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ABSTRACT. For vector functionals on a C*-algebra of operators, we prove
an analogue of Glimm’s vector state space theorem. We deduce that a
C™-algebra is prime and antiliminal if and only if the pure functionals are
w"-dense in the unit ball of the dual. We also give a necessary and sufficient
condition for a convex combination of inequivalent pure functionals to be a
w*-limit of pure functionals.
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1. INTRODUCTION

Let A be a C*-algebra of operators acting on an infinite dimensional Hilbert space
H. For unit vectors &, 7 in H, let we ,, be the linear functional on B(H) defined by
wen(T) = (T€,n). The functional we ¢ is usually just written as we. The functional
we,n] A is called a vector functional of A and (if A acts non-degenerately on H) the
positive functional we|A is called a vector state of A.

The unital case of Glimm’s vector state space theorem asserts that if ¢ €
S(A) (the state space of A) then ¢ is a w*-limit of vector states of A if and only
if it has the form

o =AdlA+ (1 -y
where A € [0,1], £ is a unit vector in H and 1 is a state of A that annihilates the
intersection of A with the set of compact operators K(H) ([7], Theorem 2). The
non-unital case is similar ([8], Lemma 9). Our first main results (Theorems 3.1
and 3.2) show that if ¢ € A* and ||| < 1 then a necessary and sufficient condition
for ¢ to be a w*-limit of vector functionals of A is that ¢ should have the form

P = dwe A+ (1= N

where A € [0,1], £ and »n are unit vectors in H and ¢ is a contractive linear
functional on A that annihilates ANK (H). The necessity of this condition is proved
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by using Glimm’s theorem and the polar decomposition for functionals in the
Banach dual A* of A (although a significant complication arises because if p, — ¢
(6%

in A* then it may happen that |¢.| #— |¢|). However, this strategy appears to fail

«
to establish the sufficiency of the condition because the polar decomposition leads
to a requirement for o(A*, A**)-convergence in a situation where only o(A*, A)-
convergence is known. In view of this we have been forced to develop a substantial
extension of Glimm’s original method for states (see Theorem 3.1).

Let A be a C*-algebra (no longer assumed to be acting on any particular
Hilbert space), let P(A) be the set of pure states of A and let G(A) be the set
of pure functionals of A (the set of extreme points of the unit ball A} of A*).
A well-known combination of a theorem of Glimm ([7], Theorem 1, p. 231) and

a theorem of Tomiyama and Takesaki ([11], Theorem 2) asserts that P(A) (the
w*-closure of P(A)) contains S(A) if and only if either A is prime and antiliminal
or A =2 C. By considering G(A) rather than P(A), we are able to remove the
awkward trivial case and also replace containment by equality. To be precise, we
show that a necessary and sufficient condition for A to be prime and antiliminal
is that G(A) = Aj. The sufficiency follows readily from a result of Effros (see
Section 2) and the theorem of Tomiyama and Takesaki. In the separable case, the
necessity of the condition is obtained by using Theorem 3.1 (i). The nonseparable
case is reduced to this by using a result of Batty ([4], Proposition 5).

Finally, we consider a sequence (¢;);>1 of pure functionals of a C*-algebra

o0
A and a o-convex combination ¢ = > A;; where each A\; > 0. For each i let
i=1
|o:| be the pure state obtained from ¢; via the polar decomposition and let ;
be the GNS representation of |;|. Assuming that m; and 7; are inequivalent for

i # j, we prove that a necessary and sufficient condition for ¢ to lie in G(A) is

that there exists a net in the spectrum A of A that is convergent to every m;. This
generalizes an earlier result of the first author for pure states ([2], Theorem 2) in
which inequivalence was required only for the proof of the sufficiency of the net
condition. In the present case, the lack of positivity requires the assumption of
inequivalence for the proof of necessity too.

