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ABSTRACT. Weak Kac algebras generalize both finite dimensional Kac al-
gebras and groupoid algebras. They naturally arise as symmetries of depth
2 inclusions of II; factors ([16]). We show that indecomposable weak Kac
algebras are free over their counital subalgebras and prove a duality theorem
for their actions. Using this result, for any biconnected weak Kac algebra we
construct a minimal action on the hyperfinite II; factor. The corresponding
crossed product inclusion of IT; factors has depth 2 and an integer index. Its
first relative commutant is, in general, non-trivial, so we derive some arith-
metic properties of weak Kac algebras from considering reduced subfactors.
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1. INTRODUCTION

It is well understood now that Kac algebras (Hopf C*-algebras) are closely related
with the subfactors theory: it was announced by Ocneanu and was proved in [22],
[12], [5] and [4] that irreducible depth 2 inclusions of type II factors come from
crossed products with Kac algebras. This result was recently extended to the
case of general (i.e., not necessarily irreducible) finite index depth 2 subfactors
in [16]. It was shown then that if N € M C My C My C --- is the Jones tower
constructed from such a subfactor N C M, then K = M’ N M, has a natural
structure of a finite-dimensional weak Kac algebra or weak Hopf C*-algebra and
there is a minimal action of K on M;j such that M is the fixed point subalgebra
of My and M5 is isomorphic to the crossed product of M; and K. This result
establishes an injective correspondence between finite index depth 2 subfactors of
a given II; factor and weak Hopf C*-algebras.

It is natural to ask if this correspondence is one-to-one in the case of the
hyperfinite II; factor. Note that in [24] Yamanouchi constructed an outer action



636 DMITRI NIKSHYCH

of any finite dimensional Kac algebra K on the hyperfinite II; factor R, where the
outerness means that ' N Rx K = C, i.e., that the first relative commutant of
the crossed product inclusion R C R x K is minimal. His construction used the
Takesaki duality for actions of Kac algebras ([6]).

In this work we extend this result to weak Kac algebras, i.e., we show that
any weak Kac algebra has a minimal action on R. Finite dimensional weak Kac
algebras generalize both finite groupoid algebras and usual Kac algebras. Note
that a weak Kac algebra is a special case of a weak Hopf C*-algebra introduced
in [3] and [14], which is characterized by the property S? = id. It was shown
in [17] that the category of weak Kac algebras is equivalent to the categories of
generalized Kac algebras of T. Yamanouchi ([25]) and Kac bimodules (an algebraic
version of Hopf bimodules ([8])). Compared with these objects, the advantage of
the language of weak Kac algebras is that their definition is transparently self-dual,
so it is easy to work with both weak Kac algebra and its dual simultaneously.

The paper is organized as follows.

In Section 2 we collect the necessary definitions and facts about weak Kac
algebras, their actions and crossed products, and their counital subalgebras; we
also give a brief description of the basic construction for *-algebras.

In Section 3 we introduce a A-Markov condition for weak Kac algebras. A
weak Kac algebra K satisfies the \-Markov condition if the normalized Haar trace
on K is the A\-Markov trace for the inclusion K, C K, where K is the source
counital subalgebra of K. This condition is automatically satisfied if K is in-
decomposable, i.e., not isomorphic to the direct sum of two weak Kac algebras.
Theorem 3.5 shows that being A-Markov is equivalent to the freeness of K over its
counital subalgebras; in particular, A~ must be a positive integer. As a corollary,
we obtain that indecomposable weak Kac algebras of prime dimension are group
algebras of cyclic groups, which extends the well-known result of Kac ([11]).

Also in this section we introduce and study basic properties of connected and
biconnected weak Kac algebras, i.e., those for which the inclusion Ky C K is con-
nected (respectively inclusions Ky C K and K C K* are connected). The latest
class of indecomposable weak Kac algebras is the most important for the applica-
tions to subfactors in Section 5, so we describe a way of constructing biconnected
weak Kac algebras from usual Kac algebra actions on C*-algebras (this procedure
generalizes a construction of a groupoid from a group acting on a space).

The central result of Section 4 is a duality theorem for actions of weak Kac
algebras. This theorem is an analogue of the well known duality results for actions
of locally compact groups ([13]), Kac algebras ([6]), and Hopf algebras ([2]). It
states that if K satisfies the A-Markov condition and acts on a C*-algebra (von
Neumann algebra) A, then the dual crossed product algebra (A x K) x K* is iso-
morphic to A ® M,-1(C). Let us note that a similar result for depth 2 inclusions
of von Neumann algebras was proved in [8].

In Section 5 for any biconnected weak Kac algebra K we construct a minimal
action on the hyperfinite II; factor R (where the minimality means that the relative
commutant R’ N R x K is minimal). The resulting crossed product inclusion R C
Rx K of II; factors has depth 2 and an integer index A~'. We compute the
standard invariant of this inclusion, and show, in particular, that the first relative
commutant is isomorphic to the counital subalgebra of K: R¥ "R x K = K.

Finally, in Section 6 we construct irreducible subfactors reducing the inclu-
sion R C Rx K by the minimal projection in Ky = R' N Rx K. In this way
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we can associate an irreducible finite depth subfactor of R with every irreducible
representation of K or K. This allows us to derive certain arithmetic properties
of biconnected weak Kac algebras.

2. PRELIMINARIES

2.1. WEAK KAC ALGEBRAS ([3] and [17]). Throughout this paper all weak Kac
algebras are supposed to be finite-dimensional.

The notion of a weak Kac algebra ([17]) is a special case of a more gen-
eral concept of weak C*-Hopf algebra introduced in [3]; see [17] for a discussion
on equivalence of weak Kac algebras with other algebraic versions of a quantum
groupoid (generalized Kac algebras of T. Yamanouchi ([25]) and Kac bimodules).

