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THE K-GROUPS OF C(M) x4 Z, FOR CERTAIN PAIRS (M, 6)
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ABSTRACT. Let M be a connected, compact metric space with dim M <
2p—1 (p 2 2 is a prime) and let  be a homeomorphism of M to itself with pe-

2p—1 .
riod p. Suppose that dim My < 2, H*(Ms,Z) = 0 and that @ H?(M/0,7)
j=0

is finitely generated and torsion-free; H°(Mjy,7Z) is finitely generated. If 6 is

regular and H¥TY(M/0,7) =2 0,1 < j < p— 1 or § is strongly regular and

Mp is connected, then

p—2
Ko(C(M) %o Zp) = K°(M/6) & €D H* (Ms, )
§=0
p—2
Ki(C(M) xo Zy) K™ (M/0) & @ H' (Mo, Z).
j=0

The result leads us to compute some interesting examples when M is a sphere

or a torus.
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0. INTRODUCTION

In many situations, we need to compute the K-groups of the crossed product
C(M) x¢ G, where M is a compact Hausdorff space and G is a locally compact
group such that g — 6, is the action of G on M. So far, there are many results
about the computation of K;(C(M) xg G), ¢ = 0,1 such as P-V sequence for
C(M) x¢ Z (cf. [1]), Phillips’ Theorem for C(M) xy G here G is a finite group
such that G acts on M freely (cf. [17]) and so on. In [15], Paschke considered the
simplest crossed product C' (M) xg Zo and he established a simple exact sequence
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of K;(C(M) x¢ Zs3), i = 0,1. Inspired by Paschke’s work, we try to generalize
it from C(M) xg Zy to C(M) xg Z,, where p > 2 is a prime. But we find it is
impossible to exert his idea in our framework. We have to find another way to
compute the K-groups of C'(M) xg Z, while some restrictions on the pair (M, §)
are needed.

The paper consists of four sections. In Section 1, we will show when the
natural homomorphism ip(aq,ey : U(D(M,0)) — Ki(D(M,0)) is isomorphic. We
will be devoted to establish some exact sequences about U-groups and U -groups
in Section 2. All these lead us to handle the K;-group of C(M) x¢ Z,, for certain
pairs (M, 0). We will compute the Ko-group of C(M) X ¢Z, under some restrictions
to the pair (M, #) in Section 3. In the final section we will give some interesting
examples of computing K;(C (M) x¢Z,), i = 0,1 when M is a sphere or a torus.

Throughout the paper, we let H*(X,Z) denote the k*" Cech cohomology
group of the compact Hausdorff space X and let K=¢(X) (respectively K=¢(X))
denote the (respectively reduced) K~ i-group of the compact Hausdorff space X
(i =0,1). It is well-known that if @ H?(X,Z) is torsion-free, then so is K%(X) &

j20
K 1(X)and KY(X) o K (X)) =2 @ H/(X,Z) (cf. [5)).
Jz0

We write Ker @ (respectively Im ®) to denote the kernel (respectively the
range) of the homomorphism ® between groups (or rings).

For convenience, we assume that throughout the paper the pair (M, 0) sat-
isfies following conditions:

(1) M is a locally compact metric space with dim M < 2p — 1 (here p > 2 is
a prime);
(2) 0 is a self-homeomorphism of M with period p.

1. PRELIMINARIES

Let A be a C*-algebra with unit 1. We denote by U(A) the group of unitary
elements of A and Uy(A) the connected component of the unit 1 in ¢/ (A). The
quotient group U(A) = U(A)/Uy(A) whose multiplication is given by [a][b] = [ab]
is called the U-group, where [a] stands for the equivalence class of a in U (A) about
Uo(A). According to [1], there is a canonical homomorphism i4 : U(A) — K;(A)
given by i4([a]) = [diag (a, 1,)] € U(M,(A)) for each m > n where M,, (A) is the
matrix algebra of order m over A.

For the C*-algebra A with unit 1, we regard Lg ,,(A) as the set of all n-tuples
(a1,...,a,) from A™ which generate A as a left ideal. Set (cf. [18], [19])

kzz:lakak = 1}

tsr(A) = min{n | Lg,(A) is dense in A"}

csr(A) = min{n | Up(M,,(A)) acts transitively on S,,,(A), Ym > n}
gsr(A) = min{n | U(M, (A)) acts transitively on S,,(A), ¥Ym > n}.

Sn(A) = {(al,...,an)
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If A has no unit, we put U(A) = U(A™), tsr(A) = tsr(AT), csr(A) = csr(AT) and
gsr(A) = gsr(AT) where AT is obtained from A by adjoining the unit 1.

The computation of the above functions of C'*-algebras is very interesting but
sometimes is very difficult. However, if A is a purely infinite simple C*-algebra,
tsr(A), csr(A) and gsr(A) are completely determined by Rieffel and the author
(cf. [18], [24], [25]). From [18], Theorem 2.9 from [19], [10] and Proposition 3.10
from [21] we have:

LEMMA 1.1. Let A be a C*-algebra and X be a compact Hausdorff space.
(i) gsr(A) < esr(A) < tsr(A) + 1;

(ii) if csr(A) < 2, then ig is surjective;

(iii) if gst(C(SY) @ A) < 2, then iy is injective;

(iv) csr(C(X)) = min{n | H*"~}(X,Z) = 0}.

