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ABSTRACT. We compute the sheaf cohomology of a groupoid built from a
local homeomorphism of a locally compact space X. In particular, we identify
the twists over this groupoid, and its Brauer group. Our calculations refine
those made by Kumjian, Muhly, Renault and Williams in the case X is the
path space of a graph, and the local homeomorphism is the shift. We also
show how the C™*-algebra of a twist may be identified with the Cuntz-Pimsner
algebra constructed from a certain C*-correspondence.
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1. INTRODUCTION

Let X be a second countable, locally compact, Hausdorff space and let 0 : X — X
be a local homeomorphism (not necessarily surjective). The pair (X, o) will be
fixed throughout this note. In [5], Theorem 1, the first author showed how to build
an r-discrete groupoid with Haar system from (X, o) as follows:

I=T(X,0) ={(z,m,y) € X XxZ x X | there are k,[ > 0 such that
o¥(z) = ol(y) and k — | = m}.
The groupoid operations are given by the formulae:
r(z,my) =, s@my) =y, (x,my)(y,n,z) = (z,m+n,2),
(z,m,y)~" = (y,—m, ).

The Haar system is given by the counting measures on the sets r~1(x), z € X. (See
[2] and [3] also.) As noted in [5], groupoids of the form I' generalize transformation
groupoids associated with homeomorphisms. Indeed, if ¢ is a homeomorphism,
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then T is its transformation group groupoid. For another example to keep in mind
in this note, suppose that F is a graph with no sinks as in [18], suppose that
X = E*°, the infinite path space, and suppose that ¢ : X — X is the unilateral
shift,

O’(:L‘l,xg, T3, .. ) = (1'2,1'37 . )

Then o is a local homeomorphism, and I' = Gg — the groupoid studied in [18].

The aim of this note is twofold. First we use the long exact sequence of [15],
3.7 to compute the sheaf cohomology of I'. This computation allows us to identify
explicitly all (circle) twists over I' in the sense of [14]. These are extensions A
of I' by the groupoid X x T. Roughly speaking, twists over groupoids generalize
2-cocycles over groups and the (restricted) groupoid C*-algebra of a twist (to be
defined below) is the groupoid analogue of the C'*-algebra of a group twisted by a
2-cocycle. Our principal result in this direction, Theorem 2.2, which is proved in
the next section, asserts that for any sheaf of abelian groups A on which I acts,
Z1(A) is naturally isomorphic to H"(X, A), where Z& is the n'® right derived
functor of the cocycle functor and H"(X, A) is the usual sheaf cohomology of X
with values in A. Further, our computation of the sheaf cohomology of I' allows
us to refine the calculations made in [16], Proposition 11.8 that show that the
Brauer group of ' vanishes when X is the path space of a graph (with no sinks).
In Section 4, we give some other examples that illustrate this in settings that are
of current interest in operator algebra.

Our second objective is to use the calculations of Section 2 to show that for
each twist A over I', the (restricted) groupoid C*-algebra C*(I'; A) is naturally
isomorphic to a Cuntz-Pimsner algebra (see [22]) constructed from the data used
to build A. A bit more explicitly, first note that A is a bona fide groupoid with
Haar system in its own right and we may therefore form its C*-algebra, C*(A). It
is a completion of the space of continuous, complex-valued, compactly supported
functions on A, C¢(A). The circle T acts on A in the obvious way, and the restricted
groupoid C*-algebra of A, C*(T'; A), is defined to be the closure in C*(A) of {f €
C.(A) | f(zA) = zf(X), z € T}. For the notion of Cuntz-Pimsner algebras, recall
from [22] and [19] that a C*-correspondence € over a C*-algebra A is a (right)
Hilbert C*-module £ over A that is endowed with a C*-representation ¢ of A into
the space of continuous, adjointable module maps on &, £(£). We shall assume
that our correspondences are faithful, meaning that ¢ is injective. However, we do
not assume that they are full, meaning that the closed span of (£, &), which is an
ideal in A, is, in fact, all of A. Also, in order to lighten the notation, we shall usually
not mention ¢ unless it helps to clarify some point. Given a correspondence £ one
can build a C*-algebra from &, denoted Og, that is a simultaneous generalization
of a crossed product of A determined by an automorphism and of a Cuntz-Krieger
algebra. In [22], O¢ is called the C*-algebra of £, while in [19] and elsewhere,
Og¢ is called the Cuntz-Pimsner algebra associated with £. The faithfulness of ¢
guarantees that Og is non-zero. In [22], Pimsner usually assumes that his modules
& are full. However, this is not necessary for our purposes and we choose to use
what he calls the augmented algebra in [22], Remark 1.2.3 instead of his Og. We
shall not need anything about the actual construction of Og in this note and we
shall only use a few of the properties of these algebras. We shall therefore refer
the reader to [22] and [19] for most details.
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If X is compact it was shown by the first author in [6], 3.3 that C*(T') may be
identified with the Cuntz-Pimsner algebra Oz where H is the C*-correspondence
over C(X), denoted ¢%(o), naturally associated to o. His analysis works even when
X is locally compact. In this case, £2(c) is defined to be the completion of the
pre-Hilbert C*-module C.(X) over Cy(X) defined by the formulae:

£ fl@)=&@)f(o(@) and  (En)@)= D Eyhnly),

o(y)=z

&,neC.(X), f e Cy(X). The fact that o is a local homeomorphism, coupled with
the fact that £ and 7 both lie in C.(X) guarantee that the sum defining the inner
product is finite. The algebra Co(X) acts on £?(c) to the left via the formula

f-&(x) = f(z)é(x),

and with respect to this left action £2(o) becomes a C*-correspondence over Cp(X).

As we shall show in Section 3, twists over I' are naturally associated to line
bundles over X. If T is such a line bundle, then we may build the associated twist
A7 over T and we may “twist” the correspondence ¢?(c) by T to obtain a new
C*-correspondence Hr over Cy(X). We shall show in Theorem 3.3 that there is
a natural isomorphism between C*(T'; A7) and the Cuntz-Pimsner algebra Op..
If the map o is a homeomorphism, then the correspondences ¢?(c) and Hr are
“invertible”, meaning that they are Hilbert bimodules in the sense used by Abadie,
Eilers, and Exel in [1] and by others. In this event, the presentation in [1] shows
how to realize Oy, as a Fell bundle over Z. Our analysis in the general setting
provides a way of thinking about Oy, in terms of a twist over I' — a kind of a
Fell bundle over T.

One benefit of our isomorphism theorem, Theorem 3.3, that is under de-
velopment, is that we will be able to apply the results from [20] and [8] to give
conditions implying that C*(T'; A) is simple. We also will be able to apply tech-
nology developed in [5] to calculate the K-theory of C*(T'; A).

2. COHOMOLOGY CALCULATIONS

A T-sheaf is simply a sheaf over the unit space X of I' on which I" acts. We shall
view a sheaf A over X both as an étale space over X with abelian group fibers
and as a functor from the category of open subsets of X to the category of abelian
groups satisfying the usual relations. For an arbitrary r-discrete groupoid I" and
I-sheaf A one has the following long exact sequence (by [14], 3.7):

0— HYT, A) — HOTO, A) -& Z0(A) — HY(T, A) — - --

2.1
@1) — H" (T, A) -4 2071 (A) — HM(T, A) — HMT9, A) — ZA) — - --

where H"™(T', A) denotes the n'" equivariant cohomology of I with coefficients in
A (cf. [9]), H"(T°, A) denotes the usual sheaf cohomology of the unit space I'°
with coefficients in A (we use the same symbol for a I'-sheaf and its underlying
sheaf) and Z% denotes the n'!' right derived functor of the cocycle functor. The
cocycle functor Zr : Ab(T") — Ab, where Ab(T') is the category of I'-sheaves and
Ab is the category of abelian groups, is defined as follows: Given a I'-sheaf A,
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the abelian group Zr(A) consists of all continuous functions f : T' — A such that
() € Ay (ie. fis a continuous section of 7*(A)) and f(v172) = f(71)+71f(72)
for all (v1,72) € I'2. Thus, Zr(A) is the usual group of one-cocycles or crossed
homomorphisms with values in the bundle A.

When I' = T'(X, o), we have I'° = X (under the identification (z,0,z) — =)
and we shall show that there is an isomorphism ZJ(A) ~ H"(X, A) for any I'-
sheaf A.

Note that H°(X, A) = S(A), the group of continuous sections of A, and that
H"™(X,-) is the n*® right derived functor of S (when it is regarded as a functor
from the category of sheaves of abelian groups over X, Ab(X) to Ab). Our first
goal is to show that the functors S and Zr are naturally isomorphic. Define a map

pa: Zr(A) — S(A) by pa(f)(z) = f(z,1,0(z)).
LEMMA 2.1. The map ¢4 defines a natural isomorphism between Zr and S.

Proof. 1t is easy to check that ¢4 defines a natural transformation between
the functors Zr and S and that ¢4 is a homomorphism. It remains to show
that it is bijective. The map z +— (z,1,0(z)) defines a homeomorphism from
X onto a clopen subset of T', which we denote by X’. The bijectivity of ¢4
is equivalent to the assertion that every continuous section on X’ has a unique
continuous extension to I' that satisfies the cocycle property. But this is straight-
forward: For v = (z,k — l,y) € T (with o*(z) = o'(y)) one has the factor-
ization v = & - &ty where & = (0"} (2),1,0%(z)) for i = 1,...,k
and n; = (077! (y),1,07(y)) for j = 1,...,1. Note that &,n; € X' and that
the extension is uniquely determined by the cocycle property f(y172:Yn) =
Fn) +mf(2) + -+ 772 Yn-1f(7n) and the fact that f(y~') = =y~ f(7).
It follows that ¢ 4 is indeed bijective and so defines a natural isomorphism between
the functors Zr and S. 1

THEOREM 2.2. The map ¢4 induces an isomorphism between ZF(A) and
H"(X,A).