2. PRELIMINARIES

Let A be a C*-algebra and let A be A if A is unital and A + C1 otherwise. A
bounded linear functional ¢ on A has a polar decomposition ¢ = u|p| = |¢|(u-)
where |p]| is a positive linear functional on A, u is a partial isometry in A** and
|p] = u*p. Effros ([6], Lemma 3.5) has shown that if ¢, — in the w*-topology

on A* and if ||¢q|| — |l¢|| then |¢@a| — |¢|. We shall use this result in the proof
of Theorem 4.1. Hox(zxvever, in Theorema3.2 we have a situation in which ¢, — ¢
in A*, ||ga|l = 1 for all a, but possibly ||¢|| < 1. By compactness, the net (|;a\)
has a cluster point p in the quasi-state space QS(A). Then |o(a)]* < p(a*a) for

all @ € A and so there exists 7 in the GNS Hilbert space H, such that ||n]] < 1
and

pla) = (mp(a)ép,m), acA.
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(see [6], p. 400).
If ¢ € A* then ¢ € G(A) if and only if |¢| € P(A) ([1], Theorem 2.1). It

'~

follows that ¢ € G(A) if and only if there exist m € A and unit vectors £, in
the Hilbert space H, such that ¢ = (7(-){,n), in which case |p| = (7(-)&, &) (see
for example [3], 1.1) and by Kadison’s transitivity theorem there exists a unitary

element u € A such that ¢ = u|p| and |¢| = u*p (see [10], Lemma 4, for the unital
case). Although this u is not the partial isometry of the polar decomposition
(unless A 2 C) it has the important advantage of being a multiplier of A. If B is
a C*-subalgebra of A and w € B then there exists an irreducible representation o
of A such that H, O H, and (0|B)|n, is equivalent to = ([9], 5.5.1). It follows
that if ¢ € G(B) then there exists ¢ € G(A) such that ¢|B = 1.

We shall frequently use the elementary fact that if J is a closed two-sided
ideal of A and if ¢ € A* annihilates J then so does zp for all x € A**. In
particular, o(J) = {0} if and only if |p|(J) = {0}.

Unless stated otherwise, it should be understood that any topological state-
ments concerning A* refer to the w*-topology (that is, the o(A*, A) topology).

3. AN ANALOGUE OF GLIMM’S VECTOR STATE SPACE THEOREM

The following result will be one part of our analogue of Glimm’s vector state space
theorem. It might be hoped that it could be proved using Glimm’s theorem and
the polar decomposition. However, this approach appears to fail because o(A*, A)-
convergence is weaker than o(A*, A**)-convergence. Thus we have had to make a
substantial extension of Glimm’s method. An important ingredient is the unitary
decomposition for pure functionals (see Section 2).

THEOREM 3.1. Let A be a C*-algebra acting on an infinite-dimensional
Hilbert space H. Let ¢ € A* with ||| < 1.
(i) Suppose that (AN K(H)) = {0}. Then there exist nets of unit vectors
(€a); (Na) in H such that
Weamal A—

and €y Mo — 0 (weakly).

(ii) Suppose that p = Awe n|A+(1—A) where X € [0,1], £,1 are unit vectors
in H and v € A* is such that ||| < 1 and (AN K(H)) = {0}. Then there exist
nets of unit vectors (£4), (Na) in H such that

li A=
1(5[1 wgauna | ¥

Proof. (i) We first consider the case when K(H) C A. We will then use this
special case to prove the case when K(H) € A.

CasE (I). Suppose that K(H) C A. Let L be a finite-dimensional subspace
of H and let U be an open neighbourhood of ¢ of the form

U={he A" :|h(x;) — ¢o(z;)] < e for 1 <i< s}

where ¢ > 0 and 21, 29,...,25 € A. It suffices to find unit vectors &,n € L+
such that we ,|A € U (for then we may index & and 7 by the ordered pair (L, U),
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with the obvious directed ordering on such pairs). Since (K (H)) = {0}, there
exists po € (A/K(H))* such that ¢ = g o ¢, where ¢ is the quotient map, and

[leoll = llell < 1. By the Krein-Milman theorem, g is a w*-limit of finite convex
combinations of pure functionals of A/K(H). Hence there exist pure functionals
©1,92, ..., of A and non-negative real numbers A1, Ag, ..., A, with unit sum

such that ¢;(K(H)) = {0} (1 < i < n) and |p(z;) — o(x;)] < e/2 (1 <i < s)

where p = > Ajp;. Since ¢; € G(A), there exists a unitary element u; € A such
j=1

that ¢; = ujlp;| for 1 < j < n (see Section 2).

