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ABSTRACT. We prove that some classes of functions, defined on a closed set
in the complex plane with planar Lebesgue measure zero, are non-quasiana-
lytic. We particularly treat the Carleman classes and classes of functions hav-
ing asymtotically holomorphic continuation. Combining this with Dyn’kin’s
functional calculus based on the Cauchy-Pompeiu formula, we establish the
existence of invariant subspaces for operators for which a part of the spec-
trum is of planar Lebesgue measure zero, provided that the resolvent has a
moderate growth near this part of the spectrum.
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1. INTRODUCTION

Let E be a compact set in the complex plane C with planar Lebesgue measure
zero and let M be a non-increasing function on (0, +00) with M (0+4) = +o0.

Consider a Banach space A of continuous functions defined on FE, contin-
uously embedded in C(FE), where C(E) is the Banach space of all continuous
functions defined on E. Suppose that A contains the constants and that for every
A € C\ E the function r5(z) = 2=, z € E, belongs to A and ||ry[|4a < M(d(), E)).

In this paper we determine certain hypotheses concerning the function M
which imply that A is non-quasianalytic, that is, for every ( € E and every
neighborhood V' of ¢ in E, there exists a function f € A such that f(¢) = 1 and
f=0on E\V.

As we may expect, this condition depends on the geometrical properties of
E. In order to state our result, let us introduce a function related to 2 which will
play a decisive role throughout this paper. We set

Op(z) =ma({z€C:d(z,E)<z}), x>0,
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where ms denotes a Lebesgue planar measure. The function g is continuous and
increasing. Since we assume that mo(FE) = 0, we have 05(04+) = 0. We prove
that, under the condition

(1.1) /(lnlnM o 9}51(302))1/2 dz < 400
0

the Banach space A is non-quasianalytic.

The key to the proof of this theorem is the normality of some classes of
holomorphic functions which we obtain as a simple consequence of Lomonosov,
Ljubich, Matsaev ([25]) and Domar’s ([12]) results (see Subsection 2.1).

We give an application of the above result concerning non-quasianalyticity
to classes of functions having asymptotically holomorphic continuations and to the
Carleman classes Cg(M,,). We obtain in particular, that if E is a rectifiable arc

and if the sequence (%)7&0 is log-convex then the condition
—1/2
3 (Mg/” In Mn) < +00
n>=1

is sufficient for the non-quasianalyticity of Cg(M,). On the other hand, it is
known that the condition

(1.2) > MV < oo

n>=1

is necessary ([6] and [10]). Note also that the classical Denjoy-Carleman theorem
asserts that if £ = [-1,1] and if (M), >0 is log-convex then condition (1.2) is
necessary and sufficient for the non-quasianalyticity of C_y 11(M,) ([27]).

This work was also motivated by the invariant subspace problem. Let X be
a Banach space and let T € £(X), where £(X) stands for the algebra of bounded
operators acting on X. A closed subspace Y of X is called invariant for T € L(X)
if TY C Y and nontrivial if {0} ; Y ; X. The subspace Y is called hyperinvariant
for T if it is invariant for every operator commuting with 7. The spectrum of T'
is denoted by Sp(7T'). Lyubich and Matsaev proved in [26] that if there exists an
open set O in C and a smooth arc E such that Sp(T) N O = EN O and if the
function

(1.3) M(x) =sup{|(z =T)7 ! : d(z, E) > 2,2 € O}, x>0,

satisfies the Levinson condition, that is:

/lnlnM(x) dz < +o0,
0

then T has a nontrivial hyperinvariant subspace.

The condition “FE is a smooth arc” may be replaced by the weaker condition
“E is a Lipschitz arc” (see [30]). We extend this result to operators with spectrum
not necessarily as “smooth” provided that the resolvent grows moderately near the
spectrum. More precisely, suppose that there exist an open set O and a perfect
compact set E in C such that ms(E) = 0, Sp(T)NO € ENO and Sp(T) N O
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contains at least two distinct points. If the function defined by (1.3) satisfies
condition (1.1) and if g satisfies the condition

1 1/2

0

then T has a nontrivial hyperinvariant subspace.

To obtain this theorem we combine the functional calculus based on the
Cauchy-Pompeiu formula, introduced by Dyn’kin in [14], and a result concerning
the non-quasianalyticity of classes of functions having asymptotically holomorphic
continuations.

This paper is organized as follows:

In Section 2 we establish the normality of some classes of subharmonic and
holomorphic functions and afterwards we give a general method showing how to
get the non-quasianalyticity of some Banach spaces of continuous functions.

In Section 3 we give two examples of non-quasianalytic classes of functions:
the classes of functions having asymptotically holomorphic continuations and the
Carleman classes.

Section 4 is devoted to the existence of invariant subspaces and to operators
which are decomposable.

We finish with an appendix where we investigate the properties of the func-
tion fp and we give an estimate of this function in some special cases.

2. NORMALITY AND NON-QUASIANALYTICITY

2.1. ON NORMALITY. Let € be an open subset of the complex plane C and let F
be a measurable function on Q with values in [1,4+00]. The distribution function
of F is defined by

At) =ma({z €Q: F(2) >t}), t>0,

where mo denotes a Lebesgue planar measure. The decreasing rearrangement of
F' is the function defined by

F*(z) =inf{t: \(t) <z}, x>0.

Clearly F* is a decreasing non-negative function which is continuous on the right.
Moreover for every a > 0, the set {z > 0: F*(x) > a} is an interval with length
equal to ma({z € Q: F(z) > a}), which means that the two functions F' and F*
have the same distribution functions.
We denote by SHz(Q2) the set of all non-negative subharmonic functions
defined on 2, such that
u(z) < F(z), zeq.

Domar showed in [11] and [12] that under some conditions on F (or F*), SHr(Q)
is a normal family.
The following theorem is proved in more general setting in [12].
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THEOREM 2.1. (Domar) If for some § > 0,
)
(2.1) /(lnF*(x2))1/2dx < 400,
0
then SHE(Q) is a normal family.
REMARK 2.2. It is shown in [12] that under certain regularity conditions on
F*, the inequality (2.1) is sharp. It is also shown that if F = G o p where G is a

measurable function from R to [1,+o0c] and p a C! mapping of rank 1 from € to
R, then the inequality (2.1) can be replaced by the following weaker condition

5
(2.2) /ln F*(z)de < 4o0.
0
The particular case F(z) = G(y

), z = + iy, where G is a decreasing function, is
t

known as the Levinson-Sjoberg theorem and the inequality (2.2) becomes

5
/lnG(y) dy < +o0.
0

We consider here the case F(z) = G(d(z, E)), G being a decreasing function
on (0,400), E a closed subset of C and d(z, E') the distance of z to E.

We use Theorem 2.1 to derive a condition related to the geometry of E,
sufficient for the normality of SH(£2). The geometrical property of E in which
we are interested may be evaluated by the behaviour of the function 6g at 0.
Recall that 0 is defined by the formula:

Op(x) =ma({z€C:d(z, FE) <z}), z>0.

It is clear that 0 is an increasing and positive function on (0, +00) with 0 (04) =
ma(E). Furthermore, by Proposition 5.1 in the Appendix, 6 is continuous.
Now we state the following result.

THEOREM 2.3. Let E be a compact subset of C with planar Lebesgue measure
zero and let F(z) = G(d(z,E)), z € Q, G being a non-increasing function on
(0, 400) with values in [1,+00]. If for some § > 0,

5

(2.3) /(mG 005 (22))"? dz < +o0,
0

then SHE(Q) is a normal family.

