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ABSTRACT. One can associate asymptotic approximates Goo and Ho, with
each nilpotent Lie group G and pure m-th order weighted subcoercive oper-
ator H by a scaling limit. Then the semigroups S and S(>) generated by H

and H, on the spaces L,(G), p € [1, 00, satisfy tlim 1S: — 8 lpmp = 0

if, and only if, G = Goe. If G # Goo then lim ||M;(S, — SN ep = 0

on the spaces L,(g), where g denotes the Lie algebra of G, and My denotes

the operator of multiplication by any bounded function which vanishes at
infinity.
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1. INTRODUCTION

The local structure of subelliptic semigroups acting on Lie groups is now well
understood but many open questions remain concerning the global behaviour.
Our aim is to analyze the asymptotic properties of the semigroup S generated
by weighted subcoercive operators H acting on a nilpotent group GG. There have
been three approaches to the large-time behaviour. The first approach has been
through bounds on the semigroup kernel. This has been particularly effective for
second-order operators on groups with polynomial growth (see [10] for background
and references to earlier work or [7] for recent results). The second approach is
through an asymptotic expansion of the kernel. This method, proposed and devel-
oped by Nagel, Ricci and Stein ([9]), is restricted to nilpotent groups but applies
to operators of arbitrary order with different weights in different directions. It
identifies the leading term of the asymptotic expansion as the semigroup kernel
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K () associated with the semigroup S(>) generated by an asymptotic approxi-
mant H., of H which acts on a homogeneous group G, related to G by a scaling
limit. Subsequent terms in the expansion are given by derivatives of K(>). The
third approach, which we analyze in the sequel, is closely related to the Nagel-
Ricci-Stein method and is again restricted to nilpotent groups. It compares the
asymptotic orbits of S and S(°>) in a manner analogous to the comparison of
the free and interacting evolutions in quantum-mechanical scattering theory. The
analogy with scattering theory is, however, only superficial as the semigroups S
and S(>) are asymptotically close in a uniform topology. A better analogy is given
by homogenization theory of periodic systems on R? (see, for example, [2]). In this
theory the periodic dynamics is approximated by an homogenized dynamics which
is defined by a complex non-linear averaging algorithm. The evolution semigroup
of the homogenized system can then be shown to approximate the evolution semi-
group of the periodic system, with respect to the norm on the Lp(Rd)—spaces, for
large times ([1]).

A simple example of semigroup comparison in a uniform topology is given
by the Heisenberg group G. The Lie algebra of this group has a basis a1, as, as
satisfying [a1, az] = a3 with all other commutators zero. Let H = —A? — A3 — A2
denote the Laplacian formed from the representatives A; of the a; in the left
regular representation of G on Ly(G). The asymptotic approximants are given
by Goo = G and H,, = —A? — A3, i.e., the sublaplacian of the algebraic basis
a1,as. Then one verifies by a straightforward calculation that the corresponding
semigroups satisfy tlg(r)lo || IS¢ — St(m) |22 = 0. Thus the evolutions corresponding to

the two distinct dynamics are asymptotically close with respect to the La-norm,
and even with respect to the L,-norms. (For further details see Examples 2.10
and 4.3 below.) The interest in this conclusion lies with the uniform convergence.

In this example G, coincides with G but in general G, # G and this
introduces an interesting dichotomy of behaviour which is a central focus of the
following analysis. If G = G4 then the semigroups S and S(°) can be compared
on the spaces L,(G) but if G # G, one can still compare S and S(>) by pulling
back to the L,-spaces over the Lie algebras g and g., because these coincide as
vector spaces. One of our principal results is that the difference of the pulled back
semigroups converges to zero uniformly on L, as t — oo if, and only if, G = G.
Note that kernel bounds immediately imply that each of the semigroups converges
strongly to zero as t — oo and hence the difference also converges to zero. But
the uniform convergence is a much stronger statement about the comparability
of the asymptotic orbits of the two dynamical semigroups. Even if G # G the
asymptotic orbits are uniformly close locally, but not globally. More specifically,
if the difference of the pulled back semigroups is multiplied with any bounded
measurable function which vanishes at infinity, then the product tends to zero
uniformly as ¢ — oo on any L,-space. In order to formulate our results more
precisely it is necessary to introduce some definitions and notation.

Let G be a connected, simply connected, d-dimensional nilpotent Lie group
with Lie algebra g and aq, ..., aq an algebraic basis of g, i.e., a set of linearly inde-
pendent elements which together with their multi-commutators span g. Moreover,
let wq,...,wg € N be weights associated with the different directions in g. The
algebraic basis with these weights is called a weighted algebraic basis. For further
details of these and subsequent definitions we refer to [4] and [5].



ASYMPTOTICS OF SUBCOERCIVE SEMIGROUPS ON NILPOTENT LIE GROUPS 83

We need the following multi-index notation for commutators and products.
If NV € N set

J(N) = [j{l,...,N}" and J(N) = G{l,...,N}”.
n=0 n=1

Then for o = (i1,...,i,) € J(d') set the unweighted length || = n, the weighted
length ||« = wi;, + -+ +w;, and, if n > 1, introduce the multi-commutator

o] = [@iy, [ [ai,_y,ai,] -]
of weighted order ||a||. Next for each k € N let
(1.1) g™ = span{ajy) : @ € JT(d), ||| > K}

be the ideal spanned by all multi-commutators of order at least k. Since g is
nilpotent, there exists a unique r € N such that g™ # {0}, but ("t = {0}. We
call r the weighted rank of the Lie algebra g given the weighted algebraic basis
Aly...,0Qq.

For k € N, let a; be a vector subspace of g such that g*) = g+l @ q,

and hence g = €@ ai. Next, for all ¢ > 0 introduce the linear maps v; : g — g
k=1
such that v, (a) = t¥a for all a € a; and k € N. Moreover, define the Lie bracket
[+ -]e:gxg—gby )
[a; bl = 7 [ye(@); 7 (B)]-
Then the Lie bracket [+, -]oo = lim [+, - ]; exists and

t—o0
[ak, G)oe € Appi

for all k,I € N. The Lie algebra (g,[, - ]oo) is homogeneous with respect to the
group of dilations used in the construction and the graded subspaces ay, correspond
to the eigenspaces of the dilations. We use the shorthand notation go(a) for
(g, "]oo) and call goo(a) an asymptotic Lie algebra. The definition of goo(a)
clearly depends on the choice of the family a of subspaces ai, but different choices
lead to isomorphic asymptotic Lie algebras. If the particular choice of go(a) within
the set of asymptotic Lie algebras is not significant, we simplify the notation by
Writing geo.

Next, let by,...,bq be a vector space basis for g passing through ay,...,a,
and with order respecting the order of the ay, i.e., if dy, = dima; then by, ..., by, is
a basis of a, bdk1+1, R bdkﬁk2 a basis of ay etc. Assign weights vy, ..., vy where

v; = k if b; € ag. Then, by definition,
[bis bj]00 = T, +u; ([bis b5])
for all 4,5 € {1,...,d}, where 7y, : g — a is the projection onto the k-th compo-

nent of the decomposition g = @ a;. We define the modulus | - | on g by
1=1

d
> &b
i=1

2

v d
= Z |§’L ‘QU/W )
=1
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d
where v = lem(1,...,r). Finally, if b = > &b; € g and o = (41,...,4,) € J(d) set

i=1
=&, ...&,-

Let U be a continuous representation of G in a Banach space X. If a € g let
dU(a) be the generator of the one-parameter group ¢ — U(exp(—ta)). Then, set
A; =dU(a;) for i € {1,...,d'} and use the multi-index notation A* = A;, --- A4;
for o = (41,...,ip) € J(d'). For eachn € N\ Oset X = X/ (U)= (| D(A%)

ol <
with norm
zlll, = |=lly.,, = max |[[A%z|.
lelly = el = mas [l4°a]

o<

Further set X ﬂ X! . The left regular representation of G on a function space

is denoted by L, or Lg, and the spaces and norms assomated with the left regular
representation on L,(G) are denoted by L;, ,, and | - ||, ,,

Let m € N. Then a form of order m is a function C’ : J(d’) — C such that
C(a) =0 for all a € J(d') with ||a|| > m and, moreover, there exists an « with
ler]] = m and C'(«) # 0. The form is called homogeneous of order m if, in addition,
C(a) =0 for all @ with |laf] < m.

The adjoint form CT is defined by Ct(a) = (=1)l*/C(a,) where a, is the
reverse of «, i.e., if a = (i1,...,4,) then o = (ip,...,41), and the bar denotes
complex conjugation. Moreover, C' is called self-adjoint if C = C*. In the sequel
we write ¢, = C(a).