Proof. Given a I'-sheaf B, there is a I'-sheaf Q(B) (see [15], 1.6) which is
flabby as a sheaf over X (a sheaf is flabby or flasque if any continuous section
defined on an open subset of X may be extended continuously to all of X). Hence,
for any I'-sheaf A there is an injective resolution (in Ab(T)) A — Q° — Q' —
Q? — ---, which is flabby when regarded as a resolution in Ab(X). By applying
the functors Zr and S to the complex QQ* and invoking Lemma 2.1, one obtains
the diagram:

Zr(Q°) — Zr(@QY) — Zr(@) —

| ! |
S — s@) - S@) -
in which the vertical arrows are isomorphisms ¢g: : Zr(Q") — S(Q') and the
diagram commutes because ¢4 is a natural transformation. Then ZJ(A) is the
cohomology of the complex corresponding to the first row. On the other hand,
H"™(X, A) is the cohomology of the second row since H"(X, F) = 0 if F is flabby
and n > 0 (see [25], 3.15, [10], I1.3.5). 1
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COROLLARY 2.3. The long exact sequence (2.1) induces the long exact se-
quence

0 — HOT, A) — H(X,A) =% HO(X,A) — H'(T,A) — -
(2.2) — H" (X, A) =% H" (X, A) — H*(T, A) —
— H"(X,A) =% H'(X,A) — -

where o* is the map on cohomology induced by the local homeomorphism o : X —
X.

Proof. We write o* also for the pullback of sheaves. That is, 0*(A) is the
pullback sheaf on X induced by A and o. It is isomorphic to A since A is a I'-sheaf.
Conversely, given a sheaf B over X together with an isomorphism B ~ ¢*(B) one
may endow B with the structure of a I'-sheaf in a natural way. For the I'-sheaf
A, the long exact sequence (2.1) arises from a map d : S(A) — Zp defined by the
equation d(f)(y) = f(r(v))—~f(s(7)). Since the composition @ ad : S(A) — S(A)
is given by the equation

pad(f)(@) = f(r(z,1,0(x)) = (z,1,0(x))f(s(z,1,0(x)))
= f(2) = (x,1,0(2)) f(o(2)),

it follows that pad = 1 — ¢*. With this observation, we see that the long exact
sequence (2.1) may be rewritten as the long exact sequence (2.2). &

In the case of most interest to us, A is the sheaf S of germs of continuous
circle-valued functions on X. Since I' is r-discrete, elements in I' may be viewed
as germs of local homeomorphisms of X. Hence there is a canonical action of T"
on S given by composition of germs. There is an extension of sheaves

0-Z—-R—-S8S—0

where R is the sheaf of germs of continuous real-valued functions on X and Z is
the constant sheaf of integers (both endowed with canonical I'-actions). One has
the long exact sequence:

0 — HY(X,Z) — H'(X,R) — H(X,S) — H'(X,Z)
— HYX,R) — HY(X,S) —» H*(T,Z) — - - -.

Since R is soft, we have H"(X,R) = 0 for n > 0 and, hence, H"(X,S) =~
H"tY(X,Z), for n > 0. Since one also has a short exact sequence of I'-sheaves,
there is also the long exact sequence (see [13], Definition 0.11):

0— HT',Z) — H°(I',R) — H°(I",S) — HY(T', Z)
— HYT,R) —» HY(I",S) — H*(T',Z) — - - -.

By Corollary 2.3 and the fact that R is soft, H*(T',R) = 0 for n > 1; it follows
that H"(T,S) ~ H""(I',Z) for all n > 1. In [16], 11.3 (see also [15], 4.19)
the second cohomology group H?(I',S) was identified with the so-called Brauer
group Br(I') of I'. This is the collection of strong Morita equivalence classes of
I'-bundles of elementary C*-algebras satisfying Fell’s condition. These equivalence
classes form a group under tensor product that generalizes the Brauer group of
finite dimensional, central simple algebras over a field. These facts together with
Corollary 2.3 yield the following:

(2.3)

(2.4)
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COROLLARY 2.4. We have Br(I') ~ H*(T',S) ~ H3(I',Z). Hence, in the
notation of Corollary 2.3, one has the following eract sequence:

(2.5)  H(X,Z) =% H*(X,Z) — Br(I) — H3(X,2) =% H3(X,1Z).

Note that this includes the fact that Br(I') = 0 when X is the path space of
a graph and o is the unilateral shift ([16], Proposition 11.8).