Proof. Consider the distribution function A of F' and take x > 0. We have
MG o0 (z)) =ma({z € Q: F(2) > Goby'(x)})
({z€Q:Gd(2,E)) > Gob' (x)})
<ma({z € Q:d(z,E) < 05" (2)})
({z€C:d(z,E) < 05" (x)}) = z.
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Since F*(x) = inf{a : A(a) < z}, we get
F*(2) < G o5 (x).
We obtain from the last inequality and from (2.3) that
5
/(mF*(gﬂ))l/2 dz < +oo.
0

Now the proof follows from Theorem 2.1. 1

The following statement may be obtained easily from a result announced
in [25].
COROLLARY 2.4. Let E be a compact subset of C with planar Lebesque mea-

sure zero and let M be a non-increasing function on (0, +00) with values in [e, +00].
If for some 6 > 0,

)
(2.4) /(lnlnM o Ggl(xQ))l/z dz < +o0,
0

then the family
Har(Q) ={f : f holomorphic in Q and |f(2)] < M(d(z, E)),z € Q}
s normal.

Proof. Tt is well known that if f is holomorphic then the function In™ |f| =
max{0,In|f|} is subharmonic. So

{In™ || : f € Har(2)} C SHp(9),

where F(z) = InM(d(z, E)), z € Q. The proof, now, is a direct consequence of
Theorem 2.3 applied to the function G =In M. 1

REMARK 2.5. If E is not bounded, Theorem 2.3 and Corollary 2.4 remain
true provided that F satisfies the condition (2.3) or (2.4) locally. This means that
for every z € E there exists a bounded neighborhood V of z such that if we set
K =V N E then 0 satisfies the corresponding hypothesis.

2.2. ON NON-QUASIANALYTICITY. We first define the meaning of non-quasi-
analyticity. For this, let E be a closed subset of C and let F be a family of
functions defined on E. F is called non-quasianalytic if for every ( € E and every
open subset Q of C with ¢ € Q, there exists a function f € F such that f(¢{) # 0
and fI[E\Q=0.

The Banach algebras of functions that are non-quasianalytic are also called
regular algebras (see [21], Chapter VIII, Section 5). Examples of non-quasianalytic
families of functions are given in the next section. We give here a general scheme
showing how to get non-quasianalyticity.

Let A be a Banach space of functions defined on a closed subset F of C. We
suppose that A satisfies the following conditions:
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(i) The constant functions are contained in A.

(ii) For every z € E, the pointwise evaluation 7, : f — f(z) is continuous
from A to C.

(iii) For every A € C\ E, the functions 7y defined by rx(z) = t&, z € E,
belong to A and the map A — r) is continuous.

Now we state a theorem concerning the non-quasianalyticity of A. The idea
of the proof is based on an argument used in [15] and [17] and called the duality
principle of Matsaev.

THEOREM 2.6. Let A be a Banach space of functions on E satisfying the
above conditions (1)—(iii). Suppose that E is compact with planar Lebesque measure
zero and that

Iralla =0 (i) 4O E) =0

h(d(\, E
where h is a non-decreasing function on (0, +00) with h(0+) = 0. If for sufficiently
small § > 0,

5

1 1/2

then A is non-quasianalytic.

Proof. Let ¢ € E and ) be an open subset of C with ¢ € . Without loss
of generality we may assume that 2 is bounded. We denote by Cj, (Q) the linear
space of all continuous functions f on 2, endowed with the norm

[flln = sup [f(2)|h(d(z, E)),
z€Q

and by Fp () the linear subspace of C,(Q2) consisting of functions that are holo-
morphic in Q. Note that the unit ball of F,(Q2), according to the norm || - || is
the set H;/;,(2) defined in the Corollary 2.4. Let

Le(f) = 1(Q),  feFn().
Because of the normality of H;,,(2), by Corollary 2.4, L¢ defines a continuous
linear functional on F5(f2) endowed with the norm || - ||5. The Hahn-Banach

Theorem ensures that there exists a continuous linear functional on C,(Q) , say
A¢, which extends L¢. So by the representation theorem of Riesz, there exists a

regular measure y, with support in €2, such that
dlpl(=)
2.6 —_
20 | e 2y <
Q
and

Acf = / f2)du(z), € Cu(@).
Q

Let

©= / du(X) +/(( — A)radp(A).

Q Q
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Since € is bounded, it follows from the assumption (iii) and inequality (2.6) that

J 6= Nralladiul) < +oc.
Q

Hence ¢ € A. The pointwise evaluations are continuous on A, which implies that

for z € F,
/du /c Nra(2) dp(n —z/
Q

For a given z € E\ ©, the function A — 11— belongs to F () and thus we obtain
from the definition of L¢ that p(z) = 1. Let ¢ =1 — ¢; clearly ¢ € A, ¥(¢) =1
and Y(z) =0if z€ E\Q.

REMARK 2.7. Suppose that F is not bounded and A is a Banach space
of continuous functions on F vanishing at infinity. Assume that A satisfies the
condition (ii) and (iii) cited above. The conclusion of Theorem 2.6 remains true
if we suppose that E satisfies the condition (2.5) locally (see Remark 2.5). Indeed
the Banach space A is non-quasianalytic iff A + C is and we reproduce the proof
of Theorem 2.6 for A + C.

3. EXAMPLES OF NON-QUASIANALYTIC CLASSES OF FUNCTIONS

3.1. ALGEBRA OF ASYMPTOTICALLY HOLOMORPHIC FUNCTIONS. Let E be a
closed subset of C and let h be a non-decreasing function on (0, +00) with h(04) =
0. Let Cp(C) be the space of continuous functions on C vanishing at infinity. We

denote by Dy (E) the space of all functions f defined on C such that f and Jf
belong to Cp(C) and such that

0f(2)| = o(h(d(z, E))), d(z,E) — 0.

Here z = x +iy, 0 = % (a% — %8%) and Of is taken in the sense of the distribution
theory. We set

_of)|
! cecvs h(d(z, B)
where || - ||oo stands for the supremum norm on C. The space Dy (E) endowed with
the pointwise product and the norm || - ||p, (g) is a commutative Banach algebra.

Consider the space Qn(E) = Dy(E)|E = Dy (E)/I(E), where I(E) is the
closed ideal of Dy, (E) consisting of those elements that vanish on E; Q(E) en-
dowed with the quotient norm of Dy, (F)/I(E) is a Banach algebra. It is clear that
Q1 (FE) possesses a unit if and only if E is compact.

Algebras like Dy (E) and Qp(E) were first introduced by Dyn’kin in [14] in
order to define a functional calculus f(T"), where T is an operator and f a ”smooth”
function not necessarily holomorphic in a neighborhood of the spectrum of 7. More
precisely Dyn’kin has considered the class Qj, (E) consisting of functions in 9y (E)
having a C' extension in Dy (E). He has shown in [13] and [17] that if £ = R



228 K. KELLAY AND M. ZARRABI

or £ =T, where T is the unit circle, then up to some regularity condition on h,
Q},(E) is non-quasianalytic if and only if for sufficiently small § > 0

)

1
(3.1) /lnln% dt < +o0.

This result remains true for Qp(R) or Qp(T). Note that the non-quasianalyticity
of Qy(T) is equivalent to the existence of a nonzero function f € Qp(T) which
vanishes with all its derivatives at some points z € T (see [13]).

We give here a condition related to the geometry of E, sufficient for the non-
quasianalyticity of Qp(FE). On the other hand, if E is a rectifiable arc, we prove
that the divergence of the integral on the left side of the inequality (3.1) implies
that Qp(F) is quasianalytic.

First of all, we state some elementary properties of Qy(E). Note that these
properties were established in [5] in the case where F is the lower half-plane,
E={zeC:Imz < 0}.