A weak Kac algebra K is a finite dimensional C*-algebra equipped with the
following linear maps:

(i) comultiplication A : K — K ® K
(i) counite : K — C;
(iii) antipode S : K — K

where A is a (not necessarily unital) homomorphism of C*-algebras, € is a positive
(not necessarily multiplicative) functional, S is a x-preserving anti-multiplicative
and anti-comultiplicative involution (i.e., % = id) such that the following identi-
ties hold (we denote e5(z) = (id ®¢)((1®x)A(1)) and e4(z) = (e®id)(A(1)(z®1))):

(1) (A ®id)A = ([d®A)A and (e ® id)A = id = (Id®e)A, ie., K is a
coalgebra;

(2) es(z)y = (id@e)((1 @ 2)A(y));

(3) (s ®id)A(x) = (1 ® z)A(1);

(4) m(S ®id)A(z) = es(x) with z,y € K;

where m denotes multiplication.
The following identities are equivalent to the above axioms (2)—(4) respec-
tively:

(2') wei(y) = (e @ id)(A(z)(y © 1));
(3) (id®ey)A(z) = A1) (z ® 1);
(4") m(id ®S)A(z) = e¢(x) with z,y € K.

The dual vector space K* has a natural structure of a weak Kac algebra
given by dualizing the structure operations of K:

(o, 2) = (p @ ¥, A(w)) (multiplication),
(A(p),z @y) = (p,ry) (comultiplication),
(S(p),z) = (p, S(x)) (antipode),

(¢, @) = (p, S(z*)) (x-operation),

for all p,9 € K*, z,y € K. The unit is given by £ and counit by ¢ — (¢, 1).
Below we collect the most important results of the theory of weak Kac alge-
bras. The proofs can be found in [17].
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The maps €5 and ¢; are called source and target counital maps respectively
and we have £2 = g4 and e = &;. Their images are unital C*-subalgebras, called
counital subalgebras of K:

Ki={rc K|ex)=a}={rvec K|A(x)=1q) ®@zlp},
K = {l‘ e K | Et(.ﬁ) = 33} = {l‘ eK | A(l‘) = 1(1)1‘ &® 1(2)}.

The counital subalgebras commute: [Kj, K] = 0; also we have Soeg = ¢405
and S(Ky) = K;.

Like usual finite-dimensional Kac algebras (= Hopf C*-algebras), weak Kac
algebras have integrals in the following sense.

There exists a unique projection p. € K, called a Haar projection, such that
for all x € K:

Pt = pees(x),  wpe = e(®)pe,  €s(pe) = eclpe) = 1.

There exists a unique faithful trace 7 on K, called a normalized Haar trace,
such that

(TRIdA =(T®e)A, (dRIT)A= (4 ®T)A, Toes=Tog =¢.

The normalized Haar projection and trace are unimodular, i.e. S(p:) = pe
and 7 oS = 7. By duality, 7 is the normalized Haar projection for the dual weak
Kac algebra K*.

The maps

E,: K — K, Ei(z) = (7 ®1d)A(x),
E;: K — K; Ei(z) = (d®7)A(z)
define 7-preserving conditional expectations (see 2.3 for the definition) from K to

counital subalgebras.
To fix the notation in what follows, let

N L

K= @ Mdi(C)7 Ks =Ky = @ Mma((c)v
i=1 a=1

and let {egl)} (i=1,...,N; k,l =1,...,d;) be a system of matrix units in K,

{fﬁ?’} in Ky, and {g,(«?)} in Ky (a=1,...,L;r,s=1,...,mq). By [17] we have :

1 i i
Ape) =Y 7 D e @ S(epy),
k,l

. K2
?

A=Y o S D@ SUE) = Y o 3 Sl 9 08,

« T8

In particular, p. is cocommutative, i.e., A(p:) = ¢A(p:), where ¢ is the flip on the
tensor product K ® K.

Also we denote A = (A;;) the (L x N) inclusion matrix ([9]) of K (or Ky)
into K.

2.2. ACTIONS, DUAL ACTIONS, AND CROSSED PRODUCTS ([15]). By a x-algebra
we understand an associative algebra over C equipped with a conjugate linear
anti-automorphism of order 2 (involution), x +— x*.
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The notion of an action of a weak C*-Hopf algebra on a x-algebra was defined
in [15]. We slightly modify that definition, since we consider only those actions
for which the map z — (x> 1) (respectively x — (1 <)) is injective on a counital
subalgebra. We need definitions of left and right actions.

A left (respectively right) action of a weak Kac algebra K on a unital x-
algebra A is a linear map

K@A>h®ar (h>a) € A, respectively AQ K 3a®h— (a<h) € A,
defining a structure of a left (respectively right) K-module on A such that:

(i) h>ab = (h@1y>a)(hg) >b) (respectively ab<ah = (a<hy)(b<he));
(ii) (h>a)* = Sh* > a* (respectively (a<h)* = a* < Sh*);
(iii) h>1 = e¢(h)>1, and h>1 = 0 iff e¢(h) = 0 (respectively 1<h = 1<g4(h),
and 1 <h =0 iff e5(h) = 0).

If A is a C*-algebra or a von Neumann algebra then we also require that
the map a +— (h>a) (respectively a — (a < h)) to be norm continuous or weakly
continuous for all h € K.

Note that the map z +— (2> 1) (respectively z — (1<z2)) defines an injective
s-homomorphism from K; (respectively K;) to A. Thus, A must contain a *-
subalgebra isomorphic to a counital subalgebra of K.

A trivial left (respectively right) action of K on K (respectively Kj) is
given by

ha = e(ha) (respectively a <h = e5(ah)), h € K,a € K (respectively Kj).
A dual left (respectively right) action of K* on K is given by
@b h = h@)(p,he)), respectively h<ap = (o, hay)hwe), ¢eK* hekK.