3. CUNTZ-PIMSNER ALGEBRAS

Suppose I' is a general r-discrete groupoid and that A is a I'-sheaf. Then a twist
by A over I is an r-discrete groupoid X, with X9 = I'?, together with two groupoid

homomorphisms, j and 7, so that
A—Y—T,
J s

with j injective and 7 surjective, #=*(I'°) = j(A), and so that oj(a)o™! =
j(m(o)a) for all o € ¥ and all a € Ay,). Thus a twist by A over I' is simply
an extension of I' by A. Two twists are called isomorphic in case they are isomor-
phic as extensions in the usual sense. The isomorphism classes of twists by A over
I’ becomes an abelian group under Baer sum that is denoted T1(A).

In the special case when A = S, Tr(S) is also written Tw(I"). Further, as we
mentioned in the introduction, a twist 3 by S over I may be viewed as a principal
circle bundle over I where the circle action is compatible with the groupoid actions.
For the details on the theory of twists, see [14] and [15], Section 2. Note, however,
that in [14], twists are restricted to extensions by S of principal groupoids. The
restriction to principal groupoids is not necessary for our purposes and indeed, in
general, I'(X, o) is not principal. In Corollary 3.4 of [15], it is proved that Tr(A)
is naturally isomorphic to ZE(A) for any I'-sheaf A. Hence, when I' = I'(X, ) and
A = S we conclude from Theorem 2.2 that

HY(X,S) ~ Z}:(S) ~ Tr(S) ~ Tw(T).

Our objective in this section is to construct this isomorphism directly and then to
show that the twisted groupoid C*-algebra is a Cuntz-Pimsner algebra.

Recall that H'(X,S) may be identified with the group of isomorphism classes
of principal circle bundles over X. We want to see how to pass between circle
bundles over X to twists — i.e., certain circle bundles over I'. To this end we
shall write j for the map that sends z € X to (z,1,0(x)) in I (see Lemma 2.1);
then j induces a homeomorphism from X to its image, the clopen subset X’ :=
{(z,1,0(x)) | € X}. (This j should not be confused with the j discussed above
in the general theory of twists, which will never be mentioned again.) Given a
twist A over I', viewed as a principal circle bundle over I', we may pull the circle
bundle back to X, via j, to obtain a principal circle bundle over X. In symbols,
A — 5*(A). We are thus led to
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THEOREM 3.1. The map A — j*(A) implements an isomorphism from Tw(T)
onto H'(X,S) viewed as isomorphism classes of principal circle bundles over X.

Proof. Our comments prior to the statement of the theorem together with a
moment’s reflection reveal that the map A — 5*(A) induces a homomorphism from
Tw(T) into H*(X,S). It remains to show that the map is bijective. We first show
the surjectivity, i.e., how to construct a twist A7 from a principal circle bundle T'
so that T~ j*(Ar). So let the principal circle bundle T' over X be given, write
p:T — X for the quotient map, and for k,1 > 0 set

Xy ={(z,k—Ly) | ") =0'(y)} CT.

It is straightforward to verify the following assertions:
(i) X, is a clopen subset of T,
(i) Xk, C Xpy1,041, and
oo
(iii) ¢ *(k—1) = U Xk+j1+j, where c is the position cocycle: c¢(z, k—1,y) =
j=0

k-1

Our strategy is to “extend” T to X in such a way that the extensions to
X, and to Xy 4141 are compatible. This will give bundles over the disjoint sets,
¢ (n), n € Z, which may then be pieced together in the obvious way. Given circle
bundles T7 and T3 over X; and X5 one may form the “product” circle bundle over
X1 x Xo, T1*Ty = Ty x Ty / ~, where (2t1,t3) ~ (t1, 2t3) for z € T. We let T denote
the conjugate circle bundle; there is a fiber preserving homeomorphism 7' — T,
written ¢ — %, such that zf = Z{ for all z € T. Note that the pullback of TxT along
the diagonal is canonically isomorphic to the trivial circle bundle X x T. Indeed,
given t1,ty € T with p(t;1) = p(t2), there is a unique z € T so that t; = zto; write
z = tity. The desired isomorphism is then given by (¢1,t2) — (p(t1),t1t2) for all
t1,to € T with p(t1) = p(t2) (note that this is well-defined). By a slight abuse of
notation let 7% denote the circle bundle T % - - - x T (k-factors) over X*. Observe
that there is a natural embedding ¢ ; : Xi; — Xk x X! given by the formula

e (z,myy) = (x,0(x),. .. ,O'k_l(l‘), al_l(y), e o(y),y).

== . .. .
Set T = Lz,l(Tk *T") (note that Ty is the trivial circle bundle over Xy =
X). One verifies that the restriction of Tj11 41 to X is isomorphic to Ty : if
(Wi, .oy Wt 1, Uigds - - -, 01) € Thy1,141 lies in the fiber over (z,k—1,y) € Xy, then
p(ugr1) = o¥(z) = o'(y) = p(vi41) and the desired isomorphism is given by

(ul,...,uk+1,vl+1,...,ﬁ) — uk+1vl+1(u1,...,uk,vﬁ,...,ﬁ).