REMARK 1.2. In fact, the author has found an equivalent condition that
makes i 4 injective (cf. Theorem 2.4 from [25]).

For the pair (M, ), set M, = {x € M | 0*(x) = 2} and My = M;. Clearly,
My C My. On the other hand, M) C My when p = 2 or 3. If3\ <p-—1,
there are two integers ni,ns such that nip + nok = 1 (for (p,k) = 1)). Thus
0 = gmipgnak = g2k and My, C My. So My = My, k=2,...,p— 1.

For the pair (M, 0) with M compact and My # ¢, set My = M\My. Then

(My)g = ¢ and the one-point compactification M~ of My is M/My. Now let M /6
(or My/0) denote the orbit space of 8 and let P (respectively @) be the canonical

projective map of M or My onto M /6 (or My/0) (respectively of M onto M/Mjy).
Identifing M with the closed subset of M /6, we have P(M)/My = Q(M) /8, where
§ is a self-homeomorphism of Q(M) with period p defined by g(Q(w)) = Q(0(x)),
O(x) =  (x = Q(My)) or O(z) = O(z) for z € My and O(+) = +.

By Theorem 1.12.7, Theorem 1.7.7 from [6] and the proof of Proposition 2.1
from [23], we have the following:

LEMMA 1.3. Let (M,0) be the pair with M compact. Then dim(My/0) =
dim My, dim(M/0) = dim M and dim(M/My) < dim M.

For the pair (M, 0), the dynamical system (Co(M),8,Z,) yields a crossed
product C*-algebra Cy(M) xg Z,. By 7.6.1 and 7.6.5 of [16], this algebra is *-

isomorphic to the C*-algebra
Jfo fi o fpt
D(,6) =4 | W) 0G0) e Oa) | g g e o)
or=(fr) o7~ 1(f2) e 0P (fo)
contained in M,,(Co(M)), where 0(f)(x) = f(8(z)), Vx € M, f € Co(M).
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LEMMA 1.4. For the pair (M,0) with M compact and My # ¢, we have:

(i) every irreducible representation of D(My, ) is equivalent to the repre-
sentation m,, where my(a) = a(x) for some x € My and Ya € D(My,0) and
P(z) — [r;] gives a homeomorphism of My/0 with D(My,8) — the spectrum of
D(My,0) — where we identify D(Moy, ) with {a € D(M,0) |a|My = 0};

(ii) D(M, 0) is a p-homogeneous algebra which is x-isomorphic to Co(My/0,
E), where E is a fiber bundle over My/8 with fiber M,(C).

Proof. (i) is a combination of Lemma 16 from [8] and 7.7.1 from [16] comes
from the combination of the proof of Theorem 14 from [8] and Theorem 3.2
from [7]. 1

For the pair (M, ), let Det : M,,(D(M, 6)) — Co(M) denote the determinant
as usual. Set Cy(M) = {f € Co(M) | 0(f) = f} = Co(M/0). Let w = e*™/P and
put

1 w

Vb VP VP

1w (ki

N2 NG

Q=15 X S e UM, (C))

1 wrt (WP )P

N NG

1 1 1

VP VP VP

Now define the map p : Cp(M) — D(M, 0) by p(f) = Qidiag (f, 1,-1)¢2p. In terms
of some techniques from linear algebra (or Case 2 from [11]), we have

LEMMA 1.5. Let (M, 6) be the pair with M compact. Then:

(i) Det(a) € Cy(M), Ya € Mp(D(M,0)) and Det o p =id on Cyp(M);
(i) p is a homomorphism of U(Ce(M)) to U(D(M,0));
(iii) for fo,..., fp—1 € Co(M),

o fro o p1 p1 p1
N R I R O DL TN S D)
fir  fa o Jo =0 7=0 7=
COROLLARY 1.6. Let (M,0) be as above and My # ¢. Then the homomor-
phism m : D(M,0) — %Bi C(My) given by
j=

fo S o fpa p—1 p—1
T G(fp—l) 0(fo) e 0(fp—2) (@Z(Ztuj(p_l)fj(ﬂﬁ),-~-’ij(x))a
L (f) 0PN (fa) e 677N (fo) = =
induces the following exact sequence of C*-algebras:

p—1
(1.1) 0 — D(My,0) —— D(M,0) " P C (M) — 0,
j=0

where x € My, fo,..., fp—1 € C(M) andl is the inclusion map.
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Obviously, replacing M by M in (1.1), we have the following split exact

sequence:
(1.2) 0 — D(My,0) - D(M,0) = CP — 0.
Here is the main result of the section.

PROPOSITION 1.7. Let (M,0) be a pair with M compact and My # ¢,
dim My < 2. Then ip(a,,e) is isomorphic. In addition, if H?(My,7) = 0, so
18 iD(M,G)-

Proof. By Lemma 1.4 and Lemma 5 (b) from [14]

dim(My/6) — 1

tst(D(My, 0)) = [ 2

]+1;

here [z] expresses the least integer > z. So by Lemma 2.4 in [13] and Lemma 1.3,

csr(D(My, ) < tsr(C([0,1] ® D(My, 0)) = tsr(D(My x [0,1],61))

_ [dim(MO x g; 1/6,) — 1] i< [dimM} )

<2

)

where 61 (z,t) = (0(x),t), v € M, t € [0,1] and (M x [0,1])g, = My x [0, 1].