Given a left (respectively right) action of K on a x-algebra A, there is a
left (respectively right) crossed product *-algebra A x K (respectively K x A) con-
structed as follows. As a C-vector space it is AQg, K (respectively K®f,_ A), where
K is a left (respectively right) Ki-module (respectively Ks-module) via multipli-
cation and A is a right Ki-module (respectively left K -module) via multiplication
by image of Ky (respectively K;) under z — (z1>1) (respectively z — (1<z)); that
is, we identify

a(z>1l)@h=a® zh, respectively hz @ a=h® (1<42)a,

foralla € A, h € K, z € K (respectively Ks). Let [a ® h] (respectively [h ® a])
denote the class of a ® h (respectively h ® a). A x-algebra structure is defined by

l[a® h)[b® k] = [a(h@)>b) @ hyk], [a®@h]" = [(h?l) >a*) ® h&)L
respectively

[h @ al[k@b] = [hka) @ (a<k@)b], [h@a]" = [hi) @ (@ Shiy)),
for all a,b € A, h,k € K. The maps is : a — [a ® 1x] (respectively a — [1x ® a])
and ix : h — [14 ® h] (respectively h — [h ® 14]) are inclusions of *-algebras
such that A x K = is(A)ix(K) (respectively K X A = ix(K)ia(A)). Moreover,
if A is a C*-algebra (von Neumann algebra), then the crossed product is naturally

k-isomorphic to a norm closed (weakly closed) #-algebra of operators on some
Hilbert space, i.e., it becomes a C*-algebra (von Neumann algebra).
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For the crossed products constructed from the trivial actions of K on counital
subalgebras we have

KixK=2K and Kx K; =K.

A left (respectively right) dual action of K* on the crossed product A x K (re-
spectively K x A) is defined as

ebla®@h] =la® (p>h)], respectively [h®a]<¢ = [(h<¢)® al,

foralla€ A, h € K, o € K*. The action of K* on K defined above is dual to the
trivial action of K on the counital subalgebra.

2.3. THE BASIC CONSTRUCTION FOR #-ALGEBRAS ([23]). Let B be a unital *-
algebra, A be its *-subalgebra containing the unit of B. A conditional expectation
E : B — A is a faithful (i.e, such that E(Bb) = 0 implies b = 0, for b € B) linear
x-preserving map satisfying

E(ab) = aE(b), E(ba)=E(b)a, and FE(a)=a,
foralla € A, b € B. A finite family {uq,...,u,} C B is called a quasi-basis for E
if
b= Zqu(ujb) for all b € B.

It is called a basis if “the coeflicients” E(ufb) are unique, ie. if Y u;a; = 0,

K3
a; € A< a; =0 (Vi). A conditional expectation E is of finite-index type if there
exists a quasi-basis for E. In this case the index of E is defined as

Index £ = Zuzuf € B.
i

Index E belongs to the center of B and does not depend on the choice of quasi-
basis.

The basic construction for E is a x-algebra B ® 4 B with the multiplication
and involution given by

(b1 X bg)(b3 X b4) = blE(bgbg) ® by, (b1 & bg)* = b; ® b;
for all by, by, b3, by in B. Note that the unit of this algebra is Y u; ® u}, where

77

{u;} is the quasi-basis for E.

In what follows we consider only conditional expectations of finite-index type
for which a basis (not just a quasi-basis) exists.

In this case B®y4 B is canonically isomorphic to End’y(B), the algebra of
endomorphisms of B viewed as a right A-module, with the isomorphism ¢: B® 4B
— End},(B) given by

p(by ® ba)(b) = by E(badb), b,b1,b3 € B.

B is canonically identified with the subalgebra of left multiplication operators
(z — bz for z € B) in End’;(B). Clearly, End’;(B) =& M, (A), the x-algebra of
(n x m) matrices over A, since B is free of rank n over A.

Note that e4 = FE € End;(B) is a projection such that:

(i) eabes = E(b)ea for all b € B,
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(ii) the map A 5 a — aes € Endy(B) is injective,

and End’y (B) is generated by B and e4.

Conversely, if C' is a x-algebra containing B as a unital x-subalgebra and
generated by B and some projection e, satisfying properties (i) and (ii) above,
then C' is canonically #-isomorphic to B ® 4 B with the isomorphism given by
bleAbQ — b1 ® bg.

Due to this fact, we will denote the basic construction for E by (B, e4).

When A and B are C* -algebras (von Neumann algebras) then (B, e4) nat-
urally becomes a C*-algebra (von Neumann algebra).

3. A-MARKOV CONDITION AND CONNECTED WEAK KAC ALGEBRAS

We show that indecomposable weak Kac algebras have the Markov property (i.e.,
E.(p:) is a scalar). We prove that this property is equivalent to existence of a
basis for Fj, i.e., to freeness of K over the counital subalgebra K, and can be
expressed in terms of the inclusion matrix of Ky C K.

We also introduce notions of connected and biconnected weak Kac algebras
which are important for applications to the theory of subfactors.

DEFINITION 3.1. A weak Kac algebra K is decomposable if it is isomorphic
to the direct sum of two weak Kac algebras, K = K; @& Ks; otherwise K is
indecomposable.

These properties can be expressed in terms of the algebra Ky N Ky N Z(K),
the hypercenter of K ([15]) (here Z(K) is the center of K).

PRrROPOSITION 3.2. K is indecomposable iff the hypercenter of K is trivial,
e, KsNK NZ(K)=C.

Proof. If ¢ is a projection in Ky N Ky N Z(K), then S(q) = q, A(q) = (¢ ®
¢)A(1), and A(gh) = (¢ ® ¢)A(h) for all h € K. Therefore, ¢K and (1 — ¢)K are
weak Kac algebras and K = ¢K @ (1 — ¢)K. Conversely, if K is decomposable
and K, is its direct summand, then e5(1k,) = e¢(1k,) = 1k, and the unit of K;
belongs to the hypercenter of K. 1

It turns out that indecomposable weak Kac algebras satisfy an important
A-Markov condition.