Given the representation U we consider the m-th order operator

Z Co A®

acJ(d")

with domain D(dU(C)) = X/,. The form C is called a G-weighted subcoercive
form and the operator dU(C) a G-weighted subcoercive operator if first m € 2w;N
for all i € {1,...,d'} and secondly there exist u > 0 and v € R such that

Re(p,dLa(C)¢) = ulllplly m/2)? — vilel3

for all ¢ € C°(G), i.e., the operator dLg(C) satisfies a Garding inequality on
Ly(G). (For many equivalent descriptions of G-weighted subcoercive forms we
refer to [5], Sections 4 and 10.) It then follows from Theorem 1.1 of [5] that the

closure dU(C') generates a holomorphic semigroup on X. Moreover, this semigroup
has a smooth, rapidly decreasing kernel.

Unfortunately, we need a slightly stronger condition on the coefficients of
the operator. Let g = g(d’,r,w1,...,wq ) be the weighted nilpotent Lie algebra
with d’ generators @y, ...,ay and weights wy,...,wy which is free of step r, i.e.,
it is equal to the quotient &/I where & is the free Lie algebra in d’ generators,
with the i-th generator given the weight w;, and I is the ideal spanned by the
multi-commutators of weighted order strictly larger than r. (See also [9] and [5],

Example 2.7.) Let G be the connected, simply connected, Lie group with Lie
algebra g. Throughout the sequel we assume that C' is a homogeneous m-th order

G-weighted subcoercive form. Then, it follows from [5], Proposition 11.3, that
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C is also a G-weighted subcoercive form. Let K be the kernel of the semigroup
S generated by the closure of the operator H = dLg(C). Then K is a smooth
rapidly decreasing function on G.

Next, we need analogous concepts associated with the asymptotic Lie algebra
oo (= goo(a)). Let G be the connected, simply connected, Lie group with Lie
algebra g... Define H,, by

Hyo= Y cudle, (@)
acJ(d’)
where dLg__(a®) = dLg__(a1)---dLg_ (an) if a = (i1,...,4,) and @; = my, (a;)
for all i € {1,...,d'}. The domain of Hy equals D(Hw) = () D(dLg(a%)).
ol <m
Since the @; do not necessarily form an algebraic basis of g, e.g., some of the
a; could be zero, one has to exercise some caution. We shall show in Section 3
that the operator Hy, is a G-weighted subcoercive operator with respect to a
different form and weighted algebraic basis in geo. It then follows from [5] that
the closure of Ho, generates a holomorphic semigroup S(°°) with a smooth kernel
K©) on Gu.
The first theorem compares the kernels K and K(°) together with their
subelliptic derivatives. Fori € {1,...,d'} set ZEOO) =dL¢_ (a;) = dLg_ (7w, (a;)).
d
Moreover, set D = 3 v;.
i=1
THEOREM 1.1. For all o € J(d') there exist ¢, > 0 such that

[(A°K)(expa) = (A K{™) (expy, a)] < et P/ mymt/me=raf ey
uniformly for allt > 1 and a € g.

Here exp,, : 800 — G is the exponential map and the estimates are valid
for all possible choices of go,. Moreover, we assume that the Haar measure on G
(respectively G ) is normalized such that it is the image measure of the Lebesgue
measure on g = goo under exp (respectively exp,,). For a special class of goo(a)
(see Section 3) Nagel-Ricci-Stein ([9]) showed that a — (Z(Oo)a.f('t(oo))(expOo a) is
the first term in the asymptotic expansion of a — (A*K;)(expa) in powers of
t=1/™m_ Theorem 1.1 establishes that the difference of these kernels is bounded by
a Gaussian times t~/™ for all large t.

If g = g this immediately implies that the semigroup S; converges uniformly
to §(°0),

THEOREM 1.2. If for a particular choice of a one has g = goo(a) as Lie
algebras, then the semigroup S(>) corresponding to this choice satisfies tlim |S: —
— 00

S’t(oo)H,Hp =0 for all p € [1,00]. More specifically, there exists a ¢ > 0 such that
18 = 8% lpp < ct
uniformly for allt > 1 and p € [1,00].

We next consider the general case in which the Lie algebras g and g (a) are
distinct. Since g = goo(a) as vector spaces, for all possible choices of a one can use
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the exponential maps to compare S and S(°). Define §t,§t(°o) : Ly(g) — Ly(g)
for each ¢ > 0 and p € [1, 0] by

(Sip)(@) = (Si(p o log)) (exp a)
(57 p)(a) = (5> (12 0 l0goc)) (exPag @)
for all ¢ € Ly(g). Here log and log, are the inverse of exp and exp_, respectively.

THEOREM 1.3. If g # goo as Lie algebras, then there is a b > 0 such that
liminf [|S, — §{™l,—, > b

for all p € [1,00]. Moreover, if C is self-adjoint one may choose b = 1.

It follows immediately from these results that
tlggo ”St - SLSOO)HP*’P =0

if, and only if, g = goo(a) as Lie algebras. Nevertheless, the uniform convergence

of S to §(°°) is very nearly true. For any bounded measurable function f : g — C,
define the multiplication operator My on L,(g) by

(Myp)(a) = fla)p(a).

We say that f vanishes at infinity if for each € > 0 there exists a compact set
) C g such that |f(a)] <eforall a € g\ Q.

THEOREM 1.4. If f : g — C is a bounded measurable function which vanishes
at infinity then

lim M (S, = 57 lp—p = 0

uniformly for all p € [1, 00].

We illustrate the theorems with an example.

EXAMPLE 1.5. Let g be the five dimensional nilpotent Lie algebra with basis
ai,...,as and commutation relations [az, ag] = a4, [az2,a4] = a5 and [a1,a2] = as.
Give all directions weight one, i.e., w; = 1 for all i € {1,...,5}. Then g) = g,

g®® = span{ay,as} and g® = span{as}. We choose a; = span{a,as,as},
as = span{as} and a3 = span{as} and basis b; = a; for all i. Then [by, bo]oo =

Jim 3 [ (b1), ye(be)] = lim 7y (#205) = 0 # [br,ba). So [+, -Joo # [ ] Ac-
cording to Theorem 1.3, one has litm inf |5, — §t(°°)||p_,p # 0 for any p € [1,00],
for any choice of the operator H. On the other hand, one has tlim ||Mf(§t -

§t(°°))|\ p—p = 0 for any bounded measurable function f : g — C which vanishes at
infinity.

The asymptotic estimates on the semigroup S will be deduced from estimates
on the kernel K. The initial kernel estimates are derived from an asymptotic ex-
pansion of K, in terms of the kernel K(°°) of §(°) given by Nagel, Ricci and
Stein ([9]). Their procedure is based on comparison of G and G, with the larger
free group G. A similar method was used in [6] to obtain Gaussian bounds on
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K and its derivatives in the unweighted case via transference. The Nagel-Ricci-
Stein analysis uses a particular type of asymptotic Lie algebra which has an extra
form of homogeneity. Analysis of the general situation requires examination of the
isomorphism relating the various asymptotic algebras. Combination of these tech-
niques establish Theorem 1.1. The estimates of Theorem 1.4, when g # goo(a), go
beyond simple bounds on the difference of the kernels and require more detailed
analysis of the algebraic structure. The relative difficulty of the two cases is anal-
ogous to the complexity of analysis of elliptic operators with variable coefficients
in contrast to operators with constant coefficients.

In Section 2 we introduce the algebraic concepts required and recall various
essential results from [9]. In Section 3 we give the full definition of the operator Ho,
and derive the estimates on the associated semigroup kernels. Then in Section 4 we
give the detailed proofs of Theorems 1.3 and 1.4. We also discuss some similarities
with the limit ¢ — 0.

2. ALGEBRAIC STRUCTURE

In this section we first examine a special choice of the a; which gives an intrinsic
description of g (a) particularly suited to the derivation of asymptotic Gaussian
kernel bounds. The definition is given in Section 3 of Nagel, Ricci and Stein
([9]). We repeat their construction and relate these special algebras to the general
asymptotic Lie algebras. For the convenience of the reader we give new proofs
for some of their results. Subsequently, we discuss some properties of general
asymptotic Lie algebras, their relation with the special Nagel-Ricci-Stein class and
the possible equality g = goo(a) which is significant for the asymptotic behaviour
of the subcoercive semigroups.