PROPOSITION 3.1. Let E be a compact subset of C. For A € C\ E we set
ra(z) = s, z € E. Then:
(i) For every A € C\ E, r\ € Qu(E) and for every t € (0,1),

1
Iralles ) = O(d()\, E)2h(td(, E))>7

(ii) The space of finite linear combinations of vy, A € C\ E, is dense in
O (E).
(iii) The set of characters of Qn(E) can be identified with E, by the map
E 3z — x., where x.(f) = f(2), f € Qn(E).

Proof. (i) See the proof of [5], Lemma 3.1.

(ii) We consider for every € > 0 two open subsets U, and V. of C such that
E C V., V. C U. and d(E,dU.) < ¢; OU. stands for the boundary of U.. Take a
C*° function . such that x. =1 on V; and x. =0 on C\ U..

Let f € Dy(F). By the Cauchy-Green formula we have

d(z, E) — 0.

0@ =1 [ 2D g

C
1[I L BN
= W@/ 2D g0 ”C/ LD i (6) = g.2) + o)

The function fOy. is continuous with compact support, which implies that its

Cauchy transform, g., is also continuous and satisfies ga(z)‘ ‘—> 0. Since the
z|——+o0

support of dx. is contained in U \ Vz, we have

02 =~ [ HOIQrc(e) dma(c), zeC

U:\Ve
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and we see that g. is holomorphic in V., g. € Dy(E) and g.|F is a limit of finite
linear combinations of r¢, ¢ € C\ V..

It is clear that k. = xcf — g € Dy(E). Furthermore, using the fact that the
support of . is contained in U,, we obtain

1f1E = ge|Ellg,(r) = kel Ello, (r) < kel (2)

1 £ (2)] dma(Q) B
S TR A B) / =2 LR e hd B))

Ue
1 0/(2)]
< (=2 UNY? +1 .
(mma@e)™* 41)_swp_ate, By
So || fIE = g:|E|lg,(zy — 0 as € — 0 and then f|E is a limit of finite linear
combinations of r¢, ( € C\ E.
For the proof of (iii) see [5], Lemma 3.2. 1

of(2)]
d(z, E))

THEOREM 3.2. Suppose that FE is a compact set with planar Lebesque mea-
sure zero and such that

9E(e—1)
1 1/2

If (2.5) holds then Qy(E) is non-quasianalytic.

0
)
Proof. Let t € (0,1) and hy(z) = z%h(tx), z > 0; clearly h; is an increasing
function. It follows from (2.5), (3.2) and part (i) of Remark 5.3 that for sufficiently

small § > 0,
o

Inl ! 1/2d
/( n HW) xr < +00.
0

Moreover by part (i) of Proposition 3.1 we have for A € C\ E, r\ € Qp(E) and

1
sl z) = O(W

It follows from Theorem 2.6 that Qp(E) is non-quasianalytic. &

REMARK 3.3. (i) Under the hypothesis of Theorem 3.2 the algebra Qp(FE)
is normal in the sense of [21], Chapter VIII, Section 5 and thus we may construct
a partition of unity on E, with functions in Q(F), subordinate to any covering
of E.

(ii) The normality or non-quasianalyticity can be linked to the problem of
weighted polynomial approximation. Let €2 be a bounded simply connected do-
main. Let w be a positive measurable function defined on 2 and bounded away
from zero locally. For 1 < p < +o00, we denote by LP(,wdms) the space of

analytic functions such that
1/p
= </ |f(z)|pwp(z)) < +o0.
Q

), d(z, E) — 0.
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Let H?(,wdms) be the closure of polynomials in LP(2,wdms) for the norm

£ 1lp,co-
The inner boundary of € is defined by 9;Q := 9Q \ 9Q, where Q. is the

unbounded component of C\ Q. In the following we suppose that 9;) is not empty.
Let w(z) = h(d(z,0;Q2)), z € €, where h is a non-decreasing function on (0, +00)
with 2(07) = 0. In the case where 9;{) is a "smooth” arc, Brennan proves in [6]
and [7] that if (3.1) holds then L2(,wdms) # HP(Q,wdmsy). By Theorem 3.2
and the same arguments as in the proof of [6], Theorem 3.5, one can verify the
following results: set E = 9, and suppose that mz(E) = 0. If (2.5) and (3.2)
hold then L2(Q, wdms) # HE(Q, wdms).

(iii) It follows from the above theorem and Proposition 5.4 that if E is

1/2
a rectifiable arc then the condition f (ln In ﬁ) dz < +4oo is sufficient for
0

the non-quasianalyticity of Qp(F). The next theorem proves that the condition
g Inln ﬁ dz < 400 is necessary, provided that h satisfies some regularity condi-

tions.

Suppose that FE is perfect and h is such that for every n € N, h(z) = O(z"™)
(x — 0). Let f € Qp(F). We use also f to denote an extension of f to C belonging
to Dp(E). By the Cauchy-Pompeiu integral formula,

1 [ fQ 1 [0f(C)
161 =g [ Lo~ [ Fama). zep,
OA A

where A is an appropriate open set in C, containing E' and such that d(E, dA) < 1,
where JA is the boundary of A; f is a C*° function on E and we have for n > 1,

z € FE, B
106 = g [ mrac- 2 [ am
A

- 2ir 2)
17}

and
| £ (2)| < const M,

where M,, = n! sup (h(r)/r™). If h is such that

0<r<1

1 .
(3.3) o ln ) is a convex function for ¢ > 0,

e [oa
then the condition

1
(3.4) /ln In ) dz = +o0,
0

implies that

> MV = too
n>1

(see [17]). From these observations and [6], Theorem 3.2 the following statement
follows:
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THEOREM 3.4. Suppose that E is a rectifiable arc and h satisfies the above
conditions (3.3) and (3.4). If f € Qn(E) vanishes together with all its derivatives
f n>1, at some z € E, then f vanishes identically on E.

3.2. CARLEMAN CLASSES. Let E be a compact subset of C and let (M,),,>o be
a sequence of positive reals. We say that a continuous function f defined on F
belongs to Cg(M,,) if there exist a sequence of functions f(™, n > 0, defined on
F and a constant ¢ > 0 such that f(©) = f and for every integers 0 < k < n,

_ _ n—k
P90 = 1) + 140 et 1) ST 4 R o)
where
_ |n—k+1
(35) |Rn’k(<—72)| < CMn+1m, C,Z € FE.

The norm || f|l¢,(az,) of f will be the sum of the supremum of f on E and the
infimum of the constants ¢ satisfying (3.5). Cg(M,) endowed with the norm
|l - llcs(a,) becomes a Banach space.

If F is perfect, the sequence (f ("))n>1 is uniquely defined and we have for
n>1and z € E,

f(")(z) — lim f(”‘”(C) - f(n_l)(z).

E>(—z C —Z

We associate, to the sequence (M,,),>¢, the function h defined by:
M,
(3.6) h(r) = inf —r", r>0.

THEOREM 3.5. Suppose that E is perfect with planar Lebesgue measure zero
and let h be the function associated to (My),>o by (3.6). If (2.5) and (3.2) hold
then Cg(M,,) is non-quasianalytic.

Proof. We shall use Theorem 2.6 and for this we need to prove that r) €
Cg(M,) and give an estimate of ||7x|lcy(ar,) for A € C\ E, where ry(2) = 1,
ze k.