DEeFINITION 3.3. A weak Kac algebra K satisfies a A-Markov condition if

Es(pe) = Et(pe) =A
for some positive A (note that since p. is cocommutative, we always have Fs(pe) =
E; (ps))'

ProrosiTION 3.4. If K is indecomposable, then it satisfies the A-Markov
condition for some A.

Proof. Note that
1 i i Ti i
Eu(pe) = Bu(pe) = Y 7 D eiir(ed) =D 7 > e} € Z(K),
ik ik

where 7; = T(eglz) does not depend on k. Therefore, if Es(p.) # A, then the
hypercenter is non-trivial and K is decomposable by Proposition 3.2. &
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The following theorem describes the A-Markov condition in several equivalent
ways.

THEOREM 3.5. The following conditions are equivalent:
(i) K satisfies the A-Markov condition;

(ii) 7 = A Tr where Tr is the trace of the left reqular representation of K on
itself;

(i) (AAY)m = Am, where m = (mq,...,myp) is the dimension vector of a
counital subalgebra, and A is the L x N inclusion matriz of Ks C K;

(iv) n = A1 is an integer and there is a basis {x,} =1, n for Es, ie., a
basis of K over Ky such that x =Y x, Es(ziz) for all x € K;

v

(v) n = X7 is an integer and there is a basis {y,}y=1,. . n for Ex, i.e., a
basis of K over Ky such thaty =>  y, Ei(yly) for ally € K.

Proof. (i) < (ii) As we saw in the proof of Proposition 3.4, Es(p.) = A iff

there exists A such that 7'(65;12) Ad;, e, 7= ATr.

(ii) «(iii) It suffices to prove that (iii) holds true if and only if Tr is normal-
ized by conditions (Tr ® id)A(1) = (id ® Tr)A(1) = A~! (it was shown in [17] that
(Tr®id)A = (Tr ®e5)A and (Id®@ Tr)A = (e ® Tr)A). Since TroS = Tr, we have

oAl = 3 L S = 3 () ol

= r a=1

(id®Tr)A Z fof)Tr Z (ZAazd)me

N

This shows that (ii) is equivalent to the following condition:

> Aidi =A"'ma, a=1,...,L

But d; = ). Agimg since the inclusion K C K is unital. Hence, we can rewrite

=1
the last coﬂndition as
N L
ZZAMA/&'W@ Z)\_lma, a=1,...,L,
i=1p=1

which means precisely that (AA®)m = A~

(iii) = (iv) It is clear that A~! is a positive rational number since all entries
of (AAY) and 7 are positive integers. On the other hand, A\~! is an algebraic
integer, since it is an eigenvalue of the integer matrix (AA'), therefore, A=! is an
integer.

Foralla=1,...,Land r=1,...,m, define K, = Kfr(?). Then

dim(Kqp) = Tr(£{¢)) =Y Agidi = nmq.
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For all y, z € K, we have:
Eu(y*z) = [\ By 2) £ = (y,2) £,

where (y, z) is a scalar since £ is minimal in K. Clearly, (-, -) defines an inner
product in K,,, which is non-degenerate since Fjy is faithful. Let us choose an
orthonormal basis {z§"}, (u = 1,...,nmy) in Kop, a =1,... Ly r=1,...,mq in
such a way that

wz‘t:xfjr ,Ef) forallt,r=1,...,mq, p=1,...,nmq,.

Then we have the following relation
ES((xff)*xa ™ = S Opprr f”, for all o, 0, p, i/, 7,7’
We claim that

1 2srm o
re= X g (G ) e V=L

is a basis of K over K. Indeed:

1
ny (a20) ZZ SO N (C AR I aft) = %Zwﬁrﬂ(tﬂ)zxﬁt

v o,T,Ss T

foral g=1,...,K,t=1,...,mg, p=1,...,nmg. Next,

* 1 2(87" — 8/7”/)7'( : ar * _ar’
ES(‘rV'rK) = Z — €XDp (7‘0 ES((:'CV+(871)’H,) anr(s’fl)n)

arr’ss/ma Ma
1 2s(r — 1’
:61//-c Z miaexp( ( ) )f(?,)—(s Z

Since ‘Fy -orthogonality’” implies linear independence over KS, we conclude that
{z,} is a basis for Fj.

(iv) = (iii) If there is a basis for Es : K — K then the basic construction
(K, ek,) is isomorphic to M,,(K;). This means that the inclusion matrix B of the
inclusion K C (K, ek, ) satisfies B = A~1lm. But B = AA® ([9]).

(iv) & (v) We will prove (iv) = (v), the converse implication is completely
analogous. If x = Yz, Es(xix) then Sz* = Y Sz} E(Sxz,Sz*), since By =

v 1%
SoFEso0S, and we can take y, = Sx¥, v =1,...,A7! as a basis for E;. 1

COROLLARY 3.6. If the equivalent conditions of Theorem 3.5 are satisfied
then T is a A=1-Markov trace for the inclusion K, C K (Ks C K).

Proof. We need to show that A'AZ = A", where ¢ is the “trace-vector”
corresponding to 7 (3.2.3 (ii) of [10]). Since 7 = ATr, we have { = Ad, where
d = (dy,...,dy) is the “dimension-vector” of K. Using Theorem 3.5 (iii) we
compute

APAT = AN'Ad = M AN = At = d = A7 1

REMARK 3.7. (i) Proposition 3.2 says that K is indecomposable iff the ma-
trix A is indecomposable in the sense of [9]. In this case, Theorem 3.5 (iii) implies



644 DMITRI NIKSHYCH

that 17 is the Perron-Frobenius eigenvector of the matrix (AAY). Tt is well-known
that in this case the corresponding eigenvalue A1 is equal to the spectral radius
of (AAY), so

ATH=[AAY] = (AP

(ii) Theorem 3.5 (iv) and (v) show that an indecomposable weak Kac algebra
K is free over its counital subalgebras K and K. In particular, dim Ky divides
dim K and
_, dimK
T dim K,
(iii) Conditional expectations Es and E; are of index-finite type and their
index is an integer scalar: Index By = Index B, = A1,

COROLLARY 3.8. If K is indecomposable and dim K = p, where p is a prime,
then K =2 CZ,, a group algebra of a simple abelian group.

