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ABSTRACT. In this paper we study mapping properties of the Bergman pro-
jection P, i.e. which function spaces or classes are preserved by P. It is shown
that the Bergman projection is of weak type (1,1) and bounded on the Orlicz
space L?(D,dA) iff L¥(ID,dA) is reflexive. So the dual space of the Bergman
space L¢ is LY if L¥(DD, dA) is reflexive, where ¢ and 9 are a pair of comple-
mentary Young functions. In addition, we also get that the Kolmogorov type
inequality and the Zygmund type inequality hold for the Bergman projection.
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1. INTRODUCTION

Let D denote the open unit disk in the complex plane C and dA(z) the normalized
area measure on D. For 1 < p < oo, the Bergman space L? is the set of analytic
functions on D which are in LP(DD,dA). It can be easily verified by the mean
value formula and the Holder inequality that L? is a closed subspace of LP (D, dA).
This implies, in particular, that there exists an orthogonal projection P from
L?(D,dA) onto L2, which is called the Bergman projection and can be represented
as an integral operator

(11) P(z) = / F(w)K (w, ) dA(w)
D

for f in L?(D,dA) where K(z,w) is the Bergman reproducing kernel.

Bergman spaces have a long history. Its theory goes back to the book [3]
in the early fifties by S. Bergman, where the first systematic treatment of L2
was given, and since then there have been a lot of papers devoted to this area.
One of important problems in the theory of Bergman spaces is to study mapping
properties of P, i.e. which function spaces or classes are preserved by P. The
boundedness of P on L?(ID,dA) follows immediately from the definition of P. But
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the boundedness of P on LP(D,dA) is not obvious at all. To our knowledge,
Zakarjuta and Judovic ([22]) are the first to prove that the Bergman projection
is bounded on LP(D,dA) for 1 < p < oo, using the theory of singular integral
operators. Another proof based on the Schur’s test, which has become standard
in more recent literatures, was given by Forelli and Rudin ([6]) and was applied
to the case of the strongly pseudo-convex domains by Phong and Stein ([14]). For
a detailed presentation of the LP-theory of Bergman spaces and further historical
references, we refer to Axler’s survey paper ([1]) and Zhu's book ([23]).

The aim of this paper is to deal with Bergman spaces with general Orlicz
norms. The interest in such a study lies not only in the fact that we shall have a
more general theory but more importantly in that it leads to certain finer results
and shields light on the LP-situation. To illustrate the main ideas and motivation
of this paper, we begin by recalling some facts from the theory of Hardy spaces.
We know that, as early as the twenties, one realized that the LP-spaces themselves
are insufficient to describe the mapping properties of operators such as the con-
jugate function operator, which is the periodic analog of the Hilbert transform.
It is in connection with the conjugate function operator that A.N. Kolmogorov
([9]) in 1925 established the so-called weak type estimates and then A. Zgymund
([24]) and E.T. Titchmarsh ([18] and [19]) in 1928 independently introduced the
spaces Llogt L and L®P which are actually two concrete Orlicz spaces. It is clear
that, in order to reflect these classical results in the theory of Bergman spaces, a
more general framework than one provided by the LP-spaces will be required. In
this paper we shall establish the weak type (1,1) estimate, the Kolmogorov type
estimate, the Zygmund type estimate and the L¥-boundedness for the Bergman
projection in the general framework.

The main results of this paper are following theorems.

THEOREM 1.1. The Bergman projection is of weak type (1,1), i.e. there
ezists a constant C independent of f such that

(P11 < U

for all f € LY(D,dA) and t > 0.

THEOREM 1.2. (Kolmogorov inequality) If f € L'(D,dA), then Pf €
LP(D,dA) for all 0 < p < 1. More precisely, there is a constant C, depending
only, p such that

I1Pfllp < Gl fla-

THEOREM 1.3. (Zygmund inequality) The Bergman projection P is a bounded
operator from the Zygmund space Llog™ L into L}, i.e. there is a constant C' such
that

||‘l J ||1 < CH] ||Llog L
for all fin Llo L.
g
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THEOREM 1.4. The Bergman projection is a bounded operator from L(D,dA)
to the Zygmund space L™P(D,dA), i.e. there is a constant C such that

[P fllexp < Cllflloo
for all fin L>(D,dA).

The last two theorems are the counterparts for the Bergman projection of
the well-known results in the theory of the Hardy spaces. Since the continuous
embeddings

L®(D,dA) — L®P(D,dA) — LP(D,dA) — Llogt L(D,dA) — L'(D,dA)

hold for 1 < p < oo, they can be also viewed as the substitutes for the L'(ID,dA)
and L>°(D,dA) boundedness of the Bergman projection respectively.

THEOREM 1.5. Suppose that ¢ and v are a pair of complementary Young
functions. Then the Bergman projection is bounded iff both ¢ and 1 satisfy the
Ag-condition iff the Orlicz space L? (D, dA) is reflexive.

Theorem 1.5 contains, in particular, the LP-boundedness of the Bergman
projection as its consequence. Through such a general result, one will be able to
gain a better insight into the reason why P is bounded on L? (DD, dA) for 1 < p < o0,
but unbounded for p =1, or p = co.