We do this with the help of the following formula which we take from [16]:

1 E+1 (A —w)
3.7 = —=d
(3.7) (A — 2)k+1 — m(ed)2k+1 (w— 2) ma(w),
{w:|lw—X|<ed}

where k is non-negative integer, 0 < ¢ < 1 and d = d(\, F). Fix two integers k
and n with 0 < k£ < n. We get from (3.7)

(k) _ k! _ (k+1)! (A —w)
&) = TR T reap / (w—2)
{w:|lw—X|<ed}

dma(w)
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and for 7 >0

—k
(ki) \ (k+ 1)l! A—w)
)= m(ed)?k+1 (w — z)itt dms (w)
{w:|lw—A|<ed}
By a simple computation we obtain
= (C=2)
k k+i —
T(A )(C) - ZT(A i )(Z)T
i=0 ’
—k
(k + 1) n—k+1 (>\ - U})
= reap T (= Qe 72
{w:lw—A|<ed}
n k+1 _.7 1
— e jg: (= Bk )1 (L= QP — )T

So

(k) o ey (= 2) £ N N )
%5(0‘22“ O e L M e T D

Using the equality

k .
' (n+ 1)
”*’”12 = ._ W
j:0
we obtain
(K)o (k) £ (n+1)!
. +1 . \n—k+1 _ o m—k+1__\T"T )0
1@ = A - < gl AT
€ Mn+1 n—k+1
< - .
kT @) 7
Therefore
1 €
l7allcw(ar,) < 7 + 7h(d)’
and so

1
Irsllesan = O(grg ) 40

It follows from Theorem 2.6 that C'g(M,,) is non-quasianalytic. 1

We shall now investigate conditions on (My), > that ensure the convergence
of the integral
/ (1 ! )1/2 d
nlpn —— x
ho b (@?)
0

5
(by which we mean the convergence of [ for sufficiently small §) and therefore

0
the non-quasianalyticity of Cg(M,,). For this, we need to introduce the Legendre
envelope of a given function.
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Let p be a non-negative and non-increasing function defined on (0, +00) such
that p(y) — 400 as y — 0. The lower Legendre envelope of p is the function defined
by

(3.8) q(z) = ;r;fo(p(y) +xy), = >0.

The following lemma may be obtained by the same arguments used in the
proof of [3], Lemma 1 (see also [23]).

LEMMA 3.6. Let p be a function as above and q its lower Legendre envelope.
Then the following two conditions are equivalent:

(i) Of(lnp(yQ))l/2 dy < +o0.

+oo (z) 1/2

() [ (55%) " do <+
1

My,

Consider a sequence (M, )nen of positive reals and put m, = <, 0.

We suppose that (1,,),>0 is log-convex that is

WV

n

(3.9) mi <My 1Mpy1, n =1,

We associate to (M, )nen the functions defined on (0, +00) by

(3.10) h(z) = iI;f mpa”
and
(3.11) k() = sup -
. r) =sup —.
nZO Mn
Let us make two observations which will be used below. The first one is that:
MTL . Mn MTL—
h(z) = n! " ifxre [(n+1)Mn+1’n Mnl}
and
" . M, My
k(o) = 2 if { , }
(2) A ifx € M1 M,

The second observation is the following: Put p(z) = In ﬁ7 x > 0 and let ¢
be its lower Legendre envelope defined by (3.8). By a simple computation we get

nk(z) < (),

and for z € [Mj\fil, M]\j}zl},
exp(—q(x)) = sup(h(y)e™) > hly)e™ > T e >
y>0 - nl 70 ek(ex)’
. . n M,
where g is the maximum of 2 and (n + 1)m.
So
M,
(3.12) Ink(z) <glx) <1+Ink(ex), == U
0

We formulate now the following statement:
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LEMMA 3.7. Suppose that (my),>o is log-convex. The following conditions
are equivalent:

. 1/2
(i) Of(lnln ﬁ) dz < 4o0.

+o0 1/2
(i) f (mk(w)) dz < 4o0.
1

3 Inx

(i) 3 (MY InM,) " < o0,
n>1

Proof. Let p(z) = In h(lw), x > 0 and ¢ its lower Legendre envelope. The

equivalence between (i) and (ii) follows from (3.12) and Lemma 3.6. For the proof
of the equivalence between (ii) and (iii) we need the following inequality
b

(3.13) L - L < / 1 dz < 2 - 2

’ (alna)/2  (bInb)/2 = ) (x3Inx)V/2 " = (alna)l/2  (bInb)l/2’
where e < a < b. We set a,, = eMé/" and A, = (an lnan)_l/27 n > 0. We
observe that for > a,, Ink(x) > n and since (m,),>0 is log-convex, we have
a, — —oo. Thus for some integer ng > 1,

n—>+<>o
Ink(z)\ 1/2 R
n X i
d 2 1/2 / o
/(ﬁ’lnx) . Z " (23 Inz)l/2
a n2no a
no n
1/2 1/2 1 An
P Zn (An_An+1)>nO An0+§ Z m
n>ng n>no+1

which proves the implication (ii) = (iii).

For the converse we set b, = M, /M,_; and B, = (b, Inb,)""/2, n > 0. We
get from the log-convexity of (my,),, >0 that there exists a constant ¢ > 1 such that
b, = cay,, n = 0. Using the inequality

4 ( —2 ) > 1 >1
) x b
do \(zlnz)Y/2/) ~ (231Inx)l/2 -
and integration by parts, we obtain for some ng > 1,

[ () e 5 [a(2h) ] Z/ e

ng
For z € [by,bnt1], we have k(x) = 2" /M, d(Ink(x)) = (n/x) dz and Ink(z) >
nlnc. These observations and (3.13) give

oo ’n+l
In k() 1/2 1/2
/(m3lnx) < Const Z / x31nx (23 Inx)1/2

n>ng

b

b

nQo

< Const Z nl/Q(Bn — Bp+1) < Const Z 1/2 < Const Z 1/2

n>ng n>ng n>ng

This proves the implication (iii) = (ii). &
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THEOREM 3.8. Let E be a perfect and compact set in C and (My),>o be
a sequence of positive reals such that (M'")n>0 is log-convex. If Og(z) = O(x®)

n!

(x — 0), where « is a positive constant, and if

(3.14) Z (nlfaMﬁ‘/” In Mn)71/2 < 400,
n>1

then Cg(M,) is non-quasianalytic.

Proof. Let m,, = M,/n!, n>0 and let h be the function associated to
(Mp),>0 defined by (3.10). We set r, = my,_1/my,, n > 1. Since (my,), is log-
convex the sequence (r,,), decreases and we can easily verify that h(x) = m,z™ if

hot ' (x)
=) >0,

x € [rp+1,7n] and my, = sup h(z)/2™, for n > 0. Set M, = n!sup
>0 >0
We have for some constant ¢ > 0

~ h h h
M,, = n!sup (z) > c"n!sup (2) > "n! (£§)>
2>0 O ()" @>0 T Tk
where k = [an] is the integral part of an. Clearly 0 < a — k/n < 1/n, and using
the log-convexity of (m,,), we get easily M&/k/rkM;/k > 1/k.
It follows from these inequalities that
klfa M]?/k
(Tlei/k)ocfk/n
The last inequality combined with (3.14) gives

S (T 0 M) < 4o,
n>1

a/k

M,ll/" > Const > Const, kl_"‘Mk .

It follows then from Lemma 3.7 that the function & defined by the formula

satisfies the condition

1 1/2
/ (lnln ~7) dz < 4o0.
h(z?)

0

It is easily seen that h(z) < ho04'(z), z > 0. So h and 0 satisfy (2.5) and (3.2),
which implies by Theorem 3.5 that Cg(M,,) is non-quasianalytic.

REMARK 3.9. (i) In the case when F is a rectifiable arc, we have by Proposi-

~1/2
tion 5.4, 0g(x) = O(z)(x — 400) and then the condition > (M}L/n In Mn) <
n>1
+oo implies that Cg(M,,) is non-quasianalytic. On the other hand, by a theorem of
Davies reported in [6], Theorem 3.2 we know that the condition Y M, n < 4o
n>1
is necessary.
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The above theorem may also be applied when F is the graph of a real function
satisfying the Holder condition with exponent « € (0, 1], since we know in this case
that 0g(x) = O(z*)(z — 0) (see Proposition 5.5).