Set d = dimg. Let (3;)i>0 be the canonical dilations on the homogeneous
Lie algebra g and for all k € N set ar, = {a@ € g : %:(a) = tfa for all t > 0} =
spanf{apy : |la|| = k}. Then, if g*) are defined by (1.1) relative to g, one has
g®) =g+l @@, for all k € N. Let 7, : § — dx be the projection. If A : g — g is
the Lie algebra homomorphism such that A(a;) = a; for all i € {1,...,d’'} then it
is not hard to see that

(2.1) g™ =A@E")
for all k€ {1,...,r}. Let i = A=1(0) and define

r
k=1

Since the restriction %k’i N g of 7 has kernel i N g*+1) and image 7, (i N g*),
it follows that dim7,(i N g*)) = dim(i N g*)) — dim(i N g*+V) for all k € N.
Therefore

dimis =Y dimm,(ing?®) =) " dim(ing®) — dim(ing**h)
(2.2) k=1 k=1
= dim(ing®) = dimi.
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LEMMA 2.1. ([9]) The space i is an ideal in g.

Proof. Let j,k € {1,...,r}, w € a; and v € iNg*¥). Then [w, Txv] € ix by
the following argument. Obviously [w, 7xv] € GUT*) and [w, v] € iNgU+*) since i is
an ideal in g. Moreover, since v —7,v € g*+1) one has [w,v] — [w, Txv] € gUTFHD).
Therefore [w, Tv] = Tk [w, Txv] = Tjrr[w,v] € Fipr(iNgUTH) Cig. 1

LEMMA 2.2. ([9]) If k € N then A7, (ing®) C glk+1),

Proof. Let v € ing®. Since Av = 0 and v — Tpv € g*TD | it follows from
(2.1) that AT = A(Trv —v) € gD, 1

Next, for all k € {1,...,r} let Ek be a vector subspace of a; such that

@ = b e T (ingh)
and set h = ) bk. Then dimb = d by (2.2), since obviously
k=1

g=h®ix.
The second statement of the next lemma states that the same decomposition is
also valid for the ideal i instead of 1.

LEMMA 2.3. ([9)) (i) The restriction Alb: b — g is a bijection.
(i) g=hai.
(iii) g™ = @ A(hy) for all k € {1,...,7}.

I=k

Proof. We first show that
,
(2.3) g = A(@bz)
1=k

for all k € N. This equality is trivial if £ > r+1. Moreover, A( P El) C A(®) =
1=k

T ~
g®) for all k € N. Now let k € {1,...,7} and suppose that g*+1) = A( b [)l>.
I=k+1

Since ) = b, &7 (iNFE) @ gD it follows from Lemma 2.2 and the induction
hypothesis that

g®) = A@E®) = A(by) + AF@(ENFP)) + AGHEHY)

C A(bx) + g 4 g* D = A(hy) + A( ) El) = A(@Ez)
1=k

I=k+1

and (2.3) follows by induction. Setting k = 1 in (2.3) gives A(h) = g. Since
dimb = dimg§ — dimis = dimg — dimi = dim g, statement (i) follows.

Since A is injective on § and i = ker A, one has hNi = {0}. Therefore
statement (ii) follows from a dimension consideration.

Finally, the injectivity of A on b together with (2.3) yield statement (iii). 1
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Now the appropriate choice of the a; is evident. Set ag) = A(Ek) for each
ke {l,...,r}. Then g = P al(l). Define %(1)7 [, -]EI), [-, ]&? and goo(alD)
1=k

with respect to the family of subspaces a,(cl). We call go(al!)) an ideal asymptotic

Lie algebra.
Define the linear map Ay : § — goo(al?)) by

Aslb =Alp and Alico = 0.

Next introduce the projections 7T](CI) ig— aff) forall ke {1,...,7}.
One has the following connection between A and A.

LEMMA 2.4. Ifke€{l,...,r} and @ € ay then wé”A’d = Aooa.

Proof. If v € Ek then Av € A(Ek) = ag). Therefore 7T](€I)AU = Av = Ayv.
Alternatively, if v € T, (i N g*)) then Av € g**+Y by Lemma 2.2. Hence ﬂ](CI)Av =
0 = Asov. Now the lemma follows by linearity. &

PROPOSITION 2.5. ([9]) The map A is a Lie algebra homomorphism from
g onto goo(alD)). Hence each goo(aD)) is isomorphic to §/is as Lie algebras.

Proof. Let j,k € {1,...,7}, v € a; and w € a;. Then it follows from
Lemma 2.4 that

[Asov, Aow]) = [W§1)AU,W](€I)AM]S>2) = W](-i)k [7r§I)Av77rl(€I)Aw] = W§Qk[Av,Aw],

where the last equality follows because [WJ(I)AU,W,gI)Aw] — [Av, Aw] € gltk+l),
Since A is a homomorphism, it follows that

[Asot, Aoew] D = 7, A[v, w]) = Ao (v, w])

by another application of Lemma 2.4. Thus A is a homomorphism from g to
doo(aD). But Aso(8) = Ao (h) = A(h) = g by Lemma 2.3 (i). So A, is onto. The
second statement is easy. 1

The next result establishes that there are asymptotic Lie algebras which are
not ideal. The ideal asymptotic algebras are characterized by additional homo-
geneity properties.

LEMMA 2.6. Let goo(a) be an asymptotic Lie algebra. The following condi-
tions are equivalent:

(i) goo(a) is an ideal asymptotic Lie algebra.

(ii) ar C span{apy : a € J(d'), ||| = k} for all k € N.

Proof. First note that
A(ay) = span {a[a] cae J(d), o= k:}
for all kK € N. But a,(f) = A(Ek) C A(ay) for all k and hence condition (i) implies
condition (ii).
Next assume condition (ii) holds and let k € N. Then a; C A(ay) by as-
sumption. Hence there exists a subspace hi C a; such that dimbi = dimay
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and A(buk) = ai. Then the restriction A|hi is injective. So if we can prove that
bnkﬂ%k(iﬁﬁ(k)) = {0}, then h,ﬁc@%k(iﬁﬁ(k)) = a5, and goo(a) is an ideal asymptotic
Lie algebra.

Let kK € Nand a € bi N7e(iNg®). Then A(a) € A(hi) = a;. Moreover,
Aa) € AT(ing®) C g+ by Lemma 2.2. Hence A(a) € ap N g*+Y) = {0}.
Since A|hﬁk is injective, one deduces that a = 0. So f)i N7ing®) ={0}. 1

The general asymptotic Lie algebra g (a) constructed in the introduction
and the ideal asymptotic Lie algebra goo(a(I )) are automatically isomorphic. In
particular, the linear map ® : goo(a)) — goo(a) defined such that

®(a) = my(a)

for all kK € N and a € agcl) is an explicit isomorphism. This is established in the

next lemma.
Now introduce EEI) = W,E,Ii)ai for all 4 € {1,...,d'} and define a linear map
U : g — g to be super-homogeneous if ¥(g*)) C g*+1) for all k € N.

LEMMA 2.7. (i) The map ® is a Lie algebra isomorphism.
(ii) The map a — ®(a) — a is super-homogeneous.
(iii) ®(Aoos) = ®(@”)) =a; for alli € {1,...,d'}.

Proof. For the super-homogeneity, it suffices to show that (& — I )(ag)) C
g+ for each k € N. If k € N and v € ag), then ®(v) — v = mp(v) — v € gk+D)
since v € g*). This proves statement (ii). Moreover, ® is surjective.

Let j,ke{l,...,r},v € agl) and w € a,(f). Then

[®(v), ®(w)loo = [0, mw]oo = T ([mjv, mpw]) = Tjp ([0, w])

where the last equality holds because [v,w] — [;v, mw] € gU+HF+1). On the other

hand, [v,w](o? € aﬁ)k and therefore

O([v, w])) = i (v, w] D) = 7k ([0, w])

using the fact that [v,w] — [v,w]g) € gUtk+1) " This shows that ® is a homo-
morphism from go,(a!)) to goo(a). Since @ is surjective, it follows that ® is an
isomorphism.
Next we prove statement (iii). The first equality follows from Lemma 2.4.
Let ¢ € {1,...,d'}. Since EEI) € a£f} and a; — EZ(I) = a; — wiuli)ai € gt one
deduces that
®(@) = m, @") = mu, (a;) = @

%

and the second equality of statement (iii) is proved. 1

The @; used in the definition of the limit operator H,, do not form an
algebraic basis as they are not necessarily independent. This problem can be
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T
circumvented as follows. Since @; € |J ay for all i € {1,...,d'}, there exist
k=1
T
d” € {1,...,d'} and linearly independent agoo), . ag,’?) € | ax such that
k=1
span{a®. N _spanta. . @
pan{a; ’,...,ay, } =span{a,...,aq }.

