients in itself:

C"(D, D) def {w:D x -+ x D — D :wis k-multilinear}.

n times
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For n =0, C°(D,D) = “p. Sometimes, to avoid the ambiguities, we shall use the

notation CJ'(D, D). Define 6 : C"(D, D) — C"*(D, D) by

(0w)(dy, .. dnt1) ' cw(day ... dpt1) —w(dide,ds, ... dpy1) + -+
4 (=1)"w(dyi,da, ... dy, dpg1) + (— )n+1 (diy...dy) - dpy1.
If we C°%D, D) = D,
(bw)(d) ¥ d-w—w-d.

The space of n-cocycles is
Z"(D,D) ¥ {w e C™(D, D) : 6w = 0},

and the space of n-coboundaries is

B"(D,D) ¥ sc"Y(D,D), B°(D,D) ¥ {0}.
For w € C™"(D, D), v € C™(D, D), n,m > 1, one defines their Gerstenhaber
composition product (see [5]), wov € C"™™~1(D, D) by

(wov)(di,-..,dntm—1)
Z DI D(dy,. . dj v(djsts . djem)s djtmts - - - dngm—1)-
7=0

In general we have
Z"(D, D)o Z™(D,D) ¢ 2"t (D, D).
Instead, it is true that if we take the composition commutator
[Wa V]o =wov — (_1)("—1)(7n—1)y 0w,

then
[(Zz™(D,D),Z™(D,D)], ¢ Z"*™ YD, D).

But if we take w € Z2¥(D, D), then [w,w], = 2w ow. So if w € Z%*(D, D), then
wow € Z*~1(D, D). (Assume that 2 is invertible in k.)

Note that if w,v € C1(D, D), then w o v is exactly the composition of w and
vasmaps: D — D.

If moreover D is a *-algebra, then on each C™(D, D) we have an involution

defined by

w(dy,. .. dy) L o(d,. .. d)".

An easy computation shows that, for any w € C™(D, D) we have
J(w*) = (1) (dw)".

We now turn our attention to the formulas (1.11)—(1.13) for n < 2. Let us
denote by p,, : V' — V the map p,(a) = Ao(An(a)), n > 0. The maps p,, are linear.
As before, the point ¢ € @ and the curve o are supposed now to be fixed.
Regard V' as the x-algebra A, on which the product and involution are simply
denoted by “-” and “x”. Also denote, in Ay, the commutator a - b — b - a by
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[a,b]. We regard z, € C?(A,, A,) and p, € C*(4A,, 4,). Of course 2¢(a,b) = a-b,
Ao(a) = a* and A, (a) = pp(a)*. The relations (1.11.1), (1.11.2) are

z1(a-b,¢) + z1(a,b) -c=a- z1(b,c) + z1(a, b - ¢)
zo(a-b,c) + z1(z1(a,b),¢) + z2(a,b) - ¢ = a - za(b, ¢) + z1(a, z1(b, ¢)) + z2(a,b - c).
They are equivalent, using the above notations, with

(L.11.1y 0z1 =0, that is, z; is a 2-cocycle.
(1.11.2y 029 = 21 0 21.

Relation (1.12.1) is
A(a-b) + z1(a,b)* = z1(a”*, ™) + A1 (D) - a® + b* - A\1(a),

which reads

(1.12.1) 21— 2y = 0p1-
Relation (1.13.1) is A1(a*) + A1(a)* = 0, which is the same as
(1.13.1) P = —p1.

Let us recall that the 2-cocycle z; (on A,) depends only on the first derivative
7(0) of o. This means that it corresponds actually to a tangent vector at ¢ for Q.
That is why we shall denote z; by zx,, where X = ¢(0). The same is true for p;
which will be denoted by px 4.

What we have obtained is the following.

1.32. PROPOSITION. Let (A, ) be a deformation algebra over C(Q). Let V.
be a smooth C-form for A. Then
(a) For any g € Q and any X € T,Q there exist unique maps

Zx,q € Cz(Aq’Aq)a Px,q € Cl(Aqqu)

such that for any curve o with 0(0) = q and ¢(0) = X, we have

(1) chr,q = ZX,q,

(i) AL ,(a) = px.q(a)*s for all a € A,.

(b) The maps zx 4 and px,q satisfy

(i) 2x,g € Z%(Ag, Ay),

(i) 2x,q 0 2x,q € B*(Aq, Ag),

(iil) pX , = —Px.qs

(iv) zx,q — Zx.0 = 0Px,q-

1.33. CoMMENTS. (I) In the case when @ is a manifold with boundary, the
definition of the maps 2y ,, Ay , given by Proposition 1.28 makes sense if we allow
curves o which have as domain either [0,¢) or (—&,0]. (This is relevant only for
points ¢ € 0Q.)

(IT) If Y is a vector field on @ (the manifold @ may have boundary), then
all the 2-cocycles zy, 4,q € Q give rise to a 2-cocycle zy on the C(Q)-algebra A.
Similarly, all the py, 4’s give a map py € C} (Q)(A,A). These facts rely on the
well-known results about currents on manifolds (or, equivalently, the dependence
on parameters for solutions of differential equations).



390 GABRIEL NAGY

Take a cover of (Q with open sets Dq,..., D, such that for each k =1,...,n
we have an interval Iy, either of the form I = [0,e) or of the form I}, = (—eg, 0],
and smooth maps &y : I, X D — @Q such that

0Py,

D4 (0,q) = q, W(t,q) =Yy, (tq, forallge Dy, tely, k=1, ...,n

For each k, V @ C*(Dy) 4 B, becomes a x-algebra over C*°(Dy). Taking the

second derivatives %(O,q) we obtain elements in z7 € ng(Dk)(Bk,Bk) such
that zyozy = (52’%. Here we view zy as a 2-cocycle on By. Using suitable extensions
we can suppose the existence of maps z7 € C2 (A, A) such that zy ozy = §z7 “on

@)
Dy”. Finally, this enables us, using a partition of unity, to find 2 € C2 _ (A, A)

@)
such that zy o zy = 29, that is zy € B3(4, A).
(III) The above properties can be expressed using the following.

DEFINITION. (compare to [26]) By a strict Poisson algebra (over a commu-
tative ring k) we mean a pair (D, z) with
(i) z € Z%(D, D);
(ii) zo0 2 € B3(D, D).
If, moreover, k is a *-algebra and D is a *-algebra over k, the system (D, z) will

be called a strict Poisson *-algebra if
(ii) z — z* € B%(D, D).

(IV) So, the above considerations bring us to the conclusion that (A4, zy) is
a strict Poisson x-algebra over C(Q). Of course, by localization at ¢ € @ we get
the pair (A, 2y, ,q) which is a strict Poisson *-algebra over C.

(V) Note that (1.11.1), (1.11.2) make exactly the definition of the strict
Poisson algebra. It turns out that (1.12.1), (1.13.1) follow from the definition of
the strict Poisson *-algebra. Indeed, if (D, z) is a strict Poisson x-algebra, let
po € C'(D, D) be such that z* — z = épg. If we put p = %(po — pj;) we obtain
p=—p* and

1 * 1 * *
dp = 5(0po = d(py)) = 5(0po — (p0)") = 2 — 2.
One can easily derive, by computation, the following

1.34. PROPOSITION. (Compare to [26]; see [10] for the proof) Let (D, z) be
a strict Poisson algebra. Denote z(a,b) — z(b,a) by {a,b}. Let 2o € C*(D, D) be
def

such that z o z = §z3 and let z2(a,b) — z2(b,a) = ma(a,b). Then
(1141) {aa b- C} - {av b} c—b- {av C} = Z([av b]a C) + Z(ba [a’ﬂ C]) - [a7 Z(ba C)]a

(1.15.1) [{a,b},c]+ [{b,c},a] + [{c,a},b] + {[a,b], c} + {[b, c], a} + {[c,a],b} =0,

{{a,0}, c} + {{b,c}, a} + {{c, a}, b} + m2(la, b], ¢)
(1.15.2) + ma((b, s @) + ma(le,al, ) + [ra(a, ), ] + [ma(b, ), a]
+ [m2(c,a),b] =0,  for all a,b,c € D.
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If, moreover, (D, z) is a strict Poisson x-algebra and p € CY(D, D) is such
that

(1.12.1)" z— 2" = 0p;

(1.13.1)" pr=—p,

then, for all a,b € D, we have

(1.16.1) {a,b} —{b%,a"}" = [a, p(b)] + [p(a), b] — p([a, b]).