THEOREM 1.6. For a reflexive Orlicz space L¥(D,dA), the dual of the Berg-
man space LY can be identified with LY where 1) is the complementary Young
function of . More precisely, for every bounded linear functional | on LY, there
exists some unique g € LY such that

I(f) = | fgdA(2).
/

Furthermore, the norm ||l|| of | is equivalent to ||g||y.

If the Orlicz space L?(D,dA) is not reflexive, the duality problem is much
more complicated. However, as with L}, it is possible to give a satisfactory de-

scription of the dual and predual of LY by Besov spaces. Since this is lenghty, we
shall publish those results in the forthcoming paper.

This paper is organized as follows. Section 2 contains preliminaries on Orlicz
spaces and Bergman spaces. In Section 3 we show that the Bergman projection
is of weak type (1, 1). In Section 4 we prove a Marcinkiewicz type interpolation
theorem for Orlicz spaces. Using the interpolation theorem we prove “if part” of
Theorem 1.5 in Section 6. Theorem 1.6 is also proved in the section. The “only
if” part of Theorem 1.5 is proved in Section 5. In the last section we present the
proofs of the Kolmogorov inequality and the Zygmund inequalities.
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2. ORLICZ SPACES AND BERGMAN SPACES

The Orlicz spaces were first considered by Birnbaum and Orlicz ([4]) and Orlicz
([12] and [13]). In this section we present certain definitions, notation and related
facts, which will be used later on. Most of them may be found in [10], [21] and [2].

DEFINITION 2.1. Let p : [0, 00] — [0, 00] be a non-decreasing and left-conti-
nuous function with p(0) = 0. Suppose p is non-trivial, i.e., it is neither identically
zero nor identically infinite on (0, 00), Then the function, defined by

o(t) = /1 p(s)ds

for t > 0, is said to be a Young function.

Let g(s) = inf{t : p(t) > s} for 0 < s < oo, which is called the left-continuous
inverse of p and has the same properties as p. Thus to the Young function ¢ we
can associate its complementary Young function given by

for t > 0.

The introduction of Young functions has been inspired by the obvious role
played by the functions ¢? in the definition of LP spaces. We note that the comple-
mentary Young function of ¥ is ¢. It is also obvious that a Young function must
be convex on the interval where it is finite. Furthermore, if ¢ and 1 are a pair of
complementary Young functions, then one has the Young inequality

st < p(t) +9(s)
for s,t > 0 with equality if and only if either ¢t = ¢(s) or s = p(t) holds.

DEFINITION 2.2. A Young function ¢ is said to satisfy the As-condition
(shortly, ¢ € Ay) if there exist constants tg > 0 and ¢ > 1 such that

p(2t) < co(t)
for t > tq.
A Young function is said to satisfy the A%-condition if its complementary
Young function satisfies the As-condition.

We point out that the As-condition assures that the Young function ¢(t)
does not increase too fast as t increases, more precisely, that ¢ = O(t*) for some
1 € a < co. But the converse is not true. In fact, as shown in [10], the Young
function

b(t) = / a(s) ds
0

where

s if s 0,1),
Q(S):{(k—l)! ifsg{(k—)l)bk!)v k=2,3,...
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increases no more rapidly than ¢2/2, but does not satisfy the As-condition.

If ¢ is a Young function, following Lindberg ([11]), we can associate to it two
numbers @, and «a, given by

a, = limsup m, a, =limin
t—oo (1) t—oo 1(t)

which are called the upper index and the lower index of ¢, respectively.

With these two indices, we can rephase Theorem 4.1 and Lemma 4.1 in [10]
in the following form:

o ta®)

LEMMA 2.3. Let ¢ and ¢ be a pair of complementary Young functions. Then
¢ satisfies the Aq-condition iff @, < oo iff a,, > 1.

DEFINITION 2.4. Let ¢ be a Young function. We define the Orlicz class
L#(D,dA) as the set of all complex measurable functions f on I for which the
integral

o) = / o () dA(2)

D
is finite, and the Orlicz space L¥(D,dA) as the linear hull of £?(D,dA) with the

Luxemberg norm
[fllp) = inf{e >0 p(f/e, ) <1}

In the sequel we shall also use another norm on L?(D,dA) known as the
Orlicz norm, given by

£, = sw_| [ 1)) da),
D

p(g,4)<1

As it is well-known, the Luxemberg and Orlicz norms are equivalent, more

precisely
£l < Iflle < 20fll)-

Let ¢ and ¢ be a pair of complementary Young functions. We shall call the
space LY (D, dA) the associate space of L¥(D,dA). In general, the dual space of
the Orlicz space L¥ (DD, dA) is not identical with its associate space LY (ID,dA), but
we have the following lemma.

LEMMA 2.5. Let ¢ and v be a pair of complementary Young functions. Sup-
pose that o satisfies the Ag-condition. Then the dual space of L¥(D,dA) can be
“identified” with L¥(D,dA). More precisely, a linear functional | on L?(D,dA) is
uniquely represented by a function g in LY (D,dA) in the following way:

I(f) = / £(2)9(2) dA(2)
D

for all fin L¥(D,dA) and
12 < llglle < Cli2|
for some constant C which is independent of I.