For all i € {1,...,d"} set wgoo) = vy, if agoo) € aj. Then 'yt(az(»oo)) = t“’EOO)aEOO) for
all £ > 0.

LEMMA 2.8. agoo), .. .,a((;,o) is an algebraic basis for goo(a).

Proof. Let h be the smallest Lie subalgebra of g (a) which contains agoo), cey

agf,o). Then ®(Axa;) =a; € hforalli e {1,...,d'} and hence goo(a) = P(Ascg) C

h. Therefore agoc), ceey ag,)f)) is a weighted algebraic basis for g, (a) with weights
wgoo), R ,wg,),o). 1

Finally we make three remarks about the possible identification goo(a) = g
as Lie algebras.

LEMMA 2.9. Let a = (ai) be a family of subspaces of g such that gi*) =
g D) @ ay for k€ {1,...,r}. The following are equivalent:

(i) The subspaces a are a graded family of g, i.e., [a;,ar] C aj4x for all
j,k eN.

(i) g = goo(a) as Lie algebras.

Proof. Tt follows by construction that a is a graded family of g (a) and hence
condition (ii) implies condition (i). Conversely, the grading property of a implies
[a,b]: = [a,b] for all a,b € g and all ¢t > 0. Hence [a, b]o = [a, b] for all a,b € g and
condition (ii) is valid.

There are, however, examples for which no choice of a ensures g = goo(a) as
Lie algebras.

ExXAMPLE 2.10. Let g be the three-dimensional Heisenberg algebra with
basis a1, as, az satisfying [a1, as] = a3 and all other commutators zero. Consider
the algebraic basis a1, as,as with weights 1,1,3. Then g(*) = g and g® = g(® =
span{as}. Hence for any possible choice of a there exist A, u € R such that

a; = spanf{a; + Aas, as + pas},

as = {0} and a3 = span{as}. Then [a;,a;] Z a2 so no choice of a is graded.
Thus, there is no choice of a such that g = goo(a) as Lie algebras. Another way of
verifying this is by the observation that the go.(a) are abelian.

Even if one can choose a such that g = goo(a) as Lie algebras, it is not
necessarily the case that go(a) is an ideal asymptotic Lie algebra.
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EXAMPLE 2.11. Let g be the Lie algebra of dimension five with basis b1, ...,
bs satistying [b1, ba] = bs, [b1,b3] = by and all other commutators zero. Consider
the algebraic basis a3 = by, as = by and a3z = bz + bs with all weights equal to
one. Then g = g, g® = span{bs, by}, g®® = span{bs} and g*) = {0} for k > 3.
Choosing a; = span{by, ba, b5}, as = span{bs}, as = span{bs} and a; = {0} for
k > 3, one has [ag, a;] C agy; for all k,1 € N and hence g = goo(a) as Lie algebras.
But goo (@) is not an ideal asymptotic Lie algebra because a; Z span{ajq) : |af = 1},
i.e., the criterion of Lemma 2.6 is not satisfied.

Now let {aj} satisfy the equivalent conditions of Lemma 2.6 and consider
the associated asymptotic Lie algebra goo(a). Since a; C span{ai,as,as3} and
dim a; = 3 one must have a; = span{a;,as,az}. Then

[a1,a3]00 = m2([a1,as]) = ma(ba).
But by € g® so my(bs) = 0. Hence
[a1,a3]00 = 0 # by = [a1, as]

and consequently g # goo(a) as Lie algebras.

3. KERNEL ESTIMATES

In this section we derive the asymptotic estimates on the semigroup kernels, i.e.,
we establish Theorem 1.1. First, however, we have to give a proper definition of the
operator Ho, which implies that the semigroup S(*) and the kernel K () exist.
We use the notation of Sections 1 and 2. Let G, Gg? and G be the connected,
simply connected, Lie groups with Lie algebras go.(a), goo(a'!)) and g. We denote
. I — . S .

the exponential maps by exp.., expss’ and exp, respectively, with similar notation
for the logarithms. B

Introduce the unitary representation U of G in the Hilbert space La(Goo)
by U(expa) = Lg. (exp., PAsca). Note that dU(a;) = dLg_(@;) for all i €
{1,...,d'} by Lemma 2.7 (iii). Therefore Hy, = dU(C). Let d”,a!* and w!*
be as in Section 2. Then agoo), .. .,a&?,o) is a weighted algebraic basis for g..(a)
by Lemma 2.8. Hence (L2(Geo))oo(U) = La,oo(Goo). By the construction of the

a(-oo), there exist cé,oo) € C such that

K2

WEp= Y Pacs,
BeJ(d")
181, 00) S

for all ¢ € L oo (Goo ), where A = dLg_ (a!™) and [|8]| o) = wgfo)+~ : ~+w£:°)
if B = (i1,...,in) € J(d"). Define the m-th order form C(>) : J(d") — C by
C>)(B) = cg)o). Then dU(C)¢ = dLg_(C©))g for all ¢ € Ly o (Gs). Since
U is a unitary representation it follows from [5], Theorem 9.2.ITI, that there exist
w,v > 0 such that

Re(p, dLa., (C™p)) = Re(p,dU(C)p) 2 i ([l¢l1rny2)* — vl oll3
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for all ¢ € Ly o(Goo). But, by inspection, one deduces that (L2(Goo))s, o (U) =
L’2 m /2(G ), where the last space is with respect to the weighted algebraic basis
goo), ceey a(d,, ), Moreover, there exists a ¢ > 0 such that

cllelrg, mse < I@llym

for all p € L (G ). Hence

2,m/2
(c0) 2 / 2 2
Re(p,dLc.. (C*)p) 2 pc*(¢llng_ m2)” — Vel

forall p € La »o(Go) and C(*) is a Goo-weighted subcoercive form. Thus it follows
from [5] that H,, generates a holomorphic semigroup S(>) and that S(*) has a
smooth kernel K(°°) on Go. Define in a similar manner the operator

H = Y7 cadLgw @),
acJ(d)

the semigroup S¢>*) and the kernel K/:>) on Gg;).
At this point, the asymptotic operators and the kernels are well-defined and
we start with the proof of Theorem 1.1. This is based on the splitting

(A Ky (expa) — (A K (expy, o)
(3.1) < (4K (expa) — (A KT) (expd) a))|
I,00)x 00 [e%s)
AT 12 (expl() a) — (A K)) (expy, a),

n ’ —(c0)a
where ZEI’OO) =dL, (62(- )) for all i € {1,...,d'}. The two terms are estimated
separately. The estimate on the first term establishes the theorem for an ideal
asymptotic Lie algebra. Its proof is based on a lemma which can be extracted from
[9]. The bounds on the second term are a consequence of the super-homogeneity
of .

Let H = dL;(C) and let K be the kernel of the semigroup S generated by the

closure of H. Let 51, .. bd be a basis for f) passing through bl, ey hr with order
respecting the order of the bk Set dj, = dimin g(k) for each k € {1 , 7+ 1}

Since i = i N g, there exists a basis bd+1, .. b for i such that bd FASTEE by
is a basis for iNg® for all k € {1 r} fd—dy+1<i<d-— dk+1,1e if
b e (ing®)N\(iNgk+D), define b; = wkbl. Then,

(3.2) b; — by € gD,

Note that b ;é 0. As a result, de, .. E are independent and form a basis
for i.o. Hence b1,.. bd,... bd is a basis for g. Set v; = k if b € ai. Since

dim Hk = dim ag) = dim ay, for all k, it follows from the ordering of the basis b;

and the fact that the weights of b; depend ~only on the dim g®*) that v; = v, for all
1 €{1,...,d}. Define the modulus | - | ong by

DI
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~ d ~
Moreover, set D = > v;. Since H is a homogeneous operator on the homogeneous
i=1

group G it follows from [5], Proposition 5.5, that for all « € J ((Fiv) there exist ¢c,7 > 0
such that

(3.3) (B R,) (79 )| < ct~D/my-llals/me=r(al™e=)/ ")

uniformly for all £ > 0 and @ € g, where B; = dLG(gi) and ||la|ls =05 + -+ s,
if @ = (i1,...,0n). Set B = A(b;) for all i € {1,...,d}. Then b",... " is a
basis for ggf;).