Using the same method as above, we can conclude that

dim M x St

gsr(C(SY) @ D(My, 0)) < csr(C(Sl)®D(M0,9))<[ %

]+1<2.

Thus ip(p,,e) is isomorphic by Lemma 1.1.
Since dim My < 2 and H3(My x S',Z) = H3(My, Z) ® H?(My, Z) =2 0, we
have csr(C'(Mp)) < 2 and cst(C(My x S')) < 2 by Lemma 1.1. Thus by Corol-

lary 1.6 and Lemma 2 from [12],

1

cse(D(M, 0)) gmax{c r(D (Mo, 0) csr(p OC(Mg))} <2

J=

and also gsr(C(S') ® D(M, 0)) < csr(C(S') @ D(M,0)) < 2. Therefore ip(ar,p) is

an isomorphism. 1
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2. THE COMPUTATION OF K (D(M, 6)) FOR CERTAIN (M, 6)

For the pair (M, §) with M compact, set
LA{(D( 0)) = {u € U(D(M,0)) | Det(u) = 1},

U(D(My,0)) = {u € U((D(Mo,0))") | Det(u) = 1}
and let Uo(D(M, 0)) (respectively Uy (D(Mo, ))) denote the connected component
of 1 in U(D(M,0)) (respectively U(D(Moy,0))), where we identify (D(Mo,0))"
with the C*-algebra {a € D(M,0) | a(xz) = constant, x € My}. Obviously,
Uo(D(M, 0)) (respectively Uy (D(My, 0))) is a normal subgroup of U(D(M, §)) (re-
spectively U(D(My, 0))). Thus

U(D(M, ) = U(D(M, 0))/Uo(D(M,0))

U(D (Mo, 0)) = U(D(Mo, 0)) /Uo(D(Mo, 0)
become groups under the multiplication (uv) = (u)(v), where (u) represents the
equivalence class of u in U(D(M, 6)) about Uy (D(M, 0)) (respectively U (D (Mo, 8))
about Uy(D(My, 0))). Let (1) denote the unit of U(D(M,0)) or U(D(My,0)).

LEMMA 2.1. For the pair (M, 0) with M compact, the sequence of groups
(2.1) (1) — U(D(M, 0)) J, U(D(M,0)) — Det, — U(Cy(M)) — 0

is split exact; here j({a)) = [a], a € U(D(M, 0)) and Det.([u]) = [Det(u)], u €
U(D(M,9)).

Proof. Since Det, (j((a))) = 0 when a € U(D(M,6)), we get that Imj C

KerDet,.. Let [u] € Ker Dety, i.e., [Det(u)] = 0 in U(Cp(M)). Then there is a real
continuous function & on M such that 6(h) = h and Det(u) = e*>™*. Put

v =udiag (e"?"h/P  e72mh/P) ¢ 1(D(M,9)).

Then v € U(D(M, 0)) and j((v)) = [v] = [u] in U(D(M, 8)). So Im j = Ker Det,.

Now suppose that u € U(D(M,0)) with j((u)) = [1], where [1] is the unit
of U(D(M,8)). Then Det(u) = 1 and there is a path u; in U(D(M, 0)) such that
up = 1 and uy = u. Put vy = ugp(Det(uy)), 0 < ¢t < 1. Then Det(v) = 1,v9 =1
and v1 = u by Lemma 1.3. Therefore (u) = (1), i.e., j is injective. From Detop = id
on U(Cy(M)), we have Det, o p, = id on U(Cy(M)) where p.([f]) = [p(f)],
VfeU(Co(M)).

Thus we have proven that (2.1) is split exact. 1

Assume that M is compact and My # . In terms of Corollary 1.6, we can
~ p—2
define a homomorphism 7 : U(D(M, 0)) — @ U(C(My)) for x € My by
§=0

J fi o fp
T([Q(fpo_l) 0(fo) - 0(fp2 ]) (Zw’(” V(e Zuﬂfg )

P~ (f1) PN (fa) oo 0P7H(fo)
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LEMMA 2.2. Assume that M is compact and My # @. The sequence of

groups

[N~}

(2.2) U(D(Mo,0)) = U(D(M,0)) 2= U(G_BO(MQ))

(=)

<.

is exact in the middle, where 7. (W) = [7(w)], u € U(D(M, 0)) and I, ({a)) = (a),
a € U(D(My,9)).

Proof. Let u € U((D(My,0))") with Det(u) = 1. Then u(z) = A1, Vo € My
and A7 = 1. Tt follows that 7(u) = (\,...,A). This implies that 7, ol, = [péz 1] =
0, i.e., Iml, C Ker 7. =

On the other hand, for v in U(D(M, 0)) with 7(v) € p_E_BzUO(C(Mg)), there

=

are real functions hg, ..., h,_o in C(Mjy) such that 7(v) = (e*™ho . e2miho-2),

Pick real functions hy, ..., h,—2 € Cyp(M) such that Ej|M0 =h;,0<j<p—2
Put

. . 2mi Z h;
vy = v diag (62’”}“’, e ez o =0 )Qp.