We will construct unit vectors &1, &2, . . ., & € H such that, writing n; = u}¢;,
lpj(xs) — we, ., (T5)] < €/2 (I1<i<s, 1<j<n),
&,y € L+ (1<j<n)
(3.1) Y

and such that
(€5:&k) =0, (nj,me) = 0, (zi&j,mk) =0 for all i and j # k.

Let Ly be a finite-dimensional subspace of H containing both L and |J u;(L). Let
j=1

m be an integer such that 1 < m < n and suppose that we have constructed unit
vectors &1, &2, . .., &m—1 such that all the relations in (3.1) hold when 1 < j, k < m.
If m =1 define M = Ly and if m > 1 define

M:Span(LOU{gj:1<j<m}U{umu;§j:1<j<m}
U{umzi&: 1< j<m, lgigs}u{x?u%kslgigs,1<k<m}).

Let N = M+* and let Py, Py be the corresponding orthogonal projections in
B(H). Then Pyy+ Py =1 and foralla € A

(3.2) a = PNaPNJr(PNaPMJrPMCLPN +PM(1PM).

Since M is finite dimensional, Py; € K(H) C A and so Py € A. Also, the brack-
eted expression on the right of (3.2) is compact. Let B = Py APy, a hereditary
C*-subalgebra of A. Since ¢, (K(H)) = {0} we have |p,|(K(H)) = {0} and
hence by (3.2), |¢m|(B) # {0}. Because B is hereditary in A, |¢m||B € P(B).

Since the kernel of the identity representation of B on N is {0}, it follows from
[5], 3.4.2 (ii) that there exists a net of unit vectors (£,) in N such that

limwe, |B = |¢m| |B.
Let a € A. Then, by (3.2) and the fact that |, |(K(H)) = {0}, we have
[wt. (@) — lpnl(@)] = |we. (PvaPy) — lonl(PvaPy)| —0.

Therefore
liorénwfa |A = |§0m|'

Hence there exists a unit vector &, € N such that
€

5 1<i<s

| |om| (Um®i) — we,, (umxz)| <
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It follows that -

[Pm (i) — Wep i (24)] < 2 1<i<s.

Since &, € N, &, is orthogonal to M and so all the relations in (3.1) hold when
1<j,k<m. Thus by induction, We obtain the required vectors £1,&s, ..., &

Let & = Z\/ ;& and n = Z./ ;1. Then, by (3.1), £ and 7 are unit

vectors in L. Flnally, for 1 < i < s we have
|p(x:) = wen (@)l = | D Njei (@) = > V/AAel@is, mi)
j=1 jok=1
<Y Nl (@) = wey oy ()] + Y VANl me)|
Jj=1 Jj#k

=2 Ailes(@i) = we i, (@)] - (by (3.1)

< EZAJ =
j=1

Hence we ,|A € U as required.

CaAsg (II). Suppose that K(H) € A. Let B= K(H)+ A. Let qp : B —
B/K(H) be the quotient map and let

®:B/K(H)— A/(ANK(H))
be the canonical #-isomorphism given by
S(z+ K(H)) =2+ (ANK(H)) for x € A.

Since p(ANK(H)) = {0} there exists ¢’ € (A/(ANK(H)))* such that ||¢'|| = ||¢||
and ¢'(a + (AN K(H))) = ¢(a) for all a € A.