The following well-known fact is important for our further discussion, which
gives an elegant characterization of reflexivity of an Orlicz space in terms of the
upper and lower indices of its Young function.
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LEMMA 2.6. Let ¢ be a Young function. Then the following are equivalent:
(i) L?(D,dA) is reflexive;
(ii) ¢ satisfies both the Ay- and A%-conditions;
(iil) 1 < a, <@, < oo
We say that two Young functions ¢; and @5 are equivalent if there are con-
stants k1, ko and to such that

p1(kit) < wa(t) < p1(kat)
for t > ty.

Now let us look at several examples of Orlicz spaces. (i) The Lebesgue
spaces LP are the most commonly used Orlicz spaces. If 1 < p < oo, then we have
p(t) = ptP~L o(t) = tP and ¥(t) = t? with 1/p+1/q = 1. Tt is easily verified that
the Young functions ¢ and v satisfy the As-condition if 1 < p < oo, hence in this
case L? is reflexive. If p = 1, then p(¢) = 1 for ¢ > 0 with p(0) =0, ¢(t) = ¢ and

0 0<t<1,
V() = {oo 1<t
So (t) in this case satisfies As-condition but ¥ (¢) does not.

(ii) Another interesting examples of Orlicz spaces are the Zygmund spaces
LPlog L with Young functions ¢ = t?log™ t. It is easy to check that both ¢ and
its complementary Young function v satisfy the As-condition when p > 1.

(iii) Let

p(t):{o 0<t<,
el 1<t

Then we have the Orlicz space L¥ (D, dA) with the Young function
ot 0<t<1,
w(t) = {et_l 1<t
A simple computation shows that the Orlicz space L¥ (D, dA) is the associate space
of the Zygmund space Llog™ L with the Young function tlog™ t. Moreover, the

Young function ¢(t) is equivalent to the Young function e'. So the Orlicz space
L¥(D,dA) is the Zygmund space L™P(DD,dA).

DEFINITION 2.7. Let ¢ be a Young function. The Bergman space LY is the
subset of the Orlicz space L¥(DD,dA) consisting of functions analytic on D.

As with LP, it is easy to check that LY is a Banach space with the Orlicz

norm || f||,. Since the evaluation at any fixed point z in D is a bounded functional
on L2, there is a function K(z,w) in L2 such that

f(2)={,K(z,-))

for all fin L2. K(z,w) is called the Bergman reproducing kernel. In fact, for any
orthogonal basis {e,(w)}, K(z,w) can be represented as

K(z,w) = Z en(z)en(w)
1

where the sum converges pointwise to K (z,w). In the case of the unit disk
1

(2.1) K(z,w) = A=z
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K(z,w) plays a very important role in the theory of the Bergman spaces, differen-
tial geometry and differential equations, since we can use it to define the Bergman
metric on D as follows. For z in D and w, v in C, the Bergman metric H,(u,v) is
defined by 5 5

HZ (u, U) = & %
Then D is a complete Hermitian symmetric space of noncompact type with the
Bergman metric which gives the usual topology on D. By definition, the Bergman
distance (B(z,w) is given by

log K(z, z)uv.

1
8(ew) = int [ /H, (00 de
0

where the inf is taken over all geodesics in D which connect z and w. It is clear
that the argument above can be carried over any domains in C".

On the other hand, it is deep and well-known in Lie theory that any sym-
metric domains can be realized as a unit ball of C"* with some norm for some n.
So it is natural to ask whether the theory of Bergman spaces and the Bergman
projection on the unit disk still holds on any bounded symmetric domains with
rank greater than one. However, as we know, the LP-boundedness of the Bergman
projection on the bounded symmetric domains is still an open question for any
1 < p < o except for p = 2.

Throughout this paper, C' will stand for different constants from place to
place for our convenience.

3. THE WEAK TYPE (1,1)

As mentioned before, the Bergman projection is unbounded on L!'(D,dA) and
L>*(D,dA). To remedy this situation, one is led to look for certain substitute
results. The substitute result for L°(D,dA) is well-known. It asserts that the
Bergman projection is a bounded operator from L>°(ID,dA) onto the Bloch space.
In this section, as a useful substitute for L!(ID, dA), we shall show that the Bergman
projection is of weak type (1,1). Although its counterpart for the Hilbert transform
have been known in the theory of the Hardy spaces for a long time, to our great
surprise, we could not find this result in the literature. We present it on the one
hand for it is of interest in its own right, and on the other hand also because it is
indispensable to our further consideration.