(ii) For a general set F, perfect and compact, we may check, by the same
arguments in the above proof, that Cg(M,,) is non-quasianalytic under the condi-

tion
3 (AY" I A,) T < oo,
n>1
. M k
where A,, = n'zt;;; k!(@E(kMk:/Mk))" (kMy_1/My)".

4. ON THE EXISTENCE OF HYPERINVARIANT SUBSPACES

Let X be a Banach space, z € X and T € L£(X). The local resolvent p(T,x) of T
in = consist of the complex numbers A for which there exists an open set V' 3 A
and an analytic function F' from V to X, such that

(W=T)F(u) =z, peVv.

The local spectrum of T in X is the closed set Sp(T,z) = C\ p(T, x).

We say that T satisfies the single valued extension property (S.V.E.P) if for
an arbitrary open subset V' of C, the function that vanishes identically on V' is the
unique function F' from V to X satisfying

(z—=T)F(z)=0, zeV.

In this case, the function 2 — (z — T') "'z possesses a unique maximal analytic
extension function, which we denote by R, 1; R r is defined on p(T,z) and is
called the local resolvent of T in x.

Observe that if T does not satisfy the S.V.E.P, then T possesses an eigenvalue
and consequently it admits a nontrivial hyperinvariant subspace of T'. Throughout
the Subsection 4.1 and 4.2 we assume always that T satisfies the S.V.E.P, which
is not a restriction for the problem of the existence of invariant subspaces.

4.1. DYN’KIN FUNCTIONAL CALCULUS. The functional calculus which we use
was introduced by Dyn’kin in [14]. It is based on the Cauchy-Pompeiu formula.
Indeed, let z € X and U an open subset of C containing Sp(T,z). If f is a

continuous function on U such df is continuous, df = 0 on Sp(7T’, x) and

(4.1) @ﬂdm&mﬁﬂ 0,

2,8 (T z))—0

then we may define f (T)x by the formula

(12) = / FORa(Qdc =+ [ BHORur(Q) dma(c)
A\SP(Tﬂf)

where A is an open subset of C, such that A C U, Sp(T,2) C A and for which
the boundary OA is a finite union of disjoints piecewise C! Jordan curves. By the
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Cauchy-Pompeiu formula the definition of f(T)x does not depend on the choice
of A.

We will call a set A as above an admissible domain. We recall that as in
Subsection 4.1, df is taken in the distribution sense. If f is a function defined on
F c C, we set

sulgp(f) ={z€F: f(z)#0}.

Now we state some properties satisfied by the above functional calculus.

PROPOSITION 4.1. Let U be an open subset of C containing Sp(T',x) and let

f, g be two continuous functions on U satisfying (4.1) and such that Of = dg =0
on Sp(T, z). Then:
(i) Sp(T, /(T)z) < Sp(T, z) N supp(f)-

(i) (9/)(T)z = g(T)(f(T)x).

Proof. (i) If A & Sp(T,x), we set fa(z) = f(2)/(A—z) for z € U\ {\}. The
function f) satisfies (4.1) and then we may define f)(7T")z by the formula (4.2). It
is easy to see that the function A — fx(T")z is analytic in C\ Sp(T, z).

For an admissible domain A such that A € A, we have

(- = [ L0 -DR 00
OA ~
-2 [ oo am.
A\Sp(T',z)

We observe that
A=T)Ry7(() = (A= QR 7(¢) + (( = T) R 7(C) = (A = Q) Rz 7(C) + x,

and then we get

_ 1 © 1 9f(©) _
a-mipme = e (g [{%a-2 0 [ P amo))e = iy
A A\Sp(T,z)

The last inequality holds since A & A. So Ry, r(A) = fa(T)x, and then
Sp(f(T)z,T) C Sp(T, z).
For A\ ¢ supp(f), we see that the function f) has a continuous extension to
U

U which vanishes on U \ supp(f) and by an analoguous argument to the previous
U
one, we verify that Sp(T, f(T)x) C supp(f).
U

(ii) We will first show that g(T)(f(T)z) is well defined. Let A be an ad-
missible domain in U and A € A\ Sp(7T,x). Denote by D(\,e) the closed disk
with center A and ¢ > 0. For ¢ sufficiently small, A\ D(),¢) is also an admissible
domain and we have

BDa=ge [ AORAQU-T [ SRR (O dma(c).

T 2im
d(A\D(\¢e)) A\(D(A,e)USp(T,x))
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Passing to the limit ¢ — 0, we obtain
Ryryz,r(A) = fA(T)z

IR + 5 [ BORr©dc =2 [ IR () dma(c)
0A

A\Sp(T,z)
For A close to Sp(T', x), we get from the last equality that
1R ¢ (r)e,r (NI < [f[Re (M) + C,

where C' is a constant independent from X. So [dg(\)| || Rs(rye,r(N)|| — 0 as
d(\,Sp(T,z)) — 0, and, since Sp(f(T)x,T) C Sp(T,z), we see that |dg()\)|
| R (ye,r (N — 0 as d(X, Sp(T, f(T)x)) — 0. Thus g(T')(f(T)x) is well defined.

Now the proof of the equality (gf)(T)x = g(T)(f(T)x) follows easily from
the last integral expression of Ry (1), 7(A) and the Fubini theorem. 1

Let h be an increasing function defined on [0, +00) with h(0+) = 0 and
satisfying the condition

. N _ h(r)
43 f h <7) <" g<r<t
3 1o 22, M : '
Note that by [18], Lemma 3 the last inequality holds if the function
1
(4.4) t—In (e is convex for ¢ > 0.
Observe also that when h is differentiable, then (4.4) is equivalent to the fact that
the function z — 2 (SZ)) is non-increasing for 0 < x < 1.

For an integer k > 0 we put hy(r) = 7%h(r), r > 0. It is clear that for k > 1,
hy satisfies (4.3) and we have precisely,

n
(4.5) igfo Oigglhk(r)<§) < hpoi(r), 0<r<1l

Let O be an open subset of C and let € X be such that

1

(4.6) 1) = O ()

z€0,d(z,E) — 0.
If f € Dy(E) is such that supp(f) C O then f satisfies (4.1) and thus we may
C

define the vector f(T)z by the formula (4.2). Note that the equality (4.6) implies,
in particular, that Sp(T,z) N O C E.
Dyn’kin showed in [14], Theorem 3, the following unicity theorem.

THEOREM 4.2. Suppose that E is perfect and with planar Lebesgue measure
zero. If f € Dy, (E) is such that suppe(f) C O and fIENO =0, then f(T)x = 0.

This theorem permits us to define a local functional calculus for a class of
functions in Qp, (F), in the following manner:
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Let f € Qp,(E) such that supp(f) € ENO and let f € Dy, (E) such that
E

fIE = f. Note that the existence of f € Dy,(E) is guaranteed by Lemma 4.3
stated below. We set _
[Tz = f(T)z,

and we see that by Theorem 4.2, f(T)x does not depend on the choice of the
extension f of f. Thus f(T)z is well defined.