Let = ¢’ o ®ogp. Then ||p|| < 1 and (K (H)) = {0}. By applying
the result of Case (I) to ¥ and then restricting to A, we obtain the required nets
(&) (1a)-

(ii) Suppose that

0= Aweg A+ (1=
where A € [0,1], &, n are unit vectors in H and ¢ € A* is such that |[¢)]] < 1 and
Y(ANK(H)) = {O} By (i) there exist nets of unit vectors (£,), () in H such
that

wgav"/a |A 7 w

and &, 1o — 0 (weakly).
Let

Co=VA+VI— Ay and 'y =VAn+VI— M.
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Since &4, 1o — 0 (weakly),

2 2
ICall®, NGl — 1.

So eventually

lISall [ICall # 0

and we can form unit vectors
T

ISall’ ¢l

For a € A we have
1
W, oo (@) = QU Vo) = T 77507 aCavcla
(@) = {ata, va) = e (o €l
1 %
= mp‘w&m(a) + (1 = Nwe, o (@) + VAL = A)((a€, 1) + (ara™n)},

and hence

Wi, va (a) 7 )‘wf,ﬂ(a) + (1 - AW(@ = @(a)'

Thus
limw,, , |[A=v. 1

REMARK 3.2. Suppose that H is an infinite-dimensional Hilbert space, A
is a C*-subalgebra of B(H) containing K(H), ¢ is an element of A} such that
¢(K(H)) = {0}, and (&) and (1) are nets of unit vectors in H such that

wfavna |A 7 P-

If |lo|l = 1 then we, |A— |p| and wy,, |A— |¢*| and so, since |¢|(K(H)) =

{0} = |p*|(K(H)), it follows that &, and 7, necessarily converge weakly to zero.
However, this need not hold if ||¢|| < 1. For example, if £ is a fixed unit vector in
H and 7, — 0 weakly then

wfﬁla |A 7 O

Nevertheless, Theorem 3.1 (i) shows that it is always possible to choose &, and 7,
such that &,,n., — 0 weakly, as is required for the proof of Theorem 3.1 (ii).

We now state and prove, in full, our analogue of Glimm’s vector state space
theorem.

THEOREM 3.3. Let A be a C*-algebra acting on an infinite-dimensional
Hilbert space H. Let ¢ € A* with ||| < 1. Then the following are equivalent:

(i)
P = Mgl A+ (1= N

where A € [0,1], £,m are unit vectors in H and ¢ € A* is such that ||¢] < 1 and
P(ANK(H)) ={0};
(ii) there exist nets of unit vectors (£4), (Na) in H such that

hén Weoma |A = @.
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Proof. (i) = (ii). This follows from Theorem 3.1 part (ii).
(ii) = (i). Suppose that there exist nets of unit vectors (£,), (1) in H such
that
licrvn We o ma|A = .
CasE (I). Suppose that K(H) C A. By passing to a subnet, we may assume
that w5a|A7p for some p € QS(A). Then |p(a)]> < p(a*a) for all a € A (see

Section 2). If ¢ = 0 we may take A = 0 and 1) = 0 so we assume from now on that
@ # 0 and hence p # 0. Then

p = (mp(-)&p, V)

for some v € H, with 0 < ||v|| <1 (see Section 2).
By [8], Lemma 9,

(3.3) p = awy|A+ po
where 0 < a = ||p|| — |lpo]] < 1, u is a unit vector in H and pg is a positive
functional of A that annihilates K (H). If & = 0 then 7, (and hence ¢) annihilates
K(H) and so we may take A = 0 and ¢ = . Suppose that « # 0. If pg = 0 then
we may take 7, = id and &, = /o from which it follows that

¢ = Va(()u,v) = Val[][{(-)u, v/[v]),
which has the required form (taking A = /a||v||, £ = u, n = v/||v|| and ¥ = 0).
Thus we may suppose that pg # 0 (as well as a # 0).

Since id and 7, are disjoint, we may take 7, = id & m,,, &, = (Vau,&,,)
and then v = (v1,v2). Thus, for a € A,

‘P(a) = \/a<au7 1)1> + <7TP0 (a)gpm U2>'
If v; = 0 then (K (H)) = {0} and we may take A = 0 and ¢ = ¢. Suppose that
v1 # 0. Then let A = /a|v1|, &€ = u, n = v1/|jv1]]. If A = 1 then vy = 0 and we
may take 1) = 0. Suppose that A < 1 and define

¢ = (1 - /\)_1<7rpo(')£l7071}2>~
Then ¢ = Awe A+ (1 = Ny, (K (H)) = {0} and
I < (1= A) 110 I lo2 ] = (1 = X) 2 [lpo]| [[val®
< (1= Vallo)*(1 = )1~ [l ]*) < 1
since 2y/a|v || < o + [Jo1|?