First, we recall that an operator T' defined in LP(D,dA) with values in the
class of measurable functions of the measure space (D, dA) is said to be of weak
type (p, q) if there is a constant A, ; depending only on p and ¢ such that

(Tf)(t) < (Ap,q ||-];||p)q

fort > 0andall f € LP(D,dA), where (Tf).(t) stands for the normalized Lebesgue

measure of the set
{zeD:[(Tf)(z)| >t}
and called the distribution function of T'f.
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Proof of Theorem 1.1. It is obvious that the inequality holds for ¢ < | f]l1,
since then, by the definition of the distribution function,

(PP)(t) = [{z €D: [PF(z)| >t} < ID| = 1 <

Now suppose that ¢ > ||f]|1. To verify the desired inequality, let n be a
fixed integer such that 7/2n < 1/2 and divide D in a mesh consisting of the disk
Dy ={z€D:|z| <1-27/n} and n curvilinear squares

2(5—1 23
A= Um )W<9<ﬂ}
n n

A1
=

. 2
]D)j:{z:relezl——ﬂ-<7‘<l,
n

n
for j =1,2,...,n. Obviously, f can be written as f = > f;, where f; is supported
§j=0
in D;. Since P is linear and

n t
Pf).(t) < P»*C—f)
(Pf)(t) ;( 0N G
it suffices to prove (Pf;).(t) < C’% for all j.
Since the Bergman kernel K(z,w) is bounded uniformly on I x Dy, it is easy
to see that there is a constant C' independent of f such that (Pfy).(t) < C@

for all f in L'(D,dA) and t > 0.
We next turn to the proof of inequality for (Pf;).(¢) with j # 0. The proof
rests on the so-called Calderon-Zygmund decomposition. We sketch it as follows.

FIrsT STEP. We use the stopping time argument to decompose each curv-
linear squares D; as I; = F; U Q; with F; N, = 0 so that
(i) fi(z) <t a.e. z € F;
(i) 5 = UQi;
(3.1) (i) ¢ < |Q%]7" / |fi(2)|dA(z) < Ct;
@
for k and j where Qf; denote the curvilinear squares with the same form as D; and

having pairwise disjoint interiors. The argument is the same as the standard one,
except that in the proof of (iii) we need to use our assumption ¢ > || f||1, which has

ID;| 7! [ |f(w)]dA(w) < Ct as a consequence, and the observation that if Qhmin
D;

is a dyadic subsquare obtained by bisecting each sides of the square Qi,m in the
m™ step of the subdivision process, then there exists a constant ¢ independent
of m such that %|Q§cm| < |Qi,m+1\ < |Q§€m| For more details concerning the
stopping time argument, see [16] and [7].

Using the above decomposition of D;, we define the Calderon-Zygmund de-
composition of f; corresponding to a given ¢t > || f||1, as follows

if z € D/Qj,

J(Z)
(3.2) 9,9 =1 / fw)dAw) itz e @l
Q.
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and

(3-3) bj(2) = f;(2) — g;(2).

Then g; is in L?(D,dA), because the above construction gives

gy = / 19;(2)? dA(2) / 19;(2)2 dA(2)

</t\fj )ldA(:) /]D@Ml/fj ) dA(w)| dA)

Fj
<t + PRI < AL e t?Z 1| [ 5w aaw] <@+ s
=L
In addition, P is bounded on L?(ID,dA) by the definition. So we have
(ng X %%/ Pg] |2dA t2/|gj |2dA @
D

SECOND STEP. We now come to the estimate for (Pb;).(t). Let by ;(z) =
b(2)X i (z) where X (2) denotes the characteristic function of the set Q7.; then
k k

2) = bpj(z) and Pbj( Zpb,w
k=1

For each k, let S be the circumscribed disk of Qi, St the disk with the same
center wy, as Sy and radius two times as that of Si. Let Q' = JS}. It is clear that

there is a fixed constant C' such that

(3.4) 1 < 01| < C@.
/bj(w) dA(w) =0,

(Phs)@) = [ (5 (zw) — K () ) dA(w)

Since

we have

< / K (2 w) — K (2 wx)] by s ()] dA(w).
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Therefore
/|Pb )| dA(2) Z / Py (=) dA(2)
D\Q IDJ\Sl
/|blw /\K(z,w)—K(z7wk)|dA(z)dA(w).
- wGQJ zE]D)\Si

It follows from (2.1) and a simple computation that for w € @7,

|w — wy|

/ K (2,0) — K (2,wp)| dA(2) < C dA(2)

2€D\S}, |z —wk [ 22| w—wy]
|z]<1

|z — w3

C/—dA =C < o0.

|z|>2

So we have

/|Pb )| dA() Z/Au)kj )| dA(w).

D\

On the other hand, by (3.1), (3.2) and (3.3) we have |b;(2)| < |f;(2)| + |g;(2)]
|f(2)| + Ct. Thus

/A

(3.5) /|Pb<>|dA<> A(Ifll + CHR) < AC + 1) |1
D\’

Moreover

(3.6) (Pb).(1) < |(D\ ) N{IPb; ()] > 1] + |9

Combining (3.4), (3.5) and (3.6) we obtain that (Pb).(t) < cls
FINAL STEP. Combining the estimates of (Pg;).(t) and (Pb )«(t) we have

(Pfi)«(t) < (ng)*(§> +(Pb)). (2> ||ftH1

for j =1,2,...,n, thus completing the proof of the theorem. 1
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4. INTERPOLATION ON ORLICZ SPACES

In this section, following [5] and [17], we shall show a Marcinkiewicz type interpo-
lation theorem for Orlicz spaces, which is good enough for our purpose and looks
more natural and convenient than some interpolation theorems for Orlicz spaces

given in [8], [15] and [20].