Proof. Remark 3.7 (ii) implies that counital subalgebras of K must be 1-
dimensional, so K is an ordinary Kac algebra. But in this case the result is
well-known ([11]). 1

The A-Markov condition is invariant under duality.

PropPoOSITION 3.9. K satisfies the A\-Markov condition iff K* satisfies the
A-Markov condition (with the same \).

Proof. Since K satisfies the \-Markov condition iff every its indecomposable
component does, it sufficed to prove this statement in the case when K is in-
decomposable. But this is trivial by Proposition 3.4 and Remark 3.7 (ii), since
dim Ky =dim KJ. 1

Connected weak Kac algebras (i.e., those with connected Bratteli diagram
of the inclusion Ky C K) form a subclass of indecomposable weak Kac algebras
important for the applications to subfactors in Section 5.

DEFINITION 3.10. A weak Kac algebra K is connected if the inclusion Ky C
K is connected, i.e., KN Z(K) = C (or, equivalently, Ky N Z(K) = C), where
Z(-) denotes the center of an algebra. K is biconnected if both K and K* are
connected.

PRrROPOSITION 3.11. (cf. [15])] The following conditions are equivalent:
(i) K is connected;
(ii) Ky n Ky =C;
(iil) pe is a minimal projection in K (i.e the counital representation of K
(Section 2.2 of [17]) is irreducible).

Proof. (i) = (ii) Suppose that thereis § € K;NK{, 8 ¢ C. Since the counital
subalgebras commute, S must belong to Z(KZ), the center of K. Consider the
element b € K = K** defined as (b, p) = (1, B¢p) for all ¢ € K*. We can compute:

(byoay)ee = (1, Boay)ee) = (1, Bayen)Be)ee) = Be,
oy (b,p2)) = )L, Bee)) = eqye(l, Bey) = By,
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therefore b € Z(K). Also, for all ¢ € K* we have

<‘€S(b)790> = <b7 55(‘)0» = <1’ﬁgs(@)> = <17ﬂ5(1)><175(2)¢> = <17ﬂ90> = <ba 50>a
(

therefore £5(b) = b and b € K. Thus Z(K) N K, # C1, so K is not connected.
(ii) =(i) If K is not connected, then there exists b € Z(K) N Ky, b ¢ C.
Define 8 € K* by 8 : x +— e(bzx). We have, for all x € K:

(B,es(w)) = e(bl(1))e(xl(2)) = e(we(b)) = (xb),
(B, et(w)) = e(bl(g))e(1(1yx) = e(bx) = (xb),

from where e5(8) = 8 = e¢(8) and K7 N K # Ce.

(i) = (iii) If there is a proper subprojection g of p. then from the formula
for A(p:) we get e5(q) # 1 and e4(q) € Z(K), so K is not connected.

(iii) = (i) Let P. be the central support of p.. It was shown in [17] that
the quotient map K — P.K (which is a homomorphism of weak Kac algebras)
is one-to-one on the counital subalgebras. Therefore Ks N Z(K) is contained in
Z(P.K), and KsN Z(K) = C when p, is minimal. 1

The following construction generalizes transformation groupoids arising from
group actions on spaces ([20]). We associate a weak Kac algebra with any finite
dimensional C*-algebra carrying an action of a usual Kac algebra. Our method
uses two-sided crossed products introduced in [14].

Namely, let H be a usual finite-dimensional Kac algebra (i.e., finite-dimen-
sional Hopf C*-algebra) acting on the right on a finite-dimensional C*-algebra A
via a @ h — (a<h), where a € A, h € H. Then H also acts on the left on A°P,
the C*-algebra opposite to A, via (h>a) = a<S(h), where a € A°?, h € H.

DEFINITION 3.12. A two-sided crossed product C*-algebra A°P x H x A is
defined as vector space A°°? ® H ® A with multiplication and involution given by

(b@h@a) @h' @d) = (ha) b )b hah;) @ (a<hiy)d
(b®h®a)* = (hiy)>b*) @ hiy ® (a” <hy)),
for all a,a’ € A, b,b' € A°P, h,h' € H.

Let {f%} be a system of matrix units in A = @, M,,, (C). Then the element
e € A® A°P and the functional w € A* defined by

1
€= Z Me rs ® forn w(frs) = drsma

a,r,s

do not depend on the choice of matrix units. Moreover, one can directly check
that
w(a(h>b)) =wblaah), eP @ (hve?)= (M an)®e?,

where a € A, b € A, h € H, and e = ¢ ® ¢(® (with the summation sign
suppressed).
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PROPOSITION 3.13. (cf. [14]) There is a structure of weak Kac algebra on
K = A°? x H x A defined by

Ab@h®a)= (b2 ho @eV) @ ((ho)>e?) @ he @ a),
e(b®@h®a)=w(a(h>b)),
Sh@h®a)=a® S(h)®b,

where a € A, b € A°?, h € H, and the canonical anti-isomorphism b b between

A°P and A is implicitly used.

Proof. The verification of all the axioms is straightforward and is left to the

reader. 1

The source and target counital subalgebras of K are

K.={l®1®a|lac A}, Ki={b®1®1|be AP}.
Clearly, K; N Ky = C, so K* is connected by Proposition 3.11. It is easy to see
that K is biconnected iff the fixed points algebra
A" ={ac Ala<h=c¢(h)a, Vh € H}

is trivial.

In the special case when H = C acts trivially on A, K* is isomorphic to

the full matrix algebra My(C), d = dim A. Such weak Kac algebras were classi-
fied in [17].