Then v; € U(D(My,0)) (ie., vy € Z:{\('D(M,G)) and v1(z) = 1, x € Mp) and
L((v1)) = (v1) = (v) € Ker7e. 1

In order to see when 7, is surjective or [, is injective in (2.2), we need to

introduce the following:

DEFINITION 2.3. For the pair (M,60) with M compact and My # ¢, we
say that 0 is strongly regular if there is hg € C (M) such that 6(hy) = why and
My = {x € M | hg(x) = 0}; 0 is called to be regular if given fo,..., fr—1 €
U(C(Mpy)) there are Fy, ..., F,_1 € Cy(M) and Gy € C(M) such that F;|My = f;,

p—2
0<j<p—2 0(Gy) = wGy and ( I Fj(x)‘ 4 |Go(z)| #0, Vo € M.
=0

Obviously, if 8 is strongly regular, then 6§ must be regular. Some conditions

under which 6 is regular or strongly regular will be given in Section 4.

PROPOSITION 2.4. For the pair (M, 0) with M compact and My # ¢, Ty i

surjective if 6 is reqular and l, is injective if 6 is strongly regular.

Proof. Assume that 6 is regular. Then for fy,..., fo—2 € U(C(My)) there
are Fy,...,Fp_o € Co(M) and Gy € C(M) such that Fj|My = f;, 0<j<p—2,
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p—2
0(Gy) = wGy and ‘ I1 F(z);| + |Go(z)| # 0, Yo € M. Set
5=0

r o Fy ng 7
0 |
23) A=QF Q,,
23 A=9| 0 nL i, R
GV g o TE ¢
4 iy J
L Jj= _

—2 2 -1
where a(xz) = ( pH Fj(x)‘ + |G9($)|2<p—1)) , x € M. Since (Gy) = wGy,
§=0
0(Gy) = WGy, 0(F;) = F;, 0 < j < p— 2, we conclude that @« € Cyp(M) and
A € D(M, 0) with Det(A) = 1. Put u = A(A*A)~Y/2. Then u € U(D(M,6)) and
T(u) = (fo, ..., fp—2) since (Gy) = wGy indicates that G¢|My = 0.
Now suppose that 6 is strongly regular, i.e., there is hg € Cy(M) such that
My = {z € M | hg(z) = 0}. Let u € U((D(M,0))") with u(z) = 1, Vo € M,
and I(u) € Uy(D(M,0)) and let u; be a path in 2(D(M,0)) such that uy = 1
and u; = w and let 7(uy)(x) = (go,e(x),. .., gp—24(x)), 0 <t <1, x € My. Then
gjolMyg=g;1|Mg =1, g;1 € U(C(Mp)) and t — g, + is continuous, 0 < j < p— 2.
Regarding g;; as the functions in C(My x S?), j = 0,...,p — 2, we can pick
G in Cy(M) such that t — G, is continuous and G, |My = g; ., Gjo0 = Gj1,
j=0,....,p—2,t€0,1]. Put

GO,t (A)hg 0

0 1
(24) At = Q; Gp—Q,t wp;1h9 - . Qp
*(p—1 L *
e | TP M1 G5, a
j=

p=2 2 -1
and By = Ag'A;, 0 <t < 1, where as(z) = (‘ 11 Gj’t(m)‘ + |h9(x)\2(p_1)) ;
§=0
x € M. Then Det(A4;) = Det(B:) =1, Ay = A1, Ai(z) = us(z), x € My, t €]0,1].
Set ¢; = B;lut and v; = ¢;(cte;) ™2, 0 <t < 1. Then vg = 1,v1 = u, Det(vy) = 1
and ve(z) = 1,2 € My, t € [0,1]. So (u) = (1) in U(D(My, 0)), i.e., L, is injective. 1
COROLLARY 2.5. For the pair (M, 0) with M compact and My # ¢,

U(D(My,0)) = U(D(Mo,0)), U(D(M,0)) = U(D(Mo,0)).

Proof. Tt is easy to check that U(D(M,, 9)) = U(D(My,0)) by (1.2) and the
definition of U-group.

Since (M/Mpg); = {*}, it follows from Lemma 2.2 that . : U(D(Mo,0)) —

D(MJ,@)) is surjective. Now in (2.4) we set hg = 0 and G;; = g;,(Mo),

U(
0<j<p-—2,te€][0,1]. Then we can conclude that I, is injective. 1
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THEOREM 2.6. For the pair (M, 0) with M compact, My # ¢, dim My < 2
and H?(My,7) = 0, if one of following conditions holds:
p—1 . ~
(i) 0 is strongly regular and @ H>*1(M/0,7), K~1(M/0) and K~ (M /6)
§=0

are all finitely generated and torsion-free;
(ii) 6 is regular and H¥TY(M/0,Z) 20,1 < j<p—1 and H*(M/0,Z) is
finitely generated, then

p—2
Ky (D(M,0)) =K~ (M/0) & (P H' (My, Z).
§=0
Proof. By Proposition 1.7 and Corollary 10.9.6 from [4],
(25) U(D(Mo,0)) = Ki1(D(Mo,0)) = K1 (D (Mo, 6) ® K)
' =~ K, (Co(Mo/0) © K) = K~ (M /D),

where K is the algebra of compact operators on I2. Since dim My < 2, it follows
from the exact sequence of Cech cohomology groups (cf. [21])

(26) — HI™(M/0,Z) — H'™}(My,Z) — H’(My /0,Z) — H’(M/0,Z) —
and H2(My,Z) = 0 that HY+ (M /0,Z) =~ HY¥ Y (M/0,Z), 1 < j < p— 1.