1.35. COROLLARY. (See also [26]) Suppose (D, z) is a strict Poisson algebra.
Let Z(D) be the center of D, that is, Z(D) = {a € D : [a,b] = 0 for all b € D}.
Then
(a) If a,b € Z(D) we have {a,b} € Z(D).
(b) For all a,b,c € Z(D) we have
(i) {a,b-c} ={a,b} - c+{a,c} b,
(11) {{aa b}a C} + {{b, C}, CL} + {{C, a}v b} = 0.
If (D, z) is a strict Poisson %-algebra, then, for all a,b € Z(D), we have {a,b} =
{b*,a*}*.
1.36. CoOMMENTS. Usually, for a commutative algebra D, by a Poisson
bracket on D one means a Lie algebra structure {-,-} on D such that, for any
a,b,c € D we have

(1.17) {a,b-c} ={a,b}-c+ {a,c} -b.

So Corollary 1.35 says that if (D, z) is a strict Poisson algebra, then {-,-}, as
defined in Proposition 1.33, is a Poisson bracket on Z(D).

However, at present it is not clear whether all Poisson brackets on com-
mutative algebras come from strict Poisson algebra structures. (Of course, any
Poisson bracket on a commutative algebra is itself a 2-cocycle and we could try
with z = 1{-,-}. But it seems hopeless to check that condition (ii) in the definition
holds for z.)

1.37. REMARK. Suppose D is commutative and (x;);cr is a set of generators
for D as an algebra. Then, using (1.17), a Poisson bracket on D is uniquely
determined by its values “on generators”, i.e. by the system {x;, z;}; jer.

In the conclusion of this section we shall recall Rieffel’s definition (see [14],
[15]) of deformation quantization. We will be able to conclude that smooth C-
forms of deformation algebras give deformation quantizations when restricted
along curves in Q.

1.38. DEFINITION. Let B be a C*-algebra. By a deformation quantization

of B one means a system (V, z, (Xp, *p, || - ||, )ner) with
(i) I an interval of one of the forms I = (—&,&’) or I = [0,¢) or I = (—¢,0]

with €, > 0;

(i) (V, Xp, *p) is a x-algebra for every h € I;

(iii) V is a dense *-subalgebra in B and a xob = ab,a™ = a* for all a,b € V;
(iv) for every h € I, || - ||, is a C*-norm on the x-algebra (V, xy, *);
(v) llally = lla]| for all a € V' (|| - || is the norm of B);
(vi) for any a € V the map h — ||a||, is continuous on I;
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(vii) for any ho € I and any a,b € V we have

*h *hg

Jm fla b —axpbf, =0 lim [la®™ —a™e ], =0;

(viii) z: V x V — V is a map such that

lim

Haxhb—ab
h—0

W fz(a,b)Hh:O, for all a,b € V.

In this situation we call the deformation in the z-direction.

1.39. COMMENTS. In concrete examples one works with some variants of the
above definition. For instance, when B is commutative, axiom (viii) is replaced by

lim

Haxhb—bxha
h—0

—{a,b H =0,
h { } h
where {-,-}: V x V — V is a Poisson bracket.
In the non-commutative case it is natural (according to the above discussion)
to require that (V) z) be a strict Poisson algebra.

The results from this section give easily the following.

1.40. PROPOSITION. Let (A, ) be a deformation algebra over C(Q). Sup-
pose @ is a C*°-manifold (possibly with boundary), and suppose V' is a smooth
C-form for A. Fir q € Q and a smooth curve o : I — Q (with I an interval of the
form described at the Definition 1.38) such that o(0) = q.

Let B be the completion of the x-algebra Ay = (V, X4, %4) with respect to the

C*-norm || - ||g. For any h € I, let X, = Xy, % = *o) and || - ||n = || - lon)-
Take z = z;’q VXV =V to be the map given by Proposition 1.28.
Then (V,z) is a strict Poisson algebra and (V,z,(Xp,*n, | - |n)rer) is a

deformation quantization of B in the z-direction. Moreover, if A, is commutative,
then {a,b} = z(a,b) — z(b,a) defines a Poisson bracket on A, =V and

lim

Haxhb—bxha
h—0

- _{a’b}Hh:O7 for all a,b e V.

2. THE DEFORMATION QUANTIZATION PROCEDURE

In this section we shall give a sufficient condition which ensures that certain fami-
lies of C*-algebras give rise, in a natural way, to deformation algebras. The types
of C'*-algebras we will deal with are defined by means of generators, relations and
bound conditions. We begin by introducing some terminology, which will make
the exposition easier.
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2.1. DEFINITIONS. Let A be a x-algebra over C.
(i) By a bounded representation theory for A we shall mean a full subcategory
R of the category of all x-representations of A (on Hilbert spaces), such that for

any a € A the quantity pr(a) %ef sup{||w(a)|| : # € R} is finite.

(ii) Suppose R is a bounded representation theory for the x-algebra A. Note
that the map pg(a) : A — [0,00) defined above is a C*-seminorm. We can then
form a C*-algebra denoted by C%(A), defined as the separate-completion of A
with respect to the C*-seminorm pg. If the seminorm pg is already a norm, the
representation theory R is said to be faithful.

2.2. REMARKS. (i) An extreme case is the one in which a x-algebra A has
the property that the category of all x-representations of A is bounded. In this
case the x-algebra A will be called a maximally bounded x-algebra. In this case,
using in the above construction R to be the category of all x-representations, we
get a C*-algebra denoted by C} . (A).

(ii) On the other extreme, one can consider the category R to consist of
a single representation. For example, consider a GNS-x-algebra (A4, ¢) (over C).
Taking R = {m,} and apply the above construction we get a C*-algebra, denoted
simply by T'(A, ¢).

(iii) Here is now a canonical method of producing bounded representation
theories. Suppose A is a *-algebra over C. By a bound condition on A we mean a
pair (X, 3) consisting of a set X of generators for A (as a x-algebra), and a map
B :X —[0,00). In the presence of a bound condition (X, 3) we can define R(X, (3)
to be the category of all x-representations © : A — B(H,) having the property
that ||7(z)|| < B(x), for all x € X. It is obvious that R(X, ) is a bounded
representation theory for A. If the representation theory R(X, ) is faithful, then
the bound condition (X, 3) will also be called faithful.