ExAMPLE 3.14. Let A be a right coideal C*-subalgebra of H* and the action
of H on A be induced by the dual action of H on H*:

a<h= <h, a(1)>a(2).
Then K = A°P x H x A is a biconnected weak Kac algebra and
A1 = (dim H)(dim A).
In Section 6 we derive some arithmetic properties of biconnected weak Kac

algebras from the existence of a minimal action of any such algebra on the hyper-

finite II; factor.
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4. DUALITY FOR ACTIONS

In this section K is a weak Kac algebra satisfying the A-Markov condition (e.g.,
indecomposable) and acting on a C*-algebra A. Left actions are assumed every-
where; the right counterparts of the results below can be obtained similarly and
are left to the reader.

LEMMA 4.1. For all a € A we have
(n>a)=aln>1), nekK, and (n>a)=(n>l)a, ne K.
Proof. For all n € Ky we compute
n>a = (nmy>a)(neg>1) = (1gra)(lgnel) =a(ne1l),
and similarly the second statement. 1
PROPOSITION 4.2. The map E4 : Ax K — A defined as
Es(la®h]) =a(By(h)>1), a€A heK,
is a faithful conditional expectation. If {y,} =1, n is a basis for Ey as in Theo-
rem 3.5 (v), then {[1 @ y,|}v=1,..n is a basis for E4.
Proof. For all z € Ky we compute
Es([a ® zh]) = a(Ey(zh)> 1) = a(zE¢(h) > 1)
=a(zr1)(Ey(h)>1) = Ea(la(z>1) ® h]),
therefore E4 is well-defined on A x K. Clearly, E4|A = id4. Let us check other
properties (using Lemma 4.1):
Ea(la®1][b® hl[c® 1]) = Ea([ab(hq) > c) @ h(z)]) = ab(hq) > c)(Ei(h(2)) > 1)
= ab(Ey(h)>c) = ab(Fy(h)>1)c = aEA([b® h])c,

for all a,b,c € A and h € K, so E4 is a conditional expectation. We have
h=> vy, Ei(ysh) = E.(hy,)y; for all h € K by Theorem 3.5 (v), so

la@h) = la® E(hy)y;) = Y _la(EBi(hy,) > 1) @ 1][1 @ y;]

=Y [Ea(le@nloy]) @ 1]loy;],
applying the involution we get
lawh] =) NoylEaleylleoh])©l], acAhekK.

Therefore, every € A x K can be written as z = > [1 ® y,|[a, ® 1] for some a,,

v=1,...,n. Since E4([1 ® ySyx]) = duw, we have
Ba@a) =3 Ea(lol 0 N1 o g1 ® pullae® 1) = 3 ala,

and z = 0 iff E4(z*x) = 0 iff a, = 0 (Vv). This proves that E4 is faithful and
{1 ®yu]}v=1,..n is a basis for E4. 1
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REMARK 4.3. Index E4 = Index E; = A~ 1.

In what follows we consider C*-algebras A, K, K*, Ax K, and K x K* as
subalgebras of (A x K) x K* in an obvious way with inclusion maps denoted by
ta,15 etc.

LEMMA 4.4. Let ey = ig~(1) € (Ax K) x K*. Then:
(i) eaig s g(@x)ea =ia(Fa(z))ea forallz e AxK;
(ii) the map A > awia(a)es € (Ax K) x K* is injective.
Moreover, E 4 5 i(ea) = A.

Proof. For all a € A, h € K we compute
eaiax k(la®hl)ea=[ra)>[a®@h] @ 72)T]=[1(1) > [a ® h] ® €4(7(2))][La 30 & B 7]
=lrrla®@h]@elllynx ®@7]=ia(Ea(la®@h]))ea,
which proves (i). Next, we compute
Eixrgala)ea) =Einrg(e®1]®@71)=[a®1](Ae>[1®1]) = Xia(a),

thus proving that the map a — ia(a)ea is injective. Taking a = 1 in the last
formula, we obtain E, » g(ea) = A. 1

PROPOSITION 4.5. (AXK)xK*=(AxK)ea(AxK).
Proof. Observe that for all a € A, g,h € K

iaxr(la®h))eair(g) = iala)(ix(h)eair(g))-

Since (A x K)x K* = span{ia(a)ig w g« (z) | @ € A,z € K x K*}, it suffices to
show that K x K* = Keg K (here ex = [1g @ 7] € K x K*).

For this purpose, we need to show that every element of K x K* can be
written as a linear combination of elements ix (h)exix(g), h,g € K.

Let {gpzj} be a system of matrix units in K*. Since 7 is the normalized Haar
projection in K*, we have

1
AR =Y LS g 08,
v T g

for some integers c,. Let {vj;} be the system of comatrix units in K, dual to
{gozj}: A(v?j) = Zk:vzk ® v,zj, s(v;’j) = d;j.

Fix z € K and let hy = 2S(v),), gr = cyvy, for some v,p,1 (k= 1,...,m,).
Then

ZiK(hk)eKiK(gk) = Z [2S (V) )V @ (0155 V) S (#])]
%

k,i,3,m

=D @S (), © S(e7,)] = D _lwes(v3,) © S(@]),)]

k,m m

- [:c ® Y (e, va>€(2)5(907m)]~
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Since x € K is arbitrary, it remains to show that the elements of the form wl} =
> {e) vim)e(2)S(y),) form a linear basis for K*. We have

m

(S by =Y (el Vo E@), S(Wlm)) = > (s Vo) e v, S (07,)

m m,j
= 0yg01p Z<5’ U%qS(vaD = 57561P€(S(U;q)) = 0~801p0pg;
therefore, ¢, = S(¢y,). B

COROLLARY 4.6. (AXK)xK* = (AXK, ea), i.e., (AxK)xXK* is the

basic construction for the conditional expectation F 4.

Proof. Propositions 4.2 and Proposition 4.5 show that (A x K) x K* is gen-
erated by A x K and projection e 4 in the way characterizing the basic construction

(see Subsection 2.3). &

The following result is an analogue of the Takesaki duality theorem for actions
of Kac algebras ([6]) and Hopf algebras ([2]).