CasE (II). Now suppose that K(H) € A and let B = A+ K(H). Consider
the net (we, r,|B) in the unit ball B} of B*. Since B} is w*-compact, we may
assume by passing to a subnet if necessary that (we, 5, |B) is convergent to some
p € B}. Therefore, by Case(I),

where A € [0, 1], &, 7 are unit vectors in H and vy € B* is such that ||1)g] < 1 and
Yo(K(H)) = {0}. Hence, by restricting to A, we get

¢ = dweylA+ (1= Aol A
Let ) = 4g|A. Then (AN K(H)) = {0} and [|¢[| < 1.
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4. CONDITIONS FOR THE DENSITY OF THE PURE FUNCTIONALS IN THE DUAL BALL

Glimm in [7], Theorem 1, p. 231 and Tomiyama and Takesaki in [11], Theorem 2,
have proved that if A is a C*-algebra then P(A) D S(A) if and only if either A is
prime and antiliminal or A & C. In the following theorem we prove an analogue

of this result for pure functionals of A.

THEOREM 4.1. Let A be a C*-algebra. Then the following are equivalent:
(i) AT = G(A);
(ii) A is antiliminal and prime.

Proof. (i) = (ii). Suppose that A7 = G(A) and let ¢ € S(A). Then there
exists anet (Yo )aca in G(A) such that o, — ¢. By [6], 3.5 we get [po| — || = ¢
« «

and so ¢ € P(A). Thus S(A) C P(A). Therefore by [11], Theorem 2, either A is

antiliminal and prime or A = C. But since A} = G(A), A % C.
(ii) = (i). Suppose that A is antiliminal and prime and let ¢ € Aj}.

CasE (I). Suppose that A is separable. By [5], 3.9.1 (c), A is primitive and so
we may regard A as acting faithfully and irreducibly on a Hilbert space H. Since
A is antiliminal, H is infinite-dimensional and K(H) € A. Hence ANK (H) = {0},
by irreducibility, and so by Theorem 3.1, ¢ is a w*-limit of vector functionals of
A. Since A is acting irreducibly, the vector functionals of A are pure functionals
and so ¢ € G(A).

Casg (II). Suppose that A is inseparable. Let

N ={he A" : |h(a;) — p(a;)| <efor 1 <i<n}

where a1, as, ..., a, are arbitrary elements of A and £ > 0. To show that ¢ € G(A)
it is enough to show that N N G(A) # (). For this, define

BQ = C’*(al,a2, N ,Cln)7

a separable C*-subalgebra of A. By [4], Proposition 5 there exists a separable,
antiliminal and prime (hence primitive) C*-subalgebra B of A such that B D By.
Therefore, by Case (I), Bf = G(B). Hence there exists p € G(B) such that

plar) —plB(a) <2, 1<i<n.
There exists p € G(A) such that p|B = p (see Section 2). But
Bla) — w(ai)| = lo(as) — ¢lB (@) <=, 1<i<n.

Therefore p € N N G(A) and so the theorem follows. 1
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5. LIMITS OF PURE FUNCTIONALS

DEFINITION 5.1. Two pure functionals ¢ and ¢s of a C*-algebra A are said
to be inequivalent if the pure states |p1| and |p2| are inequivalent.

The next result extends [2], Theorem 1 to the case of pure functionals rather
than pure states. The proof of ((1) = (2)) is complicated by the lack of positivity.