(iv) Let X be an arbitrary set and 8 : X — [0,00) be any map. Consider
C{X} to be the free x-algebra generated by X. For a subset M C C{X}, we denote
by Ras(X, 3) the category of all representations © € R(X, 3) with the property
that 7w(m) = 0 for all m € M. Clearly we get a bounded representation theory for
C{X}. The C*-algebra C% (x5 (C{X}) will simply be denoted by C},(X, 3) and
will be called the universal C*-algebra generated by X, subject to relations m = 0,
m € M and bound condition ||z|| < B(z), * € X. An alternative construction
for this C*-algebra is the following. Consider Z(M) to be the two-sided *-ideal
of C{X} generated by M. Denote the quotient C{X}/Z(M) simply by C{X|M}
and write C{X} 3 a+— a € C{X|M} for the quotient *-homomorphism. Then, if
we consider the set X = {Z: 2 € X} C C{X|M}, and if we define 3 : X — [0, 00)
by 8(z) = inf{8(y) : y € X, y = &}, then C},(X, ) is canonically isomorphic to

C;()? 3 (C{X|MY}). If the representation theory R(X, 3) (for C{X|M}) is faithful

we call the system (X, M, 3) a faithful presentation. (Note that this condition has
the following interpretation: We consider Zg(M) C C{X} to be the intersection of
all kernels of the *-representations in R (X, 5). We always have Z(M) C Zg(M).
The system (X, M, 3) is a faithful presentation if and only if Z(M) = Zg(M).)

2.3. DEFINITIONS. Let A be x-algebra over C, R be a bounded representa-
tion theory for A and ¢ : A — C be a positive linear functional.
(i) ¢ is said to be R-regular if the following conditions hold:
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(a) (4, p) is a GNS-x-algebra over C,

(b) py = pPr-
(Here p,, : A — [0, 00) is defined by py(a) = |rp(a)], where 7, : A — B(L?(4,9))
is the GNS representation.) Note that if ¢ is R-regular, then there exists a (unique)
*-isomorphism @ : I'(A, ¢) — Cx (A) such that ®or, = 1r, where v, : A — T'(A, @)
and (g : A — C%(A) are the canonical *-homomorphisms.

(ii) ¢ is said to be R-continuous if it is continuous in the topology given
by the seminorm pg, that is, there exists a constant C' > 0 such that |¢(a)| <
C - pr(a) for all @ € A. Tt is worth mentioning that regularity does not imply,
in general, continuity. (In fact, if (A, ) is a GNS-x-algebra over C, we may even
have p,(a) = 0 for all a € A, but still ¢ not being the null functional.) If ¢ is
R-continuous, then there exists a (necessarily unique) positive linear functional
¢ : C%(A) — C such that ¢ = @ o tg, where tg : A — Ci(A) denotes the
canonical *-homomorphism.

If ¢ is R-continuous, then a sufficient condition for R-regularity is the faith-
fulness of the functional @ : C%(A) — C. (This means that, whenever z € C% (A)
is such that @(z*z) = 0, it follows that z = 0.) If this is the case, then ¢ is said
to be R-faithful.

With these preparations, we are ready to state the main result in this section.
We begin by fixing the following:

2.4. NOTATION. Let W be a vector space (over C) and let A be the free
C(Q)-module A = W ®c C(Q). We identify W with A; = A ®,, C by the map
Oy :w— (w®c 1)V, 1. For any linear map ¢ : W — C(Q) let ¢, : A; — C be
defined as ¢y, = ego0 1 o G)q’l. For any subset X C W we denote O,(X) by Xg,
and for any map 8 : X — [0,00) denote by (3, the map 5o @;1 1 Xq — [0,00).

2.5. THEOREM. Suppose the C(Q)-module A is equipped with a C(Q)-*-
algebra structure.

(i) Fix X C W a subset such that Y = {x ® 1 : @ € X} generates A as a
C(Q)-*-algebra. (This implies that for any q € Q, the set X, C A, generates A,
as a *-algebra.)

(ii) Take B : X — [0,00) to be any map with the property that for any q € Q
the bound condition (Xg, Bq) is faithful. For each q € Q, let Ry = R(Xq, Bq) be
the bounded representation theory for the x-algebra A, (over C), associated with
the bound condition (X, By).

(i) Let v : W — C(Q) be a linear map such that, for each q € Q, the
functional 1, is positive and Ry-reqular. Let ¢ : A=W @, C(Q) — C(Q) be the
map defined by p(w® f) = f-Y(w), we W, f e C(Q).

Then (A, p) is a deformation algebra.

Proof. STEP 1. We show that ¢ is C'(Q)-positive.
First, let us remark that, for w € W, we have 0,(w) = é;(w ® 1), so
Vg(Og(w)) = eq(Y(w)) = eq(p(w @ 1)) = pg(€q(w @ 1)) = pg(Oq(w)).

That is, 9, coincides with the functional ¢, obtained by localizing the pair (A4, ¢)
at ¢g. Note that, by construction, ¢ : A — C(Q) is C(Q)-linear. Here we used the
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notation from 1.16. Note also that €, : A — A, is a homomorphism of *-algebras,
and A; = {€g(w® 1) : w € W}. Take now a € A. Then

p(a”a)(q) = pq(€q(a)eq(a)) = Yq(€q(a)eq(a)) = 0,
because 1), is positive on A,. So p(a*a) > 0 in C(Q) for all a € A, that is, ¢ is
positive.

STEP II. We prove now that (A, ¢) is a GNS-*-algebra over C(Q).

This means that, on A/N,, all operators L,, a € A are continuous. Remark
that if L, and L; are continuous then L,y = L, + Ly and Ly, = L, Ly will also
be continuous. Also, if L, is continuous and f € C(Q), since M is continuous,
L¢q = MysL, will also be continuous. So, according to these remarks, since Y
generates A as a C(Q)-+-algebra, it suffices to show that for any y € Y, both L,
and L,- are continuous. Take y € Y and x € X with y =2z ® 1. Let a be one of
the elements y or y*. For any b € A we have

(2.1) p(b"a”ab)(q) = pq(eq(b) €q(a)eq(a)eq(b)).

But on A,, the positive functional ¢, is Rg-regular. In particular, (Ay,¢,) is
a GNS-x-algebra and p,, = pr,. Here p,, is the C*-seminorm associated with
(Ag, pq)- So (2.1) yields

(22) @b aab)(q) < py, (Eg(a)? - 9q(Eq(0) €4 (b)) < pr, (€q(a))® - £ (bD)(q).
But pr, is a C*-seminorm and ¢€; is a *-homomorphism, so pr, (€(a)) =

pr,(€q(a)*). So, in the case a = y* we get pr,(q(a)) = pr,(€q(y)). That is,
in any of the two cases (a =y or a = y*) (2.2) gives

(2:3) p(b"a*ab)(q) < pr,(€q(y))* - ¢(0°b)(q).

But pr,(€(y)) = pr,(eq(z ® 1)) = pr,(O4(z)). Note that @ q(x) € Xy, so by
the construction of R, as R(X,, ;), we obtain pr (O4(x)) < 8,(04(z)) = B(x).
With this evaluation, (2.3) yields p(b*a*ab)(q) < B(z)? - p(b*b)(q), for all b € A,
q € Q. This reads

o(b*a*ab) < B(z)? - o(b*b), for allbe A.
Consequently, the operator L, is bounded and ||L,|| < #(z). This concludes

Step II.
STEP III. We show that for any ¢ € () we have p;“(}f = Py

unlf

We know that, in general, we have p2%" > p,, (see 1.20). So it suffices to

unif

prove py, = pg, . According to the R, regularity of ¢4, we have p, = pr,. So
what needs to be shown is pr, p&nqlf Recall (see Proposition 1.16) that, for
any z € Ag, we have piiif(z) = [|S4(2)|| , where ¥, : A, — B(H,)/J, is the
*-homomorphism given by 3, oe, = W“nif om,. Here H, is the GNS space of A
over C(Q), m, : A — B(Hw) is the GNS homomorphism and w““‘f : B(H,) —
B(H,)/Jq is the quotient map. Fix ¢ € @ and take p a faithful s-representation
of the C*-algebra B(H,)/J, (on some Hilbert space). Consider the representation
poX, of A;. Let z € X, say z = Oy(x), z € X. Then

1(p 0 Xg) ()]l < [12q(2)[| = [|(3g 0 &) (z @ 1

4
24 = [|(mg™ o my)(z @ D < 7oz @ D).
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But, according to the proof of Step II, we have ||L,g1|| < B(x), that is ||7,(z ®
1)|| € B(x). Then (2.4) gives

(oo Xg) ()] < B(z) = B4(Oq(2)) = B4(2)-
So the representation p o ¥, satisfies

[(poXg) ()] < By(2),  forall z € X,

But this shows exactly that po X, € R(Xg, 6q) ef Ry. In particular

PR, (1) 2 l|(p 0 S) ()] = 1)l = pF ), for all u € Ay,

and we are done.