The desired twist Ar is obtained by piecing together the circle bundles T}, ;. We
also denote the quotient map from A7 to I' by p. The source and range maps
on Ar are defined via p, i.e. s(\) = s(p(\)) and r(A\) = r(p(N)) for all A € Ar.
Suppose that A, 4 € Ap are composable. Then there are j, k,[ > 0 so that A € T} 1,
€ Ty and z,y,z € X such that p(A) = (z,j — k,y), p(p) = (y,k — 1, 2). Given
A= (t1,...,t,Uk,...,ur) and p = (v1,..., %, Wy, ..., W), define multiplication

by the formula,
k
)\/J/ = (Hvzm>(t177tj7’wla 7w71)

i=1
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(Note that p(u;) = p(v;) = o*~1(y), so this formula makes sense.) It is easy to
verify that multiplication is well-defined, continuous and associative. Finally, the
inverse map is defined by

(u17"'7uk)v7l7"'7ﬁ)71 = (’l)l?"'?vl?uik/""?uil)'

Thus, we see that Ar is a twist over I', and it is evident that T' = j*(Ar). Hence,
the map is surjective.

If the circle bundle is trivial, then any continuous section may be used to
construct a continuous section of the twist (along the above lines) which is easily
seen to be a groupoid homomorphism. Hence, the twist is trivial and the map is
injective. &

Our objective now is to show how to realize C*(T'; A) as a Cuntz-Pimsner
algebra for each twist A over I'. As we have just seen, each twist A over I' comes
from a unique circle bundle over X. So we begin with these. Given a circle
bundle T over X, let L denote the space of continuous sections of the associated
complex line bundle T" x7 C that vanish at infinity on 7. We think of Ly as
the space of all continuous C-valued functions f on T such that f(zt) = zf(t)
for all z € T and all ¢ € T and such that |f| € Co(X). Then, in fact, Ly has
the structure of an imprimitivity bimodule over Cy(X). The action of Cy(X) is
central, i.e., for f € Co(X) and € € Ly, f-£(t) = & f(t) := £(t) f(£); and the inner
products are given by the formulae: ¢, (x)(&,n)(£) = £()7(t) and (€, n)cy(x)(E) =
£(t)n(t). Here £ = p(t). Note that by the transformation properties of ¢ and 7
these are bona fide Cy(X)-valued inner products. In fact, the most general Cy(X)-
Co(X) equivalence bimodule that fixes the spectrum X is of this form. To say the
same thing differently, the isomorphism classes of these Cy(X)-Co(X) equivalence
bimodules form a group under tensor product, a subgroup of the Picard group
of X that is isomorphic to H!(X,S) viewed as the isomorphism classes of line
bundles over X. For these things, see [21].

Next, we “twist” £2(c) by L. Recall that ¢?(c) is a C*-correspondence over
Co(X) and so the tensor product H := Ly ®c,(x) £*(0) makes sense as a right
Hilbert C*-module over Cy(X) (see [24], 5.9). However, since Ly is a Co(X)-
Co(X) imprimitivity bimodule, the left action of Cy(X) on Lr passes to one of
Co(X) on H, making H a C*-correspondence over Cy(X). From the definitions of
Lt and £2(0), it is clear that H may be viewed as the completion of the compactly
supported sections in Ly with the following pre-C*-correspondence structure:

(€& meyx)(z) = Z E(tm(t);
(31) o(t)=z

E-f()=€EWf(o(t) and f-&(t) = FE)E).

The claim is then that the Pimsner algebra Oz is isomorphic to the twisted
groupoid C*-algebra C*(T'; Ar) associated to Ap, where Ap is the twist over T’
determined by the bundle T

To prove this claim, we need to invoke a result proved in [8]. Recall that
if £ is a C*-correspondence over a C*-algebra A, then an (isometric) covariant
representation of £ in a C*-algebra B is a pair (V, m) consisting of a C-linear map
V : £ — B and a C*-homomorphism 7 : A — B such that the following two
conditions are satisfied:
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(1) V is a bimodule map; i.e., V(p(a)£d) = w(a)V (&) () for all a,b € A and
all £ € £.
(2) V(O V(n) ==((§,m), for all {,n € £.

It can be shown easily that V' is bounded and, in fact, |V (£)]] < [|£]|. Fur-
thermore, the map from £ x £ to B that sends (£,7) to V(§)V(n)* extends to a

C*-homomorphism 71 from K(€), identified with £ ®4 &, into B. (See [22].)
The covariant representation (V, ) is said to satisfy the Cuntz condition or to be
a Cuntz covariant representation in case 1) o p(a) = 7(a) for all a in the ideal
J in A, which is defined to be p~1(K(£)). It is proved in [22] that an isometric
representation (V,7) of £ in a C*-algebra B defines a C*-representation of the
Cuntz-Pimsner algebra O¢ in B if and only if (V, ) satisfies the Cuntz condition.
The representation of Og determined by (V,7) is denoted V' x 7 and is called the
integrated form of (V,m). Conversely, every representation of the Cuntz-Pimsner
algebra Og¢ in a C*-algebra B is of the form V x 7 for a (unique) isometric co-
variant representation of £ in B that satisfies the Cuntz condition. A condition
for the faithfulness of a representation V' x m of Og into B, proved in [8], is the
following; it is essential for our analysis.