Using the bases ng), . ,bfiI) and El, . ,Ecj, we fix the Lebesgue measure on

the vector spaces g = goo(a(l)) and g. Then the Haar measures on G, Ggé) and G
are normalized such that the exponential maps are measure preserving. Note that

the restrictions of the maps A and A to H have Jacobian equal to one. Define
the linear map ¥ : g — g such that

~ 0 if i€ {1,....d},
Uh)=<~ ~ ~
<bl) {bi—bi ifiE{d+1,...,d}.

Then i = {b+¥(b) : b € i }. Moreover, the map W is super-homogeneous, by (3.2).
The basic lemma relates the kernels K, K and K(/:°°),
LEMMA 3.1. Ift > 0 then

(3:4) (4 K)(exp A7) = [ db (A° Ko) (@5(@+D) = [ db (AR (exp(a-+ 5+ ¥(5))
and )

(3.5) (AT R 1)) (expld) Aoed) = / db (A“K,) (&xp(a@ + b))
forallaeh, t>0andac J(d").

Proof. The result for the kernels, without derivatives, is stated in Section 1 of
[9] but it is not explicitly proved although its proof is implicit in the discussion of
Section 6. Note that the integrals in the lemma exist by the Gaussian bounds (3.3).

We only prove (3.4), the proof of (3.5) is similar. It follows as in [6], Lem-
ma 3.2, that

/ dg o(g)(A°K,) (g) = / 47 o(exp Alogg)(A° 2) (§)
G G

for all p € C.(G), a € J(d') and t > 0. Hence
[ davaa) ek exp aa) = [ dava) ik @pa)
b g
— [ daw(a@+ v(@)(A Ko @b @+ v@)
g
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for all ¢ € C.(g), t > 0 and o € J(d’), since ¥ is super-homogeneous. Therefore

/ day(Aa)(A“K:)(exp Aa)
b

:/}m/}ﬁwA@+E+W@+B»QPEQ@6@+B+WQ+U»
/)

:/}m/kﬁwmehﬁa@$@+Z+w@»
p i

because b+ W(@+b) = b+ W(b) €iforall @ € h and b € i. Now the statement
of the lemma follows easily. 1

For all i € {1,...,d} and ¢ € CL(g) define D;po € C(§) by (D;p)(@) =

~ d - ~
L@+ tbi)’f,o- Moreover, if @ = Y &b; and o = (i1,...,i,) € J(d) define
o i=1
a® = &, &, . (Although we also use the notation a* for an element in the
complex universal enveloping algebra, the meaning will be clear from the context.)
Note that [a®| < [a]lll.
To bound the first term in (3.1) we need one more lemma.

LEMMA 3.2. For all « € J(d') there exist ¢, 7 > 0 such that
(DA(AK) 0 6D )) (@)] < et~ Pl /my=si/me=r(lal™e= )/

forallie{l,...,g},t>0 and a € g.

Proof. 1t follows from the Campbell-Baker-Hausdorff formula that there exist
cijp € R such that

d
(Bip)(expa) = —(Di(poexp)) (@) + » Y. cypd’(Dilpoexp)) (@)
J=1 0<||Blls=0;—0;
for all ¢ € {1,..., CT}, RS C’l(é) and @ € g. If one temporarily orders the basis
bi,...,b; such that v; < --- < 3, then the transition matrix from the D; to the

B; is triangular, with —1 entries on the diagonal. Then one can solve for the D;
and it follows that there are polynomial functions P;; : ¢ — R such that

d
(3.6) (Di(p 0exp)) (@) = —(Big)(expa) + Y P;j(@)(Bje)(expa)
j=1
for all ¢ € {1,... 4]}, p € C’l(é) and @ € g. Then, by scaling, it follows that the

P;; are homogeneous of degree v; — v;.
By (3.3) there exist ¢, 7 > 0 such that

,T|&|M/(mf1)

(B;A“K,)(expa)| < ce
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for all i € {1,..., cj} and @ € g. Then, by an elementary estimate, one deduces
from (3.6) that there exists a ¢’ > 0 such that

[(Di((A°Ky) 0 6xp)) @)] < e rlalm Y
foralli € {1,...,d} and @ € . The statement of the lemma follows by scaling.

Now we prove Theorem 1.1 for an ideal asymptotic Lie algebra by bounding

the first term in (3.1).
Fix a € J(d'). By (3.4), (3.5) and the Duhamel formula one has

(A“Ky)(exp Aa) — (Z(I’Oo)aKt(l’oo)) ( exp(I) Ao )
- / db (A% R) @D (@ + b+ v(3))) — (A°Ky) (@p(a+ b))

ioo

1 d d
— [ [ x> > el (DA R 0559)) @+ 5+ AV(E))
0

. i=1 j=d+1
- 0y <v;
~ - d d -~ ~
for all @ € b, where the ¢;; € Rare such that U(b) = >~ > ¢;;[b];b; forallb € in
i=1j=d+1

and [B]J denotes the j-th coordinate of b with respect to the basis by, . .. ,Ed. Hence
the bounds of Lemma 3.2 together with the estimate Hb]J} < |b]% give

‘(AO‘Kt)(eXp Aa) — (A(I’OO)O‘K(I’OO))(eXp(I) A ~)‘

i .
st (PHle/ Z Z |ng\/d/\/db|b|”1t i /m =7 (|a+br AW (D))
oo

i=1 j=d+1
f) <v;

forallt>1and5€6

Since the map U is super- homogeneous by (3.2), there exists an M > 1 such
that |W(b)| < 4 1|@a+b| for all @ € b and b € is with |d + b] > M. Then

@402 < 22°[a+b+ AU (D)2 + 22 AT (D) > < 2% [a+b+ AV(D)[>* +272V[a+b[>
and
|a‘2v + |g|2v _ ‘a _"_5‘21; < 221z+1|a+g+ )\\I/(g>|2v

forall A € [0,1],@ € hand b € is with [a+b| = M. Then [a|™/(m=1 4 [p|m/(m=1) <
16[a + b+ AW(b)[™/(m=D) if [ +b] > M. So

@™/ =1 b/ D) < 16[G + b+ A (B)|™ Y 4 20
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for all A € [0,1], @ € b and b € is. Therefore
|(A“K,) (exp Ad) — (Z(”“”K“’“’)(epr) A a)|

< ceTMHH/ Y —(D+Hoz||)/mz Z |c”\/d)\/db (b1 m )= (=) /m

i=1 j=d+1
vJ<vL

. 8716_1T(|&\mt_1)1/(m_1)6716_ T(lb‘mt—l)l/(m—l)

< ce™ (= (Dllall)/my=1/mo=16" r(|a|™ e m Y

d
>y (o)

j=d+
17<

100

for all @ € E and ¢ > 1. Since the factor between the brackets is finite and
independent of ¢t and As.a = Aa for all @ € b, there exists a ¢’ > 0 such that

o —(I,00) 00
(4 K, (expa) — (AT K (expd) a)|

3.7
(8.7) < = (D+llal)/myp=1/m =16~ 7 (|a|( =)/ (=D

uniformly for all a € g and ¢ > 1, where | - |(;) is the modulus on g defined by

el
Z )

DI

So it remains to replace |- |(;) by |-|. The two moduli |- |y and |- | are equivalent
for large distances.

LEMMA 3.3. There exists a C > 0 such that C~*|a|;) < |a] < Clal) for
all a € g with |a] > 1

Proof. For all4,j € {1,...,d} there exist ¢;; € R such that bl(I) = > cib;
Vi J?”i

foralli € {1,...,d}. Let a = Z fl ) € g and suppose that lal(ry = 1. Then

d

zd: EJ: fz‘%‘bj:Z( Z &%’)bg

i=1 j=1 i
vj 205 v; LU
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Therefore
d 20 /v;
laf*® ZZ Z §icij < Zd% max s 200 &P/
j=1 i j=1 v; <vj

Vg Svj

d d
<Zd21} max ‘Cij|2v/vj(1+ |§i|2v/vi)< (Zd% max |cij|21)/vj>(1+ |a|%})))

j:l viévj j:1 ’Uig’l)j

d
<2(Zd2” max |Cij2v/vj) |a‘%lv)'

Jj=1 v; <vj

Hence there exists a C' > 0 such that |a| < c|a|(y) for all @ € g with |a] > 1. The
other estimate follows similarly. 1

It follows from Lemma 3.3 that there exists a C' > 1 such that |a|] < 1+Clal(y)
for all @ € g. Then (|a[™t= )Y/ (n=1 < 2C2(|a|fyyt= 1)/ =1 4 2471/ (m=1) <
2C’2(|a|z'})t_1)1/(m_1) +2for all a € g and ¢ > 1. Hence it follows from (3.7) that

(4% K, (exp @) — (AT KT2) (expD) )|

< eT— (DHllall)/my=1/m =327 rC 2 (|a| ™~ )/ (D)

uniformly for all @ € g and ¢ > 1. This is the required estimate for the first term
in (3.7).
The estimate of the second term in (3.1) requires the following lemma.
LEMMA 3.4. Ift > 0 then

(A" k) (expld) @) = (A K) (expa, B(a)

foralla € g and o € J(d).