STEP IV. To conclude the proof, the only thing that remains to be shown is
that, for any ¢ € Q, p,, is a norm on A,. But this is clear since p,, = pr, and
R, is assumed to be faithful, that is, pr, is a norm. 1

The above result would be applied in the following framework. Suppose we
are given a compact manifold @ together with a fixed set X and a map 0: X —
[0,00). Suppose for each ¢ € Q we are given a subset M, C C{X}. Construct
the C*-algebras A, o Chy, (X, B), described in 2.2 (iv). Then the above theorem

gives us a criterion for the family of C*-algebras {A,}4cq to be assembled into
a continuous field, for which all the elements x € X define continuous sections.
First, let us denote the *-algebras C{X|M,} simply by V, and the representation
theory R(X, B) by Rq. (We have used the notation from 2.2 (iv). Recall that A,
will then be naturally isomorphic to C_(Vg).)

Assume for every ¢ € () we are given a positive functional ¢, : V; — C. We
now outline the steps needed to check that all the conditions in the theorem are
satisfied.

STEP I. Find an index set I and for each ¢ find a system (v]);c; C V; such
that:

(I)(a) For each ¢ € @, the system (v]);cr is a basis for in V, (as a linear
space over C).

(I)(b) For all 4,5 € I there exists a finite set of indices I« (4, j) such that

'Ug -'U;I = Spal’l{’UZ ke IX(Zvj)}

for all ¢ € Q.
(I)(c) For all i € I there exists a finite set of indices I,(7) such that

(vf)* € Span{v{ : k € I.(i)}
for all ¢ € Q.
(I)(d) For all triplets (7,7, k) with k € I« (4,7), the functions fj Q- C
defined by
o= > i@
k€T (4,5)

are smooth.
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(I)(e) For all pairs (i, k) with k € I,(), the functions g¥ : Q — C defined by
W) = > giav]

kel (i)

are smooth.
(I)(f) For any 4 € I the map q — p4(v]) is continuous.

STEP II. For any ¢ € @, check that:
(IT)(a) The representation theory R, is faithful for V.
(IT)(b) The positive functional ¢, is R4-regular.

STEP III. (Conclusion) Fix ¢ € @ and a smooth curve o : I — @ with
0(0) = q. Take V a vector space with a fixed basis (v;);es. Define for any p € Q
the isomorphism e, : V. — V), by e,(v;) = vP. Put for any h € I the *-algebra
structure (xy, - *p,) on V defined by

UV Xp W= e;(lh) (ea(h) (U) *€o(h) (w))v v = e;(lh) (ea(h) (U)*)
in B, in B,
Define also the norms || - ||, by

lvlln = llexny()|  in Bony-

1

Compute z = z, , as in Proposition 1.28.

Then, using the identification e, : V.- V, C A, the system (V, z, (Xp, *p,
Il - lI,)ner) is a deformation quantization for A, in the z-direction.

3. APPLICATION TO QUANTUM SU(N) GROUPS

In this section we shall describe an example to which the framework described in
Section 2 can be applied. Other examples are discussed in [10] and [11].

Let us introduce the quantum SU(N) groups. For the moment we do not
specify the space @ of parameters. The generic value for ¢ will be ¢ € (—1,1],
q # 0. We shall follow the descriptions given in [23], [25], [12], [7].

3.1. DEFINITIONS. We fix N € N, N > 2. We take Fun,(U(N)) to be the
unital algebra over C generated by N2 + 1 elements, labeled (tij)ij=1,~ and d
subject to the following relations

(3.1) tij - ta = qta -ty for j <1,

(3.2) tij - thj = qtrj - Lij for i < k,

(3.3) tij - Tt = gt - iy for i > k,j <,
(3.4) tij -t —to - tij = (@ —q Dt -ty fori <k,j<l,
(3.5) d-tij =ty -d for all 4, 7,
(3.6) d-D=D-d=1,
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where D = detq(t;;):,; def > (fq)l(")tlg(l) - tno(ny. Here, for any permuta-
cEB N

tion o € S, we denote by I(o) the number of inversions of o, that is
I(0) = Card{(i,7) : i < j, o(i) > 0(j)}.
With this notation, for any i, = 1, N one takes the (¢, j)-minor of D to be
id def a

DY = Z (=)™t )tla(l) o ticlai-1)  titla@+l) T ENa(N)-

a{l,...,i—1,i+1,...,.N}—

—{1,eej—1j+1,.., N}

« bijective
Then Fun,(U(N)) becomes a x-algebra if we set
t5, = (—gy"'DVd d* = D.

We follow [7] and recall some important properties which will be used later
for the checking of Step I. We need to introduce some notation:
(i) for a system of positive integers m = (m;;):.—1.~ we denote

i+ N
mi1 M1 N—1 ,mo1 M2 N -2 mpy_1,1 def ,m
ti "'tl,N—1 "o "t2,N—2 "'tN—l,l =13

(ii) similarly, for a system of positive integers n = (n;;) «s=1.v we denote
i+j>N+2
NoN | 4M3,N-1 N3N nN2 nyy def in
ton 'tS,N—l 't3N cotny o tyy =t

(iii) for p = (p1,...,pn) € NV denote

th 'tzjj\?q,z N « to:
(iv) for such p denote min{p1,...,pn} DY Pmin;
(v) for m,n,p as above and [ € N, let

X(m,n,p,l) def yn bt d

With these notations one has the following.

3.2. THEOREM. ([7]) (i) {X(m,n,p,l) : min(pmin,!) = 0} is a basis for
Fun,(U(N)).
(ii) Let m,n,p,l be arbitrary, with pmin, | = 1. Then

X(m7 n,p, l) € Span{X(m/7 Tl/,p/7 l/) : p;nin < pmin}-

COMMENTS. Statement (i) is contained in [7], Theorem 3.4. Statement (ii)
is an auxiliary result used for the proof of (i) (see [7], Formulas (3.3), (3.4) and
page 206).

If we expand, using (ii), an element X (m,n,p,l) as a linear combination of
elements X (m/,n’,p’,l") with p ;. < Pmin, using [7], Formulas (3.3) and (3.4), one
can see that the coefficients which would appear are polynomials in ¢ and ¢~ *.

This allows us to draw the following conclusion. If we denote by
Fung, ,-1](U(N)) the algebra over Clg,q~ '] generated by the ¢;;’s and d sub-

ject to relations (3.1)-(3.6), then Funy, ,—(U(N)) is a free Clg, ¢~ ']-module with
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basis {X(m,n,p,l) : min(pmin,!) = 0} and part (ii) of the theorem holds with
“Spanc[%qq]”.

If we make C[g,q~!] a #algebra by ¢* = ¢, (¢1)* = ¢!, then
Fung, ,—11(U(N)) becomes a x-algebra over C[g, ¢~ '].