THEOREM 5.2. Let A be a C*-algebra, let p1,p2,...,0, be pairwise in-
equivalent pure functionals of A and let m; be the GNS representations of |p;l
(1 <i<n). Then the following are equivalent:

(i) there exist positive real numbers ty,ta, ..., t, with unit sum, such that

i tz’@i € @;
i=1

(ii) there exists a net (my) in A such that To — ; for each i (1 <1i < n);
«

(iii) whenever s1, sa, ..., Sy are non-negative real numbers with unit sum,

Z sipi € G(A).
i=1

Proof. (i) = (ii). Let ¢ = Zn: t;pi. Since ¢ € G(A) there exists a net (¢q)
in G(A) such that ¢, — . Letljr: = Ty, and i € {1,2,...,n}. We show that
Ta — Ti. By reordering, we may assume that ¢ = 1. Let V be an arbitrary open
neighbourhood of 77 in A. Then there exists a closed two sided ideal J of 4 such

that V = .J. Since m(J) # {0} by [5], 2.4.9, |¢1](J) # {0} and so ¢y (J) # {0}.
So by reordering s, @3, . . ., @, We can assume that there exists an integer r with
1 < r < n such that

wi(J)#{0} when1<i<r and ¢;(J)={0} ifr<i<n.

Hence we can write i,
Pl = tipilJ.
i=1
Since ¢; € G(A) there exist unit vectors &;,n; € H,, such that
0 = (mi()&,mi), 1 <i<r

Since 71|y, 72|y, ..., 7r|; are inequivalent irreducible representations of J,
by Kadison’s transitivity theorem there exists a € J such that

m(a)y =m and m(a)§; =0, i=2,3,...1.
Therefore
p(a) = ti(mi(a)ér,m) =t1 >0

and so ¢(J) # 0. Hence there exists g such that, for a > ag, pa(J) # 0. So
|oal(J) # {0} and hence 7, € V for a > ag. Thus 75 —> 7.
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(i) = (iii). Suppose that there is a net () in A such that 7o — m; (1 <
[e3

i < n), and let sq,s9,...,5, be non-negative real numbers with unit sum. Let
N be a base of w*-open neighbourhoods of zero in A*. As in the proof of [2],
Theorem 1 ((ii) = (iii)) we obtain a net (on)nex in A and for each N € X a set

{§§N) SN), e ,f,(ALN)} of unit vectors in H,, such that
(5.1) (on ()M M) — o, 1<i<n.
For i # j, |¢i| and |p;| are inequivalent and so by [2], Lemma 2

(5.2) €6 —0, (o (e, ) —o0.

For 1 < i < n, let u; be a unitary element in A such that w; = w;|p;|. For

cach N € R, let €™ = 3 /56 and n™) = 3 miow (uf)e™N), where Gy is
=1 1

4 K2
1=

the unique irreducible representation of A that extends on- Then by (5.2),
()2 1 (N2 1
(53) € — 1, ™) 1.

So eventually [|€N)[], [n™)]| > 0 and we may form unit vectors
N N
&' = €M /I, g™ = 0™/ In ]l
By (5.1) and (5.2),

Le(N) (N ~
<JN()O » 1o >7;81@z

n —
and so we obtain that > s;¢; € G(A).
i=1
(iii) = (i). This is immediate. 1
In the above theorem if ¢y, o, .. ., @, are pure states then the implication ((i)
= (ii)) holds without the assumption of inequivalence (see [2], p. 252). However,
in contrast, we give an example to show that ((i) = (ii)) may fail if the condition
“inequivalent” is removed from the hypothesis of Theorem 5.2.

ExaMPLE 5.3. Let A := Cy(R). Let o1, p2 be two inequivalent pure states
of A. Define p3 = —p1 € G(A) and py = —p € G(A). Then

1
1(901 + w2+ @3+ ps) =0€ P(A) (since A is non-unital).

But, since A is Hausdorff, there is no net (m,) convergent to all the m,, where
1=1,2,3,4, i.e., to my, , Ty, .

COROLLARY 5.4. Let A be a C*-algebra and let v1,p2 be inequivalent pure
functionals of A. Then the following are equivalent:

(i) there exists t € (0,1) such that teo1 + (1 —t)p2 € G(A);
(ii) 7y, and m,,| cannot be separated by disjoint open subsets of A;
(ili) for all s € [0,1], sp1 + (1 — s)p2 € G(A).