Noting that U(C5(M")) = U(C(My /0)) = H(Mg /6,Z) by Proposition 3.10
from [21], we get that by Corollary 2.5, Lemma 2.1 and (2.5),

U(D(Mg,0)) & U(C5(M)) = U(D(Mo,0)) & H (M /0, Z)
> U(D(My,0)) = U(D(M,,0)) = K~ (M /9).
Assume that (i) is satisfied. Then by Theorem 1.6.6 from [1] and (2.7),

(2.7)

p—1 p—1
U(D(Mo,0)) = € H>* (M /6,7) = P H¥ T (M/6,2)
Jj=1 j=1
and hence by Proposition 2.4,
-2

0(D(M,0)) = T(D(Mo,0)) & U( @D C(My))

S

[

—2
HYTY(M/6,7) & H'(My, 7).
1 j=0

=

-1

bS]

D

—_ <.

Furthermore, by Proposition 1.7 and Lemma 2.1,

K. (D(M, 0)) = U(D(M, 8

-~

) =U(D(M,0)) & U(Cy(M))

~—

~ U(D(M,0)) ® HY(M/0,Z) 2 K~ (M/0) & Ié_} HY(M,, 7).
7=0



346 YIFENG XUE

Suppose that (ii) is satisfied. Then H2j+1(MO+/§, Z)20,1<j<p—1and
HY (M /6,7Z) is finitely generated by (2.6) and csr(C(M;/6)) < 2 by Lemma 1.1.
So K=Y (My /) = U(C(]\A/[S'/G)) ~ HY(M; /0,Z) by Lemma 1.1 and Proposi-
tion 3.10 from [21]. Thus U(D(My,0)) = 0 by (2.7). Consequently, by Proposition
2.4, Lemma 2.1 and Proposition 1.7,
p—2
Ky(D(M, 0)) = U(D(M,0)) = H'(M/6,2) & () H' (M), 7)
§=0
p—2
K~'(M/0)® D H' (Mo, Z). ¥

=0

I

3. THE COMPUTATION OF Ko(D(M, §)) FOR CERTAIN (M, 6)

Let A be a unital C*-algebra. For the projection e € M, (A), we write [e] to
denote the von Neumann-Murray equivalence class of diag (e,0) in M,,(A) for
some m > n. Thus Ko(A) = {[e] — [f] | e € M, (A), f € M,,(A) are projections}.
By Corollary 1.6, the pair (M, 0) with M compact and My # ¢ raises following
six-term exact sequence of K-groups (cf. Theorem 9.3.1 from [1])

KoDOI0) = Ko(DOL0) = Ko cO)

(3.1) ]32 lal

Ki(@ Cp)) &= Ka(D(M,0) <= Ki(D(Mo, ).

Here 0; is the exponential map and Js is the index map.
Let (M, 0) be the pair such that M is compact, dim My < 2 and H?(My,Z) =
0, H'(My,7Z) =2 Z* (1 < k < o0). Then Ko(C(Mpy)) = H°(Mjy,Z) by Theorem 1.2
from [22] and there exist k connected closed subsets Ay, ..., Ay in My such that
k
Mo= \J A, and A;NA; =, 1# j. Set hj(r) =1 when x € A; and h;(z) =0
j=1
when z € My/A;, 1 < j < k. Choose real functions 711, .. ,/}\lk in Cy(M) such that

ko~ ~
Zhjzlandhj\Mgzhj,lgjék.Put
7=0

s p—1—s p—1
esr =[(0,....0,h,0,....0)] € KO( (C’(Mg)), 0<s<p-1,1<t<k
j=0
p—1
Then {e;; |0 <s<p—1,1<t <k} forms a basis for K0< &b C(Mg)) and 0;
§=0

can be defined as

(3.2) O (esy) = [P = [1 — P, + &*™he p]
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s —1-s
—— /p—"‘ﬁ
by 9.3.2 from [1], where Ps = Q7 diag(0,...,0,1,0,...,0)Q, is a projection in
p—1
D(M,0),0<s<p—1,t=1,...,k. (Note that PsP, =0, s #t, >, P, =1.)
s=0
LEMMA 3.1. Suppose that M is compact and My # p. Then for each f €
U(C(My)), there is F € Cyo(M) such that F|My = f and |F(z)| <1, Vo € M.

Proof. Let G € Cy(M) such that G|My = f. Set Zg ={x € M | G(z) = 0}.
Since Zg is closed in M and Zg N My = ¢, 0(Zg) = Z¢, it follows that there is a
continuous function hg : M — [0, 1] such that hg|Zg = 1 and ho| My = 0.

p—1 )
Set h(z) = % > ho(67(x)), x € M. It is easy to check that 8(h) = h, 0 <
§=0
h <1 and h|Zg = 1, h|My = 0. Therefore F(z) = (|G(z)| + h(z)) G (z) verifies

the assertion. 1

Now let (M,0) be a pair with M compact and My # ¢, dimMy < 2.
Then U(C(Mg)) = Kl(C(Mg)) via iC(Mg) by Lemma 1.1. Let an"'vfp—l S

p—1
Z/I( PD C(Ma)). Then there exist Fy,...,F,_1 € Co(M) such that F;|My = f;
3=0
and 7;(z) = |Fj(z)| <1,j=0,...,p—1, € M by Lemma 3.1. Thus

p—1 =1
ZOFij 12,/1—7’?%

=0 € U(Mx(D(M, 6))