LEMMA 4.3. Suppose that E is perfect.
(i) Let f € Dy, (E). If x is a bounded C* function on C such that x =1

on a neighborhood of supp(ﬂE), then xf € Dy, (E).
E
(i) If f € Qnyyy (E) is such that supp(f) C O N E, then there exists f €
E
Dy, (E) such that f|E = f and supp(f) C O.
c

Proof. (i) Set F = E'\ Supp(ﬂE). We suppose that F' is nonempty, other-
E

wise the result is obvious. Clearly F' is perfect and fe Dy, (F). Since ﬂp =0,
it follows from [16], Theorem 2, and inequality (4.5) that

(4.7) |f(2)] = O(d(z, F)|Ind(z, F)|hx(d(z, F))) = o(hx(d(z, F))), d(z,F) — 0.
We check now that Xfe Dy, (E). For z & supp(gx),
C

PO (2)] = IX(2)] [0 (2)] = o(hi(d(z, E))),  d(z, E) — 0.
On the other hand, if z € supp(dx) and if d(z, E) < d(supp(dx), supp(f|E)) then
c c E

d(z, E) < d(z,supp(f|E)) and since E = supp(f|E)UF we have d(z, E) = d(z, F).
E E
This observation and (4.7) imply that

D) (2)| < [0x(2) F(2)] + [x(2)0F (2)] = o(hw(d(z, F)) + hi(d(z, E)))
=o(hi(d(z, E)), z¢€ sué)pgx, d(z,E) — 0.

Finally we have xf € Dy, (E) as claimed.
(ii) Let f € Qp, ., (E) such that supp(f) C O and let g € Dy, ., () such that
E

g|E = f. Take a C! bounded function x on C such that xy = 1 on a neighborhood
of supp(f) and supp(x) € O. The previous assertion proves that the function
E C

f = xg possesses the desired properties. 1

4.2. SPECTRAL PROPERTIES. In this subsection we use the notation of the previ-
ous one. We recall that:

(i) E denotes a compact perfect set with planar Lebesgue measure zero.
(ii) h an increasing function satisfying (4.3).
(iii) O an open subset of C and z an element of X satisfying (4.6).

As we may expect, we have the following result.
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LEMMA 4.4. Let f,g € On,(E) such that supp(f) and supp(g) are contained
in O. Then " "
(i) Sp(T, f(T)z) C sugp(f) NSp(T, z).
(ii) (¢/)(T)z = g(T)(f(T)z).

Proof. (i) The inclusion Sp(T, f(T)z) C Sp(T,x) follows immediately from
the assertion (i) of Proposition 4.1. For the proof of the inclusion Sp(7, f(T)z) C

supp(f), take A & supp(f) and f € Dy, (E) with ﬂE = f. Let x be a bounded
E E
C' function on C such that supp(x) € O, x = 1 on a neighborhood of supp(f)
C C

and x = 0 on a neighborhood of A. By part (i) of Lemma 4.3 , § := xf €
Dy, (E). Furthermore supp(g) C O and A ¢ supp(g) which implies by part (i) of
C c

Proposition 4.1 that A & Sp(T,g(T)x). Since g|E = f we have f(T)x = g(T)x
and so A & Sp(T, f(T)x). This finishes the proof of (i). The proof of (ii) is a direct
consequence of part (i) of Proposition 4.1. &

LEMMA 4.5. Suppose that (2.5) and (3.2) hold. If f € On,(E) is such that
supp(f) C O, then
E

Sp(T,2) \ Ze(f) < Sp(T, f(T)z),
where Zg(f)={z € E: f(z) = 0}.

Proof. Let A € Sp(T, x) be such that f(A) # 0. By (ii) of Lemma 4.3, there
exists f € Dy, (E) with f|E = f and supp(f) C O. There exists also an open disk
c

D with center A such that D C O and f(z) # 0 for every z € D. Take another
open disk Dy concentric with D such that Dy C D. It follows from Theorem 3.2
that the algebra Qp, (F) is non-quasianalytic and so there exists ¢ € 9y, (E) such
that ¢ = 1 on Dy N E and ¢ = 0 on E \ D (see [21], Chapter VIII, Section 5).
Let ¢ € Dp,(E) with ¢|E = ¢ and let x be a C* smooth function with x =1 on
Do and x = 0 on C\ D. By (ii) of Lemma 4.3, the function ¢ = x@ € Dy, (E).
Put §1(z) = ¢(2)/f(z) if z € D and Gi(2) = 0 if z € C\ D. It is easily seen that
g1 € Dp,(E) and supp(g1) € O. The function g :=1— fgﬁ =1- zﬂ/; is continuous
C
on C and dgy = —5{/; is also continuous and satisfies (4.1), which permits us to

define g3(T)x. We get © = (T)x + g2(T)z and so
Sp(T,x) C Sp(T, 4 (T)x) USp(T, Ga(T)ax).
Since A ¢ supp(gz), we can assert by (i) of Proposition 4.1 that A ¢
C

Sp(T, g2(T)x), which implies that A € Sp(T, QZ(T)x) By (ii) of Proposition 4.1,
we obtain _ _

Y(T)x = g1(T)(f(T)z) = 1(T)(f (1))
and we deduce from Lemma 4.1 that A € Sp(T, f(T)z). Since Sp(T, f(T)z) is
closed, we conclude that the desired inclusion holds. 1



NORMALITY, NON-QUASIANALYTICITY AND INVARIANT SUBSPACES 241

4.3. REGULARITY OF THE MAJORANT FUNCTION. In the previous subsections we
have defined a local functional calculus for T € £(X) and z € X submitted to a
condition of the type

1
Rer@=0(+ ). e 0
1R @) =0 (i) 4o B) =
where h is an increasing function satisfying the condition (4.3), that is
n h
inf sup h(s)(i> < ﬁ, 0<r<l
n200<s<1 S r

We show here that this condition is not restrictive. We will use this fact later on.
As observed in Subsection 4.1 the condition (4.3) holds if the function

1
t —In——+ is convex for ¢t > 0.
h(e?)
In the following statement we adapt [13], Lemma 3, to our situation. The proof
needs a slight modification and for the sake of completeness we include it here.

PROPOSITION 4.6. Let o be a function on (0,400) with «(0+) = 0 and h be
a non-decreasing function with h(0+) = 0. Suppose that

1 1/2 1 1/2
0 0

Then for every s > 1, there exists an increasing function hg satisfying (4.3) such
that hs(z) < h(x), 0 <z <1 and

1/2
O/ (lnln 7}15(5;@2))) dr < +o0.

Proof. Without loss of generality we may assume that h is continuous and
h(z) <1,z > 0. Set, for z > 0,

Y(x) = / Wd)\ and hg(z) =exp ( - L't/)(x))

Ins
x/s

We have for x > 0,

Y(x) = / “L/\()\” dA > In(s)|In h(z)]

z/s
and thus hs(x) < h(z).
On the other hand we get ¥ (z) < In(s/z)|Inh(z/s)|, 0 < z < 1. Therefore,
for sufficiently small § > 0,
5

5
1 1/2 1 1 1/2
- - < _ - -
/<1nlnhs(sa(m2))) dx\/( lnlns+lnlna($2)+1nlnhoa(x2)) dx
0 0

b
1 1/2 1 1/2
< 3 Inln ——— Inln ———— .

conbt+0/(nna(m2)) dx+0/( nnh(a(:ﬁ))) dzr < 4+
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Since the function  — av’(x) = Inh(z/s) is non-decreasing, we get that the
function ¢ — In ;1= is convex for ¢ > 0 and that h satisfies (4.3). Finally we
see that hs has the required properties. 1

4.4. EXISTENCE OF HYPERINVARIANT SUBSPACES. We formulate now a result on
the existence of hyperinvariant subspaces. We denote by X* the dual space of X
and by T the adjoint operator of T.

THEOREM 4.7. Suppose that T and T* satisfies the S.V.E.P. Assume that
there exist a perfect compact set E with planar Lebesgue measure zero, an open
set O, a non-decreasing function h on (0,+00), z¢g € X, yo € X* and two distinct

complex numbers A1, Ao such that:
(i) A € Sp(T, o) N O and Aa € Sp(T*,y9) N O.