Proof. This is immediate from Theorem 5.2. 1
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Our final result extends Theorem 5.2 to the case of a countably infinite set
of pure functionals. Again, the lack of positivity makes the proof of ((i) = (ii))
rather more difficult than in the case of pure states (see [2], Theorem 2).

THEOREM 5.5. Let A be a C*-algebra, let (@;);>1 be a sequence of pairwise
inequivalent pure functionals of A and let m; be the GNS representations of |p;|
(i =2 1). Then the following are equivalent:

(i) there exists a sequence of positive real numbers (t;) with unit sum, such
that

i tipi € G(A);
i=1

(i) there exists a net (wy) in A such that 7o — ; for each i;
[e3

(iil) whenever (s;) is a sequence of non-negative real numbers with unit sum,
0 —_—
Z sipi € G(A).
i=1

(&)
Proof. (i) = (ii). Let ¢ = Y t;p;. Since ¢ € G(A) there exists a net (p,) in
i=1
G(A) such that ¢, — . Let 7o = 7, | and i > 1. We show that 7, — m;. By

reordering, we may assume that ¢ = 1. Let V be an arbitrary open neighbourhood
of 1 in A. Then there exists a closed two sided ideal J of A such that V = J.

o0

Since 1 (J) # {0} by [5], 2.4.9, |p1|(J) # {0} and so ¢1(J) # {0}. Since > ¢, =1
i=1
there exists an integer N such that

o0
t
1=N+1
By reordering o, 3, ..., N we can assume that there exists an integer r with
1 < r < N such that ¢;(J) # {0} when 1 < i < rand ¢;(J) = {0} if r < i < N.
Hence

olJ = ZE’%’U‘F Z tipilJ.
i=1 i=N+1

Since ¢; € G(A) there exist unit vectors &;,n; € H,, such that
We seek an element b € J with |[b]] < 1, ¢1(b) = 1 and ¢;(b) = 0 for

i =2,3,...,r. Since &;,1m; are unit vectors there exists a unitary element u € A
such that 71 (u)§y = 71. Define ¢; = @;(u-). Then ¢; € G(A) and 7y, = 7. Let

Y= Zfﬂ/)i = Ztl%(u)
i=1 i=1

Let a € J. Then ua € J and therefore

o0

¥(a) Zztﬂ/h‘(a)Jr > titi(a).

i=N+1
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Define T3 = I and if r > 1 define T; = 0 for ¢ = 2,3,...,r. Then by Kadison’s
transitivity theorem there exists a self-adjoint element a € J such that
7r1(a)§1:T1€1 Zfl, m(a)gz»:Ti&:O, i:2,3,...,T.
Define f : R — R by
1 ift < —1,
fy=«<t ift € [-1,1],
1 ift>1,

and let b = f(a).
Since f(0) = 0,b € J. Also, since 1 € Sp(a), ||b|]| = 1. Now, since 71 (b)&; = &;
and m;(b)§; =0 for i =2,3,...,r, we have

Y(b) = i (m (B)€n, T (u)m) + Y ti(mi(ub)éimi) + Y taapi(b)
i=2 i=N+1
=ti+ Y, ta(b).
i=N+1
Hence .
t
() —tal < 7 tallell < 3

i=N+1
Therefore @(ub) = ¥ (b) # 0 and so ¢(J) # {0}. Hence there exists ag such that
for a > ag,

va(J) # {0}

So |pal(J) # {0} and hence 7, € V for a > . Thus 7o — m1.
(03
(ii) = (iii). Suppose that (m,) is a net in A such that m, — m; for all i.
[e3
Suppose that (s;) is a sequence of non-negative real numbers with unit sum and
o0

let ¢ = Y s;p;. By truncating and scaling the series for ¢, we may approximate
i=1
¢ in norm by functionals which themselves lie in G(A) by Theorem 5.2. Hence
v e G(A).
(iii) = (i). This is immediate. &
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