J
and m2(w) = diag ((fo,-- -, fp—1), (f3,--+, fy—1)). So by 8.3.1 from [1], 92 can be
expressed as

p—1 p—1
Z 75 P; —i Z 1 —riF;P;
33) %a(((for-- s fot)) =] | po ' " - ~[q].
1Y \/1-13F}P; > (1- r3)P;
Jj=0 3=0

LEMMA 3.2. Let the pair (M, 0) satisfy the conditions:
(i) M is connected and compact with M=o, dim My <2 and H?*(My,Z)=20;

(i) U(D(Mo,6)) = 0 and HO(My,Z) = Z*.
p—2
Then Ker 01 2 Z & @ HY(My,Z).
§=0
Proof. Since fort =1,...,k, s1 # s2, $1,82=0,...,p— 1,
(627Ti/};tP51 + 1— P31)(e27ri/};tps2 4 1— PS2)* —1- PSl o 1352 +e27ri/};tP31 +e*27\'i/]77t F)S2
is in U((D(My,8))T), and U(D(Moy,)) =0, it follows that in U(D(My,6))

2™ P +1— Py =[P, +1- P, s1#sa,t=1,....,k



YIFENG XUE

348

and hence 01 (es) = [e 2T“iﬁf'Po +1-P),0<s<p—1,1<t<kby (3.2).
—1

Let a € Ko( EB (Mg)) such that 01(a) = 0. Since a can be expressed as

k p—1
= Z Z s.t€s.ts As.t € Z, we obtain that

k p—1
k bt f 2mi Z Z )‘s,t/};t
0=01(a) =3 > Neale®™ Po+1- Po] = [ =i P+ l-R
t=1 s=0

in U(D(Mo, 0)). Consequently,

k p—1 =N k p-l —~
27r12 Z s,the QWiZ Z As,tht
Det< t=1s=0 PO + 1— P()) =€ t=1s=0 S Z/[O((06'<MO))+)

(here we identify (Cy(Mp))" with {f € Co(M) | f|My = constant}) and there is
a continuous function h : M — R with 6(h) = h and h|My = kg € Z such that

27riz Z ,\S,t)ﬁt _
e2mih, Comblmng thls identity with the assumption that M
is connected and h|M9 = ko, h; |A =1,h; iIMg\A; =0, j=1,...,k, we have that

there exists n € Z such that E Asg=n,t=1,...,k. So
s=0

kE p—1
Ker51={nozem+zznstest €o,t) nomstEZ}

t=1 s=1
p—2

=70 @HO(Mg,Z). 1
3=0

Suppose that M is compact, dim My < 2 and H?(My,Z) =0, H'(My,Z) =
ZF. Consider the six-term exact sequence of the triple (Co(My/0), C(M/8),C(Mp))

Ko(Co(Mo)) 5 Ko(Co(M)) L5 Ko(C(My))

(3.4) Tao Jag
Ki(C(Mg)) «— Ki(Co(M)) «— Ki(Co(Mo))

where Jy is the index map given by
feuUlCuM, ))FEC@( ) with F|Myp = f and 0 <

given by 9} ([ht]) = [e 27”h’] t=1,...,k (see (3.1) and (3.2)).
Analogous to the proof of last paragraph of Lemma 3.2, we have:

r(z) = |F(z)] < 1; 9) is
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LEMMA 3.3. Let (M, 6) be a pair satisfying the following conditions:
(i) M is a connected, compact space with My # ©;

(ii) dim My < 2, H?(My,7Z) =20 and H°(My,7Z) = 7.

Then Im jo, = Ker 9y = {n[l] | n € Z}.

For the pair (M, 0) with M compact and My # ¢, define the *-homomor-
phism ¥ of Cy(My) to D(My, 0) by ¥(f) = fPp—1. Then ¥ can be extended to the
homomorphism of (Cy(Mj))™ to (D(Mo,0))" by U(f) = fPp_1+f(Mp)(1—Pp_1).

LEMMA 3.4. The induced homomorphism U, : Ko(Cp(My)) — Ko(D(Moy, 9))
is 1isomorphic.

Proof. Simple computation shows that P,_1D(My,0)P,—1 = {fPy—1 | f €
Cy(Mp)}. This means that ¥ is an isomorphism of Cy (M) onto P,—1D(My, 8)Pp—1.
So, in order to show that U, is isomorphic, we need only to prove that the induced
homomorphism k., of the inclusion map k : P,_1D(My, 0)P,_1 — D(My,0) is an
iSOHlOI‘phiSHl of Ko(prltD(M(), Q)prl) to Ko (D(M(), 9))

Let A be the C*-subalgebra of D(My, 0) generated by D(My, 0)P,—1D(My, 0).
Since m5(D(Mp,0)) = M,(C) by Lemma 1.4 and M,(C)P,_1M,(C) = M,(C)
(M,(C) is a simple C*-algebra), it follows that m,|A is irreducible for every
x € My and m,,|A is not equivalent to m,,|A when P(z1) # P(z2) in My/6.
So A = D(My,0) by Lemma 11.1.4 from [4], that is, P,_; is a full projection in
the sense of [3]. Therefore k, is an isomorphism by Corollary 2.6 from [3]. &

LEMMA 3.5. Consider a pair with M compact and 0 reqular, and dim My <
2. Then Im 9y C Im ¥V, and the diagram

Ki(C(Mp)) 2% Ko(Cy(Mo))

(3.5) lK ‘Pl
k(B COn) 2 Ko(D(M.0)

is commutative, where K ([f]) = [(1,...,1, )], f € U(C(Myp)).