Proof. Since ® is a Lie algebra isomorphism from go(al?)) onto gu(a), it
follows from Lemma 2.7 (iii) that Héé)(cp oW) = (Huoop)o W for all p € CX(Gw),
where ¥ = exp_ o@ologg? is the lifted Lie group isomorphism from Gg,) onto G-
Then S’t(l’oc)(ap oV¥) = (St(oo)go) oW for all £ > 0. Hence Kt(l’oo)(g) = Kt(oo)(\ll(g))

forall t > 0 and g € GY). This proves the lemma if |o| = 0. The lemma for
general « then follows by differentiation and Lemma 2.7 (iii). &

Now we are prepared to prove Theorem 1.1.

Proof of Theorem 1.1. Fix a € J(d'). Arguing as in the proof of Lemma 3.2,
it follows that there exist ¢, 7 > 0 such that

(D, (A K)o expe )) @) < et~ OHIamp=vi fmg=r(lae=!y =

for all j € {1,...,d},t > 0 and a € g. Since ® — I is super-homogeneous by
Lemma 2.7 (ii) there exist ¢;; € R such that <I>(bl(-1)) = bEI) + > by for all
J

v >v;
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d

ie{l,...,d}. Let a = > &-bl(.[) € g. Then it follows from Lemma 3.4 and the
=1

Duhamel formula that '

@K ) (expld) @) = (A K) (expog )|
= [(A K (expo. B(a)) — (A" K (exp. a)

<X /d/\‘§i||8ij||(Dj((z(oo)a[(t(00))oeXpoo))(a—F/\((I)(a)—a)H
(2] 0

v >v;
1
) ) my— /(m—1)
< th(DJrHaH)/m Z /d)\|d v;)tfvj/m‘Cij|ef'r(|a+)\(<1>(a)fa)\ 1! 1
i,J
V>4

for all t > 0. By Lemma 2.7 (ii) there exists an M > 1 such that |®(a)—a| < 47|a
for all a € g with |a| > M. Then |a|™/ (™Y < 16 |a + A(®(a) — a)|™/ =1 + M?
for all @ € g and A € [0,1]. If C is as in Lemma 3.3 then

—(I,00)cx 1,00 —(o0)a )
(@K ) (expld) @) = (A7K™) (expog a)|
< oM (D) m 1 167 e D SN () gy
%]
v >v;

< /t—(DHllal)/my=1/m =327 r(la|™e 1) D

for a suitable ¢’ > 0, uniformly for all @ € g and ¢ > 1. This bounds the second
term in (3.1) and the proof of Theorem 1.1 is complete. 1

As a consequence of Theorem 1.1, one has the following kernel bounds for K;.

CORALLARY 3.5. For all o € J(d') there exist ¢, 7 > 0 such that
(38) |(A°‘Kt)(exp a)| < th(D+HaH)/mef-r(\a‘mt—l)l/(m—l)

for allt > 1 and a € g. Hence there exists an M > 1 such that ||A*St||p—p <
M t=Ilel/m yniformly for allt > 0 and p € [1, 00).

Proof. It follows from [5], Proposition 5.5, applied to the group G, that
there exist ¢, 7 > 0 such that

(A K) (expa, a)| < et~ P/mi-llal/me=r(la™e)/ D

uniformly for all ¢ > 0 and a € go. The first statement of the corollary then
follows for ¢ > 1 from Theorem 1.1.
Finally, one has [|A%S||p—p < || A% K¢ |1 and the right hand side of (3.8) can be
estimated on Ly (goo ). Using the dilations, one sees that [dat2/me(lal™ )™
g
is independent of t. Obviously ¢ + tloll/m||A2G, |, is bounded on (0,1] uni-
formly for p € [1, 00] (see [5], Corollary 8.3.1I). 1
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The kernel bounds have immediate implications for strong convergence of
the semigroup.

CORALLARY 3.6. Ifp € (1,00) then tlim St = 0 strongly on Ly.
Proof. Let ¢ € C.(G). Then

1Sepll2 = / dg / dhy / dhy B(hy) Ty (ghi ) Ko(ghs o (h)
G G G

< / dg / dhy / dhy [o(hn)| [ Ko (ght )] [Ku(ghy )] [9(ha)
G G G

for all t > 0. Arguing as in the proof of Lemma 2.2 of [3], there exist ¢/,7/ > 0
such that

/ dg |K,(ghih)] [Ko(ghy V)]
G
< czt—zD/m/dae—Tmog(hl exp(—a))|™ =) "D 7 (| log((exp a)ha) |1/ (M)

g

< 1 D/me=r'([log(hahy )11/ m =Y

uniformly for all ¢ > 0 and hy, hy € G. Hence
||St80||g g C/th/m/ dhl/ dh2 |90(h1)‘ |S0(h2)‘ef-,-’(‘log(hlhgl)‘mt—l)l/(m—l)
G G

< dp-D/m / dhy / dha [o(h)] o (ho)
G G

and tlim IStell2 = 0. Next, for all p € (1,2), one has

ISeoly < I1Seolly” ™ P ISepll5 27
and as ||S¢]|1—1 is uniformly bounded, it follows that tlim |Seellp = 0. Similarly,
since ||St|lco—oo is uniformly bounded one deduces that tlim [ISiell, = 0 for all
—00

p € (2,00). Finally, since the ||S¢||,—, are uniformly bounded, it follows that
lim S; = 0 strongly on L, for all p € (1,00). &

t—oo

The values p = 1 and p = oo are truly exceptional for the strong convergence
of S to zero. For example, if H is an unweighted sublaplacian then ||S;pl|; =
1K1 ]lell = |l for each positive ¢ € Ly and ||St¢]lec = ||¢||co for each constant
¢ € L.

One can also give a new proof of Theorem 3.5 in [6] which deals with un-
weighted operators.

Define the modulus |- |" on G by

)
ot = sup {4(6) — v(0)] 0 € GG, T (A < 1,0 ne
i=1

where A;1 denotes the left derivative in the direction a;. Moreover, for all p > 0
set V(p) =|{g € G : |g|' < p}|, the Haar measure (volume) of the ball of radius p.
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CORALLARY 3.7. Suppose all weights w; equal one. Then for all o € J(d')
there exist ¢, 7 > 0 such that

my=1y1/(m—1)

(3.9) [(AK,) (g)| < eV (t)~Y/millal/me=r(lsl)
forallt >0 and g € G.

Proof. The estimates (3.9) are always valid for ¢ < 1 for suitable constants ¢
and 7 by [5], Theorem 1.1. Therefore we have to concentrate on bounds uniform
forallt > 1.

By the proof of Proposition IV.5.6 in [11], there exists a 71 > 1 such that
lexpal’ < Tl(m_l)/m|a| for all @ € g such that |expa| > 1. Then it follows from
Corollary 3.5 that there exist ¢,7 > 0 such that

(3.10) (A (g)] < et~ P/mg-lal/me=rry (ol e /=

for all t > 1 and g € G with |g]" > 1. But (Jg/")™t™! < 1 for all ¢ > 1 and
g € G with |g|" < 1. Hence, by enlarging c if necessary, one can assume that
(3.10) is valid for all t > 1 and all g € G. Therefore the estimates (3.9) are valid
for all t > 1 since there is a ¢’ > 0 such that V(t) < ¢/t for all ¢t > 1 (see [11],
Theorem IV. 5.8). 1

4. SEMIGROUP ESTIMATES

In the previous section we showed that the kernel K; converges to the kernel Kt(oo)
as ¢ tends to infinity. If g = goo(a), this immediately implies that the semigroup
S converges uniformly to the corresponding asymptotic semigroup S(%).