3.3. DEFINITION. For q as before (¢ € (—1,1], ¢ # 0) we define

Fung (SU(N)) = Fung(U(N))/J,

where J, is the two-sided ideal generated by d — 1.
Note that d is in the center of Funy,(U(N)), so J, = Fun,(U(N)) - (d — 1).
We can also define

def
Fun[q_’qfl] (SU(N)) = Fun[q,qq] (U(N))/J[qu—l]

where J[q’q—l] = Fun[q’qfq(U(N)) . (d - 1) Then Fun[q’qq](SU(N)) will be an
algebra over C[q, ¢ 1].

Note that d*—1 = D—1 = D(1—d) so d*—1 € J,. Thus J, is invariant under
the involution. Hence Fun,(SU(XV)) is a *-algebra. Similarly Funy, ,-1;(SU(NV)) is

a *-algebra over Clq, ¢ ]

Let 7 : Fun,(U(N)) — Fun,(SU(N)) be the canonical surjection. The same
notation will be used for the map Funjg ,-1)(U(N)) — Funpg ,-11(SU(N)). We
denote W(tij) by Ui -

3.4. LEMMA. (i) There exists a unique unital x-homomorphism

A : Fun,(SU(N)) — Fun,(U(N))

such that
A(ugj) = ti; for alli > 1 and all j,

A(Ulj) = tlj -d fO’I’ all j
(ii) For this x-homomorphism we have mo A = Id.

Proof. (i) We define Ag : Funy(U(N)) — Funy(U(N)) on the generators by

Ao(tij) = ti]‘ for ¢ > 1 and all 7
Ao(flj) = tlj -d for all j,
Ao(d) = 1.

Since d is in the center of Fun,(U(XV)), all the relations (3.1)-(3.5) are verified by
the Ag(t;;)’s. Again it is clear that

Ao(d) - detq(Ao(tis))ij = detq(Ao(tij))iy; = d - dety(tiz)iy; =1,

and similarly detq(Ao(t;;)) - Ao(d) = 1. Hence Ay makes sense as a homomorphism
of algebras. Again it is easy to show that Ag is a *-homomorphism.

But, clearly, Ag(Jy) = {0}, hence Ay gives the desired map A.

(ii) Since 7(d) =1, we get (m o A)(u;;) = 7(t;;) = w; for all ¢,5. 0

We shall use now similar notation to that introduced in 3.1.

Denote 7(t7") by w7, w(t* ) by u™ and 7(t{) by ugy. Denote u™ - ug - ul" by
Y (m,n,p). From Koelink’s theorem we get:
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3.5. COROLLARY. {Y(m,n,D) : Pmin = 0} is a basis for Fun,(SU(N)).

Proof. For m and p systems as in 3.1, denote my1+mig+- - -+mi n—1+DN ot

I(m,p). Then we obtain A(Y(m,n,p)) = X(m,n,p,l(m,p)). But if ppin = 0,
then min(pmin,/(m,p)) = 0. This shows, using Koelink’s theorem, that the set
{A(Y(m,n,D)) : Pmin = 0} is linearly independent. Hence the Y (m,n,p)’s are
themselves linearly independent.

Let m,n,p be arbitrary now, with p,;, > 1. Using part (ii) of Koelink’s
theorem, by induction, we can find [ € N large enough, such that

X (m,n,p,1) € Span{X (m/,n/,p',l') : pl;, = 0}
This gives
(X (m,n,p,l)) € Span{m(X (m’,n',p',1') : pl;, = 0}.
But
7(X(m,n,p, 1)) =Y (m,n,p) = 7(X(m,n,p,l")) foralll” €N.
So we obtain
(X (m,n,p,l") € Span{Y (m/,n’,p) : plsn, = 0}
But, using part (i) of Koelink’s theorem,
Span{m (X (m,n,p,l"))} = 7(Fun,(U(N))) = Fun,(SU(N)),
which gives
Fun, (SU(N)) = Span{Y (m/,n’,p") : plyin = 0}. 1
REMARK. The same conclusion is obtained if we work over C[g,¢~!]. This
means that Fung, ,—1(SU(N)) is a free Clg, ¢~ ']-module with basis {u” - uf) - u7" :
Pmin = 0}.

NOTATION. Let r be a positive integer, and &k : {1,...,7} — {1,...,N}x
x{1,...,N} an arbitrary map. We denote by up the element ug, ---ug, €
Fun,(SU(V)). Elements of this form will be called monomials.

3.6. REMARK. Following the proof of Koelink’s theorem (see [7]), one can
show the following fact: For any k as above, there exists a set I(k) of triplets

(m,n,p) as in Corollary 3.5 (i.e. pmin = 0) and unique numbers f,gm’n’p)(q),
(m,n,p) € I(k), such that
ug = > K@Y (mon,p).

(m,n,p)eI(k)

This is clear, but all the coefficients f,gm’”’p)(q) are polynomials in ¢ and ¢!, and

the set I(k) can be chosen big enough that it does not depend on ¢. In particular,
this gives the same type of expansion wup,) = > f,im’n’p)(q)Y(mm,p) in
(m,n,p)EI(K)
Fun[qufl] (SU(N))
Let us pause for a moment to recapitulate what we have defined and to
accommodate these structures with the notation suggested at the end of Section 2.
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Suppose N > 2 is fixed. We will take X to be a set indexed by N2 + 1 elements,
denoted 1 and z;;, 1 < 4,5 < N. We will denote by M, the subsets in C{X}

which define the relations for Fung(SU(N)). So V, & C{X|M,} is exactly the

algebra Fun,(SU(N)). We now define the map 5 : X — [0,00) simply by 3(1) =
B(z;;) =1 for all i, j. Let R4 be the representation theory for V; = Fung(SU(NV))
consisting of all representations 7 : Fun,(SU(N)) — B(H,) with the property that
lm(1)]] <1 and ||7(us;)|| < 1 for all 4,5. (Using the notation from 2.2 (iv), this is
exactly the representation theory R()? , B) for Fung(SU(NN)), since the canonical
s-homomorphism : C{X} — Fun,(SU(NN)) acts on the generators as 1 — 1 and
x;j — u;;.) When there is need to make distinctions for different values of g,
the elements u;; € Fun,(SU(N)) will be denoted by uf;. If we need to make a
distinction for different values of N, we will use the notation u(N )gj instead of ugj

and V. instead of V.

3.7. REMARKS. (i) One can show that if we take u € Maty (Funy(SU(V)))
to be the matrix u = (u;j); j=1,~, then u is unitary. This means

N N
k=1 k=1

(ii) In particular if Hy is a pre-Hilbert space and 7o : Fung(SU(N)) — L(Ho)
is a homomorphism of algebras (here L(Hp) is the algebra of linear, but not nec-
essarily continuous operators) such that

(mo()&ln) = (€lmo(x™)n)  for all x € Fung(SU(N)), &, € Ho,

then by (3.7) we get

(mo(uiz)€lmo(ui)€) < (€1§)  and  (mo(ug;)Elmo(u;)E) < (€§)  for all £ € Ho.
This shows that all the operators mo(ui;), mo(u;;) are continuous on Ho, and mo
will give a *-representation 7 of Fun,(SU(N)) on the completion of Hy. For such
a representation it follows that ||7(u,;)|| < 1, for all 4, j. Since any representation
7 € Rep(Funy(SU(N))) can be constructed in this way, we get that Fun,(SU(N))
is a maximally bounded *-algebra (see 2.2 (i)). We apply the construction in 2.2 (i)
to Funy(SU(N)) and obtain a C*-algebra, which is denoted by C(SU4(N)) and
called the algebra of “continuous functions” on quantum SU(N) at q.

(iii) In fact, using (i), any *-representation of Fun,(SU(N)) belongs to the
representation theory Ry. Hence, on Fung(SU(NV)) the C*-seminorms pmax and
pRr, coincide.