DEFINITION 4.1. Let ¢ be a Young function and L¥ the Orlicz space. A
linear operator T defined on L¥ is said to be of mean strong type (v, ) if

(4.1) / S(Tf)dAGz) < C / (/1) dA(2)

D D
for f € L#(D,dA), and T is said to be mean weak type (o, p) if
Cﬁ)(w(lﬂ) dA(z)
(4.2) {z:|1Tf(2)] >t} <

()
for f € £L#(D,dA) and t > 0, where C is independent of f.

It is easy to see that an operator T is of mean weak type (¢, ) if it is of
mean strong type (¢, ©). Moreover, note also that the mean strong type (¢?,tP)
and the usual strong type (p,p) coincide.

LEMMA 4.2. Let ¢ be a Young function. If T is of mean strong type (p, ),
then T is a bounded operator on L¥(D,dA).

The proof of the lemma is routine and so it is omitted.

THEOREM 4.3. Let ¢g, p1, and po be Young functions. Suppose that their
upper and lower indices satisfy the following condition

(4.3) 1< a,) <0y, <, <0, <a, <0 <00

$o

If T is of mean weak types (po,po) and (p1,¢1), then it is of mean strong type
(p2,92). In particular, T is a bounded operator on the Orlicz space L¥?(D,dA).

Proof. By Lemma 2.3 we see that the condition (4.3) implies that ¢, satisfy
the As-condition. Since the measure of D is 1, we can find a Young function
P ()t

¢'(t) equivalent to ¢(t) such that o, < Sy Sy fort > 0 if p(t) satisfies
As-condition. So, without loss of generality, we may assume that
(1)t

Q. Oy,
T i) T
for t > 0 and i = 0,1,2. Now we want to prove

(4.5) / (T dA < C / ea(1f]) dA
D

D

for f € £L#2(D,dA) = L¥2(D,dA). To this end, for any f € L¥2(D,dA) and given
t > 0, we break up f as fi; + f2 in the following way

flz) i [f(2)] <t

t% otherwise;
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and fo(z) = f(2) — f1(2). Since

(4.7) ITf(2)| < |Tfo(2)| + [T fr(2)],
we have

(zeD:|Tf(2)|> s} C {z eD: [Tf(2)| > g} U {z eD: [ThH(z)|> ;}
(48) (T)(s) < @ho). (5) + (@h)-(5)-

It is readily seen that

<Tf1>*<s>{ng>*<3> oSt and (Tfo)(s) = (T)(s +1).

otherwise;

Clearly, f1 € L¥*(D,dA). On the other hand, by the condition (4.3) and (4.4), we
have

spo(s) _ _ spa(s) sp1(s)
4.9 <oy L a <Oy, <, < ,
(49) pols) ST S G S o) ST S S
so there are constants C'y and Cy such that
(4.10) Cro(s) < pa(s) < Capr(s).

From (4.9) and the fact that f is in L¥2(ID,dA) it follows at once that fy is in
L#°(D,dA). Now, by the assumption of the theorem, T is of mean weak types
(¢o0,%0) and (p1, 1), so there are constants By and Bj such that

Biﬂ{soi(lfil)dA(Z)

vi(s)

(Tfi)«(s) <
for i = 0, 1. This together with (4.8) gives

B: [ @il fil) dA(2)
(4.11) (T <y 2

1
=0

vi(s)

Since for a Young function ¢ and a measurable function g on D the relation

o0

plg.0) = / o(1g]) dA(z) = / g.(s)p(s) ds

D 0

holds, we can rewrite (4.11) in the following form

By ?po(u)f*(u+t) du B Oft p1(w) fu(u) du

0
(4.12) (Tf)«(2t) < 20 M e1(t)
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Multiplying both sides of above inequality by p(t) and integrating with respect to
t over (0,00), one gets

ifman»@odth%f;fg<ZZO u) o+ 1) du) i
B 0/ 51(2) ( 0/ pi(u)f.(u) du) dt = Boly + Bull.

Let us first estimate the integral I;. It can be easily seen from (4.9) that

tlur(l) o ((tt)) = 0. Changing the order of integration in I; implies

oo

/f* pi(w)ea(u )du+/ w)pr (u /0090(;)%; du.

wa2(t)p1(t) < ©a(t) S a,1p2(t)
Lot T T (t)

By (4.9)

Therefore we obtain

/f* ypulu ()du+ ‘Ol/f* w)ps (u )/jl(zz)dtdu

:—/ﬁwﬁﬁﬁj>m+“mh
0

) (14/,2

or

//\

I1 < 6902 / f* (U) b 011)%072 (U) du a¢2 aLP1 /f* p2
Qo — Qpy 0 @l(u) Dy 044/72

4/’1

<—£@@gj/wmmmw

ggol (ggol — Qpy

We next come to estimate the integral Iy. Making the change of variables
u = s — t and then changing the order of integration, we get