THEOREM 4.7. (Duality for actions) Let K be a weak Kac algebra satisfying
the A-Markov condition, acting on a C*-algebra A. Then

(AxK)xK*~ A® M,(C), wheren =\"".
Proof. By Proposition 4.2 there is a basis for Ey4, therefore (A x K,es) =
A ® M, (C), and the result follows from Corollary 4.6. 1

LEMMA 4.8. Let K be a weak Kac algebra acting on the right on a x-algebra
A. Then Ky C AANK x A.

Proof. 1If z € K, then

ia(a)ik(2) = [201) ® (a<22))] = [21(1) ® (a < 1(2))] = [z ® a] =ik (2)ia(a),

thus Ki CANKxA. 1

DEFINITION 4.9. A right action of K on A is minimal if Ky = A’ N K x A.
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5. CONSTRUCTION OF A MINIMAL ACTION OF A BICONNECTED
WEAK KAC ALGEBRA ON THE HYPERFINITE II; FACTOR

In this section we assume that K is a biconnected weak Kac algebra, in particular
that it satisfies the A&-Markov condition for some A\ = n~!.

LEMMA 5.1. Let K act on a finite-dimensional C*-algebra A. Suppose that
tr is a trace on A x K, and E 4 from Proposition 4.2 is the tr-preserving conditional
expectation. Then try = troE s ¢ s a trace on (Ax K,e,), extending tr and
satisfying tri(ea) = A. In other words, if tr is a trace on Ax K such that Ea
preserves it, then tr is a A\-Markov trace for the inclusion A C Ax K, and try is
its A»-Markov extension to (Ax K, ey).

Proof. Clearly, try is a positive functional on (A x K, e4) extending tr. Let
us show that try is a trace. By Lemma 4.4, E, « x(ea) = A, therefore

tri((z1eayr)(w2eay2)) = tri((z1Ea(y172)eay2) = Atr(Ea(z1y2) Ea(y172))

= trl((xgeAyg)(xleAyl))7

for all x1,y1,22,y2 € Ax K. Since (A% K, ey) is spanned by elements of the
form zeay, (x,y € Ax K) the result follows from Subsection 3.2.5 of [10]. 1

REMARK 5.2. In conditions of Lemma 5.1, e4 is the Jones projection for
the inclusion A C A x K with respect to the Markov trace tr and E4 x x :
(Ax K es) — Ax K is the tr-preserving conditional expectation.

Note that the map ¢ — (@>1) gives an isomorphism between K;* and K, in
the crossed product algebra K x K*.

PRrOPOSITION 5.3. Let K be a connected weak Kac algebra and let tr be the
unique Markov trace for the inclusion ix(K) C K x K*. Then
ik (K) C KxK*
U U
iK(KS) EiK*(Kt*) C ZK*(K*)
is a symmetric commuting square with respect to tr.

Proof. By Corollary 3.6, 7 is a Markov trace for the inclusion Ky C K, and
FE is the m-preserving conditional expectation.

Since K x K* = (K, x K) x K*, it follows from Lemma 5.1 that tr extends
7 and Fg : K x K* — K is the tr-preserving conditional expectation. We have

Eg(ix-(¢)) = Ex([1® ¢]) =ik (p>1) € ig(Ks),
for all ¢ € K*. This proves that the square is commuting. It is symmetric since
KNK*:’LK(K)ZK*(K*) |
Corollary 4.6 implies that the sequence
KiCKCKxK'CKxK*xKc---CM

is the Jones tower for the inclusion Ky C K. When K is connected, all the
inclusions in this sequence are connected and the union of these C*-algebras admits
a unique tracial state. Consequently, its von Neumann algebra completion M with
respect to this trace is a copy of the hyperfinite II; factor. Using the standard

procedure of iterating the basic construction we can construct a von Neumann
subalgebra N C M from the above symmetric commuting square.
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PROPOSITION 5.4. The lattice of C*-algebras obtained by iterating the basic
construction (in the horizontal direction) for the symmetric commuting square

from Proposition 5.3 is given by two sequences of alternating crossed products with
K and K*:

K c KxK* ¢ KxK'xK Cc - Cc M
U U U U
K,=K; ¢ K* Cc K*xK C - C N,

where we identify all C*-subalgebras with their images in M.
Proof. Identities K* x K = (K, ek ), K* X\ K x K* = (K* X K, ej » i+ ) €te.
follow immediately from Proposition 4.5. 1

PROPOSITION 5.5. There is a x-isomorphism between finite dimensional C*-
algebras

AT=KxK*x-- - xKxK* and B " =KxK'x---xKx K*

2r factors 2r factors

given by the “identity” map
Rrloel® - h" Qe — Moo - ®h" ® ¢,
where h' € K, ¢* € K*.

Proof. By the definition of crossed product, the above algebras are isomor-
phic to
K & K' @ --- ® K*
K=K K=K, K=Kz

as vector spaces. By Theorem 4.7, we know that these algebras are isomorphic to
M,,-(C) ® Kg, where n = A~1. To see that the “identity” map defines a *-algebra
isomorphism, it suffices to note that

M Ree - 0h e ald @y © - ©g" @y
= [hl(%’h) >g')® w%z)(ha) Y@ ® hioy(p(1) > 9") ® p(o)¥Y"]
= [ty ® (1), 9020202 V() © - ® () hinyhizy () © (2l 9(2) Pl Y]
= [hlg(ll) ®(p'q 9(12))1/)(11) ®---®(h" < 7/’&359(1) ® (" <lg(2>)1/f]
=heee - 0hee] e e 0g oy,

for all h?,¢' € K, ©', ' € K*, i =1,...,r, i.e. multiplications in A” and B" are
the same. 1

COROLLARY 5.6. The lattice of algebras from Proposition 5.4 is isomor-
phic to

K ¢ KxK* ¢ KxK'xK C -+ Cc M
U U U U
K, ¢ K ¢ KxK c --- C N.