(i) 1 Rao 7(2)| = O (it ) 2 € O, dlz,E) = 0.

(iii) | Ryo.z- ()] = o(m) 2€0,d(z E) — 0.
If (2.5) and (3.2) hold then T possesses a hyperinvariant subspace.

Proof. By Proposition 4.6 and part (i) of Remark 5.3 we may assume that h
satisfies (4.3). Let V be an open neighborhood of Ay such that V'.C O and A\; ¢ V.
Let F be the space of all z € X such that the function z — (z — T) "'z has an
analytic extension to V' that is, F = {z € X : V C p(z,T)}. We shall prove that
F, the closure of F, is a nontrivial closed hyperinvariant subspace of T. Let € F
and let A be a bounded operator on X that commutes with T'. It is easy to see
that Sp(T, Az) C Sp(T, ) and that Az € F. Hence F is hyperinvariant and it
remain to prove that F' is nontrivial.

Theorem 3.2 implies that the algebra Q. (F) is non-quasianalytic, where
hs(r) = r3h(r), r > 0. It follows that there exist two functions f and g in

Qh,(E) such that f(A1) # 0, g(A2) # 0, supp(f) C E\ V and supp(g) C V.
E E

It follows from Lemma 4.5, that the sets Sp(T, f(T)zo) and Sp(T*, g(T*)yo) are
both non empty, and thus f(T)zg # 0 and g(T*)yo # 0. By (i) of Lemma 4.4,
Sp(T, f(T)xo) C supp(f) and thus f(T)xo € F. So {0} G F.

E

On the other hand, take x € F' and consider the function

¢(2) = ((z = T)" "2, g(T")yo)
defined for instance on C \ Sp(T'). Clearly ¢ has an analytic extension to C\
Sp(T, x). Writing

$(2) = (x, (z = T*) " g(T")yo)

we see that ¢ has also an analytic extension to C \ Sp(T*, g(T*)yo). By (i) of
Lemma 4.4, we have Sp(T™, g(T*)yo) C supp(g). So Sp(T’,z) N Sp(T™, g(T™)yo) #
E

() and then ¢ admits an extension which is an entire function. Since ¢(z) —
0 as |z| — +o00, we conclude that ¢ vanishes identically and consequently (z —
T*)~1g(T*)yo is orthogonal to F for all z € C\ Sp(T*, g(T*)yo). We have seen
above that g(T*)yo # 0 and then, for all z € C\ Sp(T™), (z — T*)~Lg(T*)yo # 0.
Hence F'G X, which finishes the proof. 1
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COROLLARY 4.8. Suppose that there exist a perfect compact set E with pla-
nar Lebesgue measure zero, and an open set O such that Sp(T) N O contains at
least two distinct points. Assume that there exists a non-decreasing function h on
(0, +00) such

1

=)= (a5

) z€0,d(z,F)— 0.
If 0 and h satisfies (2.5) and (3.2), then T has a nontrivial hyperinvariant sub-
space.

Proof. Without loss of generality we may assume that 7" and T™ satisfy the
S.V.E.P. Since

Sp(T) =Sp(T*) = |J Sp(T,2) = | Sp(T",y)

z€X yeEX*

we can find zg € X and yy € X* satisfying the hypothesis of Theorem 4.7, from
which the proof follows. &

4.5. DECOMPOSABLE OPERATORS. Lyubich and Matsaev proved in [26] that if T
is a bounded operator with real spectrum and if the function
M(z) = sup [|(z =T)7|, = >0,
|z| 2=
satisfies the Levinson condition:
5

/ln In M(z)dx < +oo, for sufficiently small § > 0,
0

then T is decomposable. They also proved that the Levinson condition is the best
possible. For this, they considered the multiplication operator by z acting on a
Hilbert space of functions related to a quasianalytic Carleman class Cj_y 1)(Mp)
(see the introduction of [26]). Recently A. Atzmon and M. Sodin have constructed
an operator on a Hilbert space, such neither T' nor T* is decomposable ([2]).

DEFINITION 4.9. Let T € £L(X) and z € X. T is said to be decomposable if
for a given open cover (U;)1<i<n of Sp(T), there exist a closed invariant subspaces
Xq,..., X, of T such that:

(i) X = X1 + Xo 4+ X,
(ii) Sp(T|X;) C Ui, i = 1,...,n, where T|X; is the restriction of T to X;.

If T satisfies the S.V.E.P, we say that T is decomposable at x if for a given
open cover (Us)i<ign of Sp(T, x), there exist x1,..., 2, € X such that

()z=z1+z2+ "+ Ty,
(ii) Sp(T,x;) C Ui, i=1,...,n.

Let us first recall that (U;)1<;

each U; is open in C and F' C
1<in

is called an open cover of a set F' C C if

<n
U;. We have the following result:
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PROPOSITION 4.10. Suppose that T satisfies the S.V.E.P and is decompos-
able at every x € X. Assume that there exist a perfect compact set E with planar
Lebegue measure zero and a non-decreasing function h on (0,+00) such that

1 E )
h(d(z, E))/’
If (2.5) holds, then T is decomposable.

== 1) = O d(z, E) — 0.

Proof. Let (U;)1<i<n be an open cover of Sp(T"). There exists an open cover
(Vi)1<i<n of Sp(T') such that V; C U;, i =1,...,n. Let X; = {z € X : Sp(T,z) C
V;i}. Tt is clear that X; is a linear subspace of X. Decomposability of T at every
r € X implies that X = Xy +---4+ X,,. It remains to prove that each X; is closed.
For this let (x,), be a sequence in X; converging to z € X. Take [ € X* and set

on(2) = (Rq,, 1(2),1).
Each function ¢,, has an analytic extension to p(T), x,,) and in particular to C\ V;.
Moreover, since (), is bounded, there exists a constant ¢ > 0 such that
len(2)l <ell(z=T)7", z€C\ (V;USp(T,x)).

Thus

const
h(d(z, E))’
By Corollary 2.4 the family {¢, : n € N} is normal, therefore there exists a
subsequence of (¢, ), which converges uniformly on every compact subset of C\ V;
to an analytic function ¢. Clearly

o(z) = ((z=T)a,l) for z€ C\ (V;USp(T)).

len(2)] < zeC\ (V;UE).

So for every | € X* the function z — ((2—T)~'z,1) has an analytic continuation to
C\V;. It follows from Lemma 4.11 stated below that the function z — (2 —T) " 'a
has also an analytic continuation to C\ V;. Hence x € X;, which proves that X;
is closed. 1

The following lemma needed above may be proved by the same argument
used in the proof of [1], Lemma 2.4.

LEMMA 4.11. Let E and U be respectively a compact and an open subset of C
such that the interior of E is empty and ENU # 0. Let F be an analytic function
from U\ E to X. Assume that for every | € X*, the function z — (F(z),1) has
an analytic continuation to U. Then F has also an analytic continuation to U.

THEOREM 4.12. Let E be a perfect compact subset of C with planar Lebesgue
measure zero and let h be a non-decreasing function on (0,400) such that (2.5)
and (3.2) hold.

(i) If T satisfies the S.V.E.P and x € X is such that

1R (2) = O (5

7@(2’&)), d(z,E) — 0,

then T is decomposable at x.
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(ii) If the resolvent of T satisfies

1

h(d(z,E)))’ d(z,E) =0,

I =) =0

then T is decomposable.