T8 T riomte-0s= 10 [ 20

o

< [ omo [ 25

0 0
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Write I for the integral on the right hand side of the above inequality. Now since
»(t)

hrr(l) Polt) = = 0, we obtain
I = /f* pO ds—s—/f* $)po(s /Mdtds.
©5(t)
0
Hence
t
/f* pO ()d + LPo/f* p() )/pz()dtds
po(t)
0
N
=2 / o171 dA(:) + 1)

or B

B< " [urhaae)

D, — Qg
This implies
222

Ip < —%—— dA(z).

o< g [elshaae
Combining estimates of Iy and I;, we finally obtain

[mtyen.eou<c [ e dae)
0 D

for some positive constant C. However we have

oo

[y ae>

0 D

pa(|Tf]) dA(z).

Hence

/ oa(|TF)) dA(z) < C / oI /1) dA(2).
D D

as desired. The rest of the theorem is immediate consequence of Lemma 4.2. 1

5. A NECESSARY CONDITION FOR THE L¥-BOUNDEDNESS

In this section a necessary condition for the Bergman projection to be bounded on
the Orlicz spaces is established. We will show that this condition is also sufficient
in next section.

The following lemma shows that the Bergman projection ever maps the char-
acteristic functions of curvilinear rectangles near the boundary of the disk into
unbounded analytic functions on the disk.
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LEMMA 5.1. For0<rg <1 and0< (< 2m, let xr, () be the character-
istic function of the set

{re? €eD: ro<r<1and|f] <G}

Then
1 1—ze 18 1 — zrge 19
Py, = —(1 — = pllog—
(PXro,0)(2) = —(log =—— =5~ —rjlog [~ orgd?
- -1 —i i n
+ E 7n(n+2)z"(e B elnf) (1 —r0+2)).
n=1

Proof. Since the Bergman kernel K (z,w) has the power series expansion

o

K(z,w) = Z(n + 1)z"w

n=1

it follows from the integral formula (1.1) of Bergman projection that

1 B8
1 oo
Pxrop(2) = — / / S (n+1)2" e dr o
25 n=0

1 n+1 n(,—in in n
=y 3y = A=),

E‘

On the other hand, log(1 —w) = > “’7 Thus we get

1— zroe*w)
1 — zrgeif

1 oo . )
n 71nﬁ_ ing3 _ ant2
77r E: n+2 ") —rgT). 1

LEMMA 5.2. For small enough 3 > 0, if ro = 1 — 3, then there is a constant
M such that

. B
PxXro,5(2) = E(log m —rglog

1 — zrge 18
g L=

o log

1-— Z’I“oeiﬂ
for all z in

Q(B) = {reie ro<r<landl|f— (< 2ﬂ0}

L=zree 1 If we write 2z = re'?, then
1—zrgeif ’

g2
Proof. Set h(0,r1) = ‘kzroe 8

1+ (rrg)? — 2rrg cos(6 — 3)
14 (rr9)%2 — 2rrocos(6 + 3)

h(f,r) =
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It is easy to see that h(0,r) is decreasing with respect to r in Q(5). So h(6,r) >
h(6,1). On the other hand

12 0+8 . 0-p
h(0 1)_1_4T0(Sm T_SmT) _q 4rgsinfsin G

(1 —19)2 +4rg sin? # a B2 + 4r( sin? #
47 sin 55 21 5Bsin 3
ﬁQ + 4ro st 39

40
if|0—p6| <& Wlth [ small enough. Since
lim (1 B 4rg sin %.ﬂzlgf ) _ 241 >0,
B—0 62 + 4rosin® 45 1921
then h(6,1) > 2% if [0 — 8] < &5 w1th small enough 3. So there is a constant M

such that

<M

2] 1 — zrge "
rolog ——————

1 — zrgeif
uniformly for z in Q(5). 1

LEMMA 5.3. There are a positive number tog and a measurable function
g(t) > 0 such that

|{z eD:|Pxi_gg(z)| > t}| > /BQg(t)
for t >ty whenever B is small enough.

Proof. Suppose that ¢ >0. We consider the distribution function (Px1—g,5)(t)
of Pxi—g,3 (Px1-8,8)«(t) = {z € D : |Px1-,3(2)| > t}|. It follows from Lem-
mas 5.1 and 5.2 that there is a constant C' > 0 such that

ig
Prisstell > Log| L2
|Px1-p,5(2) 8| T8

|-¢
for z in Q() whenever § is small enough. Clearly

716
(PX1-p,8)«(t) 2 {Z €eD: ’10g ‘ﬁ

It is easy to see that the set

| > ¢+ ompnee)|.

se—iB
{zE]D) ’log‘ 1fze1f3

—27(t+C) 2sin ﬁe—'fr(H—C)
Wbln ﬁ) and radius H_e—27GtFO) -

> (t+ C)ﬂ'}

contains a disk with center (cos 8,1
Then there are positive constants to and Cy such that for ¢ > t,

1— 2 i6 C Sln2ﬂe—2ﬂ' t+C)
HzeD ‘logli ‘>t+C’}ﬂQ )/ 1_6—27r(t+c))

Since hrr%) S’gﬂ =1, we have \g(t) > g(t)3? if 3 is small enough and t > ¢y, where

e 2m(t+0)

g(t) = 2(1 — e—2n(t+O))2"

Now we are going to prove the main result of the section.
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THEOREM 5.4. Let ¢ and b be complementary Young functions. If the
Bergman projection is bounded on the Orlicz space L¥(D,dA), then both ¢ and
1 satisfy the As-condition.