(iv) Using (ii) we can see that if a positive functional ¢ : Funy,(SU(N)) — Cis
given, then (Fun,(SU(N)),¢) is a GNS-+-algebra. Moreover, any such functional
is R4-continuous, since Fun,(SU(V)) is unital. Hence, it extends to a positive
functional on C(SU4(N)), still denoted by .

A first set of properties we shall use is contained in the following.

3.8. PROPOSITION. (a) There exists a unique unital x-homomorphism A :
Fun, (SU(N)) — Fun,(SU(N)) ® Fung(SU(N)) such that

N

An(usj) = Zulk ® uk; foralli,j=1,N.
k=1



402 GABRIEL NAGY

(b) There exists a unique unital x-homomorphism ey : Fun,(SU(N)) — C
such that
en(uij) = 0i5 for alli,j.
(¢c) There exists a unique wunital C-linear anti-automorphism Sy of
Fun,(SU(N)) such that

Sn(uij) =ug;  for all i, j.

(d) The triple (An,en,Sn) determines a Hopf x-algebra structure on
Fun,(SU(N)), i.e.
(i) (Ay ®@Id)o Ay = Id® An) o Ay as maps : Fun,(SU(N)) —
Fun,(SU(N)) ® Funy(SU(N)) ® Fun,(SU(N));
(ii) (en®Id)(An(z)) = (Id®en)(A(z)) = z for all z € Funy,(SU(N));
(iii) SN (Sn(z*)*) =z, for all x € Funy(SU(N));
(iv) If we take the my : Funy(SU(N)) @ Fun,(SU(N)) — Fun, (SU(N))
to be the map my(x ® y) = zy, then

mpy o (Id® Sy)(An(x)) =mpy o (Sy @ Id)(An(z)) =en(z) - 1

for all x € Funy,(SU(N)).
(e) The map AN extends to a unique unital x-homomorphism

Ay : C(SUL(N)) — C(SU,(N)) ® C(SU,(N)).

(It is known (see [2]) that the C*-algebras C(SU4(N)) are nuclear. So the C*-
tensor product involved in the definition of C(SUy(N)) ® C(SU4(N)) is unam-
biguously defined.) The map ey extends to a unique unital *-homomorphism
en : C(SU4(N)) — C. The formulas (i), (ii) hold for these extensions also.

(f) On the C*-algebra C(SU4(N)) there exists a unique state 7.0 such that

(Id® Tév)(AN(a:)) = (Tév ®@Id)(An(z)) = Tév(l‘) -1 for all x € C(SU,(N)).
(Both (1®Id)oA and (Id®T)oA are viewed as maps : C(SU4(N)) — C(SU4(N)).)

Proof. See [25], [23], [12]. 1

When ¢ = 1, C(SU;(V)) is isomorphic to the commutative C*-algebra of
continuous functions on SU(N). In analogy with the case ¢ = 1, TqN is called the
Haar state. The formula for the Haar state on quantum SU(N) has been found in
Sheu’s paper ([20]).

Going back to the framework suggested at the end of Section 2, we will choose
the positive functionals ¢, : V; = Fun,(SU(V)) — C to be exactly the restrictions
of the Haar states.

Let us recall now a key result from [9].

3.9. THEOREM. The Haar states T : C(SU4(N)) — C are faithful.

As a consequence, we get that the GNS-representation of C'(SU,(IV)) associ-
ated with 7 is isometric. Hence, the GNS-representation of Fun,(SU(V)) associ-
ated with ¢, will implement the defining C*-seminorm on Fun,(SU(N)), that is,
we have p,, = Pmax = Pr,. But we also know (cf. [24] and [25]) that pyax is a
norm on Fun,(SU(N)). So we have:
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3.10. The conditions (1)(a) and (II)(b) in the remark after the proof of
Theorem 2.5 are satisfied.

We now proceed with the verifications for the conditions in Step I in the
remark after the proof of Theorem 2.5. First, we need to choose a “common
basis” in all the algebras V' = Funy(SU(N)). (For the moment ¢ is “generic”,
ie. ¢g€(—1,1], ¢ #0.) For a fixed N > 2 we take IV to be the set of all triples
(m,n,p) with

() m = (mig) wamy, €N
(i) n = (nij) 1oz CN,
. def .
(iii) p = (p1,.--,pn) C N with ppin = min(py,...,pn) = 0.

For any i = (m,n,p) € IN we take

q__ — 2N nN2 NN P1 PN mi1 MN—1,1
vf =Y (m,n, p) =upiy - upy U Uy Uy U rUN_17

where u;; = u(N)J;
3.6).
To distinguish the different N’s we shall write v(N)? instead of v{.

Using 3.6, it easily follows that '

3.11. The properties (I)(a), (I)(b), (I)(c), (I)(d), (I)(e) in the remark after
the proof of Theorem 2.5 are satisfied.

are the canonical generators for Fun,(SU(NV)) (see 3.5 and

So the only thing we are left to prove is Condition (I)(f) in the remark after
the proof of Theorem 2.5. This will be done by induction on N. Here are some
technical results we shall use for this purpose.

3.12. PROPOSITION. Assume N > 2 and q “generic”.

(i) There exists a unique unital *-homomorphism I'y : Funy(SU(N + 1)) —
Fun,(SU(N)) such that

Iy (u(N +1)i5) = u(N)i ifi,j <N,
In(N+1D)Nsin) =1,
Pn(u(N +1)jn+1) =Tn(u(N)n41,;) =0 if j < N.
(ii) The x-homomorphism I'y extends to the completions.

Proof. Statement (i) is clear (easy computations).
By the universality property of “C% ,.”, clearly I'x extends as a s-homomor-
phism
In:C(SUGN +1)) = C(SUL(N)). 1
COMMENTS. In the case ¢ = 1 the map I'y is given by the inclusion SU(N) —
SU(N+1) defined by g — (g ?) . So we can interpret the above fact as a “quan-

tum” analogue of this situation.
Consider the map F': C(SU4(N + 1)) — C(SU4(N + 1)) defined by

F={("oTyn)®ldcsu,vt1)) ® (7" o Tn)} o A?
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where 7V : C(SU,(N)) — C is the Haar state for SU,(N) and A? = (A®Id)oA =
(Id® A) o A is the iterated comultiplication. (We identify C® C(SU4(N +1))®@C
with C(SU4(NV +1)).)

The next result collects the some facts proved in [9]:

3.13. THEOREM. (i) The Haar state TNt : C(SU,(N + 1)) — C factors
through F as TN+l = tN+1lo F,

(ii) The map F is a conditional expectation with the range equal to the unital
C*-subalgebra of C(SU4(N + 1)) generated by u(N + 1)§ 1 niq-

(iii) When we regard Funy,(SU(N + 1)) as a x-subalgebra of C(SU4(N + 1)),
the subspace F(Fun,(SU(N + 1)) is precisely the unital *-subalgebra generated by

u(N + 1)‘]]\7+1,N+1'

The above result tells us that the Haar state 7V 1! is completely determined
by the knowledge of the Haar state on C'(SU,4(V)) and the knowledge of how the
Haar state 7! acts on the unital *-subalgebra of Fun,(SU(N +1)) generated by
u(N + 1)}, 1 yy1- In fact we can say a bit more than that.

Let us denote the unital *-subalgebra of Fung(SU(N + 1)) generated by
u(N+1)% 41 n41 simply by CVH1. Also denote the element 1—wu(N +1)% 1 vy
(W(N +1)% 41 ny1)" simply by K. Finally, for each pair of integers (r, s) with
s > 0, define the element a(N +1)4, € CN*! as

(u(N + 1)?v+1,N+1)T : (Kévﬂ)s ifr >0,
(u(N + 1)([1\[+17N+1)*_T . (Kév*'l)s if r <0.