LEMMA 3.2. Suppose that (V, ) is an isometric covariant representation of
& into a C*-algebra B. Then V X is faithful if w is faithful and there is a (strongly
continuous) action §: T — Aut(B) such that 5, om =7 and 8,0V = 2V for all
zeT.

Fix a principal circle bundle T" over X and let H = Hp be the C*-correspon-
dence over Cy(X) defined above. Also, let j : X — T be defined as above by the
formula j(x) = (x,1,0(x)). The bundles T and Ar are related by the formula

T =j*(Ar).
We define the pair (V, ) by the formulae:
_ [ (), A€ Ar|T?,
(3.2) m(f)(\) = { 0, othervz;ise,
f € Co(X), and
_ &) TN, AeAT|X,
(3.3) V(M) = {0’ ! othervrgise,

& € Hr. It is routine to check that (V, ) is an isometric covariant representation
of Hyp in C*(I"; Ar). Thus, the assertions in the following theorem make sense.

THEOREM 3.3. The pair (V, ) defined by equations (3.2) and (3.3) is a
faithful isometric covariant representation mapping H = Hr into C*(T;Ar) in
such a way that its integrated form, V x w, is a C*-isomorphism mapping O,
onto C*(T; Ar).

Proof. As we just mentioned, it is routine to check that (V, ) is an isometric
covariant representation of H in C*(I'; Ar). Also, it is evident that the image
generates C*(I'; Ar). Of course, 7 is faithful and if 8 : T — Aut(C*(I'; Ar)) is the
automorphism group induced by the position cocycle ¢ : T' — Z, ¢(z,m,y) = m,

then B.(f)(A) = 2N £(N), f € Co(T; A7), and it is clear that 8, o = 7, while
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.0V = zV. Thus, the only thing that needs to be checked is that (V, ) satisfies
the Cuntz condition.

This, however, is quite easy. It is a matter of a couple of identifications
coupled with the appropriate references. First note that K(Hr) = Hr ®c,(x) Hy
which, in turn, may be identified with the twisted groupoid C*-algebra C*(R(0),
T xT|R(c)), where R(o) = {(x,y) € X x X | o(z) = o(y)}. This is a straightfor-
ward computation, given the representation of Hr in terms of functions on T that
transform according to the formula: £(zt) = z€(t), t € T, z € T. (See [15] and
in particular Section 3 therein, where a relation between the sheaf cohomology
of X and the groupoid cohomology of R(c) is established.) Observe, too, that
7(1) identifies K (Hz) = C*(R(0),T * T|R(c)) with the subalgebra of C*(I'; Ar)
consisting of all elements that are supported on Ap|X; 1, in the notation of the
proof of Theorem 3.1. Indeed, ¢1.1(X1,1) = R(0).

Next, we claim that ¢(Cy(X)) € K(Hr). This, however, is obvious from the
following facts:

(i) X may be identified as the clopen subset A = {(z,z) € R(0) | x € X};
(ii) 7% T|A is trivial (see the proof of Theorem 3.1); and
(iii) in the identification of K(Hz) with C*(R(o), T * T|R(c)),

()t 1) = {gwn» [t 2] € T TA,

, otherwise.

Finally, we see that the Cuntz condition is satisfied by (V, 7) simply by noting
that the calculation of the previous paragraph and the identification ¢; ; of X; ;
with R(c) allows us to identify 7(1) o ¢ with 7. &

4. EXAMPLES

In this section we gather together several examples that illustrate some of the
theory we have developed.

EXAMPLE 4.1. Let X = T* be the k-dimensional torus and o : X — X
be a covering map given by a k by k integer matrix R with |det R| > 2. Then
HY(X,Z) = Z, and for n > 1, H"(X,Z) may be identified with Z*¥ A --- AZ* n
times. The map induced on cohomology, ¢, can be identified with RA---A R, n
times. For n = 0, the wedge product is taken to be the identity map. From the
exact sequence (2.2) we get

H'T,Z) ~ 7
H"(T,Z) ~ker(I —RA---ANR)@®coker(I —RA---AR), n>1.
— —
n n—1

Hence, by Corollary 2.4,
Br(T") ~ H3(T,Z) ~ ker(I — RA RA R) @ coker(I — RA R).

In particular, the Brauer group can be infinite for £ > 3.
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EXAMPLE 4.2. Let X be the infinite path space of the topological graph
TS T-5T,
where s and r are the covering maps given by = +— P and z — 9, respectively.