Proof. Suppose that the Bergman projection is bounded on the Orlicz space
L?(D,dA). Then there is a constant C' such that ||Pfl|,) < C||fl|(y) for all f in
L?(D,dA). In particular, for any 8 > 0 we have ||[Px1-sll(x) < Clix1-5,8ll(4)-
By the definitions of the Luxemberg norm, this means that

Pxi-p
o =2X1288 Y qa(z) < 1.
D/ (C”Xl—ﬂ-ﬂ”(cp))

However, by the definitions of the distribution function and the integration, we
see that

PXl—ﬁ/B 1 7 t dt
oGt —) i) = < [ (Praan). (0 ,
D/ (emsai) ) S oo < e

where p(t) is the right derivative of the Young function . So we have

oo

JPasa-wn(

0

t ) dt¢ <
.
Clixi-sslle’ Clixa-sslle

Since p(t) is nondecreasing, for any ¢y > 0

o0

to to
o( ) [Praa).at <t
Clxi—sslls/ Clxa—p.slls e

to

On the other hand,

e(arer) <elarer) e
Cllxi-p.8lle Clixi-.8lle/ Clixi-p,sll»

Hence -
to /
o\l = (Px1-p,8)«(t) dt < mto.
(C|X16,B|w)t o
0
It follows from Lemma 5.3 that
to ]o ,
S T B7g(t) dt < mto
<CX1ﬁ~ﬂ||w>t
0
or
to Cito
5.1 < .
> (ehosan) < 7

Combining (5.1) and (9.23) of [10] it follows that

w(tio) < Ctow(

Clixi-p.slle ||X1—ﬁyﬁ‘|so).
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Now let s = ; then s goes to oo as § goes to 0. If we choose ty so that

1
Ix1-5.8ll
a =ty/C =2, then p(2s) < Cp(s) for large enough s, which means that ¢ satisfies
the As-condition.

Since we have shown above that ¢ satisfies the As-condition, it follows from
Lemma 2.5 that the dual space of the Orlicz space L¥(ID,dA) is the Orlicz space
L¥(D,dA). On the other hand, since the adjoint operator P* on L¥(D,dA) of
P is also P, the boundedness of P on L?(D,dA) implies that P is bounded on
LY(D,dA) as well. Using the same argument as above we can get that () must
satisfy the As-condition. The theorem is thus proved. 1

Since L'(D,dA) and L*(D,dA) are nonreflexive, as an immediate conse-
quence of the theorem, we see that the Bergman projection P is not bounded on
LY(D,dA) or L>(D,dA).

6. THE DUALS OF BERGMAN SPACES LY

As we see in Section 1, we have
(6.1) F(z) = / uﬂzu)?dA(w)
D

for all f in L2. Tt is natural to ask whether the integral formula (6.1) holds for all
Bergman spaces LY. The following theorem says that this is the case.

THEOREM 6.1. Let ¢ be a Young function and z in D. Then

)= [ (f(Z)QdAwJ)

1 — zw)
D

for all f in LY.

Proof. By the definition of the Young function, it is clear that 1/t < p(t)/(¢)
for all £ > 0. This implies that

(6.2) t< Colt)

for t > to with a suitable constant C. So L¥ is a subset of L. Then (6.1) follows
from Proposition 1.7 in [1]. 1

Now we are going to prove the converse of Theorem 5.4.

THEOREM 6.2. Suppose that @ and 1 are a pair of complementary Young
functions. If both @ and v satisfy the Ag-condition, then the Bergman projection
is bounded on the Orlicz space L¥(D,dA).

Proof. Since P is bounded on L?(D,dA) and of weak type (1,1) by The-
orem 1.1, it follows from Theorem 4.3 that P is of mean strong type (@, ) if
1 <a, <@, < 2. In particular, it is bounded on L¥(DD,dA).

On the other hand, the complementary Young function 1 of ¢ satisfies 2 <
a¢<&¢<ooif1<gq,<5¢<2.