With these notations, another result from [9] states:

3.14. PROPOSITION. (i) The family {a(N +1)4, € CN*' :r,s € Z, s > 0}
is a basis for CN*1 (as a linear space over C).

(ii) If (r,s) is a pair of integers with s > 0 but r # 0, then TN+ (a(N +
17, = 0.

T,8

o+ 112, = {

3.15. REMARK. Let i = (m,n,p) be an index in the set IV ! (see the
notation following 3.10). Define |i| = > map+Y_ nea+ Y pe. The results from [17],
Theorem 3.1. give the fact that F(v(N + 1)!) not only belongs to the subalgebra
CN*! but in fact belongs to Span{a(N + 1), | r,s € Z, s > 0, |r| + s < |i[}.

These results say that, besides the knowledge of the Haar state on C'(SU,(V)),
in order to know how 7V*! acts, it suffices to know how 7V*t! acts on the *-
subalgebra generated by KéV‘H. Since anyway we have ||u(N + 1)‘]1V+17N+1H <1
if follows that the element K)N*' € C(SUy(N + 1)) is positive and has norm
< 1. Consider then, by functional calculus, the unique unital *-homomorphism
&N+ C[0,1] — C(SU,(N + 1)) with the property that ®Y ' (Idp ) = KN
We then can find a unique Borel probability measure on [0, 1] with the property

1
that 7V T ({KN 1)) = Ofts dp) 1 (t) for any s > 0. With this notation, the

measure g2 T and the state 72 : C(SU4(N)) — C completely determine the state
TNt C(SUy(N +1)) — C. This fact will be used in our inductive proof of (I)(f).
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3.16. LEMMA. Assume Condition (I)(f) in the remark after the proof of
Theorem 2.5 is satisfied for N. Then for any i € Iny1 there exists a system of
functions (A% ) jr+s<)i all of which are continuous functions on (—1,1]\{0}, such

that
F(N+1H = > hi(ga(N+1)L,
|7|+s<1]
for all for all ¢ € (—1,1] \ {0}.
Proof. Due to 3.15, we already know that the desired system of functions
exists (and is unique). So, the only thing we need to check is the continuity. First,

using the hypothesis, we get the existence of a finite set of indices J and a system
of continuous functions f; : (—1,1] \ {0} — C, j € J such that

F(N+1)1)=>"fi(g)v(N +1)1
=
for all ¢ € (—1,1]\ {0}. This follows from the fact that the map (IT'y ® Id®T'x) o
A? : Funy(SU(N + 1)) — Fun,(SU(N)) ® Fun,(SU(N + 1)) ® Fung,(SU(N)) gives
rise to a Clg,¢ ']-linear map (I'y ® Id ® I'y) o A? : Funy, ,11(SU(N + 1)) —
Fun[q)qfl](SU(N)) AClq,q—1] Fun 1](SU(N + 1)) &Clq,q—1] Fun[q’qfl](SU(N)).
So, we get the identities

(38) > Ins(@)al =2 i@V + 1)
Ir|+s<lil jeJ
for all ¢ € (—1,1] \ {0}.
Let us expand each a(N + 1)%,, with |r| + s < [i| in the basis v(N + 1),
i € INT. We find a “big” finite set of indices L(i) C I™*! and continuous
functions H!, : (—1,1]\ {0} — C such that

a(N + 1)1, = > HL(qu(N +1)f,
leL(i)
for all r, s with |r| +s < |i| and all ¢ € (—1,1] \ {0}. We can do this because the

a’s are monomials (see 3 6).

Fix now ¢o € (—1,1] \ {0}. Because the a’s are linearly independent there
exists a finite subset indexed by all pairs (r,s) with |r| + s < |i|, denoted Ly =
{lrs 17,8 € Z,s 20, |r] +s < |i|}, such that the matrix (Hi?;,(q))(m)’(,ql,sl) is
invertible for all ¢ in a neighborhood of gg. Using this matrix we can “exchange”
the a’s with the v;’s with [ € Ly using continuous coefficients. This means that
we can find a two systems GL_, Z},, |r| + s < |i|, | € Lo, I € L(i) \ Lo consisting
of continuous functions defined on a neighborhood U of ¢g, such that

(39  wWN+Df= > GLlgaN+Di+ D Zh(@u(V+ 1),

[r[+s<]] I'eL(i)—Lo

for all I € Ly and all ¢ € U. (The G’s are exactly the coefficients of the inverse of
the matrix formed with the H’s.)

Using the fact that the set {a(N + 1)%, : [r|+s < [i[} U{v(N+ 1)} : I' €
L(i) \ Lo} is linearly independent, we see that if we make (for those j € LO) the
“exchanges” given by (3.9) in (3.8) we obtain the continuity of the h’s on the
neighborhood U. Since this can be done for any ¢g, the lemma is proved. 1
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3.17. THEOREM. For any N > 2 and any i € IV, the map (—-1,1] > ¢ —
N (v(N)?) € C is continuous.

Proof. We will prove the theorem by induction on N. Let us start with the
case N = 2. For this, we shall use the explicit formulas from [22], Appendix.
In this case

I2 = {(m7n7p17p2) tm,n,p1,pP2 € Na min(pl7p2) = O}'

For i = (m,n,p1, p2), the basis vector is o(2)? = (u(2)ly)" - (u(24)" - (u(2)la)" -
(u(2)9,)™. Using (cf. [24]) the notation u(2)?, ag, u(2)d, def Vg, it 1s easy to
see that u(2)3, = a; and u(2){, = —qv;.
So the basis is
{ag"ygag’ :m,n,p € N}U{(=q)"ag" g ag’ :myn,p €N, p > 1}.

The formulas from [22], Appendix are:
(i) if m # n or p > 1, then

R (aggay) = 72lay ey = o
(ii) in the remaining case

r2(agma) = T2((1 = 7gag) - (1= 2 y))
1

= /(1 —t) (1 —q %) (1= ™) dgat
0

where d,2t is the measure that gives the ¢*-integral. That is, for ¢* # 1,

1
/f(t et=0—-q7%-> " f(™)
0

n>0

and dyt is the Lebesgue integral. These formulas clearly show the desired conti-
nuity.

Next we prove the inductive step. Assume the theorem holds for N. Using
Lemma 3.16, for each i € IV*! we have

FN+1D)H)= > hi,@- aN+DE
[s|+p<]i

with hf,  continuous functions.
But then, by the 3.14 (ii) and 3.15 we have

1
TqN-‘rl(v(N—‘f—l)g) Op) /tdeN-H
0

So, the only thing to be proved is that the probability measures uflv tlge
(—1,1]\ {0} form a continuous family (in the weak topology).
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Fix qo € (—1,1]\ {0}. Using a compactness argument, in order to show that

lim u = ;LN +1 (weakly), it suffices to show the following: If ¢, — ¢o and
9—4qo0
py Tt — g, then g = pJl+1. But this is clear if we define

1
TN (N + 1)) = > by (@) /t”du
N 0

for then we get

1
7~_£+1( (N+1)I) = nlirrgo Z h(o o (@n) /tp d/LNH = nILH;O T;V+1( (N+1)I).
0
Using the fact that Fungy ;-1 (SU(N—|— 1)) is actually a Hopf algebra over C[g, ¢~ 1],
one can easily see that 74 *1 is a functional on Fung, (SU(N + 1)) which satis-
fies (TN @Id) o A = (Id ® 7)o A as linear maps : Fung, (SU(N + 1)) —
Fun,, (SU(N + 1)), and TN+1(1) = 1. But it is known (see [24]) that such a
functional is unique and it must coincide with the restriction of the Haar state to

Fung, (SU(N + 1)). This means that 7. ™ = 7! (on Fung, (SU(N + 1))).
But then, using the fact that the conditional expectation F' : C(SUg, (N +
1)) — CN*1 acts as the identity on CV ™!, we have

1 1

[ dut) = iy ) = [t

0 0

for all p, which gives u = ,uN“ So the case N + 1 is proved. 1

The above result say that condition (I)(f) in the remark after the proof of
Theorem 2.5 also holds.