Then
X ={(x1,29,...) € ™~ | (£n)? = (Xp11)?, n =1}

We assume that |p|, |¢| > 2 and (p,q) = 1. Then X is a solenoid,
X =1lim(X,,, ™),

where X, is the space of paths of length m, and where the maps m,, : X;n41 — X
are the projections

T (T1, T2, .« oy Tg1) = (1, T2, ..., ).

The fact that p and g are relatively prime implies that X is connected (see [4]). It
is easy to see that each X, is homeomorphic to T, and that the projections 7,
are given by the map s. Indeed, the maps f,, : T — X,

fm(z) = (s"x, s™ tra, ... sr™ e, M)

realize the homeomorphisms, and the diagram

T = T
Jma1 | b fm
Xerl ﬂ) Xm

is commutative.
Moreover, in this identification, the unilateral shift o : X — X is given by

T & T & T & .0 — X
r/ r/ ol
T & T & T & ... — X

This allows us to calculate the integer cohomology of X and to identify the
maps induced by o:
H°(X,Z) = lim(Z,id) = Z, 0% =id,

H'(X,Z) =lim(Z,p) = Z[}], o' =2
- p
H*(X,7) =0, k>2.

From the long exact sequence (2.2) we determine the integer cohomology of
the groupoid I' = T'(X, 0):

H(T,Z) =7,

1 _ _ 9y _
H (F,Z)fZ@ker(l p) Z,
HQ(F, Z) = coker(l - %) =7Z/(p—q)Z,

HYT,Z)=0, k>3
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In particular, by Corollary 2.4 again,
Br(T') ~ H*(T,Z) = 0.

EXAMPLE 4.3. Given a sequence of local homeomorphisms as in [15], Ad-
dendum 3
Xo =5 X1 75 Xy 5 -
take X to be the disjoint union of the spaces, X = [[ X and define o : X — X
k
in the natural way: if x € X} C X set o(z) = ox(z). Let I' = T'(X,0); if o,
is surjective for all n, then Xy meets every orbit. It follows that the reduction
I'| X, is equivalent to I' and therefore has the same cohomology. Further, T'| X is
precisely the ultraliminary groupoid considered in [15], Addendum 3 (the equiva-
lence relation on Xy induced by the maps oy, - - 0g). We show how Corollary 2.3
allows one to recover the short exact sequence for the cohomology given in [15],
Addendum 3.
A T-sheaf A is given by a sequence of sheaves Ay over X} together with

identifications Ay = o};(Ak+1) (see the proof of Corollary 2.3). Given such a I'-
sheaf A, we have H"(X, A) = [ H"(X&, Ax) and 0* = [] o} (the map induced on
k k

cohomology). By Corollary 2.3, H°(T', A) is isomorphic to the kernel of the map
1=]oi: [TH (X, Ax) — [T HO (X, Ar);
k k k

that is, H(T', A) is isomorphic to the subgroup consisting of all (gx) € [TH®(X#, Ax)
k
for which g = 0} (gr+1). Hence,

HO(T, A) = lim H° (X}, Ay).
Similarly, for n > 0, H"(T', A) is an extension of the cokernel of the map
V=]er: [[H" Xk, Ae) = [ H (X, Ar)

k k 2

by the kernel of the map
1=]]on: [[H" Xk Ax) = [ H" (X, Ax).
k k k

Hence, we obtain the short exact sequence

0 — lim' H" Y (Xy, Ay) — H™(T', A) — lim H" (X}, Ay) — 0.

EXAMPLE 4.4. (Skew product construction) The following construction is
adapted from [17]. Given a local homeomorphism ¢ : X — X and a continuous
map ¢ : X — G, where G is a locally compact group, one constructs a new local
homeomorphism 7: X x G — X x G by the formula

m(z,9) = (o(x), ge(x)).
We define a continuous one-cocycle ¢ : I'(X,0) — G in the following way (see
Lemma 2.1). For vy = (z,k — [,y) € T with o*(z) = o'(y), set

) = cl@)e(o(x)) - (@ @))e(o! M )T elo(y) T ely)
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(¢ is clearly well-defined and satisfies the cocycle property). One may construct
the skew-product as defined by Renault, T'(X,0)(¢) = T'(X,0) xz G (see [23],
Definition 1.1.6); it is straightforward to verify that

X xG,7)~T(X,0) xz G,
see [17], 2.4. Tt follows by [23], I1.5.7 that when G is abelian
CHI(X x G, 7)) ~ C*(T'(X,0)) Xa, G,

where a = a is the action of G on C*(I'(X, ) induced by the cocycle. In partic-
ular, taking G =R, X = {1,2,...,n}", o the Bernoulli shift, and \1,...,\, € R,
we may define the continuous function ¢ : X — R by ¢(z) = A if 21 = k. Then
C*(I'(X,0)) =~ O,, and the induced action of R on O, is given by a;(Sk) = el' xS
the associated crossed product O,, x R is a special case of those studied by Kishi-
moto in [11], Section 4 (see also [12]).

Acknowledgements. The first two authors have been supported by NSF grant DMS-
9706982. The third author has been supported by NSF grant DMS-9706713.