THEOREM 4.1. If g = goo(a) then there exists a ¢ > 0 such that
150 = S llpp < et =M™
uniformly for all t > 1 and p € [1,00]. Hence tlim |S: — St(OO)HpHp =0 for all
p € [1, ]
Proof. Since one has the estimate ||S; — St(oo)HpHp < Ky — Kt(oo)||1, the
theorem is a direct corollary of Theorem 1.1. 1

The convergence of S to S(>) on Ly(G; dg) immediately yields information
about the corresponding semigroups in each irreducible unitary representation of
G (= G). Let U be an irreducible unitary representation of G on a Hilbert space
‘H. Then

f:Umaf/@&@W@
G

is the strongly continuous semigroup with generator

HY =dU(C) = Y cadU(a®).
acJ(d)
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Similarly StU () — 7 (Kt(oo)) is the strongly continuous semigroup with generator
HY =du(C™) = Y cudU(@@®).
aeJ(d’)

PRrROPOSITION 4.2. If G = G, then in each irreducible unitary representa-
tion (H,G,U) one has
lim |5} — 5, lus = 0
t—oo
where || - ||lus denotes the Hilbert-Schmidt norm on the space of Hilbert-Schmidt
operators on H.
Proof. Suppose t > 1, then
57 =8l < (15 s + 1157 ass) 14 — 5,75

where || - || denotes the norm on B(H). But it follows from Theorem 1.1 that there
exists a ¢ > 0 such that

IS0 = S2E < 1 Kemy = K2y < eft = )7
uniformly for all ¢ > 1. Therefore flgrolo ISY — StU’(OO)HHS = 0. In fact this estimate
establishes the bounds
1Y =S¢ s < et~
forallt > 2. 1

EXAMPLE 4.3. Let g be the Heisenberg Lie algebra of Example 2.10 and

choose the algebraic basis a1, as, a3z with all weights equal to one. Then choosing
3

a; = span(ag,az) and az = span(as) one has g = goo(a). Hence if H = — > A? is
i=1
2
the Laplacian in the left regular representation Hy, = — Y A7 is the sublaplacian
i=1

and the difference between the respective semigroups converges uniformly to zero
on each of the L,-spaces.

We next consider the situation for which g # go.(a) as Lie algebras. Since
g = goo(a) as vector spaces, one can, however, compare the semigroups S; and
St(oo) on L,(g). One might expect that tlim IS — St(°°)||pép = 0 but this is too
optimistic.

THEOREM 4.4. If g # goo(a) as Lie algebras then there is a b > 0 such that

litminf 15, — §t(°°)||pﬁp >b

for all p € [1,00]. Moreover, if the form C defining S is self-adjoint one may
choose b= 1.

Proof. Since g # goo(a) as Lie algebras there exist j,k € {1,...,d} such that
[bja bk] 7é [bj7 bk]oo
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Let o > 0. For t > 0 define ¢; € Ly(g) by
pela) = K55 KG (axoo £°0;),

where § = 2r2, K{* = K{° o exp,, and a # b = log._(exp., aexp,, b) for all
a,b € goo. Then ||¢¢]|2 = 1 by right invariance of the Haar measure on Go.

The starting point for the proof is the estimate

15e = 55)eull3 > 1157 e1ll3 — 2Re(Ser, 57 1)

for all ¢t > 0.

Since

(4.1) (S e (@) = [KS5 K 5 (0500 190;)

forallt > 0 and a € g, one has ||§t(°°)<pt||§ = (o(140)~1)P/™ by scaling, uniformly
for all t > 0. So if we can show that

(4.2) t@g@(@@u §01) =0
then R
liminf |15, = $° 35 > (01 + o)~/
— 00

and the first part of the theorem follows for p = 2. Moreover, one may arrange
that the lower bound equals one for p = 2. But for dual variables p,q € [1, o],
one has

18 — 8% la—2 < (15 = 5 p—p) 2 (IS — 8 lg—g) /2.

Moreover, S and §(>) are uniformly bounded on each L,-space, by Corollary 3.5.
Therefore the first statement of the theorem then follows for all p € [1, c0]. Finally,
the self-adjointness of C' implies

15 = 82 lpmp = 15t = 5 lg—q
for dual exponents p, ¢ and therefore
1< liminf 1S = 5°|lo—e <limint |, = -,

for all p € [1, 00]. Thus the proof of the theorem is reduced to establishing (4.2).
First for all a € g one has

RS 1aBip)la) = [ dbRias (-)R (0 1)

~

= / db[?t(a * (tébj *o0 (_b)))KSEO)(b)

for all t > 1, where IA(t = K;oexp and a x b = log(expaexpb) for all a,b € g.
Hence by (4.1) and Corollary 3.5, there exist C,7 > 0 such that

1K SN2 |(Sepr, SV00))|

/ da / db Ky (a % (£b %00 (D)) KT 0K (@ 500 1905)

=| [ o [ arRettan (-00) + (@ o CODRTT DR, (@

g/da/dbGt((a foo (—12b)) % (£2b; o (D)) K5 O] | KT, (a)]
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for all £ > 1, where

Gi(a) = C’t*D/me*T(|“|mt_l)l/(m_l).

Then, using the scaling law,
K7 (@) = 7P/ E D (17 (0)

and by a subsequent change of variables a’ = v,-1/m(a), b’ = vy;—1/m () one finds
IREE1Gipn, 300 < [ da [ b RED0) R0
S Gr((a koo (=07 b))) gy (7197 %0 (D))
for all t > 1, where a *; b = v, * (v:(a) * 7¢(b)). Therefore, if we can show that
Jim |(a *o (=™ b)) xy (F™0TVI b koo (—D))| = 00

for almost all (a,b) € g x g, then (4.2) follows by the Lebesgue dominated conver-
gence theorem and the proof of the theorem is complete.
Define P:gxgxg—gby
P(a,b;c) = (a0 (=) * (¢ %00 (=D)).
Then it follows from the Campbell-Baker-Hausdorff formula that

P(a,b;c) = (a—c—%[a,c]oo+~~) * (C_b"_%[bac]oo"_"')

1 1 1
—a—b—i[a—b,c]oo—l—i[a—b,c]—i[a,b]—f—---

1 1
:a*(—b)—§[a—b,c]oo+§[a—b,c]+-~-

where the dots denote a sum of multi-commutators in a, b, ¢ of order at least 3 and
the multi-commutators may be mixed in [-, -] and [+, -]s. Since the weighted
rank of g equals r, it follows that P is a polynomial of unweighted order at most
r. Hence there exist c;og, € R such that

d
1 1
P(a,b;c) za*(—b)—i[a—b, c]oo—l—i[a—b,c}—kz Z Cinpra®b’ b,
i=1  a,p,y€J(d)
3 +IBl+IvIsr

for all a,b,c € g.
Next, for all t > 1 and a, b, c € g, one has

(@00 (=) *¢ (€ *o0 (=) = 75" (1e(a *oc (=€) * Ye(c *oc (—D)))
=% ((1(a) *oe (=%(€))) * (7€) *o0 (—7:(0))))

1 1
= a *; (—b) a—b,c]oo+§[a—b,c]t

— 5[
d
£ T ciagtleHIB I ey,

=1 o,B,y€J(d)
3<al+ Bl +vIsr
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Substitute ¢ = t™° v b; in the previous identity. Then

(koo (—t™070b7)) ¢ (8707 b; %o (—D))
1

—ax% (—b) . itmé_vj ([CL — b, bj]oo — [a — b, bj]t)

d
T S S R Y F
i=1 a,BeJ(d)
pENg
3 el +|Bl+p<r

where v, = (j,...,7) is the multi-index with p indices equal to j. Let ¢;; € R be

such that
[bi, b;] = Z Cigbq

q
Vg 2V +v;

for all ¢ € {1,...,d}. Then there exists an n € {1,...,d} with v, > v; + v} such
that ¢, # 0, since [bg, b;] # [bk, bjloo-

For each a,b € g, the right hand side of (4.3) is a Laurent polynomial in ¢.
Consider the coefficient of

tméfvjtijrkavn _ tm5+vk*71n
Since § = 272, one obviously has
mé = md + v, — vy, =mé —r > 2r2.

But if p = 0 and |a|+|8] < r, then ||a||+||B]|+mpd —pvj —v; < 2r?. Alternatively,
if 2 < p < rthen ||af + ||B]] + mpd — pv; —v; = 4mr? —r? —r > 2mr?. Therefore
the only possible contribution of the last term in the right hand side of (4.3) occurs
with p = 1. Since in addition 3 < |a| + |5| + p, this implies that in each of the
contributions one has |a|+ |8| > 2. Moreover, tllglo a*; (—b) = a* (—b) exists, so

the term a *; (—b) gives no contribution to the coefficient, of ¢™9+v+~v»  Therefore
there exist cjog € R such that the coeflicient of gmétur—vn equals

d
Z %(fz — 1i)Cigbq + Z Z Ciaﬁganﬁbi

iq i=1 2<]al+|BI<r
Vi —Vqg=Vp—Un
Vg >tV

d d
if a => &b; and b= " n;b;, where £ = a® and n” = bP. This is an element of
i=1 i=1
g with the coefficient of b,, equal to

Qb= 3 g&—memt Y coastn’

i 2 al+18]<r
V; =V

Since cky, # 0, one has Q(a, b) # 0 for almost all (a,b) € g x g. Thus

Jim (@ oo (—™0719b)) g (170710 #o0 (=0))] = 00

for almost all (a,b) € g x g and the proof is complete. 1
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Although Theorem 4.4 precludes the uniform convergence of S —.5(°) to zero
whenever G # G, the next result shows that this is very nearly true.