Proof. The second assertion comes from the definition of K, ¥, ds and 0y.
Suppose that a = da2([fo, - - ., fp—1]) for some fy, ..., fr—1 € U(C(Mp)). Since
6 is regular, it follows from (2.3) that there are ug,...,up—2 € U(D(M,0)) such

P p1
that 7(u;) = (1,.., 1, £, ..., 1, f) € @ UC(My)), 0< j <p—2. So
=0

a=0([(fo, L., L[ + -+ 02([(1,. .., 1, fo—2, fy_2)])
+ 02 o K([fo- - fp-1])
=020 K([fo- - fp—1]) + 02 o mu([uo]) + - + 02 0 mu([up—2])
=02 o K([fo " fp-1]) = W0 do([fo -+ fp-1])-
(for Oy o, =0 by (3.1)). 1
The following theorem demonstrates what Ko(D(M, 6)) is.

(3.6)
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THEOREM 3.6. Let (M, 0) satisfy the following conditions:

(i) M is connected, compact with Mg # ¢, dim My < 2, H*(My,Z) = 0;
(i) Ko(C(M/0)) and H(My,Z) are all finitely generated and 0 is regular;
(iii) My is connected or H¥TY(M/0,7) 20,1 < j<p— 1.

Then Ko(D(M, 0)) = KO(M/6) & pe_az H(My, 7).
j=0

Proof. Let {e;}V be the sequence of generators in Ko(Cy(M)) other than
[1] such that the set {[1],e1,...,e;} is independent and {e;},,, is the set of all
torsion elements in {e;}{". Thus

N
(3.7) Ko(Cy(M)) = {n[l] +3 Ny [ m A € Z}.

j=1
The proof of the assertion consists of the following steps:

STEP 1. We claim that

¢ N
(38) Imj1 = Kerj2 = {ZAj(ej - nj[l]) + Z )\j@j | )\j S Z},
Jj=1 j=t+1
=1,...,t. Since Ko(C(My)) = H°(My,Z) is torsion-free,
N by (3.4). Now, by Lemma 3.3, we can choose n; € Z
1 < j < t. Noting that jo([1]) = [1], we have

where n;[1] = ja(ej), j
jales) = 0,14 1< 5 <
such that ja(e;) = nj[1],

N
{Maler =mlD) + -+ Mler = mll) + 3 Ajes | Ay € Z} € Ker .
j=t+1

N ¢
On the other hand, let @ = n[1] + > Aje; € Kerjo. Then n = — >~ Ajn;. Thus
j=1 j=1
a can be written as

t N
GZZ)\j(ej—’Ilj[l])‘i‘ Z )\j.
Jj=1 j=t+1

Equation (3.7) is proven.

STEP 2. We have that Ko(D(M, 0))/Im 9, = KO(M/@). To do this, we take
n; € Ko(Cy(M)) such that

(3.9) Jing) =e;—mi[l], 1<j<t and ji(n;) =e;, t+1<j<N.

Put & = U.(n;), j =1,...,N. Then we can conclude from the identity Im 0y =
Ker j1, Lemma 3.4 and Lemma 3.5 that
(A) A& €Im Dy, VA€ Z\{0}, 1 < j < ¢t
(B) & ¢Im 0y and k;&; € Imdy iff kje; =0, kj € Z, t+1< j < N and
t

(C) if there exist A1,...,A\s € Z such that > \;&; € Im 0, then A\; = 0.
j=1
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Now, for each a € Im ¥, there is by Lemma 3.4 and Lemma 3.5 a unique
b e Ko(Co(My/6)) such that a = U, (b), since

t N
A0) =Y Nle; —ni[A)+ D Aje;

j=1 j=t+1
for some A1,...,Any € Z by (3.8). Therefore there exists ¢ € K;(C(Mp)) such
that b — % Ajn; = Oo(c) by (3.4) and (3.9) and hence a = JZV: A&+ 02(K(c)) by
Lemma 3Jt51 So from (A), (B), (C) and Lemma 3.4, we obt;i_ri that
Ko(D(M, 0))/Im 8, = Ko(Cy(M)) = K°(M/0).
STEP 3. By (3.1), we have

Kerm, = Iml, = Ko(D(My,0))/Kerl, = Ko(M/6).
So if My is connected, &1 = 0 by (3.2) and furthermore

Ko(D(M,0)) = Kerm, @ Imm, = K (M/0) @ 2P~
if H¥+Y(M/0,Z) = 0, 1 < j < p — 1, then by the proof of Theorem 2.6,
U(D(My,0)) = 0 and hence by Lemma 3.2,

p—2

Ko(D(M, 0)) = Kerm, @ Imm, = K*(M/0) & @ H(My, Z).
j=0

4. EXAMPLES

We realize that the notions “regular” or “strongly regular” self-homeomorphism
play a very important role in the computation of K;(D(M,6)), i = 0,1. The
following proposition shows when @ is regular or strongly regular.