Proof. Clearly, the isomorphisms constructed in Proposition 5.5 are compat-
ible with all inclusions of the lattice from Proposition 5.4. &

Our next goal is to show that there is a right action of K on N such that
M=KxN.
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PROPOSITION 5.7. Letix : h— [h®e®1® ---] be the inclusion of K in
M, En : M — N be the trace preserving conditional expectation. Then the map

rah = "'Ex(ig(p:)zig(h), z€N, heK
defines a right action of K on N such that M = K x N (cf. Section 5 of [22]).

Proof. There is a right action of K on the #-subalgebra given by the union
of the generating sequence of C*-algebras of N:

lpRg®---]<xh=[psh)®g®- -], hgeK,pec K"
We have
[p@g® - ]ah=A"(eaEs(p:))(pah) @ g@ -]
=A'En(p- @ (pah)@g®--]) = AT En(ix (pe)lp ® g @ - Jire (h)),

therefore the map x <h = A" 'En(ix(p:)wir(h)) extends the above action to a
weakly continuous action of K on N. Clearly, K x N = i, (K)N =M. 1

COROLLARY 5.8. [M : N] = A"1.
Proof. Follows from Remark 4.3 and Proposition 5.1.9 in [10]. 1
Let us compute the higher relative commutants of the inclusion N C M.
LEMMA 5.9. Let K act on the left on a C*-algebra A; then
ig (K*) Niywq g(AXK)N(AxK)x K* =i4(A).
Proof. Let C = ig«(K*) Niyx g(AxK)N(Ax K)x K* and 2 € C. Recall
that eq = ig« (7). Thenzey = eqzes = E4(x)es and since themap A x K 3 x —

14 % (@)ea is injective (Lemma 4.4), it follows that x € i4(A) and C Cia(A).
Conversely, for all a € A, p € K* we have

i+ (plia(a) =[lax g @¢llla@ 1@ = [(pa)>a®1]) © )]
=[la@1(pay>[1@1) @ @) =[le@1] @ ¢] =ia(a)ix-(p),
therefore i4(A) =C. 1

PrROPOSITION 5.10. Let N C M = My C My C My --- be the Jones tower
constructed from the inclusion N C M. Then

NnNM,2 xKxK*'xK;,, n>0
n factors
MNM,~ - xK*'x KxK{, n>1.
(n—1) factors
In particular, the action of K is minimal.

Proof. Tterating the basic construction for the commuting square from Propo-
sition 5.3 in the vertical direction and using Proposition 5.5, we get the lattice

U U

K*xK Cc K*'xKxK*
U U
K C K x K*
U U

K=K, C K*.
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The Ocneanu compactness argument ([10]) and Lemma 5.9 imply that
NAM=K, NAM=K" NAM=K>xK*
Similarly, one computes the relative commutants for M. 1
COROLLARY 5.11. ([15]) The inclusion N C M is of depth 2.

Proof. We have seen in Section 4 that K x K* 2 K@M, (C), wheren = A\~%.
Therefore, dim Z(N' N M) = dim Z(N' N M), and so N C M is of depth 2. 1

COROLLARY 5.12. The A-lattice of higher relative commutants ([19]) of the
inclusion N C M 1is given by

C Cc Kf{=K, C K C K'xK Cc KxK'xK C
U U U U
C c K=K C K* C Kx K* -
REMARK 5.13. In a similar way one can construct a left minimal action of
a biconnected weak Kac algebra on the hyperfinite I factor.

6. EXAMPLES OF SUBFACTORS AND ARITHMETIC PROPERTIES
OF BICONNECTED WEAK KAC ALGEBRAS

Let K be a biconnected weak Kac algebra. Recall the notation

N L
K= G%Mdi((C), K2 K & @1 M., (C),
from Subsection 2.1. Let us also denote d = dim K. We have dim K = d\~L.

Reducing the inclusion N € M = K x N constructed in Section 5 by a
minimal projection ¢ € N' N M = Ky, we get an irreducible inclusion gN C qgMgq
of hyperfinite II; factors with index [¢Mgq : ¢N] = 7(q)?A~!, where 7 is the
normalized trace on M (¢N C gMgq is of finite depth ([1]), and therefore extremal,
see [18]). But 7(¢) = ", when ¢ € M,,_(C), therefore

m2 A1
a2

Note that since gN C gMgq has a finite depth, its index is an algebraic integer.
But by Theorem 3.5, A~! is an integer, so [¢Mq : ¢N] is rational. Therefore,

[¢Mgq : gN] is an integer. Thus, we proved

[¢qMgq: gN] =

PROPOSITION 6.1. d? divides m2\~! for all c.
COROLLARY 6.2. If \™' = p is a prime, then K = CZ,,.

Proof. By the previous proposition we must have d =1, so dim K = d\ ™! =
p and the result follows from Corollary 3.9. 1
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Next, reducing the inclusion M C M, by a minimal projection ¢ from the
relative commutant M’ N My = K we get an irreducible inclusion ¢M C ¢Magq.
Clearly, this inclusion depends only on the equivalence class of ¢, so inclusions of
the above type are in one-to-one correspondence with irreducible representations
of K. The index is

B din 2

[qMaq : qM] = 7(q)*[My : M] = 7(q)* 7% = (Ez) ,
whenever ¢ € My, (C). Again, the index must be an integer, so we get the following
arithmetic property of biconnected weak Kac algebras.

COROLLARY 6.3. The dimension of a counital subalgebra of K divides the

degree of any irreducible representation of K, i.e., d divides d; for all i. In partic-
ular, d? divides dim K, and d divides \™1 = [M : N].

Finally, let us remark that considering the biconnected weak Kac algebra
K = H x H* x H constructed from a Kac algebra H as in Example 3.14, we can
associate an irreducible subfactor with any irreducible representation of H (since
we have Ky = H in this case).
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