THEOREM 4.5. If f : g — C is a bounded measurable function which van-
ishes at infinity and S(>), the semigroup associated with a general asymptotic Lie
algebra then

Jim ([ M(8; = 57 |y—p = 0= lim [|(8; = 5;°) My
uniformly for all p € [1,00].

Proof. For all a,b € g define a xb = log(expaexpb) € g and a *oc b =
log,. (exp,, aexp,, b) € goo. Moreover, set K;=K;oexp and I?t(oo) :Kt(oo) 0eXPyy-
Let p,¢ € C(g) and ¢t > 1. Then

(4, (551 )|
=| [ o [ av@poto) (Ritas () - R (-00)

< [ aa [ @vju@llom) Ko s (-0) - B (-0)
a 7CL A(OO)CL* — 7/\(00)0,* —
#] [ da [ 3@t (F s () - R (-0)

where all integrals are over g. We estimate the two terms separately.

For the first term we can use Theorem 1.1. Let ¢,7 > 0 as in Theo-
rem 1.1 for the a € J(d') with ||a|| = 0 and define G; : g — R by Gi(a) =
t=D/me=T(al™t™H" "™ One has

/ da / ab (@) o ()] | Be(ax (—b)) — R (a x (~b))|

< ctV/m / da / ab [(a)] |o(B)|Grla * (~b)
— =™ (|0 log |, (G o log) * | o log |
< et ™oy o log |11, |Gr 0 1og 1, @l 0 108 |12, ) = ¢t [bllallls

since |G olog||z, () = |G¢llL, (g.) 15 independent of ¢ by scaling. Here ¢ is the
dual exponent of p.

The second term is more elaborate. Note that it arises if g # goo(a) as Lie
algebras. Hence a x b # a %4, b for some pair a,b € g.

It follows from the Campbell-Baker-Hausdorff formula that there exist ¢;og €
R such that

d
P(a,b) =axb—axcb= > cCiapa®b’h;
i=1 a,3

lleellw+11Bllw <wve
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for all a,b € g (see also [9 }) Then the Duhamel formula gives

/da/dbw (K (ax (b)) — K™ (a %00 (1))
d 1
72 Z cmg/d)\/ db/dw(a)gp(b)aabﬁ
T a8 <vn 0

(DiK{™)(a %00 (=) + AP(a, b)),
where D; denotes the partial derivative in the direction b;. Next, the Campbell-
Baker-Hausdorff formula establishes the existence of constants c;;ng such that

d 1
Tap(a) = a%oo (—b) + AP(a,=b) =a—b+> > Y cijapa®’Nb;
i=17j=0 Ha”v"l‘”ﬁ‘lvgvz
llello <vi
for all a,b € g and A € [0,1]. Then for each A € [0,1] and b € g, the map Ty is
a bijection from g onto g with Jacobian equal to one. Moreover, by induction it
follows that there exist ¢;jog € R such that

d rd
T):; (a) =a-+ b+ Z Z Z Eijagaabﬁ)\j bz
=1 7=0 [lall,+[|B]l» <v;
llello <wvs
uniformly for all a,b € g and A € [0,1]. Then by Leibniz’ rule for all o, 3 € J*(d)
with |||, + [|8]]o < 7 there exist ¢jagys € R such that

pat1
(TA b( ))Oébﬁ = Z Z Cjaﬁfy&a’ybé)\j
v,0 7=0

vl +l6ll Slello+ 181

uniformly for all a,b € g and A € [0,1]. Arguing as in the proof of Lemma 3.2 it
follows that there exist ¢,7 > 0 such that

‘(legoo))(a” < thD/mtfvi/mefq—(|a|m
forallie {1,...,d},t>0and a € g. Then

/ da / AbTa)p(b) (R (a s (~8)) — R (a5ue <b>>)\

1)1/ (m=1)

Gia /cu Jav Jaawrsd@ne®) s @ v (DR

H ll +|Iﬁ|\ <v;
pd+1

cZ Z 3 Z lciag| |¢japns]

¥,0
lleello -Hlﬁl\ <vi [[vllo+ 1610 Klleellv 1181l

1
/ A / a / da (T2 (@))] |p(B)] || [99] [N ¢~ D/ g v/ me=rlal e )
0
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Note that |7l + [|0]lo < |leflv + [|8]lo < v;. Therefore an elementary estimate
gives

1
[ [ [ daluzi@l o] B fe 2mevimes e
0

1
g/dA/db/dOLW(TI,i(a))IIw(b)It‘D/mt—m—nwnv—n«snn/m
0
. (|a|t_1/m)”7”v(|b|t—1/m)\|6Hve_7(|a|mt71)

1/(m—1)

1
<t [ax [ [ dafu(z @)l [ @] Pimer2 e e
0

1
=tV [ax [ db [ daly(a)] |[(Neg)(B)GEY (a.b)
[ofuf

uniformly for all ¢ > 1, where (Nyp)(b) = (1 + (|b]t=1/™)")¢(b) and
G (a,b) = t~P/me=27 T(laxe (“b)+AP(ab)| T
for all A € [0,1]. Using the transformation T}, once again it follows that
€1 = sup sup sup/ da GEA)(a,b) < 00.
A€(0,1] beg t>0
Similarly,

co = sup supsup/ dbGE’\)(a,b) < 00
A€[0,1] a€g t>0

and then, by interpolation,

/ b / da [(a)| | (V) (DG (a,b) < /P, [ Negl,

uniformly for all A € [0, 1] and ¢ > 0. Since all sums have a finite number of terms,
one deduces that there exists a ¢ > 0 such that

(0, (S = SN )| < et =™ [l Nl
for all t > 1 and ¢,v¢ € C°(g). Hence
18 = 8NNl < V™ el

forallt > 1 and ¢ € L,.
Next, let f : g — C be a bounded measurable function which vanishes at

infinity. Then, with D; = S; — §t(°°), one has
(St = SN M|, < 1PN Ml + DT = N7 My
< ||DtNt_1HpﬁpHMf||p—>p + ||Dt||p—>p||(I - Nt_l)Mprﬁp

t*l/m|j|)r
< t 1/m—|—2Msu —( . a
C”f”OO aeg 1 (t_l/m| |)T‘ |f( )|

p—p
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for all ¢ > 1, where M is as in Corollary 3.5. But f is bounded and

i (til/m|a|)r £ o s
m sup —————— a)l = 11m sup ————
t—o00 aGIg) 1+ (t_l/m|a,‘)"“ t— o0 aég 1+ ‘a,|7'

la|”

1f(yam (@) =0

since f is bounded and vanishes at infinity. Therefore ||(§t — §,5(°°))Mf||pﬂp — 0
as t — oo and || M(S; — 8°)||,—p — 0 by duality.

Finally, we note that there is an analogue of the behaviour of the semigroups
as t — 0 with the asymptotics for t — oo. For each weighted algebraic basis on a
nilpotent Lie algebra one can construct a contraction gg of g as ¢ — 0 and then
proceed as before to obtain Hy, S(©), K(©) etc. (see [9], [8] and [5]). For small t one
has good bounds on the semigroup kernels,

[(A° K2 (exp a) — (AOKL) (expy a)| < et~ (P Hlel/mpt/mmrle e s

for all t € (0,1] and a € g, where D’ is the local dimension and |- | the appropriate
modulus on the Lie algebra adapted to go. Bounds of this type can be proved sim-
ilarly to the proof of Theorem 1.1 or, alternatively, from the proof of Theorem 7.2
in [5].

Nevertheless, the uniform convergence of the semigroups as ¢ — 0 is valid
only in a special case.
= 0 if, and only if,

oO—00

THEOREM 4.6. If p € [1,00] then thr% Hgﬁ — §t(0)H
g = go as Lie algebras.

Proof. The proof is a repetition of the arguments in the proofs of the previous
two theorems. 1
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