3.18. CONCLUSION. Let us take now @ = [, 1], for some fixed € € (0,1),
and o : [0,1 — €] — @ to be the curve given by o(h) = 1 — h. Having (see
Section 2) the conditions (I)(a)—(I)(f) and (II)(a), (II)(b) satisfied, we get a sys-
tem (Funy (SU(N))z, (Xn, %, || - I;,)),e1) Which is a deformation quantization for
C(SU(N)) in the z-direction (see below for a discussion on z). Moreover:

(i) The C-linear map Fun; (SU(N)) — Fun;_p,(SU(N)) defined on the ba-

sis by v(N)} +— v(N);~", i € IV, establishes an isometric *-isomorphism be-

tween the normed x-algebra (Fun; (SU(NN))Xp, *p, | - ||,) and the normed *-algebra
(Funy 4 (SUN)), [ - [leg,.)-

(ii) After completions, one gets a continuous field (C (SU4(N))gefe) of C*-
algebras in which the systems (U(N)Zj)qe[s 1, 1 < 4,5 < N all define contmuous
sections.

The algebra Fun; (SU(N)) is the algebra of functions on SU(N) which are
polynomials in the coordinates (u;;); j=1,n-

The 2-cocycle z can be computed using the “multiplication table” in the
basis (v;);erv. This leads to complicated formulas. Instead, we shall find the cor-
responding Poisson bracket. This only requires to find the values of the 2-cocycle
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z on the generators, that is, to find z(ugp, uap ). For this, we need to describe
Ugb X1—h Ugp 10 terms of the canonical basis (v;);crv. That is, we need to com-
pute the products u!, - u?,,, in Fun,(SU(N)) and express the result in the basis
vl ieIN

i ‘

Recall that
= {(m,n,p) :m = (Map)atrb<nN+1, ® = (Nab)atb>N+1, P = (P1,-- -, PN)
with min(py,...,pn) =0}

and for i = (m,n,p) € IN

— 2N nN MNN P1 PN m mi,N—1 MmN —1,1
Vi = Ugy UND UNN Uy Uy Upp U N Uy

(in all the algebras Fung (SU(N)) ).
This gives a total ordering on the set {1,..., N} x {1,..., N} defined by

2,N)<---<(k,N—-k+2)<---<(k,N)<---<(N,2)<---<(N,N)
<(N,)<(N-1,2)<---<(1,N)
<(LH)<---<(A,N-1<---<(k)< - <(k,N—-k<--<(N-=-11).

Suppose N > 3. If (a,b) < (d/,b), then clearly uqp X4 ugpy Will be a basis
vector, so z(Ugp, Uarp) = 0.
If (a,b) and (a’,b’) are in the “wrong” order, i.e. (a,b) > (a’,b"), then we
use the relations in Fun,(SU(N)) (see formulas (3.1)—(3.6)). So:
(i) Ifa =a' and b < b then ugp X qUg/ty = qUarty X gUab, NOW With gy X g Ugp
a basis vector. So, if we take into account ¢ =1 — h, we will get

2(Uab, Uarbr) = —Ua/b Uab-

(ii) If a = @’ and b > b/, then uap X g Uaryy = ¢ Ugrty X g Ugp. SO We get
2(Uabs Uarh') = Ua’b/ Ugb-

(iii) If @ > o’ and b = b then ugp X g Ugy = ¢ gty X g Ugp, Which gives
2(Uab, Uarbr) = Ua/b Uab-

(iv) If a < @’ and b=V then ugy Xq Ugty = qUaryy X g Uap, Which gives
2(Uabs Uarh') = —Uq’b/ Ugb-

(v) If a < a and b > b/, then ugp Xq Ug/ty = Ug/ty X g Ugh, SO

2 (Uqp, Ugrp ) = 0.

(iv) If a < @’ and b < b’ then uap X g Uarty = Uarpr X qUab+(@—q gy X g Uarp-
Note that now wgpy Xg Ugp = Ua'p Xq Ugpr, SO this is anyway a basis vector. This
gives
Z(Uab, ua’b/) = _2uab’ Xq Ug'b-

(vii) Ifa > @’ and b > ¥/, then ugp X g Uarty = Uarpr X qUab—(q—q ) Uarp X g Uab’ -
As before we get
Z(”aba ua’b’) = 2Uqp/ Xq Uqa’b-

(viil) If @ > o’ and b < b’ exactly as in (V) we get

2(Uap, Uarp ) = 0.
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The above formulas can be used to describe the Poisson bracket on
Fun; (SU(N)) defined by z.

ExAMPLE. Suppose N = 3. The corresponding Poisson bracket is given by
the following formulas
(i) If (ab;a'd’) is of one of the forms

(12:11)  (13;11) (21;11) (31;11) (13;12) (22;12)
(32;12) (23;13) (33;13) (22;21) (23;21) (31;21)
(23;22) (32;22) (33;23) (32;31) (33;31) (33;32

then {uab, ua/b/} = UgbUg’b’ -
(ii) If (ab;a'b’) is of one of the forms

(22:11) (23;11) (32;11)
(33:11) (23;12) (33;12)
(32:21) (33;21) (33;22)

then {wap, Uarp } = 2uap Uar.
(iii) If (ab; a’t’) is of one of the forms

(21:12) (31;12) (21;13)
(22;13) (31;13) (32;13)
(31;22) (31;23) (32;23)

then {ugp, ugp } = 0.
For N = 2 the arguments are similar. Recall that the basis vectors are here
— M P11, P2, M
U(m,n,p1,p2) = W22t U12U]

with min(p;,p2) = 0. We compute the values z(uqp, uqpr) in a similar way. But
everything works as in the case NV > 3 except for the element w12 X gu21 = u21 X 4u12
which does not belong to the basis.

For N = 2 the “multiplication table” for the u,;’s looks like

U11 Xgq U11 = V(0,2,0,0) U12 Xgq U11 = V(0,1,0,1)
U1 Xq U12 = 4Y(0,1,0,1) U2 Xq U12 = Y(0,0,0,2)
U11 Xg U21 = qV(0,1,1,0) U12 Xg U21 = qV(1,1,0,0) — 9Y(0,0,0,0)
U1 Xq U22 = V(0,0,0,0) — QQU(O,Q,O,O) U12 Xg U22 = U(1,0,0,1)
etc.

This leads, for the Poisson bracket, to the following formulas
(i) If (ab;a'd’) is of one of the forms

(12:11) (21;11) (22:12) (22;21),

then {uap, tarp } = UapUarp -

(i) {u22,u11} = —2uguss.

(111) {’U,21, Ulg} =0.

3.19. FINAL REMARKS. (i) It can be shown that the Poisson bracket on
Fun; (SU(N)) can be extended to a Poisson bracket on C*°(SU(N)) (see [4]).

(ii) Note that the %-algebra Funj, ,-11(SU(N)), over C|g, ¢~ '], carries an ad-
ditional structure of a Hopf algebra over C[g, ¢~!]. This enables us to conclude that
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for any f € V4 = Fun;(SU(N)) if we take A,(f) € Funy(SU(N)) ® Fun,(SU(N)),
Sq(f) € Fung(SU(N)) and g4(f) € C, then

(3.10) oim [12,(/) = Ay ()], = 0.
(311) lim [18,(f) = Sy (£, = 0.
(312 Tim () = 2 (1).
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