Using the duality, we also have that P is bounded on L¥(D,dA) if 2 < a, <
Qyp < Q.
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Now let 1 < a, <2 < @,. Take po(t) = t*° with 1 <, —e and ¢1(t) =
t%*e Tt follows from the above argument and the remark following Definition 4.1
that P is of mean strong (¢g, o) and (¢1,1). So Theorem 4.3 tells us that P is
of mean strong type (¢, ). By Lemma 4.2, P is bounded on L¥(D,dA). &

Proof of Theorem 1.6. Suppose that [ is a bounded linear functional on
L¢. By the Hahn-Banach theorem, [ can be extended to a linear functional L on
the Orlicz space L¥(D,dA) so that || L] is equal to ||I||. Since the Orlicz space
L?(D,dA) is reflexive, both ¢ and 1 satisfy the As-condition by Lemma 2.6.
It follows from Lemma 2.5 that there is a function h in L¥(D,dA) such that
L(f) = ffh dA(z) for f in L¥(D,dA). Let g = P(h). We see from Theorem 6.2

that g is in LY and [|g||y < C||h||y. If £ is in LE, then
/fgdA /fP h) dA(z / P(f)hdA(z).

It follows from Theorem 6.1 that ffgdA ffhdA z). So I(f) = L(f) =
ffg dA(z) for fin L¢. It is clear, by the Holder mequahty, that ||{|| < ||g|ly. On

the other hand, since ||g|l4 = ||Ph|ly < C||h|ly, by Lemma 2.5 we conclude that
[l2]] is equlvalent to [lglly. W

7. SOME CLASSICAL ESTIMATES

In this section we will establish several counterparts for the Bergman projection
of the well-known inequalities in the theory of the Hardy spaces.

In the classical theory, it is well-known that even if for 0 < p < 1 the
Hardy space HP? fails to be a Banach space, there is the Kolmogorov inequality
|Hfll, < cpllfll1 for all f in L'(OD). Theorem 1.2 asserts that the Kolmogorov
inequality holds for the Bergman projection as well.

Proof of Theorem 1.2. It follows from Theorem 1.1 that

/\Pf(z)lpdA(Z):/psp’l(Pf)*(s)dsg (Pf)*(o)tp+p/sp 1C||fH1
D 0 /

< tp+cuf||1%ptp—l

for all £ > 0. Set g(t) =" + CO| flli {Z5;t*~".

It is easy to show that g(t) assumes the minimun value at ¢t = C||f||1. So we
have

/ PP dA(2) < —cpnfnp

This gives ||Pf||, < ( ) C fll1-
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Before going to the proofs of Theorems 1.3 and 1.4, we recall that the Zyg-
mund space Llog™ L is the set of complex valued measurable functions f on I
satisfying

/ F(2)]log™ £(2) dA(2) < o
D

and the Zygmund space L®*P consists of all complex-valued functions f on D such
that for some constant k(f)

D/exp (‘IJ;((;;D dA(z) < co.

We have mentioned before that the spaces Llogt L and L®P are Orlicz spaces.

Proof of Theorem 1.3. From the integral formula (1.1) of the Bergman projec-
tion we see that Pf(z) = [ f(w)K(w,z)dA(w) is analytic on D if f is in Llog™ L.
D

So we need only to show that the Bergman projection is a bounded map from
Llog™ L into L'. To do this, let

(t)i{O ifog<t<l,
PU= -1 otherwise;

and 1 (t) = tlog™ t, the Young function of the Orlicz space Llog™ L. It is easy to
see that ¢(t) is equivalent to the Young function of L'. Thus, by Theorems 13.2
and 13.3 of [10], it suffices to verify that there is a constant C' such that ||Pf||, <
C|llfll10g+ - From the definition of the Bergman projection P and Theorem 1.1,
we know that P is bounded on L?(ID,dA) and of weak type (1,1), so a standard
argument as in the proof of Theorem 1.1 shows that

c1 jof*(s) ds czoftf*(s) ds

(PI)(t) € ————+ ——

Now, let p be the right derivative of ¢. Multiplying both sides of the last inequality
by p(t) and then integrating with respect to ¢, we infer that

[ee) 0000 oot
fx(s) f:(s)
(Pf2t)p(t)dt < &1 2 dsdt 4+ o dsdt =11y + cols.

Since the domains of the integrals I; and Iy are the trapezoids {(¢,s) : 1 < t <
0o, t < s < oo} and {(t,8) : 1 <t < 00,0 < s <t} respectively, interchanging the
order of the integrations, we obtain

f+(s)

S

Ilz/f*(s)logsds and 12:/ dsg/f*(s)ds.
1 1 1

So

oo

/ (Pf).(20)p(t) dt < C / £u(s)(1 + log s) ds.
1

1
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Since p(t) satisfies the As-condition, we have

oo oo

[en.onwae<c [@en.coma

Thus [|[Pflly < C[fl|z10gL-

In addition, the Young function ¢(t) is equivalent to the Young function
of LY(D,dA). So we conclude that there is a constant C such that [|Pf|; <
C||f|l£10g L, which completes the proof of Theorem 1.3. 1

Proof of Theorem 1.4. As mentioned in Example (iii) in Section 2, the space
LP (D, dA) is the associate space of the Orlicz space Llog™ L. Now the Young
functions of L'(D,dA) and Llog™ L satisfy the As-condition, so the dual spaces of
LY(D,dA) and Llog* L are respectively L°°(D,dA) and L**P by Lemma 2.5. On
the other hand, since the Bergman projection P is self-adjoint, from Theorem 3.1
we conclude that P is a bounded map from LP(D,dA) to L1(D,dA). &
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