PROPOSITION 4.1. Let (M, 68) be a pair with M compact and My # ¢. If
(M, 0) satisfies (i) or (ii), then 0 is reqular and if (M,0) satisfies (iii), then 6 is
strongly reqular:
(i) M is a 2-dimensional manifold and 0 is self-differomorphic;
(i) i : HY(M/0,Z) — H*(My,Z) is surjective, where i* is the induced
homomorphism of the inclusion map i : Mg — M/0;
p—l o
(iii) M C C and the zero-points of he(x) = Y. wP™17909(x) is the set My.
j=0
Proof. Assume that (i) holds. Let fo,..., fp—2 € U(C(Mp)). Then there
exist Ho,...,Hp—o € C(M) such that H;|My = f;, 0 < j < p—2. Set H; =

p—1 ~ ~
%kzoek(Hj), 0<j<p—2 Then H; € Co(M) and H;|My = f;, 0<j<p—2.

Since M is a compact manifold, we can find differentiable functions PNIO, ceey ﬁp,g €
Cy(M) such that |H; — H;|| <1/2,0 < j < p— 2 (cf. Theorem 2.3.3 from [9]).
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Now by Sard’s Theorem (6.1 from [2]), we can choose a regular value a; of
H; : M — C such that |a;] < 1/2, 0 < j < p— 2. Set Gj(x) = H;(z) — aj,
0<j<p—2,z€M. Then|H; —Gj|| <1 and G;l(O) is either empty or finite
(by Lemma 5.9 from [2]),0< j < p— 2, for dim M = dimC = 2.

p—2
Set G(z) = ] Gj(x), x € M. Then G1(0) is either empty or finite and

]=O
8(G1(0)) = G-1(0), GH0) N My = o. If G-H0) = ¢, we take Gy(z) = 0,
Ve € M; if G L0)

finite, we can pick a function Ky on G~1(0) such that
p—1
S WP K (07 (z)) # 0, V2 € GTL(0). Let K € C(M) such that K|G~1(0) = K,
=0
p—1
and set Gy(z) = Z wPIIK (69 (z)), z € M. Then Gg|G~(0) = K, # 0 and

§=0
H(GQ) :LUGQ.
Note that |H; — G;|| < 1 implies ||f; — G| Mp|| < 1,0 < j < p—2. Thus
there is h; € C(Mp) such that f; = ethj|Mg, 0 gj < p-—2. Let }sz € Co(M)
such that ﬁj\Mg = h; and set F; = e JG], 0<j — 2 Then by the above

argument, F;|My = f;,0 < p—2and (Gy) = wGo, ’ H F;( )‘+|G9(ac)| # 0,

Vx € M, i.e., 0 is regular.

By Corollary VIII. 2 from [10], condition (ii) is equivalent to the statement
“Every f € U(C(Mp)) has a continuous extension F : M — S! with 0(F) = F”.
Take Gy = 0 in Definition 2.3. We see that 6 is regular.

Let hg be as in condition (iii). Since My = {x € M | hy(z) = 0} and
O(hg) = why, it follows that 0 is strongly regular. 1

REMARK 4.2. It is easy to verify that if p = 2 and M C C, then condition
(iii) of Proposition 4.1 is satisfied. We see that if dim M < 1, then condition (ii)
of Proposition 4.1 is also satisfied by Lemma 1.3 and Theorem 3.2.10 from [6].

EXAMPLE 4.3. Let M = S' xS = {(21, 22) | |21] = |22 = 1} and 0(21, 22) =
(22,21). Then My = {(2,2)| Vz € S'} = St and @ is regular by Proposition 4.2 (i).
We will show that M/6 = St x [0, 1].

Set S = {(2122,21 +22) | 21,22 € S'}. Then it is easy to check that M/f = S
by the homeomorphic map 5({z1, 22)) = (2122, 21 + 22), where (z1, 22) = P(z1, 22).

Define the continuous map I': S! x [0,1] — S by I'(z,t) = (22,22t). (Here
z1 = (t+1iV1—12)z, 20 = (t —iv1 —1t?)z.) Obviously, I' is injective. Now, for
21, 29 € St there is z € 8! such that 22 = 2z;25. Thus

_ _ o Jz2Ezzn+271) if Zz1 + 271 =0,
At Hn=ata= { —2(=Zz1 — 2z1) il Zz1 +2Z1 < 0.

This implies that I' is also surjective.
Finally, from Theorem 2.6 and Theorem 3.6, we get that

Ko(D(M,0)) = Z&Z, K (D(M,0)=ZaL.



THE K-GROUPS OF C(M)xgZp FOR CERTAIN PAIRS (M,0) 353

EXAMPLE 4.4. Let M = S? = {(z,2) € [-1,1] x C | 2> + |2]* = 1} and
0(z,z) = (x,e™/32). Then My = {(—1,0),(1,0)} and @ is regular by Proposi-
tion 4.1 (ii). Define the homeomorphic map 3 : Mo/ — (—1,1) x St by

B{z,2)) = (z, (1 — 2?)7%2°)

where (z,2) = P(x,2), (z,2) € S2. So M /6 = ((—1,1) x S)* = (8! x R})*.
Since H(S%,Z) = 0, we have H*(M/0,Z) = 0 so that K=1(M/6) = 0. Therefore
K°(M/0) = Z? by (3.4). Finally, by Theorem 2.6 and Theorem 3.6,

Ko(D(M,0)) 2 Z° Kq(D(M,0)) 0.
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