Proof. (i) By Proposition 4.6 and part (i) of Remark 5.3 we may assume that
h satisfies (4.3). Let (U;)ogi<n be an open cover of Sp(T,z). We can find a set
Uy such that Uy N Sp(T,z) =G and E C |J U;. By Theorem 3.2 the algebra

0<isn

O, (F) is nonquasianalytic; so we may construct a partition of unity fo,..., fn
in Qp,(£) subordinate to the covering (U; N E)og;<, of £ ([21], Chapter VIII,
Section 5). We obtain = zg + 1 + - -+ + x,, where z; = f;(T)z, : = 0,...,n.
From Lemma 4.4 we get:

Sp(T,z;) C supp(fi) NSp(T,z) CU; NSp(T,z), i=0,...,n.
E

Since Sp(T,z) NUy = (), we have Sp(T, fo(T)z) = @ which implies that zo = 0. So
that zq,...,x, have the required conditions.

(ii) The fact that Sp(T,x) C E and mq(E) = 0 implies that the interior of
Sp(T, z) is empty and therefore T satisfies the S.V.E.P. The proof of (ii) follows
from the part (i) and Proposition 4.10. &

REMARK 4.13. Let ¢ be a continuous function on T non identically constant
and suppose w,, denotes its modulus of continuity:

we(t)= sup |p(C1) —¢(C)], t>0.
[¢1—Co <t

The Toeplitz operator with symbol ¢ is defined on the usual Hardy space H? by
T,: f— Pyof, f € H? where P, is the orthogonal projection from L? onto H?
(see also [29]).

Peller showed in [30] that if there exist an open disk D and a Lipschitz Jordan
arc F such that

(4.8) e(T)ND#0 and ¢(T)NDC END
then the condition
we(t)
4. Lt
(4.9) / fniy SO

0

implies that T, admits a nontrivial hyperinvariant subspace. It is also proved in
[31] that if the set E is assumed to be C? then the above result remains true under
the weaker condition

(4.10) / “e® 4t < yoo

For the proof of these results, Peller proceeds as follows: he proves that the
condition (4.9) or (4.10) ensures that the resolvent of T, satisfies the Levinson con-
dition and concludes through the Ljubich-Matsaev theorem. Using Corollary 4.8
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and the arguments of [30] for the estimate of the resolvent of 7, one may prove
the following:

Suppose that there exist a disk D and a compact perfect set E satisfying
(4.8) and such that mo(F) = 0. Suppose also that for every A\ € D\ E, there exists
a continuous determination « of the argument of ¢ — A such that

sup sup |ay| < +oo.
AED\E ze€T

If

< +o00,

(05 0w, (1)
/ tlnl/t(Inln1/t)1/2
0
then T, admits a nontrivial hyperinvariant subspace.
It should be noted that if there exists A € C\ f(T) such that f — X\ has no
continuous branch of the argument, then T, admits a non trivial hyperinvariant
subspace.

5. APPENDIX

The function fg associated with the compact set E plays a decisive part in this
paper. For this reason we investigate some of its properties. Recall first that g
is defined by

Op(x) =ma({z€C:d(z,FE)<z}), z>0,

where my4 is planar Lebesgue measure.
PROPOSITION 5.1. Of is an increasing continuous function.

Proof. The monotonicity of 0 is obvious. For the continuity it suffices to
prove that for every r > 0, m2(C,) = 0, where C,, = {z € C : d(z,E) = r}.
Suppose w € C, and z € E, is such that d(z,w) = r. For ¢ > 0, we denote by
B(w,€) the ball with center w and radius e. We have

T m2(Cr N B(w,¢)) —ma(B(w,e) \ B(z,r)) _ 1

lim <

c—0  ma(B(w,e)) e me(B(w,e) 2

Therefore w is not a point of density. Since w is an arbitrary point in C, we
conclude that mo(C,) =0. 1

Let Ng(e) be the smallest number of balls of radius ¢ that cover E and let
MEg(g) be the largest number of disjoint balls with radius € and centers in E. It
is easy to see that

(5.1) Mp(2¢) < Np(e) < ME<§>

The following result shows the relationship between Ng and 6.
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PROPOSITION 5.2. There exist positive constants ¢ and C such that

QE(€)

CNE(E) < 52

< CNg(e), e>0.

Proof. Let By, ..., By, 2) be disjoint balls with radius £/2 and centers in
E. We clearly have

B; C {zeE:d(z,E) < g}

1<i<Mp (2/2)
Thus - - .
2
s(5) <0(5) <00
15 e B\ 5(e)

It follows from (5.1) that

%{-JQNE(E) < Og(e).

Consider now B, ..., By, balls of radius e that cover E. Denote by Bj the
concentric ball with B; of radius 2e. We have

{zeE:dz,E)<etc  |J) B
1<i<NE(e)
and so
Op(c) <4me’Ngp(e). 1
REMARK 5.3. (i) It follows from Proposition 5.2 that if 85(0+) = 0, which

means that mo(E) = 0, then there exists a constant a > 0 such that for all
t € (0,1) and = > 0 we have
05" (tz) < a0, ().
Indeed if 0 < €7 < &9 then GEa(fl) > %9”;(252). If we set €1 = le(tm) and ey =
1 2
0" (), we get the desired inequality with a = \/C/c. This observation is of use
in Subsection 3.1.
(ii) The lower and upper box-counting dimension of E are given by
IDNE(zE) 71I1NE(€)

imF = li dimFE = 1i .
dan Elfn(l) Inl/e and - dim ) Inl/e

It follows from the above proposition that the box-counting dimension, may be
related to O by the following equalities:
—1In 9E (E)

) . E— . Inbg(e)
dimF =241 d dimFEF =2+1
am +slg(l) Inl/e an i +51_I,% Inl/e ’

(see also [20], Proposition 3.2).
From these equalities and [20], Example 3.3, we get that if F is the Cantor
set then for every s <2 —1In2/In3 we have 0g(e) = O(e®), ¢ — 0.

We say that E is a rectifiable arc if there exists a continuous function ¢ :
[a,b] — C such that ¢([a,b]) = F and

I=sup Y [p(x:) — p(zi1)| < 00
=1
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where the supremum is taken over all partitions a = zg < 21 < - < x, = b
and all integers n > 1. The number [ is the length of E corresponding to the
parametrisation ¢ of E.

The following statement may be well known but we are not able to find a
precise reference.

PROPOSITION 5.4. If E is a rectifiable arc not reduced to a single point, then
there exist positive constants ¢ and C such that

ce <Op(e) <Ce O<e<l.
Proof. Recall first that the diameter of E is the quantity
diam E = sup{|z — w| : z,w € E}.

Let By, ..., By (e 2) be disjoint balls of radius £/2 and centers in £. We have for
0<e<diamFE, e(Mg(e/2)—1) < I, where [ is the length of E. So eMpg(s/2) < 2I.
It follows from (5.1) that Ng(e) < 2l/e. Therefore, the second inequality follows
from Proposition 5.2.

For the proof of the first inequality we need to introduce the 1-dimensional
Hausdorff measure of E. A countably or finite many sets (Uy) is said to be an
e-cover of E if E C |JUy and for all k, diam Uy, < . We set

k

Hy(E) = lim inf ) diam Uy,
k

e—0*t

where the infimum is taken over all e-covers of E. By Lemma 3.4 of [19], we have
Hy(F) > diam E > 0. Clearly (1/2)H;(F) < 2¢Ng(¢) for € sufficiently small. It
follows from Proposition 5.2 that for some positive constant ¢, ce < 6(¢), € > 0,
which finishes the proof. 1

Let f be a real function defined on an interval I. The graph of f in C is
graph(f) = {t +if(¢t) : t € I}.

PROPOSITION 5.5. Let f:[0,1] — R be a continuous function satisfying the
Hoélder condition:

[f(u) = f)| S clu—2]%  0<u,0<,

where ¢ >0 and 0 < o < 1. Then

where E = graph(f).

Proof. In the proof of [20], Proposition 11.2, it is shown that Ng(e) =
0(e*72), € — 0. The proof follows now from Proposition 5.2.
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