REFERENCES

1. B. ABADIE, S. EILERS, R. EXEL, Morita equivalence for crossed products by Hilbert
C*-bimodules, Trans. Amer. Math. Soc. 350(1998), 3043-3054.
2. C. ANANTHARAMAN-DELAROCHE, Purely infinite C*-algebras arising from dynami-
cal systems, Bull. Soc. Math. France 125(1997), 199-225.
3. V. ArRzUMANIAN, J. RENAULT, Examples of pseudogroups and their C*-algebras,
in Operator Algebras and Quantum Field Theory, S. Doplicher, R. Longo,
J.E. Roberts, and L. Zsido editors, International Press, Cambridge, Mass,
1997, pp. 93-104.
. BRENKEN, The local product structure of expansive automorphisms of solenoids
and their associated C*-algebras, Canad. J. Math. 48(1996), 692—709.
. DEACONU, Groupoids associated with endomorphisms, Trans. Amer. Math. Soc.
347(1995), 1779-1786.
. DEACONU, Generalized solenoids and C*-algebras, Pacific J. Math. 190(1999),
247-260.
7. S. EILENBERG, N. STEENROD, Foundations of Algebraic Topology, Princeton Univer-
sity Press, 1952.

o
< < w

8. N. FOwLER, P. MuHLYy, I. RAEBURN, Representations of Cuntz-Pimsner algebras,
Indiana Math. J., to appear.

9. A. GROTHENDIECK, Sur quelques points d’algebre homologique, T'6hoku Math. J.
9(1957), 119-221.

10. B. IVERSEN, Cohomology of Sheaves, Universitext, Springer-Verlag, Berlin—Heidel-
berg—-New York—Tokyo 1986.

11. A. KisHIMOTO, Simple crossed products by locally compact abelian groups, Yoko-
hama Math. J. 28(1980), 69-85.

12. A. KisHiMoTO, A. KUMJIAN, Simple stably projectionless C*-algebras arising as
crossed products, Canad. J. Math. 48(1996), 980—996.

13. A. KuMJIAN, Diagonals in algebras of continuous trace, in Operator algebras and

their connections with topology and ergodic theory, Lecture Notes in Math.,
vol. 1132, Springer-Verlag, Berlin—-Heidelberg—New York 1985, pp. 297-311.



264

14.
15.

16.
17.
18.
19.
20.
21.

22.

23.
24.

25.

AR e

J.

V. DEAcONU, A. KUMJIAN AND P. MUHLY

. KuMJ1aN, On C*-diagonals, Canad. J. Math. 38(1986), 969-1008.
. KumiiaN, On equivariant sheaf cohomology and elementary C*-bundles, J. Op-

erator Theory 10(1988), 207—-240.

. Kumuiian, P. MuHnLy, J. RENAULT, D. WILLIAMS, The Brauer group of a locally

compact groupoid, Amer. J. Math. 120(1998), 901-954.

. KuMmiian, D. Pask, C*-algebras of directed graphs and group actions, Ergodic

Theory Dynamical Systems 19(1999), 1503-1519.

. Kumiian, D. Pask, I. RAEBURN, Cuntz-Krieger algebras of directed graphs,

Pacific J. Math. 184(1998), 161-174.

. MunLy, B. SOLEL, Tensor algebras over C*-correspondences (Representations

and C*-envelopes), J. Funct. Anal. 158(1998), 389-457.

. MUuHLY, B. SOLEL, On the simplicity of some Cuntz-Pimsner algebras, Math.

Scand. 83(1998), 53-73.
PHILLIPS, I. RAEBURN, Automorphisms of C*-algebras and second Cech coho-
mology, Indiana Math. J. 29(1980), 799-822.

M. PIMSNER, A class of C*-algebras generalizing both Cuntz-Krieger algebras and

crossed products by Z, in Free probability theory, D. Voiculescu, Ed., Fields
Inst. Commun., vol. 12, Amer. Math. Soc., Providence 1997, pp. 189-212.

J. RENAULT, A groupoid approach to C*-algebras, Lecture Notes in Math., vol. 793,

Springer-Verlag, Berlin—Heidelberg—New York 1980.

M. RIEFFEL, Induced representations of C*-algebras, Adv. in Math. 13(1974), 176—

B.

257.
TENNISON, Sheaf theory, London Math. Soc. Lecture Note Ser., vol. 20, Cambridge
University Press, Cambridge-London-New York—Melbourne 1975.

V. DEACONU A. KUMJIAN
Department of Mathematics/084 Department of Mathematics/084
University of Nevada University of Nevada
Reno, NV 89557 Reno, NV 89557
USA USA
E-mail: vdeaconu@unr.edu E-mail: alex@unr.edu

P. MUHLY

Department of Mathematics
Universiy of Iowa
Towa City, IA 52242
USA

E-mail: muhly@math.uiowa.edu

Received January 29, 1999.



